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In this paper we obtain relations between simple periodic surfaces
of a vector field on a closed manifold M*, and the betti numbers of
Mn, When X is a gradient vector field of a nondegenerate function on
M, the simple periodic surfaces are the critical points of the function
and our relations are the Morse Inequalities. For Morse-Smale dy-
namical systems, the simple periodic surfaces are the critical points
and closed orbits and we obtain the inequalities of Smale. In this case,
where the periodic surfaces are singularities and closed orbits, we are
able to remove Smale’s normal intersection condition and replace it
by the much weaker condition: there are no cycles of orbits among
the periodic surfaces. Consequently, in this context, the need for ap-
proximating gradient fields by Morse-Smale systems is eliminated.
This is an announcement of the results; detailed proofs will appear
elsewhere.

I. Periodic surfaces of vector fields.

DEriNITIONS. Let X be a C* vector field on M. A periodic ¢ surface
of X is a submanifold of M, invariant under X which is homeomorphic
to T, the 7 dimensional torus. 7°is a point so a periodic zero surface is
a critical point of X; a periodic one surface is a closed orbit and a
periodic two surface is a two torus which'is the union of trajectories
of X.

A simple periodic ¢ surface 8 of X, of index j is a periodic surface
B of M satisfying:

There is a tubular neighborhood N of 8 wherein X is topologically
equivalent to one of the vector fields Yy, YoE¥(T¢ X R**) defined by

L. Yl(e: 3’) = (11 f1(0’ y)y B1y+G1(011 y)) where

(0: 3’) = (017 ] 01’7 Y, * 0 yn—-i) € I*X R~ (1)f1(07 y))
ETfi:T" X R——1X T+ C T,

fiis C=, B; is a real n—1 matrix having no eigenvalue with zero real
part and Gy: T?' X R*i—R" i is C*, quadratic in y and Gy(6,, 0) =0,

1 This is part of my doctoral dissertation, submitted at Berkeley in June, 1963.
I wish to thank Professor Diliberto, who was my thesis director and originally sug-
gested this research.
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6,& T The number of eigenvalues of B; having real part less than
zero is called the index of §.

II. Y200, ) =(f2(0, v), Bay+G:(y)) where fo: TP X R"—i—T% is C*,
B; an #—1 matrix having no eigenvalue with zero real part, Gy: R*—*
—R7—iis C*®, G2(0) =0 and G, is quadraticin y. In case 11 we define the
index of B as above, viz., it is the number of eigenvalues of Bz with real
part less than 0.

The a and » limit sets of X have their usual meaning. If A CM
we define the stable and unstable sets of 4: W}= {qE M/w(q) CA },
Wa={q/alq) CA}.

We will see that the index of 3 is a topological invariant; indeed,
we shall show that Wj, the unstable manifold of 3, is homeomorphic
to T% X R/, j the index of .

Notice that 8 can be a periodic zero surface, i.e. critical point, of Y,
but not of ¥;. The closed orbits and higher tori of ¥; admit a cross
section given by 6;=1, yet we place no restriction on X/8 when X is
of type II. For definitions of topological equivalence and cross section
we refer the reader to [5], and details concerning periodic surfaces
may be found in the papers by Diliberto [1]. In particular, the ques-
tion of when a periodic 7 surface is simple is considered there.

We may now state our main result.

TrEOREM 1. Let XEX(M™) have a finite number of disjoint simple
periodic surfaces B1, + + «, By, satisfying:

(i) The limit sets of X are comtained in the Bi t.e., if xSM,
E'i,jBa(x) CBiv w(x) CBJ"

(ii) There is no closed cycle of orbits among the B:; more precisely:
there is no sequence =14y, « - -, =1 D Wy N\W7, #= I for ISj<k—1.
Let R; be the ith betti number of M with respect to a coefficient field. Let
a;=the number of periodic i surfaces of index j—1i, a;=0 if j<i. Let

IR\ & k k!
M"=,§.§(i>a“" (i)=ix(k-i)1'
Then
M, = Ry,
My — Mo = R1— Ry,
Mz—Ml"l"Mo%Rz—Rl"l‘Ro,

> (- = ¥ (-1 = (1),

=0 =0
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X = Euler characteristic of M.

REMARKS. (1) Let f be a C® function on M with nondegenerate
critical points B, - + +, B,. Then X =grad f satisfies the conditions of
Theorem 1, and M, =a)=the number of critical points of index g.
Hence we obtain the usual Morse inequalities [2]. A lemma of Morse
ensures us we may find coordinates about a critical point 8 wherein

Xy yym)=(=yu =¥ Vist, * * *, Yn).

Thus each critical point is a simple periodic zero surface and index
has the customary meaning. If ¢.(p) is the solution curve of X through
b, then f¢.(p) is a strictly increasing function of ¢ or p is a critical
point. Now the reader may easily check that X satisfies (i) and (ii).

(2) Suppose X is a Morse-Smale dynamical system [4]. Then X
satisfies the conditions of Theorem 1 and M,=al+a}+al,;; Theo-
rem 1 is then Smale’s result. The critical points and closed orbits of
X are simple periodic zero and one surfaces by definition. One need
only check the Smale’s normal intersection condition implies condi-
tion (ii) of Theorem 1, 3 no closed sequence of solution curves. We
leave this to the reader.

The following lemma allows us to obtain a decomposition of M into
closed invariant subspaces. We state it in complete generality. How-
ever, for its application, 4; will be a periodic k surface and Wy, the
image of a 1-1 continuous map from T%X R’ onto Wy,

LeEMMA 1. Let XEX%(M) and A, - - -, A, be subsets of MD
(i) the limat sets are the A ;; more precisely, if pE M 31, jDa(p) C4;,
w(?) CAJ':

(ii) there is no cycle of solution curves among the A;, i.e., there is no

sequence 1y, + - -, izEW;,f\W,’,"H#,@' for 12j21—1 and W, ,N\W}
#J,
Gii) if OW, N\ W= & then 3 Ssequence v =1y, -+, &

=B, and WyN\W}, = for 1<j<k—1.
Let Lo=U{W;/W;=&} and Li=U{W;/dW;CLiu}. Then
LoCL,C - -+ CLx= M for some k.

Proor. First we show Lo &, i.e. 34,29W4, =, which means
Wa,=A.:by (i), hence it is enough to show FA4;Sno orbit came from
A;. Consider Ay. If 3 no pEM—A,Da(p) CA4, then we are done.
Otherwise let p; satisfy a(p1) CA1. By (i) 37, j=2 say, Dow(p:) C4;.
We cannot have j=1 by condition (ii). Now either 3p.EM—A4,
Sa(py) CAs or A& Ly. If the former case occurs, let w(pz) CAx
for some k. Clearly we cannot have k=1 or 2 by condition (ii); take
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k=3 say. Continuing in this way we obtain a kD A4,=W,,EL,.
Hence Lo#= .

Now suppose we have shown L;# &, yet L;;15% M. Then we would
like to know Ly —L;#= . Let A4, - - -, A, be the A’s in M —L,.
We can assume every orbit leaving 4, goes to some 4 in L; by reason-
ing as above. We claim 0 W4, is then in L;. Suppose not, then dW,
meets Wy, for j& {ia, cee, i,,}. By condition (iii) 3 sequence of
orbits going from 4, to 4;. But every orbit leaving 4, goes into L,
which is invariant under X, hence no orbit leaves L; to go to 4;
which yields the desired contradiction.

LEMMA 2. Let X satisfy the conditions of Theorem 1 and B a simple
periodic 1 surface of index J: Then Wy is homeomorphic to T X Ri.

LeEMMA 3. Let X and B be as tn Lemma 2. Suppose y* is a sequence in
MSOyi&EWs and lim; yi=yER. Then IxEWS, xS and a sequence
b Dlimy @y (yme) = x.

SKETCH OF PROOF. For convenience we assume 7 =0. Since the index
of B is j, and the conclusion of Lemma 3 is invariant under topological
equivalence, we may assume that locally X is the field

X(pyy »+ vy Pn) = (=b1, * * * Pis Dit1y * * * s D)
Clearly ¢:(p)=(e"tp1, - * -, € D, €T Pjya, + + +, €TtDy,),
Ws={(py, -, p)/pr=pa= - = p; =0},
We={(p1, - -+, pa)/psx1 =+ + = pn=0}.
Since yi & Wp, for each 4, 3k 2D 5. % 0. Then 3t D e %
=max {ly;+1‘) Tty ‘y;l }
Consider ¢, (y1) = (e=%3t, « - -, e %y}, e%yjyy, - - -, e'yy). For each

1, one of the last n—j coordinates of ¢ (y?) is +1 and the others are
less than one in absolute value. The first j coordinates converge to 0
as 1— » since ¥*—0 and ¢~ %—0. Hence some subsequence of ¢4 (y?)
converges to a point in W3 —8.

LeEMMA 4. If OW,N\Wp% & then 3 sequence y =11, * + + , =B W;
AW, =D for LSj<k—1.

This follows easily from Lemma 3 and condition (ii).

Now it is clear that under the hypothesis of Theorem 1, there is a
decomposition of M into closed subspaces L; with Ly — L;=disjoint
union of W;’s.
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LeMMA 5. Let ¢ CLiCLyC ¢+« CLx=M be closed subspaces and
H* a cohomology theory €& dim H*(L;, L;;) < . Let S,
= > ¥ dim H%(L;, Li_;) and R,=dim H«(M; F), F a field. Then S,
and R, satisfy the Morse inequalities.

A proof of Lemma 5 may be found in [3].
To complete the proof of Theorem 1 it suffices to show

LEMMA 6. M,=S,.

Proor. We evaluate S, in Cech cohomology with HE cohomology
with compact support:

k k
Se = > dim B*(Li, Liey) = Y. dim Hy(L; — L)

=1 t=1

-3( = am mi¥)) = 3 dim LGV

=1 \ j/w;CL;—L; all 8;

- z( S dim HYT X R")-a:i+,-)

=0 \ ;=0

= X ¥ dim BT a1y

i=0 j=0
n n—t 1 ‘ n k k k
S0 (RN ICAED 35 5 G TLAEDTS
§=0 =0 \ — ] k=0 i=0 \ ?

II. Periodic surfaces of diffeomorphisms. Let L be a diffeomor-
phism of M». A k dimensional submanifold P* of M is called a k41
dimensional periodic surface of L of period [ if P* is homeomorphic to
T* and LY(P*) = P*, | minimal with respect to this property.

We say P* is elementary if 3 neighborhood N of P*>L!/N is
topologically conjugate to a diffeomorphism

7 Tk X Rn-k — Tk x Rn—k’
77(0, y) = (’71(0: y)’ 772(3’));

72 a diffeomorphism of R** leaving the origin fixed whose Jacobian
at the origin has no characteristic exponent equal to one.

THEOREM 2. Let L be a diffeomorphism of a closed manifold Mn
satisfying:

(1) There are a finite number of disjoint elementary periodic surfaces
of L, Py, + + +, P2 W,’,“‘. is a submanifold of M for each 1.

(i) If x€EM, 3 1, jDa(x) CP;, w(x) CP;
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(iii) There is no sequence Py, - - -, Po2Py= Py, and Wp NW,,,
#= for 15j5k—1.

Let d} be the number of P’s whose stable manifold is of dimension
t+j. Then the numbers

n k

2
M,=Y Z( ,)a’;+.- and R, = dim He(M; F),
1

k=0 =0
satisfy the Morse inequalities.
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1. Introduction. Let G be a cyclic group of order p?% p a prime,
and let U be its unique proper subgroup. If 4 is any G-module, then
the four cohomology groups

H(G, A) HY(G, 4) H(U, 4) HYU, 4)

determine all the cohomology groups of 4 with respect to G and to U.
We have determined what values this ordered set of four groups
takes on as 4 runs through all finitely generated G-modules.

2. Methods of proof. First we show that every finitely generated
G-module has the same cohomology as some finitely generated R-
torsion free RG-module, where R is the ring of p-adic integers. Be-



