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Let 

/ 4 \ A ( ? l ) ( n ) ^ ^ ( n ) 4 ^ < * > 4 ^ * W > 

(1; An: xi < x2 < • • • < xn , — 1 ^ #i , 1 è ffw , 
denote a set of w distinct points of the interval — 1 ^ x ^ + 1 . If f(x) 
is a given function defined in — 1 ^ x ^ + 1 we call the polynomial 

n 

(2) In(%;f) = J2f(Xk )<lk O) 

a.n interpolation polynomial of f(x) corresponding to the abscissas (1), 
where for the polynomials q^f(x), ^ ( ac ) , • • • , q^(x) 

/ ? \ ( n ) / ( n ) \ 1 ( n ) / ( w \ n • _ z z. 
(3) gjb («fc ) = 1, qk (%% ) = 0, î ^ *. 

Then the polynomial (2) represents a polynomial which assumes the 
value f(x^f) at x=x^ {k = \, 2, • • • , n). The polynomials giw)(x) 
(& = 1, 2, • • • , n) are called the fundamental polynomials of the in­
terpolation corresponding to the set An. We consider the sequence 
In{%\ ƒ) (w = l, 2, • • • ) under the condition of continuity of ƒ(#). 

Let con(x) be a polynomial of degree n, not identically zero, vanish­
ing at x=x{f (k = ly2, - • - ,n) and let 

/A\ (n)/ \ œn(°ÏÏ 7 ( n ) / \ 
(4) tf* (x) = 7^r = lk (*)î 

«n (*<#)(* - xty) 
then (2) represents the nth Lagrange polynomial of f(x) corresponding 
to the abscissas (1), which is the uniquely determined polynomial of 
degree n — \ which assumes the value ƒ (x{f ) at x — x^ (fe = 1, 2, • • •, n). 

I t is known that for a given arbitrary sequence \An\ : 

(5) 

there exists a continuous function f(x) such that the sequence of the 
Lagrange interpolation polynomials is not uniformly convergent, even 
divergent at a preassigned point.1 

1 G. Faber, Über die interpolarische Darstellung stetiger Funktionen, Jahresbericht 
der Deutschen Mathematiker-Vereinigung, vol. 23 (1914), pp. 389-408. S. Bernstein, 
Sur la limitation des valeurs d'une polynôme Pn(x) de degré n sur tout un segment par 
ses valeurs en (w+1) points du segment. Bulletin de l'Académie des Sciences de l 'URSS, 
1931, pp. 1025-1050. In the important special c a s e ^ = cos (2k-l)ir/2n, that is, for 
the zeros co„(x)=cos w(arc cos x) (œn(x) is the nth Tschebycheff polynomial) much 
more is known. I have proved the existence of a continuous function f(x) for which 
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Let 

<») (n) W* (ff* ) 

(6) v4 (a) = 1 — O — %k ) 
co»'(*<S>) 

(7) g* (x) = vk (x)\h (x)\ ; 

then In(x; ƒ), the wth Hermite interpolation polynomial of f(x), rep­
resents the uniquely determined polynomial of degree 2n—l for which 
/n(* ( ?; / )=/ (* ( ?) (* = 1, 2, • • • , n) and /„'(* (? ; ƒ) = 0 (£ = 1, • • ; , * ) . 
There are sequences {̂ 4W} for which the sequence of Hermite inter­
polation polynomials is uniformly convergent for an arbitrary con­
tinuous function.2 

The question arises whether it is possible to determine, for a given 
arbitrary sequence {-4n}, the fundamental polynomials 

qi (*); qi w , q* w ; q\ O), q* O), q* w ; • • • ; 
(8) (n), N ( n ) . (n) 

gi O), qi w> • • • , ?n O); 

so that for an arbitrary continuous function f(x) 

n 

(9) lim In(x;f) = Um J ] ƒ (> / )qk
n (x) = ƒ(*) 

holds uniformly in — 1 ^x S 1. 
For the sequence {̂ 4̂ } we must suppose that the set (5) is every­

where dense in — 1 ^ x ^ + 1 , that is, max( l ) (x/+\— r f ) - * 0 when 
w—>oo. We prove that this trivial necessary condition is however 
sufficient to construct the fundamental polynomials (8) so that (9) 
holds for every continuous ƒ(x). 

the sequence of Lagrange polynomials corresponding to these abscissas is everywhere 
divergent, even everywhere unbounded. G. Griinwald, Über Diver genzerscheinungen 
der Lagrange1 schen Inter potations polynôme stetiger Funktionen, Annals of Mathematics, 
(2), vol. 37 (1936), pp. 908-918. See also J. Marcinkiewicz, Sur la divergence des 
polynômes d'interpolation, Acta Litterarum ac Scientiarum, Szeged, vol. 8 (1937), pp. 
131-135. 

2 Such a sequence is, for example, xty =cos {2k — \)iz/2n. SeeL. Fejér, Über Weier-
strass'sche Approximation, besonders durch Hermite1 sche Interpolation, Mathematische 
Annalen, vol. 102 (1930), pp. 707-725. It was Fejér who began the investigation of the 
Hermite interpolation polynomials instead of and beside the Lagrange polynomials, 
and the fundamental methods and theorems of the theory are due to him. See, for 
example, L. Fejér, On the characterisation of some remarkable systems of points of inter­
polation by means of conjugate points, American Mathematical Monthly, vol. 41, 
(1939), pp. 1-14. 
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Let <l>^(x) be the continuous function defined in the following way: 
011*(#) = 1; for n > 1, and k 9^ 1, n, 

<t>k (x) = < 

for k = 1, n 

fa (x) = 

0 in — 1 ^ x ^ XA;_I, 

linear in xfc_i ^ x S i(xk-i + xk ) , 
1 • 1/ ( n ) 1 ( n \ ^ ^ ( n ) 

1 in %{Xk-i + xk ) ^ x S Xk , 

linear in xk ^ x S i(xk + ff/b+i), 

tO in %(xk + xk
n+\) ^ x S + 1; 

1 in — 1 ^ x ^ x i , 

linear in #1 ^ x ^ J(#i + x% )> 

0 in | ( f f i + #2 ) ^ ff ^ + 1; 

<t>n (X) = 

We have evidently 

(10) 

(n) 

0 m — 1 ^ # ^ #n-i, 
linear in #w_i ^ a; S h{xn-i + xn ), 

1 in f(ffn-l + Xn ) S X S + 1. 

X) <£& (#) = i-

Let q% (x) be a polynomial for which 

(ID 

(12) 

(n) (n) (n) (n) 
qh \%i ) = <£fc (Xi ) , 

(n) (n) I 

i = 1, 2, • • • , n9 

- 1 ^ x ^ + 1. 

The existence of such a polynomial follows from a slight modification 
of the Weierstrass approximation theorem.3 Equation (3) follows from 
(11), and from (12) and (10) we have 

(13) 
S 0*W (x) — 1 
fc=i 

(n) 
X (tf* (ff) — 0*W (*)) 

( n ) , 

= Z ) I Î * (*) ~~ 0*n (^) I = — 

3 This modification is as follows: Let f(x) be continuous in — 1 ^ x ^ + 1 and 
Xi, X2, • • • , xn given numbers in — 1 ^ x ^ + 1 . Then for any e > 0 there exists a poly­
nomial P(x) so that \P(x)—f(x)\ < e and P(xi)=f(xi), i — 1, 2, • • • , n. 
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Let ^ b e a fixed number in the interval — l ^ g x ^ + 1 and e > 0 . Be­
cause of the continuity of the function f(x) if n is large enough and 
| x-x^ | < 5(e) = S we have 

< n \ 
\f{x) -f(xk ) | < e / 2 ; 

such x^ exist if n is large enough because the sequence is everywhere 
dense. Then we have from (13) 

! / » ( * ;ƒ ) -ƒ ( * ) ! = S/O**" )<lk (x) - f(x) 

Z)(/W ) - f(%))qk (x) - ƒ (a) + ƒ(*)]£ ?*" (*) 
fc=l 

= X I ƒ(*) - / (^ n ) 11 g/ (a) I 
/ c = l 

(14) 
+1 ƒ(*) X) 0* (#) - 1 

^ Z l/(*)-/(*nlur(*)| 
|o;-4w)|>5 

2 |a;-4n) |<S 

^ 2 1 E | g*n)(*) | + — (1 + \/n) + M/n, 
\x-xk\>8 2 

where M" = max_i^^ + i | / (# ) | . For large n and fixed d, (t>^\x)=0 if 
'x-x^\>Ô, so it follows from (12) that \q^(x)\<l/n2 if 
#--#*n)] >S, (14) gives for large w 

I /»(*; ƒ) - ƒ(*) I < 2M/n + ie(l + 1/») + Jf/» < e, 

which was to be proved. 

BUDAPEST, HUNGARY 


