ON THE MAPPING OF THE SETS OF 24 POINTS OF THE
SYMMETRIC SUBSTITUTION GROUP G., IN ORDINARY
SPACE UPON A HYPERQUADRIC CONE

EARL WALDEN

Introduction. The mapping of the sextuples of the symmetric sub-
stitution group Gs in a plane upon a quadric has been done by Emch.?!
The 24 permutations of 4 elements xi, x2, x3, x4 considered as projec-
tive coordinates in ordinary space determine a configuration? which
may be mapped on a hypersurface in Ss. I shall show that the hyper-
surface on which we will map is a hyperquadric cone. The map of
every configuration on the hyperquadric will be a configuration in
ordinary space, invariant under the Gas.

The mapping of the G.s. We shall represent the elementary sym-
metric functions as follows:

61 = x1 + x2 + w3 + %4,

2 = X1%s + X1%3 + ¥1%s + Xoxs + Xo%a + X374,
¢3 = X1%2¥3 + X1¥3%4 + X1XaXg + XaXziy,

b1 = X1X2X3%4.

Let y;=A,;¢1 +Bip ps+ Cids+Dip1ps+ Eips where i=1, 2, 3, 4, 5.
There are five linearly independent y’s. We shall consider the y’s as
the coordinates of a point in S;. Thus to each point in (x), and conse-
quently to each of 24 points in (x), corresponds a point (y) in Ss. The
locus of the points (y) is a hypersurface of some order in Ss.

Let us choose five linearly independent y’s. (For every choice of y’s
we will get some hypersurface and all these hypersurfaces will be
linearly related.)

4 4 2 2
pY1L = Z x1 = ¢1 — 4d1de + 202 + 41z — 4y,
2 2 2
py: = D %1% = ¢y — 2163 + 2,
3 2 2
pys = D wi%2 = dip2 — 262 — P13 + 4ebu,
2
pPYs = Z X1%2%3 = P1p3 — by,
PYs = D B1%2%3%s = a
If we eliminate the ¢’s we get a hyperquadric cone Q given by

1 This Bulletin, vol. 33 (1927), pp. 745-750.
2 Veronese Annali di Mathematica, (2), vol. 2, p. 93.
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2 2
(1) yi(ye 4+ 294 + 6y5) + 292 — y3 — va -+ 4y2ys +1299y5 — 2y3ys = 0.

The rank of the matrix of this hyperquadric cone is three. This means
that the hyperquadric has a line of vertices. The partial derivatives,

aQ a0
— = y2 + 2y + 6ys, ‘é—“ = y1 + 4y: 4+ 4ys + 125,

Iy1 Y2

aQ aQ

— = — 2y3 — 2y, — = 2y1 + 4y: — 2y5 — 294,
03 0y

aQ

— = 6y1 + 12y,

6)’5

all vanish at the points V(—4, 2, 4, —4, 1) and V'(4, —2, —1, 1, 0)
and any point on the join of these two points. Hence this join V'V’
is the vertex of the hyperquadric cone.

Next, the exceptional points of the (1, 24) transformation will be
considered. To the intersections of ¢1=0, ¢2=0, ¢,=0, that is,
(1, w, w2 0), (1, w, 0, w?), (1, 0, w, w?), (0, 1, w, w?), (1, w? w, 0),
1, w2, 0, w), (1, 0, w?, w), (0, 1, w2, w), corresponds y1=Ys=ys=Yys=95
=0, which represents no point. These 8 points are fundamental points
of the transformation. Hereafter they will be called the F-points.

To the first neighborhood of the F-points corresponds the join of
V'(4, —2, —1, 1, 0) and V(—4, 2, 4, —4, 1). For example, to the
first neighborhood of (1, w, w?, 0), thatis, P4(1+di, w+ds, w?+ds, ds),
corresponds

Y1 = 4(d1 + d: + ds) = 4(d1 + d2 + ds + d4) - 4(d4),

Y2 = — 2@+ de 4 dy) = — 2(dy + dy + ds + ds) + 2(dy),

V3 = — (d1 +ds+ds — 3ds) = — 1(d1 + ds + ds + dg) + 4(d4),

Vs = dy+dy + ds — 3ds = 1(d1 + dy + ds + d4) - 4(d4),

¥s = dy = 0(d1 + ds + ds + ds) + 1(dy),
which is the join of V' and V’. If P;is on ¢; =0, to it corresponds the
point V(—4, 2,4, —4, 1). To any point on ¢; =0, ¢4=0 corresponds
the point 7°(2, 1,—2, 0, 0). A generic hyperplane, y1-+Nya+Noys+Nsys

+Ny5 =0, cuts Q in a quadric ¢ and the line VT in a point R on ¢ to
which corresponds in (x) a quartic surface

$1+ (Ao — Dabs + (4 — 2\ — Na + N)dads + (2 + M1 — 20)e

2
() +(2)\1+4)\2—4)\3+}\4_4)¢4=01
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which has ¢; =0, ¢,=0 (which is composed of 4 lines) as double tan-
gents. That is, the line ¢;=0, x4=0 is tangent to (2) at the points
(1, w, w?, 0) and (1, w?, w, 0); the line ¢y=0, x3=0 is tangent to (2)
at the points (1, w, 0, w?) and (1, w?, 0, w); the line ¢;=0, x2=0 is
tangent to (2) at the points (1, 0, w, w?) and (1, 0, w?, w) and the line
¢1=0, x,=0 is tangent to (2) at (0, 1, w, w?) and (0, 1, w?, w). Thus to
a generic point R on VT corresponds the first neighborhood of the F
points, on ¢ =0, ¢p4=0.
To a hyperplane through V1V’

Y1+ My + Neys + (2)\1 + N — 4)3’4 + (6)\1 - 12)3’5 =0

corresponds the quartic

é1+ (Ao — Drbs + (2 4+ M — 20)gs = 0,

which is the product of two quadrics of the form ¢2+ug,=0. Thus a
generic hyperplane of the bundle through V'V’ cuts Q in two planes
to which correspond in (x) two quadrics of the symmetric pencil
¢? +upe=0.

To a hyperplane through V7V’ tangent to Q at some point
P(a, b, ¢, d, e) on Q and not on V'V,

(b + 2d + be)y: + (a + 4b + 4d + 12¢)y: — (2¢ + 2d)ys
+ (2a + 4b — 2¢ — 2d)ys + (6a + 128)y5 = 0,

corresponds

(b + 2d + be)gs — (4b 4 10d + 2c + 24e)$16s
+ (a + 6b + 4¢ + 12d + 24¢)¢s = O.

This quartic surface is the square of a quadric if (4b410d+2c-+24¢)?
—4(b+2d+be)(a+6b+4c+12d+24e)=0 or if —4[(2b2—c2—d?)
+a(b+2d+6e) +4bd +12be-+2cd] =0. But this is simply the condition
that the point P(a, b, ¢, d, e) lie on Q which we assumed in the be-
ginning. Thus to a hyperplane through V'V’ tangent to Q at some
point P not on V'V’ corresponds a quartic which is the square of a
quadric ¢2 4ugy=0.
To a hyperplane through VV'T,

Y1 + 63’2 + 4)’3 + 123’4 + 24)’5 =0,

corresponds the quartic ¢ =0 which is the plane ¢; =0 counted four
times.

To a hyperplane through the line VT,
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314+ (2hs — 2)y2 + Nays + Nagye + (4hs — 8o + 8)y5 = 0,

corresponds the quartic

é1+ (v — 4)d1dz + (8 — Sha + Mo)gabs = 0,

which is composed of the plane ¢;=0 and the cubic surface
&+ AN —4)1pa+ (8 — Sha+N5)ps =0.

In general if a hypersurface contains a plane of Q, a factor ¢2 +uep2
splits off of the corresponding surface in (x). And if the hypersurface
contains the line VT, the factor ¢, splits off in (x).

Mapping of intersections of the hyperquadric cone. A generic hy-
persurface H, cuts Q in a surface Fa, to which corresponds in (x) a
surface F,,. From the form of the transformation one can see that
each of the four lines ¢y =0 and ¢,=01is an n-fold double tangent, and
each of the 6 points of intersection of ¢1=0, ¢.=0, p3=0, (1,7, —1,17),
(ly —1:’ -1, i)y (19 7:) _7;) _1)1 (1» -1, 7:: _1)7 (7‘1 _7:, 1, _1)1
(¢, —1, —1, 1), is an n-fold point of Fy,.

To a generic surface F,) in (x) corresponds on Q a surface whose
order can always be determined. Suppose F,. does not pass through
the F points. The equation of F,) will contain a term of the form ¢y
where 3m=n. A generic quartic surface F{ and another quartic sur-
face f{ cuts F,!, or Fs,, in 48m points which form 2m sets of 24 points
each. To these 2m points correspond in (y) the 2m points that are
on the plane of intersection of the two hyperplanes F and f that corre-
spond to the two quartic surfaces F{ and f{. But these 2m points are
the intersections of the surface in (y), that corresponds to F,/, and
the plane common to F and f. Thus the surface in (y) that corre-
sponds to F,! is of order 2m, where 3m =mn.

The surface Fy, on Q is cut out by a hypersurface H which may
pass through a plane of Q. For example, when F,/ is a sextic surface,
is a hyperquadric, call it H., which passes through a plane of Q. That
is, the intersection of H, and Q is composed of a plane and a cubic to
which corresponds in (x) a quadric and a cubic surface. More gen-
erally H, cuts Q in a surface to which corresponds in (x) a surface
of order 4m. In order that it reduce to 3m it is necessary that a factor
of order m split off. We have seen that the factors will be of the form ¢{
and (¢3 +ugs)?, where d+28=m, and H,, will contain VT two times
and B planes of Q. For example, if =9 and m =3, H,, will be a cubic
that contains VT and one plane of Q.

Suppose two hypersurfaces H,, and H, cut Q. To this intersection
C will correspond in (x) the intersections of two surfaces Fy, and Fy,
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which is a curve C’ of order 16mn. Thus to Cn, in (y) correspond in
(x) C{G'mrv

To a generic curve C, in (x) which is the complete intersection of
two symmetric surfaces F;/ and F,, where s =#, corresponds a curve
in .S; whose order can be determined. If the two surfaces do not go
through the F points, each surface will have a term of the form ¢3
where 3d =7 or 3dB3=s. A surface F{ will intersect F, and F/!, and
consequently C,/, in 36d points to which corresponds in (y) 36d3/24
points which are intersections of the hyperplane that corresponds to
F{ and the curve in (y) that corresponds to C,. Hence order of the
curve in (y) that corresponds to C,; is 36d3/24 or in.

The order of the curve Cigy, in (x) that corresponds to the intersec-
tion of H,, and H, on Q may be reduced if either or both of H,, and H,
contain a plane of Q or the line VT. For example if H,, contains VT
then the curve in (x) is Cisnm—1y and if H,, contains a plane of Q the
curve in (x) is Cionim—2)-

Symmetric quartics. To a net of hyperplanes through a line s cut-
ting Q in A and B corresponds in (x) a net of quartic surfaces with the
same 4 double tangents ¢;=0, ¢s=0 and with two sets of 24 points
each 4’ and B’ corresponding to 4 and B as base points outside of
the 8 F-points which are the points of tangency. When s is tangent to
Q the quartic surfaces in (x) are all tangent to each other at 24 points.
Now consider any two quadrics ¢’ and ¢’/ on Q. The common hyper-
tangent planes of ¢’ and ¢’/ envelop two hyperquadric cones. Through
a generic point of Q there are two tangent hyperplanes to each of the
cones. To ¢’ and ¢’/ correspond in (x) two quartic surfaces F{ and F{’.
Every tangent hyperplane of one of these cones cuts Q in a quadric
which touches ¢’ and ¢!’. To this quadric corresponds a quartic sur-
face in (x) which touches F{ in 24 points, and F{’ in 24 points. That
is, given two symmetric quartic surfaces F{ and F{’ there exist two
systems of symmetric quartic surfaces such that every quartic of the
system has 24 point contact with F{ and F{’.

To the intersection of a hyperplane through VT with Q corresponds
in (x) a system of symmetric cubic surfaces ¢ +Nipipa+Neps=0. Let
g’ be a quadric not through VT. Now let I be the vertex of a hyper-
quadric cone through ¢’ whose tangent hyperplanes cut Q in quadrics
tangent to ¢’. To these correspond in (x) cubic surfaces and a quartic
surface. Thus for a symmetric quartic surface corresponding to a
generic quadric on Q there exists a system of cubic surfaces with the
property of 24 point contact with the quartic surface.
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