ON GENERAL METHODS FOR OBTAINING CONGRUENCES
INVOLVING BERNOULLI NUMBERS

H. S. VANDIVER

In a previous article! the writer proved a theorem concerning con-
gruences in rings. This was employed to obtain various congruences
involving the Bernoulli numbers, in particular the relation?

Bivihg - - o bt (BihyPTt - Bohert A= - - 4 Bk )
=0 (mOd pi’ Pnl_l) Pnz—l, Ty P”’—l)7

7;%0 (mod #—1); p a prime; ¢=1,2, -, 5;B1, B2 - - -, B, are in-
tegers such that

Y. B: =0 (mod p),
=1

and the left-hand member is expanded in full employing the mul-
tinomial theorem, and b,/¢ is substituted for %;¢ in the result,
1=1, 2, .-, s, with the &’s defined by the following recursion for-
mula:

(b4 1)m =bu;n>1;b = 1.

I shall now discuss other methods for obtaining congruences involving
the b’s. The proofs will be indicated only. We have the following re-
sult.

THEOREM 1. If a1, as, -+ + , @&} X1, X2, * + + , X Qre Tnlegers with the x's
positive and the congruences

dlca;l,'i + a2c:cg,1' + tet + ascz,.i =0 (mOd ?k_i))
1=0,1, . ,k—1; Cs,a=0 when a >x, are all satisfied, then

8

@ibny (p-1)%i
t=1 N + (P - l)x‘l
The proof of this depends on the formula

= 0 (mod pF¥, p™Y).

w2 — 1 po—1

bes = Z ¥20%~1 (mod p*)

2: a=1

for p>3, and noting that we can write

1 This Bulletin, vol. 43 (1937), pp. 418-423.
2 Here (mod #7, « - -, p™™1) means (mod (7, - - « , p™71)).
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antr—Dt = a"(l + PQ(G))L’

where ¢(a) =(a?'—1)/p, and expanding the right-hand member.
By means of this theorem we may set up numerous congruences
such as the following, for >3, ##0 (mod p—1):

Bn’+w - PBn’+u + (Z’ - I)B/ =0 (mOd P3),
%Bispyu — YBitpau + (¥ — %)By = 0 (mod p%),
where B,=(—1)*"1by,; B/ =(—1)°B,/a;and x and y are any positive

or zero integers with u=(p—1)/2.
Beeger?® proved the interesting congruence

— 1 i—1 = — 1 s—14+(m—s+1)p
(=1 2n + 2mm E( )

B nt+mu

Bn+(8—1)n
2n 4+ 2(s — Du

modulo p¢, where m 214, 1<2n—1, 22#0 (mod p—1). Another proof
of this, from Theorem I, follows if we can show that

‘ Cm,a—lcm-—a,i—s

("‘ 1)s—lcm,s—lcm—s,i—scs——-l,k + (_ 1)icm,k = 0 (mod Pi—k)y
s=1
k=0,1, 2,-.-,7—1. This is possible, as is seen on expanding the
expression

(y—2)"=(x+y— (x+2)",

in which x, ¥ and 2z are indeterminates, and equating the coefficients
of each of the terms involving x to zero, and then applying the known
relation Cpy1,6=Cn,a+ Cn,e—1. Let

€)) Ny, Ne, * -+, N, n; < m,

form a repetitive set modulo m; that is, there exists an # (1) called
a multiplier of the set, such that

nny, nhg, © -+, N,

are congruent modulo m to the set (1) in some order.* Consider the
set

) (yarm — nak)/n

3 This Bulletin, vol. 44 (1938), pp. 684—686.

4 The writer employed the term conjugate set for this type of set in the Annals of
Mathematics, (2), vol. 18 (1917), p. 106, but this does not agree with the terminology
of group theory. Concerning the concept of repetitive sets in a semi-group see Pro-
ceedings of the National Academy of Sciences, vol. 23 (1937), pp. 554-555.
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where a=1, 2, - - -, s; m, n and k are prime each to each, # and %
are multipliers of (1),

Voo = — n.k/m (mod n),

and y.r is further selected so that it is the least integer satisfying the
above congruence which also makes

Yottt — Bgk > 0.

Then the set (2) may be shown to give the set (1) in some order. For
k=1 this was obtained in a bit different form on page 110 of the ar-
ticle just cited, and proceeding as in that paper we obtain generaliza-
tions of most of the results therein. In particular by using the

repetitive set 1, 2, - - - , m—1, modulo m, we find, if i <p—1,
ni — o — 1 i m—1
bi.—(_)— = Z Yara'™ (mod m).
1'k1'—l a==1

The set (2) having the multiplicative property of repetitive sets,
it is a bit curious then that we may extend some of these ideas to
integers in arithmetic progression. Consider the expressions r <m; p
prime;

yip +mt 471

n

(3) t=0,1,---,p— 1
where y; is selected so that each of these is an integer and also so that
each is of the form 7 (mod m). Suppose that p=s (mod m). Then if
(m, n)=1; n>m; (nr—r—+s, m) =1; then the maximum value for vy,
is mn—n—1<m(n—1) so that each of these is less than pm; hence
they are the integers mt+r; t=0,1, - - -, p—1, in some order. This
property of the set (3) yields a number of results including the rela-
tion

Og—

1 =
(mb + r)i = 3 yi(mt + )" (mod p),

(2 =0

with the restrictions on m, # and p mentioned above and also 751
(mod p—1).
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