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Segre. Consider the two quadrics of Moutard belonging to the tan-
ents ¢ and ¢’ at a point of the surface; they intersect in the asymptotic
tangents and a conic. The limiting position of the plane of this conic
as t'—t is
z[48? — 4?8 — 28n¢ + 2yny + 4BYn? — dyént]

+ 8(yn® + B)n’x — 8(8 + yn¥)ny = 0,

which envelopes the cone of Segre.

(15)
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ON A REPRESENTATION IN SPACE OF GROUPS OF CIRCLE
AND TURBINE TRANSFORMATIONS IN THE PLANE

J. M. FELD

1. Introduction. In a previous paper [6]! the author showed that
the oriented lineal elements in the euclidean plane can be mapped
continuously and (1, 1) upon the points of guasi-elliptic? three-space
Qs so that the whirl-similitude group of turbine® transformations in
the euclidean plane is represented isomorphically upon the group of
projective automorphisms of Q;. By means of this representation
proper turbines in the plane are mapped upon those real lines in Qs
which do not intersect a line L, the real part of the quasi-elliptic
absolute. It is the purpose of this note to investigate this representa-
tion analytically and to extend it so as to yield a (1, 1) continuous
mapping of the turbines (proper and improper) in the Moebius plane
upon all the lines in projective S;. By such means we establish the
isomorphism between certain groups of projective transformations in
space on the one hand, and on the other of Kasner’s 15-parameter
group of turbine transformations [7] and some of its important sub-
groups, namely the Moebius, Laguerre, and Lie groups of circle trans-
formations.

Other representations of turbines in space are due to Kasner and
DeCicco [7, 8] and to A. Narasinga Rao [9]. The former use a
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1 The numbers in brackets refer to the bibliography at the end of this paper.

2 The term guasi-elliptic space is due to Blaschke [1, 2]. The absolute of this space
is composed of a pair of conjugate imaginary planes x;+#; =0 and a pair of conjugate
imaginary points (1: £4:0:0).

% The geometry of turbines was initiated by Kasner [7]. An extensive bibliography
on the subject is to be found in [5].
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representation of lineal elements upon the points of .Ss, similar to that
used here; the latter maps turbines in the plane upon the points of Sy,
and shows thereby that Kasner’s group and its subgroups are iso-
morphic with certain groups of projectivities in Si. Kasner and De-
Cicco do not indicate how their representation would map the groups
of Moebius, Laguerre, and Lie in S;.

2. The mapping IMN. We shall need the following definitions.

DEFINITIONS. A proper turbine is a series of «!oriented lineal ele-
ments the points of which lie on a cycle (oriented circle) and the direc-
tions of which are inclined at the same angle to the direction of the
cycle.

An improper turbine is a series of ! oriented parallel lineal ele-
ments the points of which lie on a straight line.

A proper flat field is a set of =2 lineal elements which lie on the «1
cycles having a given lineal element (the center of the flat field) in
common.

An improper flat field is a set containing all of the « 2 lineal elements
parallel to a given direction.

The proper turbines include the point turbines (=point cycles);
the improper turbines include the spears (=oriented lines).

Let the oriented lineal element e passing through the point x, ¥ in
the xy-plane have the direction 0. Let z=x-+1y, 2=x—1y, {=¢¥,
0=<60<2w. Let the symbol (z, {) represents ¢; z and ¢ shall be called
the coordinates of ¢. In terms of these coordinates a proper turbine
has an equation [6] of the form

(2.1) z—1=rt.

The point ! is the center of the turbine and |r| is the length of its
radius. We shall represent the turbine (2.1) by the symbol [I, 7];
I, r shall be called its coordinates. Turbines [/, 7] such that r+#=0
are cycles, and those such that =0 are point turbines.

A proper flat field having the lineal element (s, o) for its center is
given by the equation [6]

(2.2) z2—s5s=(%— 3ot.

Let the symbol s, a} represent this flat field. Two proper flat fields
{s, ¢} and {s’, o'} such that ¢ ¢’ determine a proper turbine [/, 7]
where

(2.3)  I=(sd' — )/ — ), 1=~/ —3.

Let a point p in S; have the homogeneous coordinates x;:%xs:x3s: %4.
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The representation I mapping (2, {)=2p continuously and (1, 1) is
given by the equations

(2.4) 2= 2(x14 1x2)/ (x4 + ix3), ¢ = (%4 — ixs)/ (%4 + ix3)
and

pxy = i(z§ + 2), pxs = 2§ — 3,

pxs = 2(F — 1), pxy = 2i(1 + ).

These equations define I for all lineal elements in the euclidean plane
and all points in .S; except those on the line L: x3=x,=0. The points
of any plane #;x;=0 such that u,-+<%;5£0, that is, a plane that does

not pass through L, are mapped upon the lineal elements of a proper
flat field {s, a'} where

(2.5) § = - 2(%3 -+ 1«144)/(“2 + 1:“1), g = (’uz - zu;)/(uz + 1:'141),
pur = 2i(1 — ), puz = 2(¢ + 1),

pus = — (s¢ + 3), pus = i(s¢ — 3).

(2.4%)

(2.5%

Any plane # that does pass through L is mapped upon an improper
flat field composed of «?2 parallel lineal elements (2, {) where

(2.6) ¢ = (us + us)/(us — iuy).

Let g be any line in S; except L. Let the Pliicker axial coordinates of
g be ¢;j=uw;—um;. Let us assume, as we may, that neither of the
planes # and v passes through L. Evidently g is mapped by It upon
a series of »! lineal elements common to the proper flat fields {s, o}
and {s’, ¢’} which correspond respectively to % and v. Such a series
is a proper turbine when o0’ and an improper turbine when o =¢".4
Consequently, the proper turbines in the euclidean plane correspond
(1, 1) to those real lines in S3 which do not intersect L, and the im-
proper turbines correspond (1, 1) to the real lines in S; that do inter-
sect L; line L itself so far has no IM-image. The correspondence be-
tween turbines and lines is given by the equations:

pg12 = 4i(¢' — &),

pgis = — i[(s — )65 — 53— §) + G+ 5)& — (s + 3)5],
pgu=— (s — sNee' = (3 = 3) + (s — ) — (s’ — 3)7,
pgss = — i(3s'¢’ — s3'6),

pge = i[(s — §065 — (5 — &) + (s + e — (5 + )],
pgzs = (s — §")66' + 3 — §) + (s — 3o + (3 — s)d".

t ¢=0' if and only if g intersects L.

2.7
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With the aid of equations (2.3) we find that the proper turbine
determined by the flat fields {s, ¢} and {s’, ¢’} such that o>¢’ is a
cycle when (3—3")oc’ =s—s’, and a point turbine when s=s’. If 0 =0"’
the pair of flat fields determines an improper turbine, which, in the
event that (§—3§)o?=s—s’, becomes a spear. From (2.7) we find that
to the cycles and spears in the euclidean plane correspond (1, 1) all
but one of the lines of the linear complex

A: g1zs — qa2 = 0;

the excepted line is L (qi2:qis:q1a: ¢4 a2:q2s=0:0:0:1:0:0). To the
point turbines in the euclidean plane correspond (1, 1) all the lines
but one, namely L, of the rotationally symmetric elliptic congruence

B: q13 — Ja2 = 0, Ji14 — Q23 = 0,

which has the lines x;44x, =23 —4x4=0 and x; — %2 =x3+4x,=0 as di-
rectrices.

To make M (1, 1) for all the lines of S;, we therefore close the eu-
clidean plane by adjoining one ideal point turbine at infinity £, which
shall serve as the IM-image of L. To the point turbines of the closed
(Moebius) plane there now correspond continuously and (1, 1) the
lines of B, and to the cycles and spears of the Moebius plane there
correspond (1, 1) the lines of /4.

To the improper turbines correspond (1, 1) the lines of the special
complex g12=0; this complex has the line L for its directrix. To the
spears, therefore, correspond (1, 1) the lines of the special congruence

C: g13 — qaz = 0, g1z = 0.

Let the terms Moebius cycle, Laguerre cycle, and Lie cycle designate
respectively (1) a cycle with nonzero radius or a spear, (2) any cycle
except t., (3) any cycle or spear in the Moebius plane. Since the
Moebius group of circle transformations in the plane, regarded as an
extended group of contact transformations, transforms point turbines
into point turbines and Moebius cycles into Moebius cycles, its M-
image in S3 is a group of =8 collineations that transform the congru-
ence B into itself and also transform the linear complex <4 into itself.
The large (seven-parameter) Laguerre group in the plane is a group
of contact transformations that convert spears into spears and La-
guerre cycles into Laguerre cycles; consequently, this Laguerre group
is isomorphic with a group of »7 collineations in S; that leave invari-
ant both the special congruence ( and the complex 4. Lie’s 10-pa-
rameter group of contact transformations transforming Lie cycles
into Lie cycles is isomorphic with the group of 19 collineations in S3
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that leave o/ invariant. Kasner’s 15-parameter group of turbine
transformations in the plane is isomorphic with the group of pro-
jectivities (collineations and correlations) in Ss.

Various other representations of the Moebius, Laguerre, and Lie
groups have been given, for instance in [3, 4].
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