ON INCIDENCE GEOMETRY
SAUL GORN

The purpose of this note is to analyze the conditions needed in
geometry to introduce ideal points without using order relations.
Since only incidence relations are used, it is convenient to use the
notation of lattice theory. The actual introduction of the ideal ele-
ments is a purely algebraic process belonging to the theory of ideal
extension and will be given elsewhere. (See abstracts 44-5-201, 45-1-
16, 45-1-17.) Beside conditions already familiar in lattice theory we
need conditions for the existence of products (see definition of o-lat-
tice) and the obviously necessary condition for projectivization, Con-
dition E. The conditions for the existence of products are needed
because incidence geometry is not taken to be a lattice; in obtaining
the projective extension it would be inconvenient to have to redefine
the product of, say, two parallel lines; such a product, therefore, is
left undefined. Condition E is not proved independent since our pur-
pose is merely the elimination of considerations of order. Condition E
has more force the greater the dimension of the space in which it
operates. For dimension greater than 3 the development is conse-
quently straightforward, so that we consider this case first. For di-
mension 3, however, Condition E appears to be a little too weak and
we have a degenerate case requiring the use of the various forms of
Desargues’ theorem; the proof of these (D and D’) requires an axiom
on the existence of transversals, Axiom T. The three-dimensional case
is put last, but in it the connection with the classical theory (see
Pasch-Dehn, Whitehead, and Baker) is most apparent.

1. Geometric partial orderings. For the case of any dimension
greater than 2, we begin with “linear element” and = as undefined;
the linear elements will later be classified according to their dimen-
sions; also taken as undefined are the operations of joining: a5, and
intersecting: ab. For projective geometry these may be defined in
terms of <, but in general incidence geometry we wish to permit cer-
tain products @b to remain undefined for convenience in deriving ex-
tensions, hence axioms are added. ¥<” is to be read as “on.”

The following are the axioms for PARTIAL ORDERING:

1. a=<a for every a.

2. a=band b=cimply a=c.

DEFINITIONS. a =b if a<band b<a;a<bif - - -.
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3. If A is a set of elements and D _(4) exists, then a <Y (4) for
allae 4, and,ifaZxforallaed, 'thenZ(A) <x.

3’. If 4 is a set of elements and []J(4) exists, then a2 ]](4) for all
aed,and,ifa=xforallaed, then [[(4) 2.

4. a <b implies existence of a+0b (hence =b).

4’. az=b implies existence of ab (hence =b5).

5. Thereisa 0= every a.

5’. Thereisa 1= every a.

MobuLARITY. If c=a and be, a+bc, a+b, c(a+bd) exist, then
c(a+b)=a-bc.

This axiom leads to the classification of elements according to di-
mension.

ARCHIMEDEAN. Every “chain” a;>as> - - - ora1<as< - - - 1s finite.

DEFINITION. a is “prime” over b if a >b and no x exists with a >x>b.
An element prime over 0 (under 1) is called a point (hyperplane). The
Archimedean axiom assures the existence of both. The letter p(h) is used

to represent a point (hyperplane). The letter I is reserved for elements
prime over a point (namely, lines).

By a o-lattice we mean an Archimedean, modular, partially-or-
dered set in which

1. if p is not on @, then pa exists (hence =0),

2. if p=a, b, then ab exists,

3. a+b always exists.

The essence of this definition is that the elements above a point
form a modular lattice (that is, a+b and ab always exist). Together
with the complementation and irreducibility axioms given below, it
implies that the elements above a point form a projective geometry.

In a o-lattice one defines a “principal” chain as an ascending chain
in which each element is prime over the preceding, the number of
elements being called its length. It is then easy to show that the
lengths of any two principal chains between ¢ and b, where a¢ <b, are
equal. We then define dim ¢ as the length of a principal chain be-
tween 0 and ¢ minus 1, so that dim 0= —1, dim p=0, and so on.
Furthermore, ¢ <b implies dim e <dim b, and, if ab exists, dim a
+dim b=dim ab+dim (a¢+5). To prove that x=y by “counting
dimensions” we show that x £y and dim x =dim ¥, usually by means
of the above dimensional identity.

The following conditions are equivalent in any o-lattice, so that
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any one may be used as an axiom, the property involved being called
“complementation.”

1. If x <5, thereis a y with x+y =5, and dim b =1+4dim x+dim y.

2. Ifa<b, thenb=a+p1+ - - - +p,, where p;isnotona+p,+ - - -
+pistpint - - - +p, and dim b=1+4dim a+dim (p1+ - - - +p,).

3. If 0<b, thenb=p,+ - - - 4+p,, where p;isnoton p1+ - - -4pi
+Pi+1+ v +p7

4. If 0 <a, then a is a sum of points.

5. If a <b, then there is a p <b with p not on a (alternatively, if
» <bimplies p <a, then b=a).

6. If a<x=<b, then there is a y with a=<y=<b, x+y=>0, and
dim a¢+dim b=dim x+dim y.

The condition of complementation gives the theory of linear de-
pendence.

If L is a complemented o-lattice, then a+ba, b implies that
1+max {dim g, dim b} <dim (¢+b) £1+dim a+dim b.

With this in mind, we define, for the general o-lattice: x and y are
skew if dim (x+7vy) =1+4+dim x+dim y; x and y are fully transversal if
dim (x+y) =14+max {dim x, dim y} ; the class {al, Qg + } is called
equi-transversal, written E[ai, as, - - - | if any two are fully trans-
versal and have the same dimension (dim (¢;+¢;) =1-+dim a;). This
generalizes the relation of “coplanarity in pairs” used in §3. An equi-
transversal class is called “maximal” if it contains an element on any
given point. The ideal point in descriptive geometry was a maximal
equi-transversal class; although planes, and so on, are added in the
algebraic method, the maximal equi-transversal class is still the
“backbone” of the ideal element.

Inanyo-lattice, if dim a; =dimas and pisnoton a, +as, then E[a, a,],
Ela, a;], p<aif and only if a = (p+a) (p+as); and if ps <as<ai+as,
dim as=dim a;, then E[a, as] if and only if as=(ps+a)(a1+as). It
consequently follows that if E[as, a;] and ai1+a, <1, there cannot be
more than one maximal equi-transversal class containing them, any
two of its elements will determine it, and if aia; exists, the elements
are given by p-+a.a. for all p not on a,a,.

To prove the existence of such maximal equi-transversal classes is
a harder problem which will be considered in §2.

Consider now an Archimedean lattice for which

1. if p is not on @, then p+a is prime over a;

2. if a>ah>0, then a is prime over ah;

3. if it is not true that @ £b, then there is a p <a with p not on b.

It is not difficult to show that such a lattice is complemented, so
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that Menger’s axioms hold. We therefore call it a Menger lattice. It
is also not very difficult to show that the modularity condition holds
in the two cases (1) bc>0, (2) either b =c or b=¢. From this it follows
that a complemented o-lattice becomes a Menger lattice when the un-
defined products are defined to be 0, and, conversely, a Menger lattice
in which those products are undefined for which dim a¢-+4dim b
>dim (¢45)+dim ab becomes a complemented o-lattice.

A complemented o-lattice is called irreducible if any line (dim=1)
contains at least three distinct points. The reason for this terminol-
ogy, at least in the projective case, may be found in Menger, Birk-
hoff, and von Neumann. The primary use of this condition is in the
proof that the projective extension is “minimal.”

2. Incidence geometry. By an incidence geometry we mean an ir-
reducible o-lattice of dimension not less than 3 fulfilling the following
condition:

ConbpitioN E. IfE [l1, l2, la], E [ll, l2, l4], and l1+l2]>l7', then E [ls, l4]

For dimension 3, the further condition T is required. See §3.

In an incidence geometry it is possible to prove the existence of a
maximal equi-transversal class containing @, and a, if E[a;, az] and
a1+a:<1; we have seen that the uniqueness holds in any o-lattice.
This result follows readily from three lemmas, the first two of which
generalize Conditions E and E’ of §3.

LemMA B,. If Elay, as, as], Elas, as, a4], and if it is not true that
a;=a,+a, then E[as, ad].

For, taking p; <as, p; noton] [ as, a1 =2 jili; where p1 <l;,r =dim a;,
we get a; =Z;=1lif where l,'j =a,-(pi—l—l1,~), and E [l1f> lzj, la,'], E [llf, lzj, l4j]
(by a dimensional count), so that Condition E gives E[l;, ls;], and

we then have az+as=2 ls;j+2 Ja; = (lsj+1s;) =2 (lsj~+ps) =2 bsj+ps
= a3+ Ps.

LEMMA B,. If Ex, xi, x;],4,5=1, 2, 3, xi+x;=x;+xs, and x S x;+x;
does not hold, and if p' is not on x, x;+x; or x'=]](x:+b"), then
Elx, x', x:].

For p’ is on at most one x-+x;; hence we consider the following
cases:

Cask 1. If p’ Sx+x4, let x/ = (x;+p')(x+p"); then E[x, xi, x/ ]
and x/ = (x+p’)(x+xi); thus E[x/, x, xz, x;], so that B, with
Elx, x;, %! ), E[x, xi, ;] gives E[x;, x;, x/ |; similarly E [x;, x;, 2/ ] so
that x/ = (x;+p’)(x;42p’) =x/, therefore, x/ =x'=x/, and so on.
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CasE 2. If p’ isnoton x+x;,1=1, 2, 3, let x!/ = (x+p") (x;+p’) so
that E[x, x;, #/ |, and therefore B, and E [x, x;, ;] give E[x/, x;, x4, x];
therefore x! = (x;+p') (x;+p') =x,, therefore x/ =x'=x/.

LEMMA Bs. If E[x, %, %3, %4 ], %1+%2 > x4, %5 +%4> %, and p is not on
X14%2, X324, then p Sx has E[x1, xs, x| if and only if E [xs, x4, x].

For E[x, %2, x:] and B, give E[x, x;].

THEOREM B. If E[x1, x;] and x1+x,<1, then there is a (hence ex-
actly one) maximal equi-transversal class containing x1 and x;, and
1) of x, x', x'" are in it, x'+x'" > x, then we have dim (x+x'+x"')
=2+dim x; (2) it is determined by any two of its elements; and (3) if xx’
exists, then any element is on xx’, for example, x'' =p'' +xx’.

It is only necessary to show that the constructions in §1:
x=(p+x1)(p+x2), and xs= (ps—+x)(x1+x2) have x; independent of x
and x independent of x1, x5. This is the substance of Lemmas B, and
B,.

THEOREM. If h}x, dim x <dim h, then there is one and only one
maximal equi-transversal class containing x with elements on h.

For if p' <k, x'=(x+p")h, p"' <h, p’’ not on x’/, "' =(x~+p'")h,
then Elx, x’, '] (by x'+x'"<(x+p’+p’")h and a dimensional
count), so that the class determined by x’ and x’’ is the one sought.

DEFINITION. If 1, pe are not on b and x, = p1 with dim x; <dim kb, then
I";,l,,z(xl) =X, 15 the element on p, of the maximal E.T. class of x, and h.

THEOREM I'. 1. If x:1h exists and x.h >0, then the same holds for xqh
and x1x2, and x1h =xh =x1%3, X2 = pa+x1h.

2. If x1 = y1, then x2 < y,.

3. Tpipa(p1) =, and, if 12 p1+pa, x2=21.

The proof follows readily from xe= [po+ (x14p)2 ]| [po+ (x1+p") 1],
y2=[pa+ (i +p)1][p2+ (1+p")h] where p, p’ <h with dim (31+p
+p’)=2+dim ¥,

LEMMA. If E[xi, y1, 2] and z<x:1+y,, then E[xs, vs, 2] and
25 = X3+ e.

By T this needs proof only if x;+ v, is a hyperplane. We must show
that p¢ <z implies ps <xy+7ys; that is, L=ps+ps <z implies
b S x2+y,; take p/ < x4+, and not on I;; then the lines Ii, (I +p/ )x1,
(4 p{ )y correspond to /e <ze and lines on x, ys; if we can show that
these coplane, then J; <x5-+7y:; hence the lemma requires proofs for
lines only, and therefore follows from T if dim 1>3. If dim 1=3,
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Baker’s proof applies (using results of §1, this is the only point in
our development in which Desargues’ theorem is needed).

THEOREM. I‘;’,m may be extended to hyperplanes in one and only one
way if the conditions of T' are to hold.

We merely take hi=x:1+4v,, E[x1, ¥1], and define hy=x,+7y,; the
lemma then applies.

Theorem F of §3 is an obvious consequence of the lemma, using
I'71p2; it generalizes to the following theorem.

THEOREM. If h=Y da=2 1lu with E[la, la], r=dim 1, and if
o', p" arenoton h,l! >p', 1!’ >p'’ belonging to the maximal E.T. class
of Ly, L, then E[D 111, D0l ].

For T%.,. takes I/ into l{’, and hence D_I/ into Y _}!’.

Thus far, maximal E.T. classes are significant only if the elements
are smaller than hyperplanes. Any class of hyperplanes is E.T. We
can now distinguish the important ones.

DEFINITION. A class of hyperplanes is called “regular” if there is one
and only one on any p, and if, for every k, hi, he in it and p; <h;, we have
ha=T%,p,(h1).

THEOREM. If h#h,, there is one and only one R. class on them.

The uniqueness is obvious. To prove existence, we must show that

any k', k'’ in the R class determine it in the same way; that is, if

I‘Zmz(hl)’ h! = p,p (hl), b= lepn(hl), then h2 Phllpz(h/l) We

use the following lemmas to give hz—-I‘,, wh's B''=T0 k' (from

hi=T%,h'), hence hy=T%h, h''=T% .k, therefore h=I‘$'~,,h",
and, finally, &, =T"%., A"

LEMMA 1. If x=T1} . (%1) and x3=T%,,.(xs), then x3=T} . (x1).

For x; and % give x,, %, and % give x3, hence x; and % give x3; if
x;="h;, split them up as usual.

LEMMA 2. If p<h, p;i<hi, and h=T0,(hs), then h=T" (k).

For taking, as usual, &= iy with p;<ly, r=dim A, and
Lio=ho(pa+1:i1), we get h2=Z;l,'1 and Iy =hi(p1+12); thus, on p, Iy
and I give I;; therefore /;; and /;» give I;, hence I;; and &, give l;; but
> ";=h, which was to be proved.

The maximal E.T. classes and the R. classes give all the ideal ele-
ments except the ideal hyperplanes.
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3. Three dimensions. This section will be devoted not only to fill-
ing in the gap mentioned above, but also to showing the relationship
between our development and the classical work. In particular, in
order to show that incidence geometry includes descriptive, projec-
tive, and affine geometry, we will start with the better known inci-
dence axioms of geometry and show their relationship to our axioms.

We begin with the undefined terms “point,” “line,” and “plane”
and the undefined relation “on,” using the symbols p, /, m and > or <
(depending upon the dimensionality). As axioms we take what are
essentially the Hilbert incidence axioms:

(1) If p<land <, then p <.

(2) If p15#%ps, they are on one and only one line, called p14ps.

(3) There is a p.

(4) For any p,, there is a pe=p1.

(5) For any I, there is a p not on /.

(6) If psis not on p1+p2, and p17#ps, the three points are on one
and only one plane, called p;+ps+ps.

From this the meaning of p+/ is clear.

(7) If p<miand p <ws and 715wy, then there is an I > p, with I <m,
I <my; this I is called ..

(8) Any line contains at least three distinct points.

(9) For any m, there is a ¢ not on .

The three space is defined similarly to p-+/, and its uniqueness
follows from Axiom (7); it will be designated by 1. We also use the
null element 0. In general we define a+b by using the maximum
number of “independent” points which may be chosen from ¢ and b.
The product ab is not always defined, but we do take ab=a if a £b;
mme is defined in case the conditions of Axiom (7) hold; lr =p if 73],
P<l, P<7I';lllz=Pif l1#l2, p<l,', pa=0 ifa,}p; and l1l2=0if l1+lz=1,
that is, if /; are “skew.” It is easy to see that if /; and I, are skew and
p<b, then (p+Il)l=p.

The partial ordering axioms, Axioms 1-5’, are equivalent to Axiom
1 and the various definitions above. Modularity is easily verified by
enumerating the six possibilities after the trivial cases (further =
relations occurring) are eliminated, use being made of Axioms 2 and 6.
The Archimedean axiom is obvious from the finite dimensionality.
The axioms for a ¢-lattice then follow from Axiom 7 above and the
definitions following. The complementation condition follows from
Axioms 2, 4, 5, 6, 9.

Beside the above axioms we also use the following one.
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AxioM T. If p<ly, - - -, lnand l is skew to each of the l;, then there is a
w>1, w3 p which is transversal to the l;, that is, wl;=p.

This axiom is obvious in projective geometry and follows readily
in descriptive geometry.

DEFINITION. The set of lines {I, l, - - - } is called equi-transversal
if every two of them coplane. We write E[ly, Iy, - - - |. If there are more
than two lines, we exclude the case where all lie in the same plane.

In the development of ideal elements from descriptive geometry
(see Pasch, Whitehead, and Baker), the following incidence theorems
are proved.

TaEOREM D. (Desargues’ theorem on a point.) If p<I; 1/,
= (1= 1, 2, 3), and li,’= (l,+l,) (li' +lj,) =lj,', lii = (li+li,)(lj+lj,) =l“,
then 1;; coplane if and only if 112 =23 =31,

TuaeorEM D’. (Desargues’ theorem in a plane.) If pi+pa+ps
=pf +pd +pd isa plane, and 1! =p;+p!, Lij=pit+pi=li L] =p!
+pf =L, Ll =pig, U1 =p¥, then pi; colline if and only if
p12=p23=1531.

THEOREM E. If E[l, b, Is], E[l, b, I], and L+131;, then E[ls, 14].

THEOREM E’. If D 3; is a plane, pi, ps are not on D l; and
T130:+p0) =1s, then T3+ ps) =1s and E[ly, Is].

TuEOREM F. If I;, Il <m, (i=1, 2, 3), and p', p? are not on w, then
U=+ U 1Y) coplane if and only if 1.2 = (I;+p?) (I +p?) do.

In this section we will establish those relationships among these
theorems needed to show that all are consequences either of E or of
E’, and will finally be led to the use of E (which is obviously a neces-
sary condition for projectivization) as an axiom permitting the intro-
duction of ideal elements. It is not our purpose here to consider
whether it is independent of Axioms (1)-(9) and T. In projective
geometry D and D’ are known to be true, E and E’ are obvious since
all the lines concur, and F is obvious since the triangles /; and I/ are
perspective from some line. Also E’ and F are the hypothesis and con-
clusion of a Desargues’ theorem in the plane when the points $,; and
p% do not exist.

1. That D implies D’ is obvious upon projecting the configuration
of D’ through a point not in the plane.

2. T and D’ imply D—obvious.
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3. E’ implies E; for Axiom (8) may be used to find p <l;+I; with
p not on I, Iy, and Axiom (7) gives (p+1s) ()i +1s) =1; taking p; <l;, we
have (ps+1)(ps—+5) (ps+1) =Is, hence, by E’, (pa+1)(pa+5) (pa+1i2)
=l4, and E [lg, l4].

4. E implies E’ is a special case of Lemma B,, §2.

5. E implies D’; the proof parallels the classical construction with
variations when certain intersections do not exist. Let /= pys+ 3.
We must show that pis <7 if and only if p31 <}{’. Take p; not on D_p;,
L =p!" +pa, pd’ <ly'' with pd’ =p/’', psu (Axiom (8)). Thus
Pal =l131l31’131” . Let lz =Pi+PiH, li’ =P¢' +P1;” for ’i= 1, 3, and take
L’ =pg’ +pas; thus pas =Ilsslay sy ! . Now take ly = (I +p2) (ls+p2) > pe,
SO that E[l], lz, la] (fOl‘ l,’ <Pi” +l31); take 112” = (l1+lz) (131” +l23”)
>Splt, I =(pd +hd')(pd +1d!)>pd, so that E[lz’ y ety bd! ]; and
finally take I’ = (p3141)(p31415) > p*!, so that E[I', I, Ls].

Since [, <ls+P2=l3+P23, lsd’ =P3” + s <ls+P23, the definition of
L' gives Elly, Li’, bi']; since I/ <p!'+h!, I <p¥+L=p"+p;
+pl! =p3tdpl +pl! =pR U, I <pd b’ =pd b’ Spd +pd
=1l;, we have E[l', I, I{ | and E[lY, IJ ]. Consequently, applying E
to E[l', b, 13], E[lz, L, la] and E[lz', L', by’ ], E[l2, L', bd'! ], we get
E[l’, l1, lz, la] and E[lz, lz’ ].

Now p# <}/’ if and only if E[l’, I ]; for since E[l, I{ ], p¥* <l’
gives ly <lLy+pd =l+1l’' =L+ p3*=L-+1l', and, conversely, if Iy’ 3 p3!
and E [l’, lz’ ], then l2+l2’ }ll, SO that E[l/, lz’, lz]; With E[lzg”, lz', lz]
and Theorem E, this gives E[l’, Lf'], so that we would have
pu<lApu=l4L' =l'4+p' =l'41l{ =l'4pJ =I'4I1{', and there-
fore pos<li’, la=1l’ =ly, contradicting lesley =pes. Thus we need
only show that E[l’, I/ | if and only if pi. <I.

A.If E[l, I ], then E[l’, If, 1/ | and E[V, I, I ] and Theorem E
give E[IY, 17, I§ |; now if Iy +1¢ »1J’, we would have E[l’, I/, I |
and therefore p/’ =11’ <l{, hence p/’ =l/ly <lf =pd +pJ’, and
therefore P3’ <P1” +P3” =131” and l31“ =P31+P3' =131’, SO that
P’ <l <D pi, a contradiction; hence Ly’ <l +1, so that

pre = halid = [ 2 + W) (X 20 +1)]
= (X p)h+ L) + 1)
<UL+ +E) =hi
<l 1ad’ s pre < (2 pi) sl + 1d’) = L.

B. If pi<l, then pu=In=[Cp)Wi +hi')][Copr)ith)]
= (ZP.') (s’ +hd ' Y(h4-1) <l ;hence by ! 41 =L +pd =ld" +1d,
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so that E[l/, IJ ], therefore E[l/, I/, I§ ], and Theorem E gives
E[V', 1Y ], which was to be proved.

6. D, E, and E’ imply F. The proof is the same as that in descrip-
tive geometry, where use is made of the perspectivity of the elements
on p! and p? with respect to w. It has already been indicated in §2.

In the development, E and E’ are used as criteria for the identity
of ideal points and F is used to determine the collinearity of ideal
points, whereas in descriptive geometry D and D’ are used to prove
E’;if E is accepted they are needed only to prove F, and even so only
in three dimensions. E’ may be used to define E[ly, b, - - - ] in the
case where the /; coplane.
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