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1. Introduction. The purpose of this paper is to outline a new proof
that the geometric braid group on the plane E? is isomorphic to the
algebraic braid group on E? and also to compute the geometric braid
group on the sphere S% The definition of geometric braid group (see
§3) employed is a recent one due to R. H. Fox [3]. It turns out that
the geometric braid group on S?is just the classical braid group on E?
with a single additional relation obtained from the simple geometric
fact that a simple closed curve on S? bounds fwo discs. In [2], it is
shown that an associated class of fiber spaces arising naturally from
the situation gives information about certain homotopy groups which
in turn gives information about the geometric braid groups of certain
manifolds. This point of view is pursued in this paper and the central
geometric tool here is the fact that the second homotopy group of
certain configuration spaces is trivial.

2. Configuration spaces. Let M denote a manifold and x4, - « + , ¥n
a fixed set of m mutually distinct points. Set F,, .(M)=the space of
n-tuples (p1, + -+, Pa) such that p,EM — (x,\U - - - Ux,) and pi=p;
if 17#j. Consider w: Fyu,n—>Fum,n_r,n>r, mZ0, given by w(p1, - + -, pn)
=(Pre1, * * *, D).

THEOREM [2]. 7: Fpn—>Fom n_r is a locally trivial fiber space with
ﬁber Fm+n——r,ro

THEOREM [2]. If M= E? (Euclidean 2-space), then wi(Fo,n) =0 for
1=2,n=x1.

THEOREM. If M=S*1 ((k—1)-sphere), k=3, then the fiber space
w: Fo3—S*14s fiber homotopy equivalent to the bundle Vi o—S*1, where
V.2 is the Stiefel manifold of orthogonal 2-frames in k-space.

COROLLARY. If M =S2 m(Fq,3) 45 cyclic of order 2 and my(Fo,n) =0
for n=3.

3. The geometric braid groups. Consider F,,,= Fo (M), where M
is a manifold. Then the full symmetric group Z* acts freely on Fy .
by permuting coérdinates. Let Bo,n= Fo,./Z" and p: Fy,,— By, be the
associated covering space with fiber Z#,
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DEFINITION (R. H. Fox). m1(Bo,n) is called the geometric braid group
of M on n strings and is designated by G.(M).

Let v: G.(M)—Z», with kernel m1(Fy,.), denote the homomorphism
induced by p: Fo,n»—Bo,». We will also need the following exact
sequences. If M =E? or S? the fibering Fo,,—Fo,n—1 induces exact
sequences

1= 71(Fao1,1) = 71(Fo,n) = m1(Fony) — 1
where =4 in case M = S2 This is because m2(Fo,») =0 (§2).

4. The algebraic braid groups. We recall first the algebraic braid
group B.(E?) on E2 B,(E?) is the group on »—1 generators oy, - - -,
o1 subject to the relations
@ 0i0i410; = Oi410i0it1, 1=i=n-—2,
(ii) 0i0; = 0,04, | i —]I > 1.
Associated with B,(E?) is a homomorphism «: B,(E?)—Z" whose

kernel we designate by K,. Using results of Chow [1], one obtains
an exact sequence

15 4,—-K,—»K,,—1

where 4, is a certain free subgroup of B,(£?).
The algebraic braid group B.(S?) on S? is obtained by adding a
single relation to B.(E?). Precisely, B,(S?) is the group on #—1 gener-

ators 1, * * * , 0n—1 subject to the relations

6] 00410 = 0i41040it1, 1=si=n-—2,
(ll) 0{0; = 00, l ’L —]l > 1,
(iii) 0102 * * * Op—10p—1 * * * 0201 = 1,

Here too we have an associated homomorphism o’: B,($%) —Z", whose
kernel we designate by K./, and an exact sequence

1—- 4] > K] - K] 1—1
where A, is an appropriate free subgroup of B,(S?).

5. The main results. First, there are natural homomorphisms ¢,,
¢, giving rise to commutative diagrams

Ga(E) B (B2 G5 < _B.(sy

N, N,



1961] ON THE BRAID GROUPS OF E? AND &1 213
LEMMA. ¢, is an isomorphism iff zp,,=¢,.| Ku: Ky—mwi(Fo,n) ts an
isomorphism. The corresponding result is valid in the S*-case.
The homomorphisms ¥, induce a diagram
1 > An » K, K. »1
0a 1 ¥l Yn-1l

11— 1l'1(Fn—1,1) e 1"1(Fo,,,) -_ 1I'1(Fo,,,_1) —1

Since m1(Fn-1,1) is also a free group it is quite easy (fortunately the
generators correspond precisely under 6,) to see that 6, is an iso-
morphism. It is now clear that induction and the FIVE LEMMA are in
order and thus we obtain

THEOREM 1. ¢,.: B,(E?)—G,(E?) is an isomorphism.

The S2-case is handled in a similar fashion with a few additional
difficulties arising. In this situation one must check the cases n=2, 3
separately since m2(Fo,n—1) =0 only if #=4. Thus we obtain

THEOREM 2. ¢ : Ba(S?)—Gn(S?) is an isomorphism.

REMARK. It may be of interest to remark that although G.(E?)
has no elements of finite order, G.(S?) has elements of finite order for
every n. G3(S?) and G3(S?) are finite groups; the remainder are infinite.
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