
ON MINIMUM CIRCUMSCRIBED POLYGONS 

C. H. DOWKER 

This paper contains the proofs of two theorems on the n-gon Mn 

of minimum area circumscribed about a convex region R in the plane. 
Theorem 1 shows that the area of Mn is a convex function of n and 
Theorem 3 shows that if R is symmetric about a point there exists 
an Min which is also symmetric. The corresponding theorems on in­
scribed polygons are also given. These theorems were conjectured by 
R. B. Kershner. 

The symbols a and b with subscripts will be used to represent the 
sides of circumscribed polygons or the vertices of inscribed polygons. 
It will be convenient to replace the circular order of the sides (ver­
tices) flo» #1» • • * > #n-i of a polygon by an artificial linear ordering 
a0<ai< • • • <an-i<an, where an represents the same side (vertex) 
as a0. The order of the sides (vertices) of circumscribed (inscribed) 
polygons is established by the order of the contact points (vertices) 
on the boundary of the convex region. 

LEMMA 1. Let An~aoai • • • an-iand Bm~bob\ • • • bm-i be two poly­
gons circumscribed about the convex region R and let either (1) aoSbo 
<b\<ai^ar-iSb8-i<b8<ar or (2) a0£bo<b\<aiSb8-i£*ar-.i<ar<b8. 
Let Cn-r+e =ÛO&IÔ2 • • • b8-iar • • • fln-i and Dm-8+r~boaia2, • • • ar~ib8 

• • • bm-i. Then the areas satisfy the inequality A +B è C+D and there 
is equality if and only if #o = bo and ar-i = 6«-i. 

PROOF. The common part of A and B is the common part of C 
and D. The remaining part of A +B is the remaining part of C+D 
together with the areas of the quadrilaterals a0aibobi and ar-\arb8-ib8. 
Equality holds if and only if both these areas are zero, that is, if 
ao = bo and ar-i = 6«-i. 

LEMMA 2. If Mn is an n-gon of maximum area inscribed in the con-
vex region R, the vertices of Mn are contact points of the sides of a circum­
scribed polygon. 

PROOF. If ikfn=a0ai • • • On-u the line through ax parallel to the 
line a oa2 is a supporting line of R, for otherwise Mn would not have 
maximum area. Supporting lines determined similarly at all vertices 
of Mn are seen to form a circumscribed polygon. 

LEMMA 3. Let An — aoa\ • • • an and Bm~bobi • • • bmbe two polygons 
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inscribed in the convex region R, each having as vertices points of 
contact of the sides of some circumscribed polygon, and let either 
(1) aQ^bo<bi<ai^ar-i^:b8-.i<bt<ar or (2) a0^&o<ôi<tfié&«-i 
^ar^i<ar<b8. Let Cn-r+8 —aobibt • • • b8~iar • • * ön-i and JDw~a+r 

= ioaia2 • • • ar-ibs • • • &m_i. Then the areas satisfy the inequality 
A +B ^ C+D and there is equality if and only if a0 =* bo and ar-i — ft«-i. 

PROOF. The vertices b0 and b\ are in or on the triangle consisting 
of ÖOÖI and the adjacent sides of the circumscribed polygon corre­
sponding to #o and a\. Hence (if a^bo) ao&o produced meets a\b\ pro­
duced. Hence AaJbdbxt&Aadb&i, with equality only if #0 = &o. Let a^bi 
intersect aib0 at p. Then Aaopai^Ab0pbif with equality only if 
ao — bo—p. 

Let ar~ib8 intersect 0A-1 at g. Then similarly, if ar-.i<b8-i<b8<arf 

Aar^iqar>Ab8^iqb89 and if ô8-i<ar«i<ar<ô8, Ab8-iqb8>Aar^iqar. 
If ar~i^b8-.i<b8<ar, C + D—A—B— Aa0pai—Abopbx+Aar~iqar 

—A&,«ig6#è0 and equality holds only if ao=^ = &o andûM^g^ i i - i . If 
ft«~i^flr-i<ar<&«, C+Z> —-4 — B =Aa0pai —Abopbi+Ab8-iqb8 —Aar~iqar 

èO and equality holds only if ao*=*p~bo and ar~i = q = ôt-i. Thus in 
either case i4+JS^C+Z> with equality if and only if ao = ôo and 

THEOREM 1. /ƒ Mn is an n-gon of minimum area circumscribed about 
the convex region R, the areas satisfy the inequality Mn+Mn+2^2Mn+i. 

PROOF. Let Mn—aoai • • • an-i, Mn+2~bobi • • • 6n+i. 
Case 1. Let there be a sequence of sides ao£bo<bi<b2<ai. In this 

case, if C»+i = ao&i#i • • • ffn-i, Dn+i — bob2 • • • i»+i, Mn+Mn+2 — C—D 
= aoaibobi+boaibib2>0. Hence Mn+Mn+2>C+D<£2Mn+i. 

Case 2. Let there be no such sequence of sides. Then there must be a 
sequence of the form ao^bo<bi<ai^ar^i^b8-i<b8<ar since there 
are n intervals [at, a»+i) and n+2b's in these intervals. We may as­
sume s^r+1 since otherwise we could renumber the sides starting 
from ar~i which we would call a<>. We may even assume that s « r + l , 
for otherwise &r+i>ar and ftw+i <an and hence there is a first subscript 
t>r for which bt+i<at. Then bt^at^i and we may replace t by r and 
/ + 1 by 5 so that s — r+1. Let C»+i=ao&i • • * &«-i#r • • • ^n-i and 
Dn+i — boai • • • ar_i68 • • • 6n+i. Then by Lemma 1, Afn+Afn+2èC'+-D 
£2Jkfw+1. 

THEOREM 2. /ƒ M„ is an n-gon of maximum area inscribed in the con­
vex region R, the areas satisfy the inequality Mn+Mn+2 S 2Mn+i. 

PROOF. Let Mn — aoai • • • an, and Mn+2ss1>ùbi • • • &«+!• 
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Case 1. Let there be a sequence of sides aoSbo<bi<b2<ai. In this 
case, if C«.fi = #o*i#i • • • fl»-i and Dn+i^=bJ)2 • • • &n~i, C+D--Mn 

— Mn+2:s=aobiai--bQbib2 which is greater than 0 as can be shown using 
Lemma 2 and elementary geometry. Hence Mn+Mn+2<C+D 
£2Mn+1. 

Case 2. Let there be no such sequence of sides. The proof is similar 
to that of Case 2 of Theorem 1 except that Lemma 3 is used instead 
of Lemma 1. 

THEOREM 3. If R is a convex region symmetric about a point 0, among 
the 2n-gons of minimum area circumscribed about R there is one which 
is symmetric about 0. 

PROOF. Let jyr2» = a0ai • • • a2n-i be a minimum circumscribed 
2«-gon and let M' = b0bi • • • &2w~i where bi is the image in 0 of öt±„. 
If AÎ2n is not symmetric there is a side a^bi. We may assume ao^bo. 
By reordering the sides if necessary we may assume a0<bo and hence 
bn<an. Let / be the largest number, O^Kw, such that atSbt- Then 
è*+i<a*+i and if we renumber starting from at, which we shall call ao, 
we have aoSbo<bi<ai. Since a0 and a\ are successive sides of M2n> 
a\<bn. Hence ao^ôo<&i<#i<&nâ#w<aw+i<&n+i. Let C2«===aoW>2 
• • • bnan+1 • • • a2w-i and D2n == boaia2 • • • anbn+i • • • &2n-i. Then, by 

Lemma 1, M+M'^ C+D. But C and D are both symmetric and M 
and M' are equal. Therefore either C or D is a symmetric circum­
scribed 2w-gon of area not greater than M2». 

THEOREM 4. If R is a convex region symmetric about a point 0, 
among the In-gons of maximum area inscribed in R there is one which is 
symmetric about 0. 

PROOF. The proof is similar to that of Theorem 3 except that 
Lemma 3 is used instead of Lemma 1. 
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