
ON FINITE ABELIAN ^-GROUPS* 
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Let p denote a prime number which is fixed throughout the course 
of the paper. As we shall deal only with abelian groups whose order is 
some power of p, the term group will be used exclusively to designate 
a group of this nature. 

DEFINITION. A subgroup § of a group © is said to be reciprocally 
cyclic if the factor group © / § is cyclic. 

The letters k, m, n, r, x will be used to denote nonnegative integers 
and the symbol (Si, • • • , Sn) to denote the group generated by the 
elements Si, • • • , Sw. 

DEFINITION. A set of elements Si, • • • , Sn of the group © is said to 
define a composition series for © if the group series 

(Si, • • • , Sw), (Si, • • • , Sn_i), • • • , (Si, S2), (Si), (E) 

is a composition series for the group ©. 

DEFINITION. A set of elements Si, S2, • • • , Sn of the group © is said 
to form a coverage system of the group © if for any reciprocally cyclic 
subgroup iQ of © we may select elements Smi, • • • , Smje so that the group 
series 

(*->mu * " * j ^m/fc, yQ)y W m u ' ' * j 0 W A . _ j , Op), • • * , ( o m i , <Q), <Q 

is a composition series from © to &. 

A set of elements Si, • • • , Sn which defines a composition series for 
a group © also forms a coverage system for ©. For let 

(Si, • • • , Sw), (Si, • • • , Sn_i), • • • , (Si, S2), (Si), (E) 

be the composition series of © resulting from the element system 
Si, • • • , Sn and § any reciprocally cyclic subgroup of ®; then the 
series 

(Si, • • • , Snj &), (Si, • • • , Sn-i, £>)> * * ' j (Si, § ) , § 

is a composition series from © to ^ with possible repetitions. These 
may be removed by starting with Si and striking out successively 
from left to right each member of the set Si, • • • , Sn which is un­
necessary for the generation of the groups of the above series. The 
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elements remaining define a composition series from © to § which 
shows the set to be a coverage system for the group ®. 

This investigation deals with the converse of the above problem 
which may be stated as follows : ® is a group with composition series 
of length n+1 and with coverage system Si, • • • , Sw. Does it follow 
that this coverage system (after a possible rearrangement of order of 
the terms) defines a composition series for ®? For groups of rank 1, 
that is, for cyclic groups the answer is clearly in the affirmative. The 
present paper shows the result to be true for groups of rank 2. The 
problem arises in the theory of numbers but is closely connected with 
ideas involved in the Jordan-Holder theorem. 

THEOREM A. § is any subgroup of the group ®. The elements 
Sit - - - f Snform a coverage system of the group ®. Then the restclasses 
defined by these elements in the factor group ® / § define a coverage sys­
tem for this group. 

PROOF. Let % be a reciprocally cyclic subgroup of the factor group 
© / $ . If % be the maximum subgroup of the group ® which is built 
into g? in the homomorphism ® ~ © / § , it follows from the second 
isomorphism theorem tha t ®/g ^ © / § / g . This latter group is by 
hypothesis cyclic. Consequently g is a reciprocally cyclic subgroup 
of ®. Then by the definition of the coverage system, elements 
Smv Sm2, • • • , Smk exist so that the series 

(SW1, Sm2, • • • , Sm]e, ft), • • • , (Smi, ft), u 

is a composition series from ® to g. 
Let Smv Sm2, • • • , Smk denote the restclasses of © / § defined by the 

elements Smi, Sm2, • • • , Smfc, respectively. Now in a homomorphism a 
composition series is built into a composition series with possible repe­
titions. Accordingly, as in the homorphism ® ^ ® / § , the series 

(omi, Om2, • • • , Smk, ft), ' ' * > (Swi, 3) , o 

is built into the series 

Wmi, Om2> ' * > ùmk, \$), * • • , [omv ft), ft', 

this second series is a composition series from ® / § to g with possible 
repetitions. Starting with the term Smi and proceeding from left to 
right, we successively remove every term of the set Smv Sm2, • • • , Smk 

which is unnecessary for the generation of the groups of this series. 
After the repetitions have been thus removed, the series is a composi­
tion series from ® / § to g generated by the terms remaining of the set 

Smk. Thus the theorem is proved. 
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THEOREM B. © is a group f or which the set Su • • • , Sn defines (1) 
a coverage system for @, (2) a composition series for ®. S is an element 
of order pfor which either S = Sjc1 or Sk — SS^y (p\x, k>m). Then the 
résidasses defined by Si, • • • , S^-i, Sk+i, • • • , Sn define (1) a coverage 
system for @/(S), (2) a composition series for ®/(S). 

PROOF. Let us consider (1) first. By Theorem A the restclasses de­
fined by Si, • • • , Sn in the group ®/(S) form a coverage system. If 
S = Sk, the element S* represents the unit restclass and so may be 
omitted from the coverage system. As for the second possibility, 
Sk = SSt%, we note that, as p\x, Sm and S«f are equivalent as group 
generators, that is, we may always use Sm as a generator in place of 
S«f. In the factor group ®/(S), S& and S«? represent the same rest-
class and consequently S& may be omitted from the coverage system. 
Thus (1) is true. To prove (2) we use the above relations to show that 
the restclasses defined by Si, • • • , S&_i, Sk+u • • • , Sn define a com­
position series of ®/(S) with possible repetitions. As the length of the 
composition series of ®/(S) is n there can be no repetitions and so the 
result of the theorem is established. 

The hypothesis of Theorems C and D is as follows. Si, • • • , Sn is a 
system of elements, with Si the only element of order p, which defines 
a composition series for the noncyclic group ®. The number a is the 
least subscript so that the group generated by the elements Si, • • • , Sa 

is not cyclic; X is any element for which XP = E and (Sa_i, X) 
— (Sa_i, So)- Immediately from these relations follows 

(1) Sa = S^X*2, p\xu p\x2> 1 < r < a. 

Let T\ = Smv T2 = Sm2, • • • , Tk = Smk be a greatest possible subset 
chosen from S2, • • • , Sn so that X, 7\, • • • , Tk defines a composition 
series for the subgroup ®x — {X, 7\, • • • , Tk). If the subset is void, 
®x = (X). 

THEOREM C If Y satisfy the same conditions as X with (X)yé(Y) 
and ®r be defined analogously to ®x, then ®x n ©r = (•£). 

PROOF. We first show 

(2) Sx«@x. 

If this were false and Si e ©x, then S2 e ®xt for otherwise from 
(S2, Si) : (Si) = p would follow (@x, S2) : ®x = p and X, Tu T2, • • • , Tk 

would not be a greatest possible subset. We could in turn argue simi­
larly S3 e ©x and so for all elements S2, • • • , Sw. Hence ®x = © and 
thus X, Tu - - - , Tk would define a composition series for ®. Then, 
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from the Jordan-Holder theorem, k = n — 1 and consequently 
Ti, * * * » Tk would be the complete set 52, • • • , Sn. Therefore, 
for Sr defined by (1), elements Tmv Tm2 would exist so that Tmi = 5 r , 
Tm2 = Sa. Now one of Tmv Tmv say Tmv must precede the other. Using 
(1) from Theorem B, it would then follow that X, 7\, • • • 
Tm2+i, - • • , Tk would define a composition series for ®/(X) which is 
impossible as X is within the unit restclass. Therefore (2) must hold. 

From the definition of a and the fact that S<? T^E follows Si t (Sx), 
(l<Lxtèa). Therefore Sx t @x, (l^x^a), n a s a s a consequence 
Si e ®x. This being false, we have 

(3) Sx<®x, l ^ x ^ a . 

LEMMA. For S e (X, Ti, - - - , Tkl)y (ki^k), a representation 

S = Xr°Sr
n\ • • • 5n*2

2, p\riy p\rh • • • , p\fk%; nt < n2 < - - - < nk2, 

exists where Snv • • • , Snk are members of the set Ti, • • • , Tkv 

PROOF OF LEMMA. If 5 e (X, 7\, • • • , Tkl), integers Xof , X&i, 
exist for which S = -X"*°7Vi • • • Tkl

zh. Let xkz be the first of these in­
tegers from the right for which p\xkv Xk^O. Now &3>0, otherwise 
there is nothing to prove. As (X, 7\, • • • , Tkz) : (X, 7\, • • • , Tkz-.i) 
— p, Tlz e (X, Ti, - - - , jTfcg-i); X may be regarded as To. Therefore 
an expression for Tkz

xh exists in terms of X, 7\, • • • , Tkz-i- Substi­
tuting this expression for Tk8

Xk* into the above representation for 5, 
we obtain a new representation for S in which the exponent of Tkz 

is zero and the exponents of Tks+i, • • • , Tkl are the same as before. 
By successively repeating this process we ultimately arrive at an ex­
pression for 5 in which the exponents of Z\, • • • , Tkl are either zero 
or prime to p. Omitting the factors with zero exponents, we now sub­
stitute for those remaining their values in the set 5i, • • • , Sn, thus 
obtaining after a possible rearrangement of order the representation 
of *S in the lemma. 

Now let us assume the theorem false, that is, the meet ®x n ®r 
contains a non-unit element. From (1) and the analogous expression 
in F we obtain Y=Si**X**, (p\x*). Then as ( X ) ^ ( F ) , p\x%. From 
this, by applying (2) to ©r, follows X t ®Y. Hence a least subscript kt, 
(1 Sk^k), exists so that (X, 7\, • • -, Tk4) and ® Y have a common non-
unit element. Let Z be any such element. As Zv t (X, 7\, • • • , Tfc4_i), 
X being regarded as T0, and Zp t ®r, follows ZP = E, because, by 
the minimum assumption, (X, Ti, • • • , Tki-i) fl ®r = (£) . Therefore, 
each of Ti, • • • , 7\4 being by hypothesis of order greater than p, 

(4) Tm*®Y, l ^ m S h . 
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Applying the lemma first in ®x and then in ®r 

Z = Xr°Sr
n\ • • • SnJ', »i < »2 < • • • < nkh; p\rh, 

Z = Y Smi • • -S mH, mi < m2 < - - - < w*6; # { ^ 6 , 

where Sw,, • • • , Snk are members of the set Zi, • • • , 7\4 and 
5m i , • • • , SmA. e ®y. Now /̂b5 cannot reduce to zero for then 
X e ( Z ) ^ @ F , contrary to what we have proved; moreover by (3), 
fik6>a; from (4), one of ttk6t mkG1 say w^, is greater than the other 
and so n^ — l^m^. Then from the two expressions for Z and the 
fact tha t X, F £ (Si, • • • , S0) follows Sn% £ (Si, • • • , S0, • • • , 
*$W6» ' ' • > Snk-i), thus contradicting the hypothesis that Si, • • • , Sn 

defines a composition series for ©. Thus our assumption that the 
theorem is false cannot be true and the result is proved. 

THEOREM D. If in the set Si, • • • , Sn we replace the element Si by an 
element T of the group © so that the resulting set forms a coverage system 
for®, then (Si) = (T). 

PROOF. We first prove the lemma: 

If Si, • • • , Sn be any set defining a composition series for ®, 
S2, • • • , Sn cannot be a coverage system. 

This is clear for cyclic groups. We prove it by induction, as­
suming it true for all groups with composition series of length 
less than n+1. Let us assume it false for ©, that is, S2, • • • , Sn 

is a coverage system. Then using (1) and applying Theorem B, we 
see S], • • • , Sa-i, S0+1, • • • , Sn defines a composition series for 
®/(X) and S2, • • • , S0_i, S0+i, • • • , Sn defines a coverage system. 
As ®/(X) has composition series of length n this contradicts the in­
duction assumption and so the lemma is proved. 

The proof of the theorem itself is similar. It is clear for cyclic 
groups. We make the induction assumption that it is true for all 
groups with composition series of length less than n+1. 

The set X, 7\, • • • , Tk defines a composition series for the group 
©x; by (3) Sa is different from each of 7\, • • • , Tk. With the help of 
these facts and (1), Theorem B may be easily generalized to show 
(1) that the restclasses defined by Si, • • • , Sn after the omission of 
Say Tij - • • , Tk define a composition series for the factor group 
®/®x and (2) that the restclasses defined by T, S2, • • • , Sn after 
the omission of Sa, Ti, • • • , Tk define a coverage system for ®/®x-
None of the restclasses remaining from the set S2, • • • , Sw has order p 
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in ®/®x, for otherwise the set X, Ti, • • • , Tk would not be a great­
est possible set. Then as ®/®x has composition series of length less 
than n-\-1, we have by the induction assumption that T and Si gener­
ate the same group within ®/® x . Therefore T = SfiU, (p\xx, Ut®x). 

Now let Y=SiX. As Sj e (Sa_i), we have from the definition of a 
(Sa-i, So) = (Sa-i, X) = (Sa-u Y). Hence F satisfies the same conditions 
as X and we may therefore build a group ® F analogous to ®x. Ex­
actly as before we have T = Sf*V, (p\x%, V t ®Y). Equating the two 
expressions for T, Sf*V=SfiU; whence (XSi)x*-x> V=Xx*~XiU, that is, 
y*2-«iy=xx*-*iU. Now the right-hand member of this last expres­
sion is within @x, while the left-hand member is within @r. But as 
(X)^(Y) by Theorem C, ®x fl ®Y=(E) and consequently UX^~^ 
= E. Then U = X*i-** and T = Xxi~x*SixK 

Let us assumé p\x\ — x2. Accordingly we may obtain an expres­
sion for X in terms of T and Si which we substitute into (1). By 
using Si e (Sr), we thus obtain Sa=Tx*Sr

x* and, as the order of Sa is 
greater than p, p\x±. Then by Theorem B the restclasses containing 
Si, • • • , Sa--iy Sa+u - - - , Sn define a composition series for ®/(T), 
while those containing T, S2, • • • , 50-i, Sa+i, • • • , Sn define a cover­
age system. As T is within the unit restclass it is redundant, and we 
thus arrive at a contradiction to the lemma. Hence x\ — x2 must be 
divisible by p and then, as Xv — E, we have (T) = (Si), which proves 
the theorem. 

THEOREM 1. Su • • • , Sn defines a composition series for the group © 
while Si, • • • , Sk~u T, Sk+u • - • , Sn is a coverage system f or ®. Then 
Su - • - , Sk-u T, Sk+u • - - , Sn after a possible rearrangement of order 
defines a composition series for ®. 

PROOF. For cyclic groups the result is evident. We prove the gen­
eral result by induction according to the length of the composition 
series, assuming it true for all groups with composition series of length 
less than n+1. If the system Si, • • • , Sk-u Sk+u • • • , Sn contain no 
element of order p, then, as Sip = E, k = l. Hence by the previous 
theorem (T) = (Si), from which the result follows immediately. There­
fore let the system contain an element Sm where Sm

p =E. By Theo­
rem B, Si, ' ' ' , Sm-i, Sm+i, - • • , Sn defines a composition series for 
the factor group ®/(Sm) while Si, • • • , Sk-u T, Sk+u ' ' ' 
• • • , Sn is a coverage system. But as ®/(Sm) has composition series 

of length n it follows from the induction assumption that the rest-
classes defined by this latter system after a possible rearrangement 
of order define a composition series for the group ®/(Sm), which may 
be written in the form 
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(ShSm)/(Sm), (Sm)/(Sm), 

where the Si, • • • , Sn_i are merely a rearrangement of the terms 
Si, • • • , S^-i, T, Sk+i, ' ' ' i Sm_i, Sm+i, • • • , Sn. As Sw

p = £ , it fol­
lows from the second isomorphism theorem that 

( p i , * • * , O n - l , S m ) , ( o i , * * * , On—2, O w ) , * • * , ( j i , O m ) , W m ) , (-&) 

is a composition series for ©, which establishes the result. 

THEOREM E. A coverage system of a group of rank 2 has either an ele­
ment of order p or two elements Si, S^for which S2 = Si*S, (SP = E, p\x). 

PROOF. For a group © of rank 2 let Y be any element of order p and 
31 be the set of reciprocally cyclic subgroups of @ which are cyclic 
and contain the element F. From the definition of a coverage system 
we see that it must contain, for every reciprocally cyclic subgroup ^), 
an element S for which ( § , S) : § =p. From the elements of the cover­
age system we may therefore choose a least possible subset SB so that 
for every group § of 21 an element S of 93 exists with ( § , S):&=p. 
Let Si be any element of 93 of maximum order. If Sip = £ , the theo­
rem is true; let us therefore assume Sip T^E. NOW a group § exists 
within 3Ï with ( § , Si) :&=p, for otherwise we could omit Si from the 
set 93, contrary to the assumption that 93 is a least possible set. 
Clearly Sft§; then, as § is cyclic and S f ^E, Y e (Sf ) ^ § . Let T be 
an element of greatest possible order with Si e (T). Now © having 
rank 2, it can be deduced from the fundamental theorem on abelian 
groups that (T) is reciprocally cyclic. Therefore (T) e % and so an 
element S2 of 93 exists with (J1, S2) : (T) =p. Now as the order of S2 
cannot exceed that of Si, S2

P e ( S ^ ) ^ ( r ) . Hence S2 = SfS , where 
S p = E, because S2 * (T), S 4 (Si) and so (S, S?) has rank 2. First 
let us assume p\x. Hence (S2, Sf) would have rank 2 as it would 
contain (S, Sf). Furthermore for any group g of 21 for which 
(tSf Si):$ = p,we should have S2*> e (S?)^% while S2 f g for other­
wise (S2, Sip) ^ g a n d the cyclic group gf would contain the noncyclic 
group (S2, Sip), which is impossible. Therefore (S2, $) : $ = £ , and con­
sequently we could omit the element Si from the set 93, contrary to 
hypothesis. Thus the assumption p\x leads to a contradiction and 
so x must be prime to p. The theorem is then established. 

Theorem E is not true in general for groups of rank higher than 2.* 

* The following is a Gegenbeispiel: © is a group of type (4 4 4) generated by A, B 
and C. The set of elements 4 , B, C, ABC2,BCA2, AC*B2, AB*C is easily verified to be 
a coverage system for ©, for which Theorem E does not hold. 
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THEOREM 2. A coverage system Si, • • • , Snfor a group © of rank 2 
with composition series of length n + 1 defines a composition series for © 
after a possible rearrangement of order. 

PROOF. For cyclic groups the result is evident. We make the as­
sumption that it is true for all groups of rank 2 with composition se­
ries of length less than n-\-l, and then prove it for the group @. 

By Theorem E we may select from the coverage system of © either 
an element S = Sm of order p or two elements Sm, S& for which 
Sm = SfS, (p\x, SP = E). By Theorem B, the restclasses defined by 
Si, • • • , Sm_i, Sm+i, - • • ,. Sn build a coverage system for the factor 
group ®/(S). But this factor group has at most rank 2 and composi­
tion series of length n. Hence, by the induction assumption, the rest­
classes defined by Si, • • • , Sm_i, Sm+i, • • • , S, after a possible re­
arrangement of order, define a composition series which may be writ­
ten in the form 

(Si, • • • ,Sn-hS)/(S), (Si, • • • ,Sn.i,S)/(S), ••• , (ShS)/(S), (5)/(5), 

Si, • • • , Sn-i being merely another arrangement of the terms 
Si, • • • , Sm_i, Sm+i, • • • , S«. Then, using the second isomorphism 
theorem, we see that 

(Si, • • * , Sn-1, S), (Si, • • • , £n-2, S), ' ' ' , (Si, S), (S), (E) 

is a composition series for the group ©. But the coverage system 
^ 1 ) ' ' * y *->n I S obtained from the set Si, • • • , Sn_i, S by replacing the 
element S by the element Sm. Then we have immediately from Theo­
rem 1 that Si, • • • , Sn, after a possible rearrangement of order, de­
fines a composition series for the group ©. The result is then proved. 
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