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To separate real and imaginary parts we may write 

(ƒ/ + ifùUi + tf») = tttt ~ hh + i — (fih) • 
dx 

Differentiating this last expression p times and taking absolute mag­
nitudes, we obtain 

which is more than we set out to prove. The functions/i(#) = sin (x+ai) 
and fi(x) =sin (#+#2) show that our constant is the "best possible." 
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The two formulations and proofs of the Carathéodory condition in 
the calculus of variations given by Graves2 do not necessarily apply 
to the case when the minimizing curve may have arcs in common with 
the boundary of the region of admissible variations.3 The purpose of 
this note is to show how his first formulation and proof can be modi­
fied so as to be applicable to unilateral (one-sided) variations in the 
plane. 

An admissible curve 

E0 : xa = x«(t), 

which minimizes the integral 

J = 1 r \X\, • ' • j Xn, Xi , • 

h S t ST, a = 1, 2, • • 

çT 
• • , xJi)dt = 1 F(x, x')dt 

• , », 

in the class of all admissible curves joining two fixed points x0 and X 
in space of n dimensions (w > 1), must satisfy certain well known con-

1 Presented to the Society, December 29, 1939. 
2 Discontinuous solutions in space problems of the calculus of variations, American 

Journal of Mathematics, vol. 52 (1930), pp. 13-19. 
3 Cf. Mancill, The minimum of a definite integral with respect to unilateral variations, 

Contributions to the Calculus of Variations, 1933-37, University of Chicago, 1937, 
p . 121, condition Czc 
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ditions.4 Suppose that EQ is an extremaloid joining the points xQ and 
X and having corners at xi, • • • , xmt and suppose that the function Fi 
is different from zero along JE0 including both sides of corners. If the 
function 

ÛoO, p ~ , p+) = (dF+/dx«)p«- - (dF-/dxa)p«+, 

where pa~~ and pa+ represent the direction cosines of the tangents to 
Eo at the corners, is different from zero at each corner of E0, there 
exists an (n — 1) -parameter family 

(1) xa = <f>a(t, a) 

of extremaloids defined for to — 5 ^ tS T+ ô, passing through the point 
Xo for t — t^ and containing5 E0 for ai = ai

Qy to^t^T. We shall now 
prove the following form of the Carathéodory condition : 

THEOREM. Let E0 be an extremaloid joining the points xQ and X and 
minimizing the integral J", satisfying the following conditions : 

(1) Eo is positively strong f 
(2) Q09

e0 at the corners on EQ\ 
(3) Eo is uniquely determined by each of its elements (x, xf) ;7 

(4) the determinant 

D(t, a0) s 
d<i>a d<j>a 

da1 dt 

does not vanish at the corners on EQ. 
Then the determinant D(ty a 0) does not change sign at the corners on E0. 

Suppose that the determinant D(t, a0) changes sign at a corner Xk 
where / = fc. Also, suppose that the corners on all extremaloids of the 
family occur for fixed values of the parameter8 /. Consider the one-
parameter family of curves Eu constructed by Graves.9 The value of 
the integral J taken along Eu is a function J(u) whose derivative near 
u = h is 

(2) J\u) = - £(<£«-, 0 , a~, %'«+) s - 6[?(«), âO), %'°+(u)]. 

The second derivative of J(u) at u = tk is 

4 For a full statement of the problem and the classical necessary conditions, see 
Graves, loc. cit., pp. 2-3. 

6 Graves, loc. cit., p. 6. 
6 Cf. Graves, loc. cit., p. 9. 
7 Ibid., p. 11. 
8 Ibid., p. 7. 
9 Ibid., p. 14. 
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(3) J"(tk) = - [(dF+/dx«)x'«~ - (dF-/dx«)x'«+]t'(h), 

on account of the extremal property of £o, and since the derivative of 
the function £[fe, â(u), x'a+(u)\ is zero at u = tk. This last statement 
follows from assumptions (1) and (3) of the theorem and the fact 
that we have assumed that the corners on all the extremaloids of the 
family occur for fixed values of the parameter t, and therefore the 
function £[/&, a(u), x'a+(u)] ^ 0 near u = tk and equals zero at /&. By 
making use of the homogeneity property of the function F and the 
expression for /'(fe) given by Graves,10 the derivative (3) may be re­
duced to 

j»(tk) = - [(x'«-x'«-){x,«+x'«+)\li* 
(4) 

•ÛoO, IT, P+Wh + 0, a0)/D(h - 0, a0) < 0, 

where pa- = x'a-/(x'a-x'a-)1/2 and p<*+ = x'a+/(x'a+x'a+)1/2. Conse­
quently, J(tk) is a maximum of the function J(u) for u in a neighbor-
hood of tk, since J'{tk) = 0 and J,f(tk) < 0 . Thus, £ 0 could not minimize 
the integral / . 

Let us now consider the problem of unilateral variations in the 
plane. In this case it can be shown that a Carathéodory condition as 
stated here applies to every arc of the minimizing curve which is an 
arc of an extremaloid. The condition may be stated in terms of the one-
parameter family of extremaloids through any fixed point of such an 
arc. For such arcs of the minimizing curve as £23 immediately follow­
ing a non-extremal arc £12 of the boundary of the region of admissible 
curves whose direction at the point 2 where it meets £12 is not di­
rected towards the exterior side of £12 but is as shown in Fig. 1, 
the Carathéodory condition may be stated in terms of the one-
parameter family of extremaloids whose members, a t least those 
members on the admissible side of the minimizing curve, are tan­
gent to the arc £12 of the boundary.11 In order to insure the existence 
of the families of extremaloids just described, it is necessary to as­
sume that the continuity and homogeneity properties of the integrand 
F hold in an extended region containing in its interior those arcs of 
the minimizing curve which are extremaloids in common with the 
boundary. I t should also be pointed out that in the construction of 
the family of extremaloids tangent to £12, it is necessary to assume 
that the Weierstrass £-function is greater than or equal to zero along 

10 Loc. cit., p. 15. 
11 Mancill, loc. cit., pp. 105-107. For a discussion of the case when the extremaloid 

is directed towards the exterior side of E12 see pages 138-141. In this case the minimiz­
ing curve need not satisfy the corner conditions at the point 2. 
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£12 preceding 2.12 The family of extremaloids is then composed of the 
family of extremals tangent to £12 in a neighborhood of and preceding 
the point 2, and the family of extremaloids containing the extrema-

FIG. 1 

loid E23 which is the continuation family of the extremals tangent to 
£12 near the point 2. 

In order to show how the proof of the theorem applies in the way 
just described, let (1) represent the one-parameter family of extrema­
loids through a fixed point of such an arc of the boundary. Let Xk be 
the first corner beyond this fixed point. Then the family of curves Eu 

used in the proof of the theorem exists for u near 4 and its members 
are admissible curves for u on one side of tk. Therefore, the relation 
(2) holds here for u on the admissible side of 4 . The function 
— £>[t(u), â(u), xfa+{u) ] is defined locally and in a neighborhood of fo. 
Its derivative at u — tk is J"(tk) as given in (4) . Consequently, it fol­
lows from (2) that J (4 ) is greater than J{u) for all values of u on the 
admissible side of 4 and sufficiently near 4 . The same argument can 
now be made at each succeeding corner in turn. 
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12 Mancill, ibid., p. 107. For a proof of the Weierstrass condition along £12, see 
Graves, American Mathematical Monthly, vol. 41 (1934), pp. 502-504. 


