ON THE COHOMOLOGY OF TWO-STAGE
POSTNIKOV SYSTEMS

BY LEIF KRISTENSEN
Communicated by P. R. Halmos, July 21, 1961

1. Introduction. The purpose of this paper is to compute the co-
homology of certain spaces with two nonvanishing homotopy groups.
Let P(w, n; 7, m, k) (n <m) denote the space with homotopy groups
7 and 7 in dimensions # and m, all other homotopy groups equal
to zero, and (first) k-invariant equal to kEH™(K(w, n), 7). Let €
be the basic class in Hi(K(r, 1), 7). We shall then compute the mod 2
cohomology of P, s=P(Zs, n, Zs, 2'n—1, ).

Extending the methods of this paper, further computations can be
carried out. This will be done in a subsequent paper.

2. The Steenrod construction. In this section we are working in
the category of c¢ss-complexes. In the (non-normalized) chain complex
C«(K) of a css-complex K we can define a filtration. Let namely o,
denote a g-simplex in K. We can then in a unique way write o, in the
form

Og = §i18iy ° * ° Sig_p0p 0= iq—p < 0 K < q,

where o, is a nondegenerate p-simplex in K and s; denotes a de-
generacy operator in K. The generator o,& C,(K) is then said to be of
filtration p

0q € Fo,Cx(K).

This defines a filtration in C«(K).

Let m be a permutation group on the # letters (0,1, - - -, n—1)
and let V be an arbitrary w-free resolution of the integers. Let V be
filtered by dimension. Let V® C«x and C® (the n-fold tensor product
of Cy) be filtered by the usual tensor product filtration. Let 7 operate
trivially in Cs, diagonally in V®Cs, and by permutation of the
factors in C®, We then have the

THEOREM. There exists a natural w-equivariant filtration and augmen-
lation preserving transformation
’ (n)
(1) ¢:V®C*—>C* .

If ¢’ is another such transformation then ¢' and &' are homotopic by a
natural w-equivariant homotopy of degree =1 (i.e. Hy®1) EFprina if
dim v=1 and nEFy).
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Let C denote the normalized cochain functor. Let f: E—B be an
arbitrary css-mapping. Then f induces filtrations in Cx(E) and
C(E)(Cx(E) is filtered by inverse images of skeletons in B. The filtra-
tion in C(E) is (essentially) the dual of this filtration). The mapping
(1) gives rise to a mapping

(2) ¢:V ®,C(E)™ — C(E)
natural with respect to mappings
ESE
fl 2 Lh
B— Bl

with gf=fig. It is easy to see that ¢ has the property
3 dimv=4, 4, EFFi=¢0Qu,® -+ Q u,) € F?

for p <lig.(max(1/nY.; p;, 2.ipi—1)), where Lig.(a) denotes the
least integer greater than or equal to a. Defining the filtration in
V®,C™ according to (3) we have that ¢ preserves filtration.

3. Operations in spectral sequences. In the following we shall be
working over the ground field Z; instead of the integers as above. Let
us choose a mapping ¢ as in (2) and keep it fixed in the following.

Let f: E—»B be a mapping of css-complexes. Let x& Fr(Crte
= Fr(Cr+¢(E). Then we define

4 s¢'% = P(epre—i ® 22 + eprg—it1 ® x2dx).
Then
(%) dsgix = sq'dx.

Using standard notation we see that if x&€Z? then

sqixEZf, for0sisqg—r+1,
(6) 9% € Zar—1pimay forg—r+1=5i=yq,
sq‘x c Z:::]—q, for q 1 £ p + q.

If x represents a class #% in E?'? then we can examine when the class
of s¢*x is independent of the choice of representative of 4. When this
is the case we can define an operation in the spectral sequence. We
getfor0=i=q—7r++1,

Sqiﬂ = {sq‘x}ze iEf'"“;
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forg—r+1=i=gq,
Sqizi={sq‘x}€Ef.{.§H, foranyj,05j<i—q+r-—1,
forg=i=p+q,
Sq‘a = {sq‘x} c E,L’:.;_q'zq, for any j, min(t — q,7 —2) SjSr— 1.
These operations are natural, additive, and they commute with

the differentials in the spectral sequence. Further we shall mention
that if #€E??, d,%=0, and % determines {ﬂ} EEY¢, then

B for0<is
{sga} = s¢faf € {™™ TETEY
E::l:x:'iiq(i—q.r-l) forgsiZp+yq.

Let us suppose that E3°® Ey*—E3* is an isomorphism then in E,
we have (denoting the homomorphism a—a? by ¢)

Sq¢ =1®Sq¢" Ed"— EI™, for0<i<g,
Sq =S¢ '@ ¢ By ESTYY, forg<isp+aq.

If F is the fibre (relative to some base point in B) of the mapping
f: E—B, then we can consider cohomology operations in F, E, and B.
Since we can use the mapping ¢ (2) to define these cohomology opera-
tions, they are in an obvious way related to the spectral operations
considered here.

Operations in spectral sequences have also been constructed by
S. Araki [1] and R. Vazquez [3]. The operations constructed in
this paper coincide with or are related to the operations constructed
in these papers.

4. Some lemmas. The following lemmas are crucial in the com-
putation of H*(Px ).

REMARK. Let f: E—B be a map of ¢ss-complexes and let {E,, d.}
be the corresponding spectral sequence. Let aEEX""!, BEER®, and
YEEY™ D (n22) with dea=8, diy=0f. Let E*#1=0, j=2, 3,

-, n—1. Then there exist cochain representatives %, v, and x of
a, B, and v respectively with the property

dx = w + a

with a € F»—1C?1 (we shall say that ¢ is in the base. In general we
shall say that any cochain belonging to >.; FiC7is in the base.)

LEMMA. Let aEEY™Y, BEEM, and yEEX* ™V be elements in the
spectral sequence {E,, d.} associated with a css-map f: E—B. Let u, v,
and x be cochains representing a, 8, and y respectively with the properties
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du=v, dx =uv+a, where a is in the base. Then

k
@R+ — Sq2k+1,y + Z SgeaSq¥+1-rg, 0<k<n-—1,

=0
s transgressive, while
k—1
TR = Sg%y + 3 Sg aSg¥ e, O0<ESn-—1,
om0

persists to E,x and has
Gl 780} = {Sgha-Sq'8).

Furthermore there are cochains uy, v1, and x, representing Sq*c, Sq*B,
and T®) respectively such that

du1 = and dx1 = U171 "I" ai,

where ay is in the base. (The existence of uy, v1, %1, and ay with this prop-
erty clearly implies (2).)
Also

n,3(n—1)

'Y'dn(7) = yaf € E,
is transgressive (.e., persists till Eg,_s).

LeMMA. Let aEEY™ !, BEE™, and yEEX"% (n22, h22) be
elements in the spectral sequence {E., d,} associated with a css-map
f: E—B. Let u, v, and x be cochains representing «, 3, and vy respectively
with the properties du=v, dx = wv? +a where a is in the base. Then

Sq*v, kS 2 — 2,
s transgressive if n is not divisible by 2%, If k=s+2", then
Sgby = Sg*'y
persists to E@t_1y(nts) and has
der-nain{Sg ) = {Sg'a- (Sg*8)**-1}.

Furthermgre there are cochains wy, v1, and x, representing Sq'a, Sq*B,
and Sq° %y respectively such that

2h_1
du, = vy, dxy = uwy  + ay,
with a1 in the base. Also
v+d@h-1yn(y) = 72?1 € E@_1ya

1s transgressive (i.e. persists till E@gbiiyn—s).
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5. Computations. Using the Moore comparison theorem for spec-
tral sequences and the above mentioned results H*(P,,) can be de-
rived. We shall use the usual notation and properties of sequences
I=(ay, as, - - -, @) of non-negative integers (see e.g. Serre [2]). In
particular we use the notation

L(d, k) = (2%, 2%2d, - - -, d).

THEOREM. Let Po=P(Zs, n; Z5, 2n—1, €). For each admissible se-
quence J,e(J) £2(n—1), containing odd components and each admissible
sequence N, e(N) <n—1, there are classes B(J) and yv(2N) in H*(P,) of
dimensions 2n—1-+deg J and 2(2n—1+42 deg N) respectively, satisfy-
ing

BU) = SFB((27 + 1)T1))

whenever J=TJ(2j+1)J1 with all components of Jy even. Let o be the
nonzgero class in H*(P.,), then

H*(P,) = Z,[{B()}] ® A({Sga}) ® Zs[{SgPue—ttaea®). iy (2 ) }],

where h=0, 1, - - - and where J, I, and N run through all admissible
sequences satisfying e(J)<2(n—1), e(l)=n—1, and e(N)<n—1;
further it is required that J contains odd components.

THEOREM. Let Ppp=P(Zs, n; Zs, 2'n—1, &) (n22, h22). For each
admissible sequence J, e(J) £2'n—2, J#0 (mod 2*), and for each ad-
missible sequence 1, e(I) Sn—1, there are classes B(J) and v(I) in
H*(P, 1) of dimensions 2'n—1-+deg J and 2"+ (n+deg I) —2 respec-
tively, satisfying

B = S¢(B((5)T1)

whenever J=TJ(j)J1 with j50 (mod 2*) and J;=0 (mod 2%). Let a be
the nonzero class in H*(Py1) then

H*(P, ) = Z2[{B)}] ® Z:[{Sqla}, 2¢] ® Z:[{v(D}],

where Z,[{x:}, 2*] denotes the truncated polynomial algebra of height
2% in the generators {x:} (2 =0), and where J and I run through all
admissible sequences satisfying e(J) S2'n—2, J#0 (mod 2%), and
e(I)Sn—1.

It is of some interest to get the complete action of the Steenrod
algebra A* in H*(P, ). At the present, however, we only have scat-
tered information about this action of 4*.

A detailed account will appear elsewhere.
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