ON MINIMUM CIRCUMSCRIBED POLYGONS
C. H. DOWKER

This paper contains the proofs of two theorems on the #n-gon M,
of minimum area circumscribed about a convex region R in the plane.
Theorem 1 shows that the area of M, is a convex function of # and
Theorem 3 shows that if R is symmetric about a point there exists
an M,, which is also symmetric. The corresponding theorems on in-
scribed polygons are also given. These theorems were conjectured by
R. B. Kershner.

The symbols ¢ and b with subscripts will be used to represent the
sides of circumscribed polygons or the vertices of inscribed polygons.
It will be convenient to replace the circular order of the sides (ver-
tices) ao, @1, * - * , @s—1 Of a polygon by an artificial linear ordering
@<y < - -+ <@p-1<as, where @, represents the same side (vertex)
as ao. The order of the sides (vertices) of circumscribed (inscribed)
polygons is established by the order of the contact points (vertices)
on the boundary of the convex region.

LEMMA 1. Let Ap,=ao1 * + * Gn—10nd Bp=0boby + + * bm—y be two poly-
gons circumscribed about the convex region R and let either (1) a¢Sbo
<b1<0150, 150, 1<bs<ar 07 (2) a9 Sbe <01 <81 5051 S0p1 <0, <D,
Let Cn—r+c=aob1b2 RICIRY /Y, M ap— and Dm—s+r=b0alaz © ot Qpbs

+ « * byn1. Then the areas satisfy the inequality A+B = C+D and there
is equality if and only if ao=>bo and a,—y=0b4—1.

Proor. The common part of 4 and B is the common part of C
and D. The remaining part of 4+ B is the remaining part of C+D
together with the areas of the quadrilaterals a0a1b0b1 and @,-10,b,—1bs.
Equality holds if and only if both these areas are zero, that is, if
Qo =bo and Ar1= bg...lo

LeMMA 2. If M, is an n-gon of maximum area inscribed in the con-
vex region R, the vertices of M, are contact points of the sides of a circum-
scribed polygon.

Proor. If M,=aw; * *+ + @n-, the line through a; parallel to the
line aoa; is a supporting line of R, for otherwise M, would not have
maximum area. Supporting lines determined similarly at all vertices
of M, are seen to form a circumscribed polygon.

LEMMA 3. Let A,=0ao01 + * * @ and Bp=>beb1 « - + bn be two polygons
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inscribed in the convex region R, each having as vertices points of
contact of the sides of some circumscribed polygon, and let either
(1) @o=bo<bri<a:1=a,150,1<b, <8, 0r (2) a9Sbo<bi<G1Sbe
=£0,1<a,<by. Let Cropps=0a0b1bs + + - by18r + + + @ny a8d Dy pyr
=boa1as * * * Gr1bs * + ¢ bm—. Then the areas salisfy the inequality
A~+B=ZC+D and there is equality if and only if ao=>bo and @, ="0,-1.

Proor. The vertices by and &, are in or on the triangle consisting
of aoa, and the adjacent sides of the circumscribed polygon corre-
sponding to @, and a;. Hence (if ay#b,) @b produced meets a;b, pro-
duced. Hence Aacbod; £Aaoboay, with equality only if ao=b¢. Let a¢b;
intersect aiby at p. Then Aacpa,=Abepbi, with equality only if
ao=bo= p.

Let a,-1b, intersect a,b,—1 at ¢. Then similarly, if ¢,1 <81 <bs <@,
Aa,1ga, > Ab,1gb,, and if by—y <@, <a, <be, Abs—19b,s >A,-190,.

Ifa,15b,-1<b,<a,, C+ D — A — B = Aapa,—Abopb1+Ac,—1ga,
—Ab,_1gb, 2 0 and equality holds only if ay=p =b and @,1 =¢=">b,-1. If
be1=a.1<a, <bs, C+D—-A~B =Aaopal —'Abonx +Aba-lqba _Aar-lqar
20 and equality holds only if ay=p=b¢ and @,y =¢g=0,-1. Thus in
either case A+4+B=C+D with equality if and only if a;=b0 and
Ar1=0b,1.

THEOREM 1. If M, is an n-gon of minimum area circumscribed about
the convex region R, the areas satisfy the inequality M+ M2 2 2M i1,

PrOOF. Let M,=a4; - - - An—1, M,,+2=bob1 (] bn+1.

Case 1. Let there be a sequence of sides a0 =S bo <b; <b:<ay. In this
case, if Copr=aoh101 + - * a1, Daya=bobz * + * bpp1, Mp+Mpy2—C—D
=aoa;bob1+boa1b1bz >0. Hence Mn+ Mn+2 > C+D g 2M,.+1.

Case 2. Let there be no such sequence of sides. Then there must be a
sequence of the form ao=bo<b <a1=a,1 Sb,—1<b,<a, since there
are n intervals [a,,-, aiy1) and n+42b’s in these intervals. We may as-
sume s <741 since otherwise we could renumber the sides starting
from a,_; which we would call ;. We may even assume that s=7r+1,
for otherwise b,+1>a, and b,;1 <a, and hence there is a first subscript
t>r for which bs41<as Then b;=a. and we may replace ¢ by » and
t+1 by s so that s=7+41. Let Cop1=aoh1 * + * bya8y * * * Gy and
.D,.+1=boa1 L a,_lb, L] b,ﬂ.l. Then by Lemma 1, Mn+Mn+zé C+D
g 2M 741

THEOREM 2. If M, is an n-gon of maximum area inscribed in the con-
vex region R, the areas satisfy the inequality Mo+ M, 0 S2M oy,

PRrROOF. Let Mo=aet; + * * @n, and Mui2=beh1 * * * bppa.
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Case 1. Let there be a sequence of sides aq=<bo<b1 <b;<a;. In this
case, if Cn+l=a'0blal ++ @y and Dn+l=b0b2 cee bn—l» C+D-M,
— M 12 =a¢h1a1 — bob1be which is greater than 0 as can be shown using
Lemma 2 and elementary geometry. Hence M,+ M,..<C+D
é 2Mn+1-

Case 2. Let there be no such sequence of sides. The proof is similar
to that of Case 2 of Theorem 1 except that Lemma 3 is used instead
of Lemma 1.

THEOREM 3. If R is a convex region symmetric about a point 0, among
the 2n-gons of minimum area circumscribed about R there is one which
is symmetric about 0.

ProOF. Let M:,=aw - - - a2,—1 be a minimum circumscribed
2n-gon and let M’ =b¢b; + « - ben— wWhere b; is the image in 0 of @;4n.
If M,, is not symmetric there is a side a;5£b;. We may assume ao7 bo.
By reordering the sides if necessary we may assume a,<b, and hence
b, <a,. Let ¢ be the largest number, 0 <¢<#, such that a¢;<b,. Then
bi41<aiyn and if we renumber starting from a:, which we shall call o,
we have a¢=bo<b1 <ai. Since ao and @, are successive sides of Mz,
a1 <b,. Hence a¢=bo<h<a1<b,=Za, <@n41 <bn+1.' Let Con=aobib:

¢ bna'n+1 * o Q2p—1 and D2n=b0ala2 st anbn+l A bzn—l- Thens by
Lemma 1, M+ M’'=C+D. But C and D are both symmetric and M
and M’ are equal. Therefore either C or D is a symmetric circum-
scribed 27-gon of area not greater than Ma,.

THEOREM 4. If R is a convex region symmetric about a point 0,
among the 2n-gons of maximum area inscribed in R there is one which is
symmetric about 0.

Proor. The proof is similar to that of Theorem 3 except that
Lemma 3 is used instead of Lemma 1.
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