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In this paper we obtain relations between simple periodic surfaces 
of a vector field on a closed manifold Mn, and the betti numbers of 
Mn. When X is a gradient vector field of a nondegenerate function on 
My the simple periodic surfaces are the critical points of the function 
and our relations are the Morse Inequalities. For Morse-Smale dy­
namical systems, the simple periodic surfaces are the critical points 
and closed orbits and we obtain the inequalities of Smale. In this case, 
where the periodic surfaces are singularities and closed orbits, we are 
able to remove Smale's normal intersection condition and replace it 
by the much weaker condition: there are no cycles of orbits among 
the periodic surfaces. Consequently, in this context, the need for ap­
proximating gradient fields by Morse-Smale systems is eliminated. 
This is an announcement of the results; detailed proofs will appear 
elsewhere. 

I. Periodic surfaces of vector fields. 
DEFINITIONS. Let J b e a C 0 0 vector field on M. A periodic i surface 

of X is a submanifold of Mt invariant under X which is homeomorphic 
to T*, the i dimensional torus. T° is a point so a periodic zero surface is 
a critical point of X; a periodic one surface is a closed orbit and a 
periodic two surface is a two torus which is the union of trajectories 
of X. 

A simple periodic i surface /? of Xt of index j is a periodic surface 
j3 of M satisfying : 

There is a tubular neighborhood N of ft wherein X is topologically 
equivalent to one of the vector fields Fi, F2E36(r* Xi?n~0 defined by 

I. Fx(e, y) = (1, /x(0, y), B1y+G1(61, y)) where 

(0, y) = (Bu • • • , Oi, yh • • • , yn-i) G T* X R^ (1,/i(9, y)) 

G T\fi\ T* X JKn-'-> 1 X r*-1 C T*, 

fi is C00, Bi is a real n — i matrix having no eigenvalue with zero real 
part and &: T1 Xi?w~*->^n~* is C00, quadratic in y and Gi(0i, 0) = 0 , 

1 This is part of my doctoral dissertation, submitted at Berkeley in June, 1963. 
I wish to thank Professor Diliberto, who was my thesis director and originally sug­
gested this research. 
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0 iST 1 . The number of eigenvalues of B\ having real part less than 
zero is called the index of ft 

II . F2(0, y) = (f2(e, y), B2y+G2(y)) where / 2 : T* XR"-'-*!* is C-, 
B2 an n—i matrix having no eigenvalue with zero real part, G2: i£

n~* 
-+Rn~i is C00, G2(0) = 0 and G2 is quadratic in y. In case II we define the 
index of /3 as above, viz., it is the number of eigenvalues of B2 with real 
part less than 0. 

The a and co limit sets of X have their usual meaning. If A QM 
we define the stable and unstable sets of A : W*= {q^M/co(q) C.A }, 
WA=[q/a(q)CA}. 

We will see that the index of ]8 is a topological invariant; indeed, 
we shall show that Wp, the unstable manifold of ft is homeomorphic 
to r* XR3\ j the index of ft 

Notice that 13 can be a periodic zero surface, i.e. critical point, of F2 

but not of Fi. The closed orbits and higher tori of Y\ admit a cross 
section given by 0i= 1, yet we place no restriction on X/(3 when X is 
of type II. For definitions of topological equivalence and cross section 
we refer the reader to [5], and details concerning periodic surfaces 
may be found in the papers by Diliberto [ l ] . In particular, the ques­
tion of when a periodic i surface is simple is considered there. 

We may now state our main result. 

THEOREM 1. Let X£36(Mn) have a finite number of disjoint simple 
periodic surfaces ft, • • • , ft,, satisfying: 

(i) The limit sets of X are contained in the ft, i.e., if x £ M , 
BiJ3a(x) Cft , o)(x) Cft . 

(ii) There is no closed cycle of orbits among the ft; more precisely: 
there is no sequence i — i\, • • •,ik — i3Wi.r\W*j+17

é0forl^j^k'-l. 
Let Ri be the ith betti number of M with respect to a coefficient field. Let 
a) = the number of periodic i surfaces of index j — i, aj = 0 if j<i. Let 

Mq = Z Ë ( . )4+t, ( . ) = ..,, ' ... • 
*=o i-o \ * / \ * / *!(* - *)! 

Then 

Mo è Ro, 

Mi - M o à Ri - Ro, 

M2 - Mi + Mo à R2 - Ri + ^o, 

E (~D<M,= E (-1)'*,- (-l)«ï, 
*=0 *=0 
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% = Euler characteristic of M. 

REMARKS. (1) Let ƒ be a C00 function on M with nondegenerate 
critical points ft, • • • , j8„. Then X = grad ƒ satisfies the conditions of 
Theorem 1, and ikffl = a° = the number of critical points of index q. 
Hence we obtain the usual Morse inequalities [2]. A lemma of Morse 
ensures us we may find coordinates about a critical point /3 wherein 

X 0>i, • • • , yn) = ( - y i t • • , -yh yj+h • • • , y*)-

Thus each critical point is a simple periodic zero surface and index 
has the customary meaning. If <t>t(p) is the solution curve of X through 
pt then f<fit(p) is a strictly increasing function of t or p is a critical 
point. Now the reader may easily check that X satisfies (i) and (ii). 

(2) Suppose X is a Morse-Smale dynamical system [4]. Then X 
satisfies the conditions of Theorem 1 and Mq = a%+al+al+1; Theo­
rem 1 is then Smale's result. The critical points and closed orbits of 
X axe simple periodic zero and one surfaces by definition. One need 
only check the Smale's normal intersection condition implies condi­
tion (ii) of Theorem 1, 3 no closed sequence of solution curves. We 
leave this to the reader. 

The following lemma allows us to obtain a decomposition of M into 
closed invariant subspaces. We state it in complete generality. How­
ever, for its application, Ai will be a periodic k surface and WA{ the 
image of a 1-1 continuous map from TkXR3 onto WA{. 

LEMMA 1. Let X£36(Af) and Au • • • , Av be subsets of M3 
(i) the limit sets are the Ai\ more precisely, if PELM3i, j3a(p) QAit 

(ii) there is no cycle of solution curves among the Aif i.e., there is no 
sequence ilt • • • , iiBWijr\W%+1?*0 for l£j£l-l and Wif\W^ 

(iii) if dWy C\ W$ ?± 0 then 3 sequence y = i\, • • • , 4 
= i8, and WijC\Wt^0 for l g j ^ f e - l . 

Let Lo=U{Wj/dWj = 0} and L , = U{ Wj/dWjCL^}. Then 
L0C.L1C. • • • QLk = M for some k. 

PROOF. First we show LO9£01 i.e. BAi3dWAi
:=z0y which means 

WAi —Ai by 00, hence it is enough to show 3^4»3no orbit came from 
Ai. Consider Ax. If 3 no pÇiM—A\3a{p) (ZA\ then we are done. 
Otherwise let pi satisfy a(pi) C.A1. By (i) 3 j , j — 2 say, 3o)(pi) C.A;. 
We cannot have j~l by condition (ii). Now either 3£ 2£Af—A 2 

3a(p2) CA2 or A2GL0. If the former case occurs, let o)(p2) QAk 

for some k. Clearly we cannot have k — 1 or 2 by condition (ii) ; take 
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fe = 3 say. Continuing in this way we obtain a k3Ak = WAJO&LQ. 

Hence L ^ 0 . 
Now suppose we have shown Li9

é0f yet Li+i^M. Then we would 
like to know Li+i — Li?£0. Let Aiv • • • , Aip be the A's in M—Li. 
We can assume every orbit leaving A ^ goes to some A in Li by reason­
ing as above. We claim ÔWA^ is then in Li. Suppose not, then dWAil 

meets WAJ for j £ {i2, • • • , i p } . By condition (iii) a sequence of 
orbits going from Aix to Aj. But every orbit leaving Aix goes into L,-
which is invariant under X, hence no orbit leaves Li to go to Aj 
which yields the desired contradiction. 

LEMMA 2. Let X satisfy the conditions of Theorem 1 and /? a simple 
periodic i surface of index J: Then W$ is homeomorphic to TlXR]. 

LEMMA 3. Let X and /3 be as in Lemma 2. Suppose y{ is a sequence in 
MSy^Wp and lim4;y* = ;yEj8. Then 3#EW*, xQfi and a sequence 
tk3limk<j>tk(y

nk)=x. 

SKETCH OF PROOF. For convenience we assume i = 0. Since the index 
of j8 is j , and the conclusion of Lemma 3 is invariant under topological 
equivalence, we may assume that locally X is the field 

X(Plf ' ' m , Pn) = (—PU " • • , Ph £/+l> • ' • f Pn) 

Clearly #*(ƒ>) ==(«""'£ii ' ' ' , e~%Pi* e+tPi+i> * ' > e+tpn), 

Wfi = {(Pi, • • ' , Pn)/Pl = #2 = • ' • = pi = 0}, 

^ = {(*1, • ' " , Pn)/pj+l = = • • • = £n = 0}. 

Since y* $ Wp, for each i, Bk è j 3 y\ ^ 0. Then Btk 3 ére& 
= max {|yî+i|, • • • , \yn\ }• 

Consider ^ ( y i ) = (ér *yi» • • • » e ~ S > * S + i > * * * »«'*3&). For each 
i, one of the last n— j coordinates of 4>tk(y

l) is ± 1 and the others are 
less than one in absolute value. The first j coordinates converge to 0 
as i—»oo since yl—>0 and e~-'*—>0. Hence some subsequence of (frtj^y1) 
converges to a point in W | —j8. 

LEMMA 4. /ƒ dWyC\Wpy£0 then 3 sequence y = *i, • • • , 4 = 1331^»,. 
r\Wi*i^0Jor lgj£k-l. 

This follows easily from Lemma 3 and condition (ii). 
Now it is clear that under the hypothesis of Theorem 1, there is a 

decomposition of M into closed subspaces Li with Lf-+1 —L,- = disjoint 
union of W/$. 
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LEMMA S. Let ^ C ^ i C ^ C • • • C.Lk — M be closed subspaces and 
H* a cohomology theory £ dim Hk(Lit L,-_i) < <*>. Let Sq 

= X X 1 dim H*(Lif L<_i) and Rq = dim H«(M; P), F a field. Then Sq 

and Rq satisfy the Morse inequalities. 

A proof of Lemma 5 may be found in [3]. 
To complete the proof of Theorem 1 it suffices to show 

LEMMA 6. Mq = Sq. 

PROOF. We evaluate Sq in Cech cohomology with HI cohomology 
with compact support: 

* k 

SQ == Z) d i m HQ(Li, Li-i) = 2 d i m Bl(Li - Lf_i) 

= Z ( E dim Hl(W,)) = £ dimflJflF,) 
i-l \ i/a/CLi-li-i / all 0y 

= Z ( E dim HÎ(r* X -R') • <4+y) 

= è E d i m f f W ( r V 4 i 

»=o »=o \q — J/ k~o t-o \ * / 

II. Periodic surfaces of diffeomorphisms. Let L be a diffeomor­
phism of Mw. A & dimensional submanifold Pk of ikfn is called a £ + 1 
dimensional periodic surface of L of period I if P& is homeomorphic to 
Tk and Ll(Pk) = P*f I minimal with respect to this property. 

We say Pk is elementary if 3 neighborhood N of Pk3Ll/N is 
topologically conjugate to a diffeomorphism 

rj: Tk X Rn~k ->TkX Rn~k, 

v(o, y) = (vi(P, y), v*(y))> 
rj2 a diffeomorphism of Rn~k leaving the origin fixed whose Jacobian 
at the origin has no characteristic exponent equal to one. 

THEOREM 2. Let L be a diffeomorphism of a closed manifold Mn 

satisfying : 
(i) There are a finite number of disjoint elementary periodic surfaces 

of L, P i , • • • , Pm3 Wp. is a submanifold of M for each i. 
(ii) IfxGM, 3 i, j3a(x) CP<, «(*) CPj. 
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(iii) There is no sequence Piv • •, Pih3Pik==Piv and Wp{jr^Wpïj+1 

9*0 for l ^ j ^ i f e - 1 . 

Let a) be the number of P's whose stable manifold is of dimension 
i+j. Then the numbers 

Mq = ]C Z ( . ) a*+i and £fl = dim H«(M; F), 

satisfy the Morse inequalities. 
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COHOMOLOGY OF CYCLIC GROUPS 
OF PRIME SQUARE ORDER 

BY J. T. PARR 
Communicated by George Whaples, December 23, 1963 

1. Introduction. Let G be a cyclic group of order p2, p %. prime, 
and let U be its unique proper subgroup. If A is any G-module, then 
the four cohomology groups 

H°(G,A) H\G,A) H«(U,A) Hl(U, A) 

determine all the cohomology groups of A with respect to G and to U. 
We have determined what values this ordered set of four groups 
takes on as A runs through all finitely generated G-modules. 

2. Methods of proof. First we show that every finitely generated 
G-module has the same cohomology as some finitely generated R-
torsion free i£G-module, where R is the ring of £-adic integers. Be-


