RESEARCH PROBLEMS
29. Richard Bellman: Number theory.
Consider the linear differential operator of order #,
(1) L,(D) = D"+ pi() D" + - - - + pua() D + pu(t)

where the p;(t) are polynomials in ¢ with coefficients which are inte-
gers modulo p, a prime. The symbol D is the derivative d/d¢ with the
usual properties.

The operator will be said to be reducible if we can write

(2) L,(D) = Ln(D)L,(D)(modulo )

where L,(D) and L,(D) are linear operators of the same type of
orders m and r respectively, m+r=mn; and irreducible otherwise.

Let the degrees of p1(t), - - -, Pa(t) as polynomials in ¢ be respec-
tively di, da, - * + , da, and let us call L,(d) of type [#;dy, do, - - -, da].
Can one obtain expressions for the number of operators of type
[#; d1, ds, - - -, dn] which are irreducible modulo p?

30. Richard Bellman: Number theory—generalized cyclotomic sums.

Can one obtain results for multidimensional cyclotomic sums of the
form

p—1
1) S(x, wy, we) = D, wrws exp(2wixa™b™/ p)
m,n=0
where w; and ws are (p —1)st roots of unity and @ and b are primitive

roots modulo p, corresponding to those existing for the one-dimen-
sional sums?

More generally, if the sequence {un.} satisfies two linear recur-
rence relations

(2) Umn = Q1lhm—1,n + blum,n—-l -+ Cl“m—l,n—l(?),

Ump = Qolhm—1,n + Dothm,n—1 + Cotim—1,n-1(p),

with appropriate periodicity constraints on the boundary sequence
{uo,"}, {um,o}, can one obtain results for sums of the form

S(x, w1, we) = Z W'lnw: exp(2mi%tm,n/ ),

and for the generalized sums where the recurrence relations have the
form
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These sums are generalizations of the one-dimensional sums of the

form D, T exp(2mi tr(Ba™)/p, where a and 8 are algebraic numbers.
31. Richard Bellman: Probability theory.

Let the one-dimensional sequence {x,} be generated by means of
the recurrence relation

(1) %1 = a%n + §(%n) + 7, %o = ¢,

where a and c are real, {r,} is a sequence of independent random vari-
ables with known identical distribution functions and g(x) is a feed-
back control function defined as follows:

g(x)=0: \xl < b,
(2) =k, x<—b,
= — k, x> b,

where £>0.

What possibilities exist for the limiting distributions of x,, suitably
normalized?

The problem can be generalized by considering multidimensional
sequences, continuous time, correlation in the 7,, and a larger number
of strata for g(x).

32. Richard Bellman: Prediction theory.

Given the information that the sequence {x,.} is generated by a
relation of the foregoing type, how does one determine the unknown
parameters b and k2 from observation of the process up to time N,
and make optimal estimates for the values of xy41?



