CONGRUENCES INVOLVING THE PARTITION FUNCTION p(n)
WILLIAM H. SIMONS

1. Introduction. The purpose of this note is to give certain congru-
ence properties of p(n), the partition function, for moduli 13 and 17,
analogous to those obtained by Ramanujan for moduli 5, 7 and 11.
The method and notation employed are essentially those of Ramanu-
janin [1].1 Let

L nxﬂ
P=Px)=1— 24, )
n=] 1 — 2
0 naxn
Q=Q(x)=1+2402 )
Nl 1— 2"
L nsxn
R=R(x)=1—1504) )
Nl 1 - x"

@) =TT - #.

faml
Then it is known that

fB)=1—x—a>+ a8+ 27— .-
(1) = +Z°° (__ l)nxn(Sn—l)M'
o) 0% — R? = 1728x[f(x) 2.

Furthermore, let &,,(x) = > o w0, (n)x", where ox(n) denotes the
sum of the kth powers of the divisors of #. In particular

[ nexn )
Bou(2) = 20 = 2 a(n)an,
na=1l 1 — " n==l

so that
P=1-— 24%,(x),

Q =1+ 240@0,3(33),
R =1 — 504®,5(x).
Then in terms of the functions Y ,,.(#), defined by

n

Z,,.(n) = E ar(m)a,(n — m),

me=0
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the main result for modulus 13 is given by the congruence (10) of §2,

(10) p(13n — 7) — p(13n — 176) — - - - = — 234,5(13n) (mod 13),
and for modulus 17 by the congruence (14) of §3,
(149  p(17n — 12) — p(17n — 301) — - - - = Z4,0(17%) (mod 17).

Another interesting congruence for modulus 13 is found in (12) of §2,
namely

(12) P =T = —23° T(m)p(”—llsﬁ> (mod 13),

M 1

where 7(m) is the Ramanujan function defined by

0

3) 2 rm)zm = x[f(x)]2,

M=l
that is, 7(m) is the coefficient of x™ in the expansion of x[f(x)]*.

2. Congruence properties, modulus 13. We let I denote a power
series in x with integral coefficients. Now ®,,(x)=23"®,,._.(x),
where 3=xd/dx. Also 3P = —24%,,(x), 3Q=240®,,4(x), and IR
= —504®,,¢(x). Then from Tables I, IT and III of [2] we may form the
following tables for expressing ®,,,(x) in terms of P, Q, and R. Each
entry has been reduced modulo 13 so that to each must be added 131.
Use has also been made of the relations

4) Q% = 3R? — 2 + 131,
&) Q*R = P + 131I.
TABLE 1

®o1 () = — 6P+ 6

®os (x) = — 20+ 2

o5 (¢) = —4R+ 4

Bor () = —Q*+ 1

B0 (x) = 30R — 3

®;,5 () = 6P% — 6Q

®,,4 () = 5R — SPQ

14 (1) = — 2PR + 20°

P13 (x) = — SPQ* + SQR
®1,10(x) = — 4POQR + R?+ 3
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TaBLE 11
®,,5 (x) = P® — 3PQ 4+ 2R
®y,5 (x) = — PQ+ 2PR — (Q*
®,,7 (x) = P?R — 2PQ*+ QR
®s,9 (2) = 6P¥Q? 4+ PQR + 4R* 4+ 2
®, 11(x) = SPQR + 4P + 4PR?
;4 (x) = — 3P4+ 5P2Q + 2PR — 4Q?
®3,6 () = 6P¥Q — 5P2R + 5PQ% — 6QR
®3,5 (x) = SP!R — 2P%Q? 4 2PQR + 3R*+ 5
®s,10(x) = 5P%Q? — 2P%QR — 3PR?
®3,12(x) = 5P3QR — 6P* + 6P2R?* + 4QR? 4 4Q
&5 (x) = — P5 — 3P%Q 4 6P2R + 2PQ? — 40QR
®47 (x) = — 3P4Q — P3R — 5P%Q%* — PQR — 3
®49 () = — 6P*R — 2P%Q? + 3P?QR — 4PR? — 4P
®4,11(x) = — 3P%Q% — P3QR + P*R%+ 6P% — 3QR?
®5,6 (x) = 5P8 - 3P4Q + 5PR ~ 4P%Q* 4 3PQR — 4R*+ 5

Now let A=(Q*—R?). Then by the use of (4) and (5) we may ex-
press A7 in terms of P, Q, and R as follows:

AT = — 5P% — 2P%Q + 6P®R — 6P?Q?
— 6PQR — 2R? + 2 4+ 131.
Then, making use of Tables I and II,

AT = — ®54(x) + 4®¢,7(2) + 3%3,3()
— 6P3,0(x) + 3P1,10(x) — 3P0,5(x)
+ 2[®0,5(x) ]2 + 131.

But since
0

Bo,5(x) = D o5(n)an,

Num ]

we have

Bos@] = [ 2 ostmae] [  ostman]

N1 M ]

0 n—1

= 2. 2 ox(m)os(n — m)xn,

Ne=2 M=l
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and then
AT = — Pge(x) + 4P¢,7(x) + 3Ps,5(x)
© - 6‘1:2,9(:’5) + 3®;,10(%) — 3%0,5(x)
+ 237 Esa(n)an + 131,
where? .
Z55(n) = Y as(m)as(n — m).
M=l

Instead of equation (6) we may obtain a slightly different form
for A7 by introducing Ramanujan’s function 7(n), defined by equa-
tion (3). Then

Q*— R*= (3R*—2—R?) + 13 = 2(R*— 1) 4 13I

and
6(R? — 1) = — 3x[f(x) ]2 + 131
= - 3i T(n)am + 131,
so that !
AT = — B54(x) + 4P4,1(x) + 3Ps,5(%)
R - 6‘-'1:02.9(70) + 3P1,10(x)
— 3> r(n)x" + 131.
Now, by (2), ~
A7 = (Q* — R%)" = {1728x[f(x)]#}?
= — x7f(x1%)/f(x) + 13I.
But by (1),
7 169 +o0 ©
ﬂ.(i_) = x7{ Z (- l)anGGn(an—l)N}{ E l,(m)xm}
f(x) Nme—00 m=0
= 2 {p(n=17) = p(n — 176) — p(n — 345) + - - - }a",
nm=T
where the numbers 7, 176, 345, - - -, are alternately of the form

(13m—2)(39m—17)/2 and (13m+2)(39m+7)/2. We therefore have

2 Ramanujan defines =,,,(n) .-Z:‘ or(m)o,(n—m) so that Zs(n)= Z5.5()
+205(0)o5(n), 05(0) =¢(—5) /2= —1/504.
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©

(8) Al=— Y {p(n—T)—p(n—176)—p(n—345)+ - - - }ar+13L.

w7
Comparing coefficients of x* in (6) and (8) we obtain
p(n—7) — p(n — 176) — p(n — 345) + - - -
= + nboi(n) — 4ntos(n) — 3nios(n)
+ 6n%y7(n) — 3noy(n) + 3o5(n)
— 225,5(n) (mod 13).
If we replace # by 137 we get
p(13n — 7) — p(13n — 176) — - - -
(10) = 305(13n) — 22 5(131) (mod 13)
= — 2%5,5(13n) (mod 13).
In a similar fashion, from (7) and (8) we obtain
(11)  p(13n — 7) — p(13n — 176) — - - - = 37(13n) (mod 13).

We next wish to compare this result with that obtained by Zucker-
man [3]. For this we rewrite (11) as follows

)

0 +-00 0
Z p(13n — T)x13» E (= 1)rgleom@niD/z = 3 E 7(13n)x13" 4 131.

ne=l Nemee00 Nl

Therefore

20 p(13n — Taitn = 337 r(13n)t» + 131
Nem]

el f(x109)
= 33 r(13m)an S p ({%) 19 4 131,
nm=0

n=1

p(13n —7) =33 r(13m)p (ﬁiﬁ) (mod 13).

Meml

But since

7(sp)) = (D)r(sp*) — pPr(sp*9), (s, 9) =1,

we have
r(13m) = v(13°m’), (', 13) = 1,

= 7(13)7(13*"'m’) (mod 13)
= — 57(m) (mod 13),

and so



888 W. H. SIMONS [December

12)  p3n—1T) = — 23 r(m)p (%-"-’) (mod 13).
Meml
Zuckerman's result gives

> p(13n + 6)ar = — 2 J(=¥)

N0 (x)

+ 131

from which equation (11) may also be obtained.

3. Congruence properties, modulus 17. Let I again denote a power
series in x with integral coefficients. As before we express each &, ,(x)
in terms of P, Q and R, To each entry must be added 171.

TasBLE III
®g,1(x) = — 5P+ 5

o3 () = — 8048

o5 () =3R—3

(I>o,7 (x) = — 4Q2 + 4
Bg, (%) = — 20R + 2
®o,11(x) = 8Q% 4 6R? + 3
®o,13(x) = — SQ*R+ 5

®;,5 (2) = P2 —Q

®1,4 () = 3PQ — 3R

&6 () = — TPR + 1Q?

.5 (1) = 3PQ* — 30R

&, 10(x) = 4PQR + Q° — 5R?
&y,12(x) = 8PQ® 4+ 6PR? + 3Q?R
®;,14(x) = — 3PQ?R + 8QR? — 5

@5 (1) = 3P% + 8PQ + 6R

By5 (#) = — 3P’Q + 6PR — 30?

®y7 (¥) = 3P’R — 6PQ? + 30R

By (1) = — 2P0 + 4POR — 30* + R?
®y,11(%) = — 2P*QR — PQ® + 5PR? — 20°R
®y,13(%) = 3P?Q% — 2P2R? — 2PQR + 8QR? — 7
&,,15(%) = — 8P2Q*R + 3PQR? + 5P
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@34 (%) = 5P4+ 4P2Q + 6PR + 20*

®3,6 (x) = TP%Q — 4P?R 4 4PQ% — TQR

&3, (x) = 2P3R — 6P2Q% + 6PQR — Q% — R?

®3,10(%) = 4P3Q% 4 5P2QR + PQ® — 6PR? — 4Q°R

®;,12(x) = — 2P%QR + TP%Q® — P?R?* — 6PQ’R + TQR? — 5

®3,14(x) = — SP3Q8 — 8P3R? + P?Q?R + 7P — 6PQR? — 6Q°R
®3,16(%) = — 5P3Q?R + 6P?QR? + 8P + 4PQ°R — PR®+ Q + 4Q’R?

®45 () = — 4P5 + 6P%Q + 5P?R — 8PQ% + QR

@47 (1) = — 3P4 — 5P3R — P¥Q? — 5PQR + 60% + 8R?

@49 (1) = — TPAR — 6P¥Q? — 8PXQR — 3PQ* — 3PR? — Q'R
®411(x) = — 2P4Q? + 8PIOR — P0% + 6P2R? + 8PQ*R — QR? — 1

@56 (1) = 4P8 + 8P4Q + TPSR + 7P20* — 6PQR + 30° — 6R?
®g,5 (1) = — 2P%Q — TPR — 3P%Q% + 3POR + 3PQ% + 4PR? + 20°R
®5.10(%) = — 3PSR — 2P4Q? + 4PIQR — 2P*Q% — 2P*R? + 2PQR

+ 20R? + 1

Bg7 (¥) = 2P7 — 8P%Q + 4PR — 6P%Q* — 2POR + 2PQ%— 4PR?
— 50°R

Bg,9 (#) = TP%Q — 8PSR + 3P40? — 4PYOR — 6P2Q% — 8P?R?
— 8PQ*R — 40R? — 6

@15 (8) = 4P8 + TP%Q + 6PSR — 7P4Q — SPQR — P¥Q% + 2P'R?
+ 5PQR + 50R® + 1

In the reduction of the powers of Q and R in the expansion of
(Q*— R%)12 we have made use of the relations

Q' = 3QR? — 2 + 171, R® = 4Q%R — 3P 4 171,
together with combinations of these to form
QR = 7PQ — 6R + 171,
QR® = 8PQ — 7R + 171,
Q%R = 4PQ?R? — 5PQ + 2R + 171,
Q8R4 = 5P20% 4 5POR + 8R? + 171,
QR® = 60°R? — 4P2Q — PR + 171I.
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We obtain
A" = (Q* — R?)1 = — P8 — 4P%Q + 6P*R + 3P4Q?
+ 4P*QR 4 6P2Q% — 3P2R? 4 2PQ’R
+ 6QR? — 2 + 171.
Making use of the relations in Table III we have
A2 = 4&q 4(x) — Tdg,0(x) + 2P5,10(x) + 6P4,11()
— 4®3,15(x) + 2®,15(x) — 8®y,14(x) + 3P2R?
+ 20R? — 5 + 171.
But
3P2R? + 2QR? — 5 = 6% 7(x) Po,5(x) + 6Do,0(x) Do, 5(x) + P2,7(x)
— 2®;,14(x) + Po,o(x) + 5%o,s(x) + 171.
Therefore

A2 = 4y g(x) — TDe,0(x) + 2®5,10(x) + 6Pa,11(x) — 4P3,12(x)
+ 2®;,13(x) + T®1,14(x) + P2,2(x) + Bo,0(%) + 5B0,5()
+ 6q)2,7(x)q’0,5(x) -+ 6‘1’0,9(:)6)@0,5(:”) + 171.

Now we also know that

A2 = — 422[f(2) ]*8/f(x) + 171 = — 4x2f(28)/f(x) + 171,

and therefore

x12f(x289) /f(x) = — Pr,5(x) + 6Ps,9(x) + 8P5,10(x) + 7P4,11()
+ ®5,12(%) + 8Ps,18(x) — 6P1,14(%) + 4P2,7(x)
+ 4®,9(x) + 3%o,5(x) + 7P2,7(x) Bo,5(%)
+ 7®0,9(x) Bo,5(x) + 171.
Equating the coefficients of x* on both sides of (13) we obtain
p(n — 12) — p(n — 301) — - - - = — n7a1(n) + 6nos(n) + 8nubos(n)
+ Tntor(n) + nioo(n) + 8n’oii(n) — 6neia(n) + 4nlos(n)

(13)

n—1

+ 4og(n) + 3o5(n) + 7 2 mies(m)as(n — m)

n—1

+ 7> as(m)aes(n — m) (mod 17),

M=l

where the numbers 12, 301, ... are alternately of the form
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(17mn—3)(512—8)/2 and (17n43)(51n+8)/2. Now replacing # by
17n we get

p(17n — 12) ~ p(17n — 301) — - - - = 4oy(17n) + 305(17n)
17n—1 17n—1
+ 7 3 mtos(m)as(1Tn — m) + 7 3 os(m)os(17n — m) (mod 17).
m=1 M=l

In order to further simplify this result we note that
<I>o,5($)‘1>2,7(x) - 4[@1,g(x)]2 = - 3@2,7(27) + 3‘1’0,5(x)‘170,9(x) - 8‘1’0,9(37)
- 6‘1’0,5(.%‘) + 17I
and therefore

n—1 n—1

> mios(m)os(n — m) = 42_: m(n — m)os(m)os(n — m) — 3nies(n)

M= mm=]

+ 3§aa(m)ag(n — m) — 8ae(n) — 6os(n) (mod 17).

ma=1
But
ﬂilm(n — m)os(m)as(n — m) = n "i mas(m)os(n — m)
Me=] Me=]
- ”i m2os(m)os(n — m)
and =

n— n—1
z:l mas(m)os(n — m) = —Z— > as(m)as(n — m)
M=l M=l

so that finally

17n—1 17n—1
> m2os(m)os(1Tn — m) =4 D as(m)as(17n — m)
m=1 Me=]

- 50’9(17%) - 80’5(17%) (mod 17)

Therefore
17n—1
p(17n — 12) — p(17n — 301) — - - - = 3 os(m)os(17Tn — m)
Mu=]

-+ 30’9(17”) - 20‘5(17%) (mod 17),
(14) p(17m — 12) — p(17n — 301) — - - - = Zg,4(17n) (mod 17).
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UNIVERSITY OF CALIFORNIA

AUTOMORPHISMS OF FIELDS OF FORMAL POWER SERIES

O. F. G. SCHILLING

We propose to discuss in this note on power series fields in one
variable the special automorphisms which do not alter the fields of
coefficients. It will be proved that the pseudo-ramification groups in-
troduced by MacLane are universal ramification groups, in the sense
that a special ramification group must always be a subgroup of a well
determined pseudo-ramification group. Finally we interpret the auto-
morphism group of the field as an automorphism group of an infinite
Lie ring.

Let Q be an arbitrary field of characteristic x. In the sequel we shall
consider the field F of all formal power series a =) ;% _,w;t/ where
the w; are in Q and ¢ is a transcendental element over Q.1 The field F
is complete with respect to the rank one valuation V defined by
Va=m where m is the smallest subscript j for which w;0. Let O
be the valuation ring of all holomorphic series and = (¢) the prin-
cipal prime ideal of .

Suppose that S is an automorphism of F. We show that OF is also
a valuation ring of F. For the proof? let @, b be any two nonzero ele-
ments of F. We must show that at least one of the quotients a/b, b/a
lies in O8. By assumption on S there exist unique elements ¢, d with
c8=a, d®=b. Now observe that at least one of the quotients ¢/d or
d/c lies in O for O is a valuation ring. Therefore at least one of the

Presented to the Society, August 14, 1944; received by the editors May 29, 1944,

1 For the basic properties of valuations see [1, 4, 5, 10], Numbers in brackets refer
to the bibliography at the end of the paper.

2 See [4, p. 165].



