TOPOLOGICAL METHODS IN ABSTRACT ALGEBRA.
COHOMOLOGY THEORY OF GROUPS!

SAMUEL EILENBERG

1. Introduction. The title of this article requires some explanation.
The term “abstract algebra” was used to indicate that we shall deal
with purely algebraic objects like groups, algebras and Lie algebras
rather than topological groups, topological algebras, and so on. The
method of study is also purely algebraic but is the replica of an alge-
braic process which has been widely used in topology, thus the words
“toplogical methods” could be replaced by “algebraic methods
suggested by algebraic topology.” These purely algebraic theories do,
however, have several applications in topology.

The algebraic process borrowed from topology is the following.
Consider a sequence of abelian groups {C?} and homomorphisms 3,

(1_1) Coi)cl-—)...——)Cq—l_a.)cq_s.)ctﬁ'l__)...

such that 66=0. In each group C? two subgroups are distinguished
Z1 = kernel of §:C? — Cdt,
B¢ = image of §:C+ 1 — (¢

with the second definition completed by setting B®*=0. The condi-
tion 36=0 is then equivalent with B¢CZ¢% The group

He = Z9/Ba

is called the gth cohomology group of the sequence (1.1). The ele-
ments of the groups C¢ Z¢ B¢ and H? are called g-dimensional co-
chains, cocycles, coboundaries and cohomology classes respectively.
Each cocycle 2&€Z¢ determines a cohomology class as the coset
{2} =2+B2. Two cocycles in the same coset are called cohomol-
ogous.

The process just described can be applied in the following three
instances.

I. Groups. Let Q be a multiplicative group and G an abelian group
written additively. Assume further that Q operates on G, that is, that

An address delivered before the Summer Meeting of the Society on September 18,
1945, by invitation of the Committee to Select Hour Speakers for Annual and Sum-
mer Meetings; received by the editors May 29, 1948.

1 The presentation has been brought up to date and includes many results ob-
tained after 1945.
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for each xE€Q and g&EG an element xg&G is given such that
x(g1+ g2) = xg1+ xgs,  x2(1g) = (wewr)g, 1g=¢g

where 1 is the unit element in Q. The group C%(Q, G) of the ¢g-dimen-
sional cochains of Q in G is defined as the group of all functions f of
g variables in Q with values in G. Addition in C¢(Q, G) is defined by

(fl +f2)(xl’ ] xq) = fl(xly ] xq) +f2(x19 ] xq)-

The coboundary homomorphism §:C%(Q, G)—C+1(Q, G) is defined
by the formula

(‘Sf)(xh Tty xq+1) = xlf(x27 ttty xa+1)

+ i (~1)1f(x1: trty X%y ot 0y xq+l)
-
+ (—l)ﬁlf(xlr ) xq)-

The relation 80=0 is verified by computation. The resulting co-
homology group H¢(Q, G) is called the gth cohomology group of Q
over G. Note that the operators of Q on G are part of the definition
and a change in these operators will generally alter the group
H4(Q, G).

I1. Associative algebras. Let A be an associative algebra over a
field F, and V a vector space over the same field. Assume further
that V is a two sided 4-module, that is, that for every a €4, vEV
elements av and va of V are defined which are bilinear functions of a
and v, and satisfy

as(aw) = (az01)v, as(va;) = (agv)a, (vas)ay = vaay).

The group C4(4, V) of the g-dimensional cochains of 4 in Vis defined
as the group of all functions f of ¢ variables in 4 with values in V,
linear with respect to each variable. Addition in C?(4, V) is defined
as before. The coboundary formula is

(5f)(alr M) aq+1) = alf(az, R dq+1)

q
+ Z (-—1)"f(al, ey @B,y dq+1)

=1
+ f(a'h tt a’q)aﬁl'

The resulting cohomology group H¢(4, V) is the gth cohomology
group of 4 over V. The groups C¢, - - -, H? in this case are clearly
vector spaces over the field F.

II1. Lie algebras. Let L be a Lie algebra over a field F and let V
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be a vector space over F. Assume further that a representation P of
L in V is given, that is, that for every x €L a linear transformation
P,: V—7V is given such that P, is a linear function of x&L and that

PyP, — PPy = P,y

for x, y&EL. The group C4(L, P) is defined as the group of all functions
f of g variables in L with values in V, linear with respect to each vari-
able and alternating with respect to permutations of the variables.
Addition in C%(L, P) is defined as before. The coboundary formula is
N (w1 -+ -, gp1)
= Z (—1)k+l+lf([xk1 xl]v X1, 00, xk‘) ceey Ry oo, xq+1)
k<l
41

+ Z (—1)i+1P¢;f(x17 sy By e, xq-!-l)v
=0

where the symbol under the circumflex is to be omitted. The resulting
cohomology group H¢(L, P) is called the gth cohomology group of L
over P and clearly is a vector space over F. In the special case when
V=F and the representation P is trivial (that is, when P,=0 for all
xEL), the second part of the coboundary formula is zero. We then
write H¢(L) instead of H(L, P).

In all the three cases discussed above the convention prevails that
a function of zero variables with values in G is an element of G. Thus
C(Q, G)=@G, C(4, V)=V, C(L, P)=V.

A certain common feature can be observed in all the points at
which the cohomology theories defined above come into contact with
established parts of algebra. The cocycles almost invariably arise as
“deviations” from a certain simple behavior. This point is not suffi-
ciently formalized to be discussed here, but will be emphasized as the
various instances come up. A strong analogy with the “obstructions”
considered in topology in problems on extension and classification of
mappings and in the theory of fiber bundles is suggested. In some
instances the “deviations” and the “obstructions” actually come into
contact.

The definition of the cohomology groups of groups was given by
the author and S. MacLane in 1943 ([12], [13], [15], see also Hopf
[26] and Eckmann [6]).2 The remainder of this paper is devoted to
the discussion of these groups. After some preliminaries (§§2-3) we
describe (§§4-8) the connections that have been established be-
tween this cohomology theory and other parts of algebra. This is

2 Numbers in brackets refer to the bibliography at the end of the paper.
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followed (§§9-13) by the description of some intrinsic properties of
the cohomology groups; these are often helpful in actual computa-
tions. Some contacts with topology become apparent. Finally
(§814-17) we give an account of the topological applications of the
cohomology groups.

The cohomology theory of associative algebras was studied by
Hochschild [22], [23], [24]. As yet, there are no applications to
topology. Some of the algebraic results are analogous to the cor-
responding theorems in cohomology theory of groups.

The cohomology groups of Lie algebras were studied by Chevalley
and the author [5]. The contact with topology is established by the
fact that the cohomology groups (real coefficients) of the space of a
compact Lie group are isomorphic to the cohomology groups of its
Lie algebra. The theory is still in a very rudimentary stage and needs
further development.

2. Alternative definitions. If we compare the definition of the
coboundary 8f for the cases of groups and associative algebras we
observe that they are formally identical except for the right operator
on the last term. The two formulae can be brought to coincidence by
assuming that the group Q acts on G as a group of two-sided operators,
that is, that in addition to the left operators of Q on G, the group Q
operates on G also on the right in such a way that

(&1 + g = giv + gow,  (gr)22 = g(arxs), gl =g,
(219) 22 = 21(gw2).

The formula for &f is then modified by replacing the last term
4fkr, + ¢ ¢, %g) by f(%1, -+ +, £g)%g41. The cohomology group H4(Q, G)
thus obtained includes the earlier groups as special cases, namely when
the right operators of Q on G are simple (that is, when gx =g for all
xEQ, g&G). It turns out that this generalization is not essential. In
fact given that Q operates on G two-sidedly, define the group oG which
coincides with G as a group but has Q as a group of left operators as
follows

x0g = xgx~ L
Define a map
$:C(Q, 0G) = C«Q, G)
by setting
@N @y« -y @) = flwr, +++ ) 2)®1 >+ %
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The maps ¢ are isomorphisms and commute with the coboundary
operators, thus inducing isomorphisms of the cohomology groups
H(Q, G) (with two-sided operators) and H(Q, 0G) (with left oper-
ators). From now on, unless the contrary is specified, we shall adhere
to the original definition involving left operators only.

A cochain fE€C(Q, G) is called normalized provided f(x1, * « «, %q)
=0 whenever x;=1 for at least one index ¢=1, - - -, g. The normal-
ized cochains form a subgroup C} of C¢ Since the coboundary of a
normalized cochain is again normalized, the groups {C?} define
cohomology groups Hj the same way as the sequence {C“} defines
H¢4, Since every normalized cocycle also is a cocycle in the ordinary
sense, a “natural” homomorphism H{—H? is induced. We have
(Eilenberg-MacLane [15])

(2.1) The natural homomorphism HL(Q, G)—H(Q, G) maps the
cohomology group of Q defined using normalized cochains tsomorphically
onto the cohomology group of Q.

The same is true for two-sided operators.

3. The groups H® H!'. A 0-cochain f&C%Q, G) is by definition an
element g&G. Since (9f)(x) =xg—g it follows that f is a cocycle if
and only if xg=g. Since by definition B°(Q, G) =0 we have

(3.1) The Oth cohomology group H(Q, G) ts the subgroup of those
elements of G on which Q operates simply.

A 1-cochain f&€ CY(Q, G) is a function f: Q—G while its coboundary
is

(0f) (%1, ®2) = 21f(x2) — fo1%2) + f(x1),

thence f is a 1-cocycle if and only if

f(@1x2) = f(21) + w1f(x2).

Such functions f are known as crossed homomorphisms of Q onto G. In
order that fEB(Q, G) we must have f(x) =xg—x for some constant
gEG. Such crossed homomorphisms are called principal homo-
morphisms. Hence

(3.2) The first cohomology group HYWQ, G) is the group of crossed
homomorphisms of Q into G reduced modulo the principal homomor-
phisms. If-the operators of Q on G are simple (that is, if xg=g for all x
and g) then HY(Q, G) is the group Hom (Q, G) of all homomorphisms of
Q into G.

The first cohomology group is useful in connection with the follow-
ing concepts. Let G and P be groups with the group Q as a group of
left operators. It is not assumed that P is abelian and it will be
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written multiplicatively. A pair (E, ¢) will be called a Q-enlargement
of P by G provided: (1°) E is a group with Q as left operators, (2°) G
is a subgroup of E and a direct summand of E, (3°) the operators of
Q on G agree with the operators of Q on E, (4°) ¢ is an operator
homomorphism of E onto P with G as kernel. Two Q-enlargements
(E1, ¢1), (E2, ¢2) of P by G are called equivalent if there is an operator
isomorphism 7:E;=~E; leaving G pointwise fixed and such that
T =1,

A Q-enlargement (E, ¢) of P by G is said to be tnessential if there is
an operator homomorphism ¢: P—E such that ¢y is the identity. The
inessential enlargements form an equivalence class.

Multiplication of equivalence classes of enlargements is defined as
follows. Given Q-enlargements (Ei, ¢1), (Eq, ¢2) of P by G, consider
the group E; X E, and its subgroup F consisting of pairs (e1, e2) with
¢1(e1) =2(ez). Clearly F contains the group G XG. Let G be the sub-
group of G XG defined by all the pairs of the form (g, g~!). The group
G XG/G can be identified with the group G by identifying each coset
(g1, £2) G with the element g1+ g Now let E= F/G and define ¢: E—P
by ¢[(e1, €2)G] =1(e1) =oa(es), also define the operators of Q on E by
setting x [ (e1, €;) G | = (xei, xe:) G. With these definitions (E, ¢) is a Q-en-
largement of P by G which we define as the product (Ei, ¢1) ® (Ez, ¢3).

(3.3) The equivalence classes of enlargements of P by G over Q form
a commutative group Enl (Q, P, G). The equivalence class of inessential
enlargements is the zero element of this group.

To exhibit the connection of the group Enl (P, G, Q) with co-
homology theory we consider homomorphisms §: P—G. With addi-
tion and operators defined by

601+ 0)(p) = 02(p) + 02(p),  (20)(p) = =[0(a~p)]

the homomorphisms 6 form an abelian group Hom (P, G) with Q as
left operators.

Let (E, ¢) be a Q-enlargement of P by G. Since G is a direct sum-
mand of E and ¢ maps E onto P with G as kernel, there exists a
homomorphism ¢: P—E such that ¢y =identity. Unless the enlarge-
mentisinessentialy cannot be chosen tobe an operator homomorphism.
The expression

measures the deviation of ¥ from being an operator homomorphism.
An application of ¢ shows that (*) is in G, and for a fixed xEQ, (*)
gives a homomorphism ¢*(x) of P into G. Thus ¢*(x) €Hom (P, G)
and ¢y*&CY(Q, Hom (P, G)). A computation yields
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V(%) () = aw(yta1p) — ¢(p)
= x[wW(yap) — Y(ap)] + [ap(ap) — ¥(p)]
= x[V*()(x71p) | + v*(2)(p).
Thus

V¥ (xy) = o*(y) + ¥*(%),

thatis, y*=0and y*&Z(Q, Hom (P, G)). If { is replaced by another
homomorphism y,:P—E such that ¢y,=identity then ¢,—y =0
&Hom (P, G)=C%Q, Hom (P, G)), and a computation shows
that ¢f —¢*=00. Thus the cohomology class {y*} of the cocycle
Y* is independent of the choice of Y and is completely determined
by the enlargement (E, ¢). This yields a map Enl (Q, P, G)
—HY(Q, Hom (P, G)). It is easy to see that this correspondence
yields an isomorphism onto.

(3.4) The group Enl (Q, P, G) of equivalence classes of Q-enlargements
of P by G is ssomorphic with the cohomology group H*(Q, Hom (P, G)).

The previous argument becomes more transparent if instead of
defining Hom (P, G) as a group with Q as left operators, we define
Hom (P, G) with Q as two-sided operators as follows

(26)(p) = z6(p),  (Bx)(p) = 6(xp).
The “deviation” Y*(x) is then defined as

V¥ (#)(p) = ap(p) — Y(xp).
Then

¥ (xy) = o*(y) + ¢*(x)y

and ¢* is a cocycle following the formula with two-sided operators.
The discussion with left-operators corresponds then to the discussion
with two-sided operators by means of the mapping ¢ of §2.

This discussion concerning enlargements is capable of the follow-
ing generalization. Suppose that in addition to the group Q another
group R is given that also operates on G and P on the right. We shall
assume in addition that the operators of Q and R commute, that is,
that

(xg)r = x(gr),  (xp)r = =(pr)

for x€Q, rER, g€G, pEP. We may then consider pairs (E, ¢)
which are simultaneously Q and R-enlargements and such that the
operators of Q and R on E also commute. We shall then say that
(E, ¢) is a Q-R-enlargement. The equivalence classes of Q-R-
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enlargements which are inessential as R-enlargements form a com-
mutative group Enlg (Q, P, G). The zero element of this group con-
sists of the equivalence class of Q-R-enlargements (E, ¢) which are
Q-R-inessential, that is, of those for which there exists a homo-
morphism ¥ : P—E which is both a Q- and R-operator homomorphism
such that ¢y =identity. Replacing in the previous discussion all the
homomorphisms §:P—G by R-operator homomorphisms, we find
that the group Enlz (Q, P, G) is isomorphic with the cohomology
group H'(Q, Hompg (P, G)) where Homz (P, G) is the group of R-
operator homomorphisms of P into G with the operators of Q de-
fined as before.

The above discussion of enlargements is new, but is a close analogue
of a similar discussion for associative algebras (Hochschild [24]).

4. Group extensions, The discussion of the 2nd and 3rd cohomol-
ogy groups is closedly connected with the problem of group extensions
(Eilenberg-MacLane [16]).

Consider a group E, an invariant subgroup K of E and a homo-
morphism ¢:E—Q mapping E onto Q with kernel K. Let G denote
the center of the group K. For every e€E the mapping

k— eke!

is an automorphism of K; thus a homomorphism E—A4(K) of E into
the group 4(K) of automorphisms of K is defined. The subgroup K
maps into the subgroup I(X) of inner automorphisms of K. There
results a homomorphism

0:Q — A(K)/I(K).

Replacing k€K by g&G we also find a homomorphism Q—A4(G).
This means that Q operates on G. From now on we shall assume that
Q, G and the operators of Q on G are fixed. The pair (E, ¢) is then
called an extension of Q belonging to the center G, the pair (K, 0) is
then called the kernel of the extension (E, ¢).

Two extensions (K, ¢1) and (Es, ¢2) are called equivalent if there
is an isomorphism 7 of E; onto E; such that ¢.r =¢, and 7(g) =g for
each g&G.

Multiplication of equivalence classes of extensions is defined as
follows. Given extensions (E, ¢1), (Es, ¢2) of Q belonging to the center
G, consider the group E;XE; and its subgroup F consisting of pairs
(e, €2) with ¢i(e1) =¢a(ez). Clearly F contains the group GXG. Let
G be the subgroup of GXG defined by all pairs of the form (g, g™%).
The group GXG/G can be identified with the group G by identifying
each coset (g1, g2)G with the element g;+g;. Now let E=F/G and
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define ¢: E—Q by ¢[(e1, €2) G| =h1(e1) =a(es). The extension (E, ¢) is
defined to be the product (Ei, ¢1) @ (Eq, ¢2).

(4.1) The equivalence classes of extensions of Q belonging to the
center G (with prescribed operators of Q on G) form a commutative and
associative system E(Q, G).

Extensions (E, ¢) in which K=G (that is, the kernel is abelian)
form a multiplicative subsystem <4(Q, G) of E(Q, G). The extension
(E, ¢) with K=G is said to split provided there exists a homo-
morphism ¢ :Q—E such ¢y =identity. The splitting extensions con-
stitute an equivalence class.

(4.2) The extensions with K =G form an abelian subgroup <A(Q, G)
of E(Q, G). The zero element of A(Q, G) is also a zero element for
E(Q, G) and is the equivalence class of the splitting extensions.

The extensions (E, ¢) with K=G are called the group extensions
of Q by G, and <A4(Q, G) is called the group of group extensions of Q
by G (with the prescribed operators of Q on G). The first result con-
necting group extension and cohomology is the following.

(4.3) The group A(Q, G) of extensions of Q by G is isomorphic with
the second cohomology group H*(Q, G).

The nature of this isomorphism will be explained in detail since it
is typical of the method by which the cohomology theory enters into
a problem of algebra.

Let (E, ¢) be an element of an equivalence class of «4(Q, G). Then
¢:E—Q maps E onto Q with G as kernel and with prescribed oper-
ators. In an effort to split the extension we consider an arbitrary map
u:Q—E such that ¢u =identity. If the map # is a homomorphism
the extension splits. In general % will not be a homomorphism and the
deviation of u from a homomorphism is a function f(x, y) defined by

u(x)u(y) = f(x, y)u(xy)

for x, y<Q. Clearly f(x, ¥) €G so that fEC*(Q, G). A computation
yields

[u(x)u(y) Ju(z) = f(x, y)f(xy, u(xyz),
(@) [u(n)u(z)] = [2f(5, 2)](=, yz)u(xy2).

Hence the associativity of E implies

Sz, 9)f(xy, 5) = [2f(3, 2)1f(x, y2)

and since all the elements are in G we can pass to additive notation:

xf(y: z) '—f(xy: z) +f(x1 yz) _f(x' y) =0
that is,
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85 =0

and f&Z%(Q, G). Thus the deviation f (called factor set) is a cocycle;
the cohomology class {f} of this cocycle is independent of the choice
of the representative function % and also of the choice of the extension
(E, ¢) within its equivalence class. This yields a map <4(Q, G)
—H?*(Q, G) which is easily verified to be an isomorphism onto. The
cohomology class { f} =F2(E, ¢) attached to the extension (E, ¢)
may be regarded as the obstruction against splitting (E, ¢); the ex-
tension splits if and only if F*(E, ¢)=0.

The study of extensions of Q by G also leads to an interpretation of
the first cohomology group H'(Q, G) (Baer [2]). Let (E, ¢) be an
extension of Q by G. In the group 4 (E) of automorphisms of E con-
sider the subgroup A consisting of automorphisms a which satisfy
da=¢. Then setting m(e) =a(e)e! yields a cocycle m & Z(E, G) with
E operating on G as inner automorphisms. In 4, consider the sub-
group A, of all automorphisms which leave G pointwise fixed. If
aE A, then there is a unique cocycle nE21(Q, G) such that n¢ =m.
It is easy to see that A, is abelian and that the correspondence a—n
yields an isomorphism A;=~ZQ, G). Under this isomorphism
BY(Q, G) corresponds to the subgroup 43 of 4. consisting of all auto-
morphisms e—geg™!, g&G. Thus A,/A3;=H'(Q, G).

Before we proceed with the discussion of extensions whose kernel
is not abelian, we must devote some attention to kernels.

5. Kernels. A Q-kernel is a pair (K, ) where K is a group and
6:Q0 — A(K)/I(K)

is a homomorphism. If G is the center of K, then # induces a homo-
morphism
Q—A4G),

that is, Q operates on G. We shall only consider Q-kernels with a
fixed center G and fixed operators of Q on G. Equivalence of kernels
is defined in the obvious way. Multiplication of equivalence classes of
Q-kernels is defined as follows. Given kernels (Kj, 61), (K., 6:) con-
sider the group K=K;XK:/G where G is the subgroup of GXG
considered earlier. The group G XG/G, that we have identified earlier
with G, is then the center of K. Let x&€Q and let 0;(x) =a;I(K;) where
o, EA(K;), ¢=1, 2. Since oy and ay coincide on G it follows that
(cs, @) is an automorphism of K;X K, which leaves G invariant.
Thus (o4, @) defines an automorphism « of K. We define 8(x) =al(K).
The resulting kernel (K, 6) is the product (K3, 61) ® (Ka, 62).
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(5.1) The multiplication of equivalence classes of Q-kernels is com-
mutative and assoctative. The kernel (K, 0) with K =G acts as a unit.

We have observed in §4 that each extension (E, ¢) of Q belonging
to the center G determines a Q-kernel (K, 0). However not every
kernel is the kernel of an extension. This defines a subclass of ex-
tendible kernels, that is, of those Q-kernels which are kernels of ex-
tensions. Two Q-kernels (K, 6;) and (K, 6;) are called s¢milar pro-
vided there exist extendible Q-kernels (Li, 1), (L2, 7v2) such that
(K1, 61) ®@(Ly, 1) is equivalent with (K3, 0;) ® (Lz, v2). Since the
product of extendible kernels is extendible, similarity classes of
kernels can be multiplied.

(5.2) The similarity classes of Q-kernels with center G (and prescribed
operators of Q on G) form an abelian group K(Q, G). The zero element
of this group consists of the class of extendible Q-kernels.

The main result concerning kernels is the following (Eilenberg-Mac-
Lane [16]).

(5.3) The group K(Q, G) is isomorphic with the 3rd cohomology
group H*(Q, G).

This isomorphism is established by a method similar to that used
for (4.3). Let (K, 6) be a Q-kernel. For each x&Q select a(x) €4 (Q)
such that 8(x) =a(x)I(K). Then

a(x)a(y) = B(x, y)a(xy)
where B(xy) EI(K). Select h(x, y) EK so that

h(x, y)kh(x, y)7* = B(xy) (k).
Finally define f(x, ¥, 2) by

loe(x), R(y, 2) h(x, y2) =F(x, 3, 2)h(x, )k (xy, 2).

In the noncommutative sense f is then the coboundary of &. 4 com-
putation shows that f is in the center of K, that is, in G, and that f is
a cocycle fEZ¥Q, G). The characteristic cohomology class {f}
= F%(K, 0) is independent of the choices made in the definition of f,
and of the choice of (X, ) within its equivalence class.

(5.4) A Q-kernel (K, ) with center G is extendible if and only if its
characteristic cohomology class F3(K, 0) €EH3(Q, G) s zero.

Since the characteristic cohomology classes add when kernels are
multiplied it follows that (X, 6)—F3 K, 0) is a homomorphism
K(Q, G)—H3(Q, G). Proposition (5.3) is proved by showing that this
map is an isomorphism onto.

A remark should be made concerning the normalization of the
cocycles considered in §4 and this section. The cocycle of §4 will
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be normalized if and only if we select the representative function
u so that #(1) =1. In order to insure that the 3-dimensional cocycle
of a kernel be normalized we select a(1) =1 so that B(1,y) =8(x, 1) =1.
Then select & so that k(1, y) =h(x, 1) =1.

For further results concerning kernels see MacLane [32].

6. Extensions with a non-abelian kernel. Let (K, 6) be a Q-kernel
with center G. Assume further that F3(K, 6) =0 so that there is at
least one extension (Eo, ¢) of Q with (X, 6) as kernel. Let [E,, ¢o]
be the element of £(Q, G) determined by (Eo, ¢o). The main results
then are (Eilenberg-MacLane [16]):

(6.1) The map (E, ¢)—(E,, ¢o) @ (E, @), where (E, ¢) is any exten-
sion of Q with G as kernel, establishes a 1-1 map of the group <A(Q, G)
onto the totality of equivalence classes of extensions of Q with kernel
equivalent with (K, ¢). The latter form then a coset [Eo, ¢o] @<4(Q, G).

Combining (6.1) with (4.3) yields:

(6.2) If the Q-kernel (K, 0) is extendible then the equivalence classes
of extensions (E, ¢) of Q with kernel (K, 0) are in a 1-1 correspondence
with the elements of the group H*(Q, G) where G is the center of K and
the operators of Q on G are induced by 0.

7. Non-associative systems. The fact that the deviation f defined
in §4 by the equation u(x)u(y) =f(x, y)u(xy) is a 2-cocycle is equiva-
lent with the associativity law in the group E. This suggests that
higher-dimensional cocycles may be obtained as deviations from the
associativity law in suitable multiplicative systems. This point of
view has been explored (Eilenberg-MacLane [17]) and leads to
theorems generalizing (4.3) and employing the higher cohomology
groups.

Let L be a loop (that is, a non-associative group). Given a, b, cEL
define the associator A(a, b, c) EL by the equation

a(bc) = A(a, b, c)[(ab)c].

The associator is then a measure of the deviation from associativity.
To illustrate the tendency of the associator to behave like a 3-co-
cycle assume that L is commutative and that the associativity law
holds whenever one of the three elements is itself an associator. Then

a[b(cd)] = A(a, b, cd)(ab)(cd) = A(a, b, cd)A(ab, ¢, d)[(ab)c]d,
a[b(cd)] = A(b, ¢, d)a[(bc)d] = A, ¢, d)A(a, be, d) [a(bc)]d
= A(b, ¢, d)A(a, bc, d)A(a, b, c)[(ad)c]d.

Thus (using additive notation)
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A(b, ¢, d)—A(ab, ¢, d)+A(a, bc, d)—A(a, b, cd)+A(a, b, c)=0

which shows that 4 is a suitable generalization of a 3-cocycle.
Higher associators are defined inductively as

A(dn Tt a2n+1) = A(ah © ooy Gan—g, A(G2n-1, G2, 02n+1))

and also have a tendency to behave like cocycles.

The generalization of (4.3) is achieved by the study of prolonga-
tions. A prolongation of Q by G (with given operators of Q on G) is a
pair (L, ¢) satisfying the following five conditions:

(i) L is a loop containing G as a subgroup,

(ii) ¢ is a homomorphism of L onto Q with a kernel K containing
G,
(iii) A(k, @, b)=1=A4(a, k, d) for ¢, bEL, kEK,

(iv) kA =Ak for any k€K and any associator 4 =A4(a, b, c),
v) ag=(¢(a)g)aforaEL, gEaG.

The equivalence and multiplication of prolongations is defined as
in §4. The equivalence classes of prolongations of Q by G form then
a commutative and associative system P(Q, G). The splitting exten-
sion of Q by G acts as a unit for P(Q, G).

The non-associativity of L in a prolongation (L, ¢) is further con-
trolled by the consideration of the following four classes defined by
the following conditions

On: A(ay, -+ + ) agm @) = 1,
On: Aay, - -+, amy B) = 1,
Gr: Aay - -+ , azmy 6) =G,
Gr: Aay, - -+, Gomy k) =G,
where #>0, a1, * * +, @2, aEL and kEK. In addition we define the

class R, consisting of those prolongations (L, ¢) of Q by G which
contain a prolongation (L’, ¢) of Q by G (that is, L’CL and ¢’ agrees
with ¢ on L) of class OX. We also define the class GX by the condi-
tion K=G.

Next we consider the class OXN\GE. This class contains both O%
and GX_, and therefore contains the class Q¥®GE_, of products of
prolongation in O% and GK_,. We then define as in §5 the similarity
classes of OXNGEL modulo QXQ®GE_,.

(7.1) The similarity classes of OXNGE modulo OF @ GX_, form a group
Off\Gf,'/ OL®GE., which is isomorphic with the cohomology group
H*»1(Q, G), n>0.

Similarly
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(7.2) The similarity classes of OL_\N\GE modulo R, QGE form a group
OL_ \NGE/R, ®GL isomorphic with the cohomology group H*+2(Q, G),
n>0.

In the case n=0 the various classes can be interpreted so that this
result reduces to the group extension case (4.3).

Let us consider the case =1 of (7.1) in more detail. A prolongation
(L, ¢) is in the class O¥NGE if A(a, b, k) =1 and if A(a, b, ¢)EG.
Thus we obtain the class O¥N\GY by replacing conditions (iii) and
(iv) by

(i)’ A(k, a, b)=A(a, k, b)=A(a, b, k) =1 for a, bEL, kEK,

(iv)’ all associators of L are in G.

The class OF consists of those prolongations (L, ¢) for which L is
associative, that is, a group, while GX is defined by the condition
K =G. The similarity classes of O¥NGY modulo O ®GX form then a
group isomorphic with H3*(Q, G). This characterization of H*(Q, G)
is quite different from the characterization of H?*(Q, G) as the group
of Q-kernels K(Q, G) asserted in (5.3). It is very likely that some sort
of nonassociative generalization of the concept of a kernel and of the
group K(Q, G) exists, that will give a characterization of the cohomol-
ogy groups H¢(Q, G) for ¢>3.

8. Connections with Galois theory. Let P be a field, N a finite,
separable, and normal extension of P, and Q the Galois group of N
over P. Each element A€ Q is then an automorphism A: N— N leaving
P pointwise fixed. Thus Q acts as a group of operators on both the
additive group N+ of N and the multiplicative group N* of the ele-
ments of N different from zero. Thus we are in a position to study the
cohomology groups H?(Q, N+) and H2(Q, N*X). It is easy to verify
that H4(Q, N*)=0 for all dimensions g. Thus our attention will be
centered on the group H2(Q, NX), from now on written as H?(Q, N).
The base field P is not indicated in this notation as it simply is the
field of all fixed points of N under the automorphisms of the group Q.

The “principal genus theorem in the small” asserts that

(8.1) HYQ, N) = 0.

The cohomology groups H?(Q, N) and H3(Q, N) enter the picture
in connection with the theory of simple algebras and crossed prod-
ucts.

Consider the totality of all central simple algebras 4 over P with
the Kronecker product over P as multiplication. The similarity
classes modulo algebras which are full matrix algebras over P form a
group <4(P) called the Brauer group of algebra classes over P.
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Let N be a finite separable and normal extension of P. For each
algebra 4 over P construct the scalar extension Ay =4 XN which
is an algebra over N. If A is central simple over P then 4y is central
simple over N. The correspondence 4— 4y yields a homomorphism

* A(P) = A(N).

The kernel of this homomorphism will be denoted by <4¥(P) and
consists of the algebra classes over P for which N is a splitting field.

(8.2) The second cohomology group H?(Q, N) is isomorphic with the
group AN (P) of algebra classes over P split by N.

This is a reformulation of a classical result and is obtained by
constructing for each f&Z2(Q, N) a crossed product algebra
A=(f, Q, N) as follows. 4 is a vector space over N generated by
symbols #u(x) corresponding to elements x& Q. The multiplication
table is given by

[ou(2) ][bu(3)] = a(2)f(=, y)u(=, y),

or equivalently
u(x)b = (xb)u(x),  w(®)u(y) = f(x, y)u(xy).

With f assumed normalized, %(1) is the unit element of 4. The alge-
bra A4 is central simple over P and has N as splitting field. Further
every central simple algebra over P which is split by N is similar to
a crossed product (f, Q, N) with f determined uniquely modulo co-
boundaries. This leads to (8.2) (see for instance Artin-Nesbitt-
Thrall [1]).

The image of the homomorphism (*) will be denoted by Ay(P)
and will be used presently.

A central simple algebra 4 over N will be called Q-normal pro-
vided every automorphism in the group Q can be extended to an
automorphism of the algebra A. Teichmiiller [33] has studied such
algebras and has shown that if 4 is Q-normal then any algebra similar
to 4 is Q-normal. Thus the Q-normal algebras determine a sub-
group No(N) of A(N). It is easy to see that

An(P) C No(N).

The connection between Q-normal algebras and the cohomology
group H3(Q, N) was introduced by Teichmiiller who has defined a
homomorphism

T%: No(N) — H¥Q, N).

This correspondence could be described in the language of §5 as follows.
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Let A be Q-normal and let K be the group of regular elements of 4.
Then N* is the center of K. Since each 'automorphism x&Q can be
extended to an automorphism of 4 each xE€Q gives rise to subset
0(x) of the automorphism group 4 (K). Since 4 is central simple over
N, any two extensions of x differ by an inner automorphism and
0(x) is an element of A(K)/I(K). Thus 6:Q0—A(K)/I(K) and the
pair (K, 6) is a Q-kernel with N* as center. The cohomology class
T3(A) is then the characteristic cohomology class of the kernel (X, 6)

T¥4) = F(K, 6) € H¥Q, N).

Teichmiiller [33] has proved that «4x(P) is the kernel of the homo-
morphism T3, and thus that the group No(NV)/eAn(P) is isomorphic
with a subgroup of H3(Q, N). This subgroup was subsequently de-
termined by Eilenberg-MacLane [18] as follows.

Let K be a finite normal and separable extension of P such that
PCNCK and let G be the Galois group of K over P. Each o &G de-
fines then an element ¢(a) €Q. Given a cochain f&C4Q, N) define
the “lifted” cochain Axf&€ C4G, K) by setting

Axf(al, ttty th) = f(¢'(0£1), Tty ¢(aq)).

This lifting operation defines a homomorphism
Ax:HYQ, N) — HYG, K).

A cohomology class in the kernel of Ag is said to be split by K or to
have ceiling K. The cohomology classes in H4(Q, N) which have a
ceiling form a subgroup H3(Q, N). For g=2 this group can be shown
to be trivial.

(8.3) The homomorphism T® maps the group of Q-normal algebra
classes over P onto the subgroup HE(Q, N) of H(Q, N). The kernel of
T3 is the group An(P). Thus

No(N) eAx(P) = Hi(Q, N).

The proof of (8.3) requires a detailed analysis of the Q-normality of
crossed products. The computations are considerable and the
normalization conditions discussed in §2 are used extensively. See also
MacLane [31] for an alternative proof of a main lemma.

In the case when P is an algebraic number field, MacLane [30] has
proved (without appeal to cohomology theory) that the group
Ne(N) /eAn(P) is cyclic of order s where s is determined by the arith-
metric properties of the extension N of P. Examples can be found
with s>1; therefore Hg(Q, N) 0 in this case.

9. The first reduction theorem. We now turn to the intrinsic prop-
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erties of the cohomology groups of groups. The main problem con-
sists in devising a method for computing the cohomology groups. In
this connection the so-called “reduction theorems” are of great
assistance. We call a “reduction theorem” any theorem that asserts
that the cohomology group H?(Q, G) is isomorphic with a lower
dimensional cohomology group of Q with a suitably altered coefficient
group G.

In the reduction theorem that we are about to state it is con-
venient to use two-sided operators and normalized cochains. We first

define Q as a group of two-sided operators on the group of cochains
- C*Q, G) as follows

(2f) (@, - -+, #a) = a[f(@y, -+ -, )],
(fa) (@, =« + s @) = w[f(os, - - @) ] — @) (x, 20, - -+, @)
Next we establish an isomorphism
7022 CUQ, C™(Q, G)) =~ C*(Q, G)
by setting
() (@n, ey % 3oy ) = [flon oo 2 J(m -+ s 9m)

for fEC(Q, C"(Q, G)). A computation shows that 7,,, is an operator
isomorphism and that it commutes with the coboundary operator

574,,, = Tq_l,,,a.
Consequently we obtain isomorphisms
9.1 T HY(Q, C*(Q, G)) = H™"(Q, G), ¢>0.

This is the first reduction theorem (Eilenberg-MacLane [15]); it
was originally discovered by Hochschild [22] for cohomology groups
of associative algebras.

If Q operates on G only on the left (that is, the right operators of
Q on G are simple) we may combine the map 7,,, with the map ¢ of
§2 and express the reduction theorem in terms of left operators only.
Explicitly the formulae take the following form:

(xf)(xlr M ':xn) = f(xlx ° "xn) - x(af)(x—l: X1, xn),
(?q.nf)(xlr Xy Yyt yn) =X1- - xa[f(xlr R xq)(yls ctt ’yn)]
- a[f(xl) Tt xq)](xly 77 5 PR yﬂ)‘

For n=1 the above formulae give

#)(¥) = xf(x7'y) — 2f(a7),
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(‘_r_qf)(xb Tty Xy y) = f(xly ) xa)(xb ) qu)
(€I € SRR )

and yield an isomorphism
(9.2) T HYQ, CQ, () = HY(Q, G) g>0,

with left operators only.

As an application of the reduction theorem we prove:

(9.3) If Q is a free group then HY(Q, G) =0 for ¢=2.

In view of the reduction theorem it suffices to prove that H*(Q, G)
=0. This amounts to proving that every extension (E, ¢) of Q by
G splits. Let {x.} be a base for Q; select ¥/(x4) EE so that ¢y (xe) =%a.
The map ¢ can be extended to a homomorphism ¢:Q—E. Since
¢y =identity, the extension splits.

10. The cup product reduction theorem. Let Gy, G2, G be additive
abelian groups. We shall say that G, and G, are paired to G, if for
each g E€G; and g, EG; an element g,\Ug, EG is given such that

(Gr4gl)Yga=aYg+ gl Ug,
aVVt+g)=aVYnpt+aly.

If in addition Q acts as a group of left operators on Gy, G,, G then we
also require that for all x&Q

2(g1\J ) = 2g1\Y xga.

Given cochains fi&C?(Q, Gi), fe&€CY(Q, G2) we define a cochain
HYURECPT(Q, G) as follows:

(flUf2)(xl, R x?+q)
= fi(@y, oy 2) I 1w fa(@prn 0y Bpra)-

This yields a pairing of the groups C»(Q, G;) and C¥(Q, G) to the
group Cr+4(Q, G) with the following property

iV fo) = (f) Y fa+ (= 1)?/1\V 8fs.
This yields
cocycle \U cocycle = cocycle,
cocycle \J cobound. = cobound.,

cobound. U cocycle = cobound.,

and thus leads to a pairing of the cohomology groups H?(Q, G;) and
H4(Q, Gy) to the group H?*+¢((Q, G).
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In the case of two-sided operators we also require that (g,\Ugs)x
=g1x\Ugex and define f;\Uf, by

(iU fa) (21, + ) Xpyg)
= fil®y, <+, %) Fpr1 00 Xpyg\J @10 - - Hpfa(Fprn, 00, Xpid)

Suppose now that Q is given as a factor group F/R where F is a
free group (this amounts to describing Q by generators and relations).
More precisely, consider an extension (F, ¢) where ¥: F—Q maps F
onto Q and has kernel R. Let [R, R] denote the commutator group of
R; then [R, R] is an invariant subgroup of both R and F. Define

Fo=F/[R,R], Ro=R/[R,R].

The extension (F, y) then defines an extension (Fy, o) with Yo Fo—Q
mapping Foonto G with the abelian kernel Ry. According to §4 this ex-
tension leads to left operators of Q on Ry and yields an element
foEH?*(Q, Ro) which describes the extension.

Now consider the group Hom (R,, G) of all homomorphisms
¢:Ry—G; since Ry=R/[R, R] this group may be identified with the
group Hom (R, G). Define Q as a group of left operators on
Hom (R,, G) by setting for x&Q, ¢:Ry—G

(x)(r) = x[¢(x"1r)], r € Ro.

With these operators, the formula
r\J ¢ = ¢(f)9 r € Ry, ¢ € Hom (R01 G)>

yields a pairing of the groups Ry and Hom (R, G) to the group G.
This in turn leads to a pairing of the cohomology groups H?(Q, Ro)
and H¢(Q, Hom (R,, G)) to the group H*+*(Q, G). The cup product
reduction theorem (Eilenberg-MacLane [15]) then asserts

(10.1) The homomorphism

At HY(Q, Hom (Ro, G)) — H*2(Q, G)
defined by

)‘q(f) =f\Uf

for feHY(Q, Hom (R, G)) is an isomorphism onto for ¢>0 and a
homomorphism onto for g=0.

The kernel of N¢ can be described as follows. The group
H°(Q, Hom (R, G)) consists of the elements of Hom (R,, G) which
are invariant under the operators of Q. This is precisely the group
Ophom (Ry, G) of all operator homomorphisms ¢:Ry—G (that is,
homomorphisms satisfying x(¢ (7)) =¢(xr) for all x& Q). Next define
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Fy as a group of left operators on G by setting ag=y(a)g for ¢ EF,
gEG. Then every cocycle f&EZ(F,, G) when considered on R, yields
an element Ophom (R,, G) while every coboundary f&B(F, G) is
zero on Ry. This yields a homomorphism

n: HY(F,, G) — Ophom (R, G) = H*(Q, Hom (R,, G)).

(10.2) The kernel of N s the image of 1.
For an alternative proof of (10.1) see Lyndon [29].

11. Cohomology groups of cyclic groups. The cup product reduc-
tion theorem is particularly adaptable to the computation of the
cohomology groups H4(Q, G) in the case of a cyclic group Q. Indeed if
Qs cyclic of order k then Q= J/kJ and the group Hom (R,, G) in the
reduction theorem is isomorphic to G. This method of computation
is adopted in [15]. In view of the frequency with which cyclic groups
occur in the applications it may be of interest to have a more direct
method for computing the cohomology groups of cyclic groups. The
following, hitherto unpublished, discussion has been obtained by the
author jointly with S. MacLane.

Let Q be a cyclic group of order % and v a generator of Q. Let G be
an abelian group with Q as left operators. We set

h—1
Dg=+vg—g Ng=2,v%, for g €G,

t=0
DG = {all Dg, g € G}, Gp = {all g with Dg = 0},
NG = {all Ng, g €6}, Gy = {all gwith Ng = 0}.
We verify readily that
NG CGp, DGCGy,
and that these subgroups are independent of the choice of v. Clearly
HO(Q’ G) =Gp.
For each cochain f&€C?*(Q, G) define the cochain ofEC(Q, G)

by setting
h—1

(af)(xh ) xQ) = Z 'Y—(H-“f('Y) 7‘) X1, * xq)'

=0
A direct computation shows that
8(af) = o(5f)
so that ¢ defines homomorphisms
g H2(Q, G) — H(Q, G), g>0.

By iterating ¢ we obtain homomorphisms (#=0)
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o Hetin(Q, G) - H"(Q, G)r qg>0.
(11.1) Let Q be a cyclic group of order h with gemerator v. Then
H2"+2(Q) G) ~ GD/NGv n g 01

where the isomorphism is obtained by assigning to each cocycle f& Zn+2
the element o"tif of G. Further

H**(Q, G) =~ Gn/DG, n=0,

where the isomorphism is obtained by assigning to each cocycle fE&Z¥+!
the element (o°f)(v) of G.

In the argument the following lemma is useful.

() If f€z4Q, G) and f(vy, x2, « - +, x4) =0 then f=0.

Indeed, developing (6f) (v, %, %2, - - -, %,) yields

f('yﬂ-lr Xoy * 0y xq) = f('Yis Koy ** )y xQ)

and the proposition follows by induction in 4.
We shall consider the group of integers J (with Q operating
trivially) as paired with G to the group G by setting

m\J g = mg, m&J, gEQG.
Further, define a cochain s, & C%(Q, J) by

S5V ) =0 Hi+j<h0Si4j<h
s v) =1 ifi+7=h0<ij<h

(ii) s, is a cocycle.
This may be shown by a direct computation, using (i) to simplify
the argument. Alternatively s, may be realized as the deviation
(=factor set) of a group extension (E, ¢) with E the additive group
of rational numbers with denominator %, and ¢:E—Q the homo-
morphism ¢(m/h) =v™. The kernel of this extension is the group J.
For each y*€Q, 0=7<h, choose u(y?) =i/h as representative. Then
u(y?) +u(y?) =s,(v% v))+u(yi), so that s is indeed the deviation
and thus a cocycle. Since E is free this argument also shows that the
cohomology class of s, is a cohomology class of the type used in the
cup product reduction theorem.

A direct computation shows that

(iii) (s, V) =1, fe Cc(Q,G).
Setting for f&C%(Q, G) and 0=¢<h
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-1
g(’yi; X2y ¢ 0y xq—l) = E'Yi—i—lf('Yy Yo, X2yt xq—l):
G0
we also find by direct computation (using (i)) that

(iv) f+og=95Yd, f€z(Q, G).

Formulae (iii) and (iv) show that for ¢>0, ¢ maps H*2(Q, G)
isomorphically onto H¢(Q, G). The inverse isomorphism is given by
the correspondence f—s,\Jf. This reduces the proof of (11.1) to the
cases when #=0.

For each g€G define g, €CY(Q, G) by

-1

g () = 27, 0<i<h
=0

Then, by direct computation (using (i)),
) 3(gy) = sy \J Ng.

For each fEZ'(Q, G) define g=f(y). Since f(y*) =vyf(v®) +f(v) it
follows that g, =f. Further by (v)

0 =2of =dg, =s,J Ng

so that Ng=0 and g&Gy. Conversely, g,(yv) =g and (v) shows that
if Ng=0 then g, is a cocycle. Thus the correspondence f—f(y) yields
an isomorphism Z(Q, G) ~Gy. If f=20h then f(y) =yh—h=DhEDG
and vice versa. Thus BY(Q, G) corresponds to DG. Thus HY(Q, G) is
shown to be mapped by f—f(y) isomorphically onto Gx/DG.

For each fE€Z2%(Q, G) we have ofE2°(Q, G)=Gp. If g&EGp then
s, \UgEZ%(Q, G) and by (iii) o(s,\Jg) =g. Thus ¢ maps Z? onto Gp.
If f=06h for hECYQ, G) then of =0k which computes to be Ni(y),
thus of ENG. Conversely if of € Ng then by (v)

sy \Jaf = 5, U Ng = 8(gy).

Since by (iv) f is cohomologous to s,\Jdf, it follows that f is a co-
boundary. Thus fEB?2(Q, G) if and only if 6f ENG. Thus H2(Q, G) is
shown to be mapped by f—0of isomorphically onto Gp/NG.

This concludes the proof of (11.1). Incidentally we have shown
that every cocycle fEZ*+2(Q, G) is cohomologous to a cocycle

sy U Us,Uyg

where gEGp is uniquely determined modulo NG; and that every
cocycle fEZ+1((Q, G) is cohomologous to a cocycle
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s, J- e Us, Uy,

where gEGy is uniquely determined modulo DG.

If G=J is the group of integers with Q as trivial operators the
result takes the following form:

(11.2) H*»1(Q, J)=0. The group H*(Q, J) is cyclic of order h and is
generated by the cohomology class of the n-fold cup product s*»=s,\J - -
Us,. Every cocycle fEZ*(Q, J) is cohomologous to o™ (f)s*™. If the gen-
erator v of Q isreplaced by o where vy =aok, (k, h) =1, then s>*is cohomo-
logous to k"s>".

The last proposition requires verification. Observe that

h—1 h—1

o(sa) = 2 a1, ¥Y) = 2 sala®, ai®)
=0 =0
-1 h—1
= silak, @) = ) s(ak, ai) = k.
=0 t=h—Fk

Thus, by (iv), s« is cohomologous s,\Jk =ks,.

12. Abelian extensions. We return to the interpretation of the
cohomology group H2*(Q, G), given in §4 as the group <4(Q, G) of
equivalence classes of group extensions (E, ¢) with Q as quotient and
G as kernel and with prescribed operators of Q on G. Assume now
that Q is abelian and that the operators of Q on G (which is also
abelian) are simple. This does not in general imply that E is abelian.
In order that E be abelian it is necessary and sufficient that the
deviation (or factor set) fEZ2(Q, G) associated with the extension
satisfy the additional symmetry condition

f(x, 3) = (3, ).

This leads to the definition of the symmetric subgroup Z2(Q, G) of
Z*Q, G). Since every coboundary 8r&B2(Q, G) is symmetric we
obtain a subgroup H2(Q, G) of H*(Q, G). This subgroup is isomorphic
with the subgroup of <4(Q, G) given by extensions (E, ¢) with E
abelian. Thus H?(Q, G) may be called the group of abelian group
extensions of Q by G. It is usually written as Ext (Q, G).

Suppose now that Q=F/R where F is a free abelian group. Con-
sider the homomorphism

Hom (F, G) — Hom (R, G)

obtained by restricting each homomorphism of F to the subgroup R.
Let Hom (F, G)| R denote the image subgroup in Hom (R, G). Then

(12.1) Ext (Q, G) ~ Hom (R, G)/Hom (F, G) | R.
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This isomorphism is a consequence of the cup product reduction
theorem, but can also easily be proved directly. It was proved in
Eilenberg-MacLane [11] in connection with the following applica-
tion to homology theory:

(12.2) In any closure finite abstract complex K the cohomology group
H(K, G) can be expressed by means of the coefficient group G and the
integral homology groups H, 1(K) and H(K) as the direct sum

HY(K, G) ~ Hom (H,(K), G) + Ext (H,1(K), G).
A similar result for homology groups has the form
H(K,G) = H(K) ® G + H,1(K)*G

where @ stands for the tensor product while * denotes a product called
the “dual product” that will be discussed in §13 (H. Cartan and
Eilenberg [4]).

13. Homology groups of groups. So far our discussion was con-
cerned with the cohomology groups H4(Q, G) and their relations with
other concepts of algebra. We now pass to the connections of these
groups with topology. For the purpose of this discussion it is useful
to have the homology groups H,(Q, G), G discrete abelian. We shall
assume throughout this section that Q operates simply on the coeffi-
cient groups.

There are at least two methods of introducing these groups. One is
based on Pontrjagin’s duality theory of abelian groups. Consider a
compact abelian group G. The group C%Q, G) of cochains, which
is isomorphic to a product of many copies of G, can then be topolo-
gized in a natural fashion so as to become a compact abelian group.
In this way the cohomology group H%(Q, G) becomes a compact
abelian group, if G is compact. Given now a discrete abelian group
G consider the character group ChG which is compact and define

H,(Q, G) = CRHQ, ChG).

A more direct method of obtaining the homology groups proceeds
through the construction of an abstract complex K(Q) associated
with the group Q. A ¢g-dimensional “simplex” of K(Q) is an ordered
g-tuple ¢=(x1, - - +, x,4) of elements of Q. For each 0 <7 =g we define
the sth “face” o of ¢ as follows

c® = (xz, ] xll))
o@D = (x1, v, Tikiyr, 0 0, X)), 0<i<yg

@ = (xh e, xq__l).
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This complex K(Q) has sufficiently many properties of a simplicial
complex to allow for the usual definition of chains, cochains, homol-
ogy and cohomology groups. For instance a g-cochain with coefficients
in G is a function f which to each ¢g-simplex ¢ assigns an element f(o)
€G. The coboundary &f is defined by

g1

6N = 2 (~DH(e®)

=0

for every (¢+1)-simplex ¢. It thus becomes apparent that the co-
chains in K(Q) are simply the cochains of Q in G. With Q operat-
ing simply on G, the coboundary operators also coincide so that
H«{K(Q), G)=H*Q, G). Now we can define the homology group
H,(Q, G) to be the group H (K (Q), G) of K(Q).

The second method has the added advantage in that it shows that
the various theorems concerning the relations of the various homol-
ogy and cohomology groups of groups in an abstract complex also
hold for the homology and cohomology groups of groups. In particu-
lar the isomorphisms

(13-1) Hq(Qr G) ~ Hom (HG(Q)y G) + Ext (HG—I(Q)v G)’
(13.2) Hy(Q,G) = HyQ) @ G +Hy1(Q)*G

hold, where H,(Q) =H ,(Q, J) is the integral homology group.

The “Kiinneth relations” in the cartesian product of two complexes
are also applicable to the direct product of two groups and yield an
isomorphism (H. Cartan and Eilenberg [4])

(13.3) HQXR) =~ X HyQ) ® Hy(R) + X2 Hy(Q)*HyR).
pHg=r p+g+l=r

Formulae (13.1)-(13.3) allow for a complete computation of the
groups H,(Q, G) and H(Q, G) for Q an abelian group with a finite
number of generators and with Q operating trivially on G. This was
done using a more explicit method by Lyndon [28].

The integral homology group H:(Q) can be given an alternative
description. Let Q= F/R where F is a free group. In addition to the
commutator group [F, F], consider the group [F, R] spanned by
the elements ara='71, a & F, r&R. Then

(13.4) Hy(Q) ~ (RN [F, F])/[F, R].

This isomorphism is an easy consequence of the cup product reduc-
tion theorem. Hopf [25] used this isomorphism as a definition of

Hy(Q).
An alternative description of the groups H,(Q, G) in the case G is
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a ring with a unit element (and Q operates simply on G) was given
by Hopf [26]; the proof that Hopf’s definition agrees with ours can
be found in [9].

Assume that Q is abelian. The homology group Hi(Q, G) is then
symmetric in Q and G and is actually the tensor product Q®G. The
dual product Q*G may be obtained as follows. Adjoin to the complex
K(Q) the symmetry relations

(21, ®2) = (%2, %1)

(in dimension two only) and denote the thus modified complex by
K’(Q). Then H:(K'(Q), G) is symmetric in Q and G and may serve as
one of several alternative definitions of the dual product Q+G (H.
Cartan and Eilenberg [4]).

14. Relations between the fundamental group and homology
groups. Let X be an arcwise connected topological space and x*€ X.
Relative to x* as base point we define the fundamental group
m=m1(X) and the higher (abelian) homotopy groups m;=m;(X), 1> 1.
The homology and cohomology groups H,(X, G) and H¢(X, G) are
defined using singular simplexes, that is, maps T':s—X where s is a
euclidean simplex with ordered vertices. Since X is arcwise connected,
we may without loss of generality assume that T maps all the vertices
of s into the point x*.

The homotopy group m,(X) has a natural homomorphism into the
integral homology group H,(X), the image of this homomorphism is
denoted by Z,(X) and is called the spherical subgroup of H,(X). The
spherical subgroups Z,(X, G) of H,(X, G) can also be defined for an
arbitrary coefficient group G. In the cohomology group H4(X, G) we
distinguish the subgroup A4(X, G), called the group of spherical
annthilators, which is the annihilator of 2,(X) under the natural pair-
ing of H4(X, G) and H,(X) to the group G.

Let now T':s—X be a singular ¢-simplex where s is a simplex with
ordered vertices 99< - + + <9, all of which are mapped by T into the
base point x*. The map of the edge v;_y9; into X is then a closed path
about x* in X and determines an element x; of the fundamental group
m1. We assign to the singular simplex T the ¢-tuple (x1, « + -, x4) of
elements of m. If T is the ¢th face of T, that is, the face obtained
by omitting the vertex v; of s, =0, - - -, ¢, then T corresponds
respectively to the (¢—1)-tuples

(w2, ++ 5 %) ifi=0,
(%1, **+ ) Xiign, » * + %) fo<i<y,
(xlv tt xq—-l) if'I:=q.
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If we compare this with the definition of the complex K(m) in
§13 we notice that the correspondence k: T—(xy, + - +, %,) maps the
singular chains of X into chains of K () and that this correspondence
commutes with the boundary operator. This leads to homomorphisms

k:Hy(X, G) — Hy(r, G).

Similarly we obtain a map for cochains «: C¢(m, G)—C¥(X, G). In-
deed, if fEC«my, G), define

(f)(T) = flms, + - -, %0)
where T'—(xy, * * *, %,). This map yields homomorphisms
ki Hi(m, G) — H( X, G).

The main result may now be stated
(14.1) In an arcwise connected space X with vanishing homotopy
groups w; for 1 <1 <gq the following isomorphisms hold:

Hi(X,G) =~ Hy(m, G), Hi(X,G) ~ Hi(ry, G) for i < g,
Hy(X,G)/2(X,6) ~ Hy(r,G), AYX, G) =~ H(m, G).

This theorem shows the extent to which the group m determines the
homology structure of X. All the isomorphisms are achieved by the
correspondences k described above. The correspondence « for cochains
commutes properly with the operation of constructing cup products
(in m and in X). More precisely if Gy and G; are paired to the group
G and € Hiv(my, Gy), ke & H2(m, G;) then

k(B \J h2) = k(h1) \J k().

Thus for 4,44, =< ¢, the group 7, also determines the cup products in X.
In (14.1) the groups H;(m, G) and Hi(m, G) are understood with
w1 operating trivially on G. If we consider homology and cohomology
groups with so-called “local coefficients,” that is, coefficients G ad-
mitting m; as a group of operators, the isomorphisms (14.1) remain
valid, provided the various groups are suitably interpreted.
As a very special case of (14.1) we obtain the relation

Hg(X)/Ez(X) =~ H2(1r1).

This result (with X a connected simplicial complex and Hy(m) de-
fined by (13.4)) was proved by Hopf [25] in 1942 and was the starting
point of this whole investigation. Theorem (14.1) was first published
by Eilenberg-MacLane [12; 13] and independently and in slightly
different forms by Hopf [26], Freudenthal [21], and Eckmann [6].

The isomorphisms (14.1) have been combined with the cup-prod-
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uct reduction theorem to yield some, not yet fully understood, rela-
tions between the cohomology groups (with local coefficients) in a
simplicial complex (Eilenberg [10]).

15. Generalizations of (14.1). Theorem (14.1) has been extended
in several directions.

In the situation of (14.1), the group mi(X) determines the factor
group H (X)/Z,(X) of the integral homology group, while the sub-
group Z,(X) is a factor group of the gth homotopy group. This leads
one to conjecture that perhaps mi, w, and the operators of m; on 7,
jointly determine H,(X) (assuming 7;=0 for 1<2<g). This is not
the case as can be shown by examples [19; 34]. In order to obtain a
description of H,(X) in terms of homotopy invariants, a new invariant
seems to be necessary. This new invariant (Eilenberg-MacLane [14;
19]) is an element k9*(X) of the (algebraic) cohomology group
Het(my, 7,), with 7 operating on m,, and is defined whenever ;=0
for 1<4<q. The invariant k«t(X) suffices to describe the groups
Hy (X, G) and H4(X, G) in a purely algebraic manner. The theorem to
this effect yields (14.1) as a special case. The definition of ket(X)
may be roughly described as follows. Consider the function x which
maps the singular chains of X into those of K(m;). In order to prove
(14.1),an “inverse” function & mapping the chains of K(m,) is defined
such that & commutes with 9 and «k is the identity. The definition of
& utilizes the fact that ;=0 for 1 <2<g and can therefore be carried
out only up to the dimension ¢ inclusive. The invariant k¢ (X) is
obtained by measuring the obstruction against the continuation of
% to the dimension ¢+1.

The invariant k3(X) EH3(m, m2) is defined for every (arcwise con-
nected) topological space. Suppose now that X is a simplicial com-
plex containing at least two 2-simplices. Let S be the 1-dimensional
skeleton of X and assume that the base peint x* has been chosen in S.
The group m3(X) then maps isomorphically onto the center of the
relative homotopy group m2(X, S) and there also is a natural homo-
morphism 1 (X)—4 (m(X, S))/I(m(X, S)) (see §5). Thus 7 (X, S)
may be regarded as a mi1(X)-kernel. The characteristic cohomology
class of this kernel is precisely #3(X) (MacLane [32]).

Theorem (14.1) has also been extended by replacing the funda-
mental group by some higher homotopy group. In this order an ab-
stract complex K(Q, n) is defined for an abelian group Q and an in-
teger n>1. The homology and cohomology groups of K(Q, #) over
G are denoted by H,(Q, #n, G) and H4(Q, n, G). Then (14.1) generalizes
as follows:

(15.1) In an arcwise connected topological space X with vanishing
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homotopy groups m; for ¢ <n and n <i <q the following isomorphisms
hold:

H(X,G) =~ Hiwn n,G), H{(X,G) ~ Hi(wa, n,G) fori <y,
H,(X,G)/Z2(X,G) = Hy(wn, n,G), A(X, G) = HYmy, n, G).

Again in this case an invariant k%*!'(X) belonging to the group
Het(w,, n, o) is defined and this invariant completely determines
th(i groups H,(X, G) and H*X, G) (Eilenberg and MacLane [19;
20)).

There are many indications that the study of the groups H4(Q, #, G)
will cast light on some of the unsolved problems of homotopy theory.
Interesting results have been obtained by G. W. Whitehead [35] for
the case ¢=n+3, by constructing a space X satisfying the conditions
of (15.1) with 7,(X)=Q. A purely algebraic study of the groups
H(Q, n, G), falling back on the algebraic complex K(Q, »), has been
undertaken by the author and S. MacLane, and is in progress. So far,
complete results were obtained only for ¢<#n—2.

Extensions of (14.1) and (15.1) to the case of relative homotopy
and homology groups have been made by Blakers [3].

16. Equivariant groups of complexes with operators. The construc-
tions leading to the proof of (14.1) were carried out in the space X.
Instead one might carry out these constructions in the universal
covering space X of X and treat m1(X) as a group of homeomorphisms
operating on X. One is thus lead to the study of complexes and spaces
with a group of operators (Eckmann [6], Eilenberg [9]) which fur-
nishes generalizations of (14.1) in a different direction.

Let K be an abstract complex. We shall say that Q operates on K
if, for every ¢, the group Q operates (on the left) on the group of g¢-
chains C,(K) in such fashion that the boundary operator 9:Cy(K)
—C41(K) is an operator homomorphism. Let G be an abelian co-
efficient group with Q as a group of (left) operators. A g-cochain f of
K over G, that is, a homomorphism f: C,(K)—G, will be called equi-
variant provided

f(xe) = xf(c), 2 € Q, ¢ € Cy(K).

The coboundary of an equivariant is equivariant and therefore
using equivariant cochains throughout we arrive at an equivariant
cohomology group HY(K, G). This group admits a natural homo-
morphism

HY(K,G) - H'(K, G)
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into the ordinary cohomology group of K.

The complex K is called acyclic in dimensions less than ¢ if the
integer homology groups H;(K) vanish for 1<g, with Hy(X) inter-
preted as the reduced homology group. We shall say that Q operates
on K freely provided for each ¢=0, the group C,(X) contains a
set @, such that the elements xw (xEQ, wEQ,) form a free base for
the abelian group C,(K). It can be shown quite easily that if K is
acyclic in dimensions less than ¢ and Q operates freely on K, then
the equivariant cohomology groups HY(K, G), i<gq, are completely
determined by Q, G and the operators of Q on G. In order to find
precisely what these groups are, associate with the group Q an abstract
complex Kgq as follows:

A g-dimensional “simplex” of Kgq is an ordered (g4 1)-tuple
o=(xo, + *+ +, %) of elements of Q. The 7th face of ¢ (0=5¢=q) is
oW=(xg, -+, &, -, %), where the circumflex indicates that x;
is omitted. The operators of Q on Kq are given by x(xo, * * +, %)
= (xxq, * * *, ¥x4). The complex K is acyclic in all dimensions and
Q operates freely on K. A g-dimensional cochain of K over G is simply
a function f of g+1 variables in Q with values in G. The coboundary
of is defined by

g+1
8f (%0, + + -y %qy1) = 25 (= 1) (0, + + +, £iy v+ oy Fgp1)
=0

while the equivariance condition is
f(xxo, + + +, xxg) = xf(20, + + -, %q).

With each such equivariant cochain f we associate a cochain
fECQ, G) by setting

f(xly ct xq) =f(1) X1y X1%gy * c ¢, X1%2 ¢ ¢ xq)-
Conversely f defines f by
2 -1 -1
f(xOy Ct xq) = xof(xo X1, 00, xq—-lxq)-

Moreover 8f = §f. Thus the equivariant cohomology groups H%(Kq, G)
simply yield an alternative definition of the cohomology groups
H(Q, G). We refer to this definition as the “homogenous definition”
in contrast with the original “nonhomogenous definition”. If in the
complex Kqwe introduce the relations x(xo, * - -, %,) = (xx0, = + - ,%%,)
we obtain a complex isomorphic with K(Q) as defined in §13. Thus Kq
may be regarded as a “univeral covering” of K(Q).

The precise theorem is then the following.

(16.1) Let K be a complex acyclic in dimensions less than g with the
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group Q operating freely on K. For every abelian coefficient group G
with Q as (left) operators, the following isomorphisms hold:

H'(Q,G) ~ H(K,G) fori<g
H'(Q, G) = kernel of Hy(K, G) — H(K, G).

In particular if Q operates without fixed points on a topological
space X, acyclic in dimensions less than g, then Q operates freely on
the singular complex S(X) of X and (16.1) can be applied.

In order to derive (14.1) (for cohomology only) from (16.1) the
following facts are needed: (1°) m1(X) operates on the universal cover-
ing space X without fixed points, (2°) the condition m;(X)=0 for
1<i<gqis equivalent with the acyclicity of X in dimensions less than
g, (3°) under the natural projection X—X, the group Hi(X, G) maps
isomorphically onto the group H(X, G), to be taken with local
coefficients if m1(X) operates on G, (4°) if 7;(X) =0 for 1< <gq then
the kernel of HY(X, G)—H(X, G) is mapped isomorphically onto
the subgroup A%(X, G) of H*(X, G).

In addition to the ordinary and equivariant cohomology group
H«(K, G) and Hi(K, G) we may introduce a residual cohomology
group HY(K, G) which is obtained by calculating modulo equivariant
cochains. More precisely H?=2Z2?/B? where f&Z? if and only if 8f is
equivariant, while fEB? if and only if f=208g+% with % equivariant.
The three kinds of cohomogy groups are connected by homomor-
phisms

e — HYK,G) — HY(K,G) — HYK,G) - HY (K, G) — - - -

and form an exact sequence in the sense that the image of each
homomorphism is the kernel of the next one.

In the residual group H*K, G) a subgroup DYK, G) is distin-
guished by considering cochains f& C4(K, G) such that f(x3)=xf(3)
for any xE€Q and 3E€C(K) with dz=0.

[ i’roposition (16.1) may then be supplemented as follows (Eilenberg
9)):
(16.2) Under the conditions of (16.1) the following isomorphisms hold:

H"(Q,6) ~ H{(K,G) for i < g,
H™(Q,6) ~ DIX, G).
This last isomorphism, expressed in the dual language of homology,
leads to the following result due to Hopf [27].
(16.3) Let X be a g-dimensional connected polyhedron with w:(X)=0
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Jor 1<i<q. Denote by <y, the kernel of the natural homomorphism m (X)
—H (X)), and by 7,0 the subgroup of w, spanned by all elements o —xo.
with aEwq, xEm. Then wq,0Cy and

Hq+1(1l'1) = 'Yq/"rq.o-

An analogous discussion of equivariant and residual homology
groups is possible without interesting variations.

17. Generalizations. In analogy to the invariant £k2+1(X)
E Ht(my, 7,) indicated in §15, an invariant [9t(K) E H(Q, H(K))
may be defined for every complex K acyclic in dimensions less than ¢
with Q as a group of operators. It was shown by the author and S.
MacLane [19] that this invariant J¢+(K) determines the group
H!(K, G) in its entirety as well as the homomorphism HI(K, G)
—H4(K, G). Further it was proved by the author (unpublished) that
le+1(K) determines also the group H¥ K, G) and the homomorphism
H(K, G)—H!(K, G). This implies that [*t1(K) also determines the
kernel of H**'(K, G)—H*(K, G).

Applying these results to the universal covering X of a space X
leads to the following result, supplementing (14.1).

(17.1) Let X be an arcwise connected space with vanishing homotopy
groups m; for 1<i<q. The invariant k(X)) EH(my, w,) then de-
termines the homology groups H (X, G) as well as the factor group of
H,1(X, G) by the image of H,41(X, G) under the natural projection of
the universal convering X into X. For integer coefficients ket'(X) deter-
mines H 411(X) /2 41(X). For cohomology k(X)) determines HY(X, G)
and the kernel of H\(X, G)—H(X, G).

An interesting generalization of the equivariant theory has been
recently introduced by Eckmann [7; 8]. Let K be a complex with
Q as a group of operators and let G be any abelian coefficient group
(not necessarily with Q as operators). Let ¥ be any subgroup of the
group of all functions Q—G. A cochain f€ C¢(K, G) is called Y-cochain
if for every ¢& C,(K) the expression f(xc) treated as function of x&Q
belongs to Y. Replacing the equivariant cochains by y-cochains the
y-groups H}(K, G) and the corresponding residual groups are defined.

In order to obtain the equivariant theory assume that Q operates
on G and take ¥ to be the group of all functions x—xg, g&G.

The next important case is the “almost zero” theory where ¢ is
taken to be the group of all functions Q—G which are zero except for
a finite number of elements of Q. This choice is especially important
if K is a locally finite simplicial (or cellular) complex which has a finite
fundamental domain relative to the operators of Q. In this case the
Y-cochains are the finite cochains of Q so that H}(Q, G) is the coho-
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mology group of K based on finite cochains. It is independent of the
group Q.

The group Hj(Kgq, G) in the “almost zero” theory is denoted by
I1¢(Q, G). More directly, consider as g-cochains, functions f(xo, * * *,%,)
€G, defined for xo, * * + , x,&Q such that for each system %, « + -, x4

f(xxg, ++ ¢, xx) =0

for all, except for a finite number, of x&€Q. Define the coboundary
of as

gq+1

(af)(xﬂ! ttty xa+1) = Z (_l)if(x(h sy By e, xq+1)'

=0

Then I1¢(Q, G) may be defined using the usual procedure for defining
homology and cohomology groups.

All the results discussed in §16 remain valid for any choice of ¢.
The same holds for the results involving an invariant /¢+1(K). Curi-
ously enough, this invariant remains in the group H¢"(Q, G), which
is the equivariant group of Kgq. This shows that the equivariant
theory has some features of universality.

Using the “almost zero” theory Eckmann has proved the following
theorem due to Specker (unpublished).

(17.2) In an orientable 3-dimensional manifold the fumdamental
group m determines the homotopy group my:

T = H1(1r1, J)

where J is the additive group of integers.
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