MATHEMATICS IN ECONOMICS
WASSILY LEONTIEF

1. Gibbs and mathematical economics. American economists have
a good and special reason to honor J. Willard Gibbs. The late Profes-
sor Irving Fisher—the author of the earliest monograph on Mathe-
matical Economics published on this side of the Atlantic and one of
the truly great economists this country has produced—was a pupil
of Gibbs. He was in 1929 the first to represent social sciences in this
series of memorial lectures. The second was Professor Edwin B. Wil-
son, mathematician and economist, also one of Gibbs’ immediate
disciples, and author of the early treatise on Vector Analysis based on
his teacher’s original lectures on that subject.

Professor Fisher and Professor Wilson were leading spirits in the
organization—twenty-three years ago—of the international Econo-
metric Society which now unites 2500 economic statisticians and
economists who claim the ability to speak—or at least to understand
when spoken to—the “language of mathematics” which Josiah Gibbs
used with such compelling and poetic power.

I did not know Gibbs and I am not a mathematician. I cannot pre-
sent to you personal reminiscences about this great man nor am I
able to develop before you any one particular application of mathe-
matics to economics—which could possibly be of technical interest
to a professional mathematician. I will try instead to survey the logi-
cal structure of the present day economic theory emphasizing formal
aspects of some of the problems which it faces and pointing out the
mathematical procedures used for their solution. The views to be pre-
sented are, of course, not necessarily shared by other economists.
Even leaving out those who feel with Lord Keynes that mathematical
economics is “mere concoctions,” theoretical disagreements and
methodological controversies keep us from sinking into the state of
complacent unanimity.

2. The general structure of economic theory. The object of eco-
nomic analysis is the observed, or at least the observable, economic
process. The typical variables in terms of which an economic system
is described are the amounts of various goods and services produced,
consumed, added to and subtracted from existing stocks, sold and
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purchased; also the prices at which these purchases and sales are
made.

The available quantities of natural and human resources, the state
of technical knowledge and the nature of consumers’ preferences
(with those, in our modern much regulated economy, one must men-
tion also the aims and preferences of the regulating governmental
authorities)—all described within the setting of a specific institutional
framework—constitute what might be called the operating conditions
of the particular economic system. These are the “data” which in
verbal analysis are used to explain the “unknown” outputs, employ-
ment, prices, investments, and so on.

Translated into mathematical language this means that the avail-
able quantities of natural and human resources, the state of technical
knowledge and consumers’ preferences determine the structure of
equations (or inequalities) which in their turn determine the values
taken on by what we choose to define as the dependent “variables”
of the economic system.

The first systematically formulated mathematical theory of general
Economic Equilibrium was constructed just about seventy-five years
ago by Léon Walras [1]. He incorporated in it much of the so-called
classical theory developed in the writings of the great English and
French economists of the late eighteenth and early nineteenth cen-
tury. Some essential pieces of the conceptual apparatus used by
Walras—such, for example, as the concepts of supply and demand
functions and the notion of diminishing marginal utility—were al-
ready cast in mathematical form by such men as Daniel Bernoulli
[2], Augustin Cournot [3], and E. J. Dupuit [4].

Elaborated and extended by Vilfredo Pareto [5] and his contem-
poraries and successors, the general theory of economic interdepend-
ence is gradually being combined—into what promises to become a
unified logical structure—with two other fields of analytical inquiry,
the theory of market mechanism and the analysis of the behavior of
an individual firm and of a separate household.

3. Maximizing behavior. It is in this latter connection, in explana-
tion of the operation of the ultimate decision-making units, that the
common notion of “economic behavior” finds its principal analytic
application.

Consider the profit maximizing firm. It purchases or hires certain
commodities and services and utilizes them for the production of
other commodities or services. The production process itself can be
described as a transformation of one set of variables—the inputs,
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into another—the outputs. The quantitative relationships between
the inputs and the outputs are determined by the set of all available
technological alternatives.

The outlays, the costs, incurred by the firm can obviously be con-
sidered as a function of the input combination used, while its gross
revenue depends upon the amounts of its outputs. Among all the in-
put-output combinations technically attainable, the firm chooses the
one which maximizes the difference between its total costs and
revenue.

In a simple case in which all available transformation possibilities
are stated in the form of one or more well behaving “production func-
tions” with continuous derivatives throughout the entire relevant
range, a local maximum can be described by a set of simple equations
involving its first partial derivatives and parameters entering the
profit function such, for example, as the prices of all commodities
sold and purchased.

It is not surprising that these conditions were discovered and stated
by some economists verbally without any recourse to mathematics.
A correct formulation and interpretation of the secondary conditions
for a maximum, involving inequalities in higher derivatives, had,
however, to wait for the introduction into the argument of formal
calculus.

The problem becomes more intricate as soon as the well behaving
continuous production functions are replaced by the more realistic
description of technical input-output relationships involving linear-
ities, discontinuities, and inequalities. Then the question concerning
the optimization conditions in the small is replaced by their study
in the large. Under the name of “linear programming” much advanced
work has, for example, been done recently on the problem of de-
termining maxima with the constraining transformation functions
stated in the form of a set of positive vectors; the positive and nega-
tive components of each vector describe in this case the sets of out-
puts and, respectively, inputs corresponding to the operation on a
unit level of one particular kind of productive activity. Differential
calculus and elementary algebra—the two traditional tools of the
mathematical economist—are being thus replaced or at least supple-
mented by those of topology and matrix algebra.

The explanation of consumer’s behavior is developed along similar
lines. A household like a firm has an income (derived from the sales
of the services of persons or property rights) and an outlay; to the
transformation functions of the firm there corresponds the utility
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function of the household. It describes the level of satisfaction cor-
responding to the amounts of goods and services consumed.

Within the constraints imposed by its budget, the household is
supposed to select a combination of goods and services which brings
it to the highest level of satisfaction. In early theories, utility was
treated as a measurable quantity. On closer examination, its cardinal
measurement turned out to be neither necessary for formulation and
solution of the maximum problem at hand nor, essentially for that
very reason, operational in terms of actual experience.

Consider two individuals facing identical budgetary restrictions.
If one of them derives from any combination of commodities con-
sumed, say, twice as much satisfaction as the other, both will ob-
viously find their respective utilities maximized by exactly the same
sets of purchases. Insofar as a consumer’s observed movements
through commodity space constitute the only objective source of in-
formation about the shape of his utility function, ordinal comparison
of its different levels is all that can be achieved or required for ex-
planatory purposes.

This is where the matter stood till the recently revived interest
in the old eighteenth century problem of choice under conditions of
uncertainty led to renewed attempts to rehabilitate the cardinal
utility function. The argument hinges on the assertion [6] that from
the point of view of “rational” behavior, if,

(a) U(X.) and U(X,) are the utility levels associated in the mind
of a decision-making consumer with certain but alternative possession
of the two specific commodity combinations, X; and X, and

(b) p is a true positive fraction such that

(c) this consumer, when offered the choice between the “chance
with the probability p of possessing X;” and “the chance with the
probability (1 —p) of possessing X,” will find both these offers to be
equally desirable, then,

U(X1) _ 1-2 )
U(X,) b

Once this is admitted, a cardinal comparison of utilities must ob-
viously be accepted as operationally feasible. Whether a particular
individual actually behaves in accordance with this assertion or not
can be empirically tested—through introduction of a third com-
modity combination, X3, with an accompanying probability, ¢. Two
choices, one between the chances involving U(X;) and U(X,), and
another involving U(X;) and U(X,), should lead to measures con-
sistent with the comparison of U(X,) and U(X_;) as shown above. If
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they do not, the subject of the experiment is declared to be “irra-
tional.” The reference to “rational” or, should I say, “economic”
behavior as used in this connection is intended to justify the ac-
ceptance of a crucial proposition “ex definitione.” Substantively, it
denies the phenomenon of the pleasure (the utility) of gambling by
disallowing the possibility of using a utility function of the more
general form, such, for example, as U(X;, p).

In this, as in many other similar instances, the economist must be
prepared to make up his mind whether he is aiming at a positive
explanation of observed facts or at setting up normative rules for, in
some sense, “reasonable” behavior and tracing out their logical im-
plications.

In the discussion of public economic policies—in contrast to the
analysis of individual choice—the normative character of the prob-
lem has been clearly and generally recognized. Here the mathematical
approach has crystallized the analysis around the axiomatic formula-
tion of the (desirable or conventional) properties of the “social wel-
fare function.” Social utility is usually postulated as a function of the
ordinally described personal utility levels attained by each of the in-
dividual members of the society in question.

The only other property on which something like a general con-
sensus of opinion seems to exist is that “the social welfare is increased
whenever at least one of the individual utilities on which it depends is
raised while none is reduced.” Without any furthermore stringent
limitation on its possible shape, such a social welfare function allows
only a partial ordering of all possible combinations of individual
utility levels. A much more specific description of its properties
would have to be required if the social welfare function were to re-
flect—in axiomatic formulation—concrete normative judgments per-
taining, for example, to the problem of income distribution. The
struggle to increase the utility levels of some groups of individuals at
the cost of reducing the welfare of others constitutes, no doubt, the
core of much of the present day politico-economic controversy.

The important contribution of the mathematical approach to our
thinking on such controversial issues consists in showing how diffi-
cult it actually is to formulate in concise operational terms any spe-
cific normative attitude toward questions of public welfare in general
and the problem of equitable distribution of income in particular.

4. Consistency criteria in the theory of interdependent choices.
The analysis of the behavior of individual firms and households is
and—if it has to have explanatory rather than normative significance
—should be not more than a direct translation into concise mathe-
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matical language of problems of maximizing choice as seen from the
actual decision makers’ point of view. The restraining relations and
parameters which the economist assumes as “given” must, of course,
be precisely those which the household or firm actually considers as
being independent of its action, and the set of variables—the optimal
combination of which the theorist explains—must indeed include all
those, and only those, on which the real economic units actually
operate in putting into effect their profit or, respectively, utility
maximizing decisions.

So long as one does not radically widen the conventional universe
of economic discourse, the invariance of technological transformation
functions in respect to changes in specific input combinations can be
taken for granted. The same, however, cannot be said about the
functions and parameters which—although they are treated as fixed
constraints in the explanation of individual maximizing behavior—
within the larger framework of the general theory of economic inter-
dependence turn up in the role of dependent variables rather than of
“given” data.

Farmer Jones, when he decides on the most profitable number of
hogs to grow, takes into account the market price at which they can
be sold. In doing so, he most likely considers that price as “given,”
i.e., to be practically independent of the specific outcome of that de-
cision. In explaining farmer Jones’s output, the economist accordingly
treats the price as one of the parameters entering the solution of the
corresponding profit maximization problem.

In his very next step, in presenting the general equilibrium theory
(which I will presently take up), the economist lists all prices—includ-
ing the price of hogs—among the unknowns to be determined through
the solution of an appropriate system of equations. In particular, he
then proceeds to explain, in terms of that system, why the price of
hogs would fall if all farmers, say, for experimental purposes, had pro-
duced and thrown on the market 10 per cent more hogs than before.
Another argument based on the same general equilibrium equations
shows that, within the range of output variations accessible to him,
farmer Jones’s belief in his own inability to affect the market price of
hogs to any appreciable extent is indeed entirely correct. If, however,
it had turned out—again within the framework of the general
equilibrium theory—that farmer Jones’s individual action could have
influenced the price of hogs—as indeed would have been the case had
he owned half of all the hogs in the country—the entire analysis in
both its parts would have been false. The explanation of farmer
Jones’s maximizing behavior, because it was derived from an as-
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sumption that now proved to be inconsistent with the implication of
further general equilibrium analysis based on that very explanation,
the general equilibrium analysis, obviously would be false for the
same reason.

All problems dealt with in the analysis of market behavior lead to
such questions of theoretical consistency. Their logical structure is
frequently quite subtle and the circular test outlined above is diffi-
cult to apply without recourse to mathematical formulation.

The analysis of duopology and oligopoly, i.e., of the relationships
between two or few mutually interdependent sellers, also the ex-
planation of bilateral monopoly, a situation in which a single seller
faces a sole buyer, each clearly and appreciably affecting by his
actions the others’ profit, all lead to the same theoretical problem—
the explanation of maximizing behavior of two or more mutually
interdependent units.

Beginning with Augustin Cournot [3], that is, for over a century,
mathematical economists have wrestled with that question without
apparent success. The modern Theory of Games [7] has contributed
greatly toward a more concise formulation of the issues involved, but
an acceptable theory of interdependent maximizing behavior has yet
to be offered. As in the discussion of the cardinal measure of utility,
an elaboration of the logical consequences of arbitrary normative
assumptions here, too, has occasionally been mistaken for a solution

of the positive problem. Possibly, such a solution can be even shown
not to exist.

5. The theory of general interdependence. The Theory of General
Equilibrium—the analysis of the mutual interdependence of all the
producing and consuming units making up a national economy or—
if one wants to take into consideration international trade—the
world economy as a whole, makes up the core of modern economic
theory.

The simplest standard model of the general equilibrium system—
stripped of all optional equipment and adornments—is designed
to explain the determination of the (time-) rates of production (sales)
and consumption (purchases) of all commodities and services by each
of the individual decision-making units as well as the prices at which
all these inputs and outputs are traded.

The explanation is presented in the form of a system of simul-
taneous equations. Their number just suffices to determine the values
—unique or multiple—of the unknowns. All sales and purchases of
each particular commodity are supposed to be transacted at the
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same price and the prices of all commodities and services are to be
such as to make the combined output (supply) of each commodity
by all the units equal to its aggregate input (demand) by all the units.

The quantity of each commodity produced or consumed (it could
be both) by any unit has already been shown to depend—through the
budgetary restriction—on prices; its own as well as those of the other
goods. The “supply” and the “demand” functions, so frequently re-
ferred to by the economist, are meant to describe this dependence;
their shape is obviously implicitly determined by the equations (or
inequalities) which in the description of its maximizing behavior
served to determine the optimal position of the individual decision-
making unit in the commodity space.

Although some of its constituent equations are thus based on the
satisfaction of certain maximizing conditions, the general equilibrium
system itself cannot legitimately be thought of in any other but
quasi-mechanical terms. This does not mean that an eighteenth
century believer in the Invisible Hand or his present day counterpart,
the modern welfare theorist, could not have legitimate interest in
finding out whether the actual economy-—as described by the set of
the general equilibrium equations—does or does not satisfy the
normative social welfare criteria of his particular choice.

Let me add that under certain ideal conditions, the outcome of the
automatic operation of the competitive price mechanism, as reflected
in the general equilibrium system described above, can be shown—so
far as the organization of production is concerned—to be identical
with that which would be achieved by an omniscient and all-powerful
planning committee of efficiency experts. In a state satisfying the
Walrasian equilibrium equations, the total output of no commodity
can be increased and the input of no scarce primary resource dimin-
ished without reduction in the output of at least one other com-
modity or an increase in the input of at least one other commodity
or an increase in the input of at least one other scarce primary re-
source.

In other words, if outputs are measured as positive and inputs as
negative quantities in the many dimensional commodity space, the
actual equilibrium position of a competitive economy is represented
by a point located on the hull of the compact space comprising all
input-output combinations attainable to it on the basis of the given
transformation functions; each vector connecting any two points on
that hull necessarily contains components of opposite signs.

This obviously applies to any optimal position which an individual






