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ON FOURIER SERIES WITH RESTRICTED 
COEFFICIENTS* 

OTTO SZÂSZ 

1. Introduction. Consider a real-valued f unction f(x), periodic with 
period 2ir and Lebesgue integrable. Let 

(1.1) f{%) ~ h 2J (av cos vx + bv sin vx) 
2 i 

be its Fourier series, and let s0 = ao/2, 

ô A 
(1.2) sn(f ; #) = sn = h 2^ (0" c o s ^ + h s m "#) ? 

2 i 
» = 1, 2, 3, • • • , 

be its partial sums. We shall mainly restrict ourselves to series satisfy­
ing the conditions 

(1.3) nan ^ — p, nbn ^ — p, for n = 1, 2, 3, • • • , 

where p^O. We shall in particular consider the following problem: 
Suppose 

(1.4) — M = f(x) = M m — ir < x < IT; 

then what is the best upper bound Cn(/i, p) for the partial sums 
\sn(f', x)\ ^ Cn(ju, £), ( w ^ l ) , under the assumption (1.3)? 

It is known that the sequence {Cn} is bounded (cf. Szâsz [5], [ó]);f 
hence l.u.b. Cw(ju, £) = C(ju, p) is finite. For p = 0 the author [9] 
proved recently that 

(1.5) CO*, 0) < (2 + 4/7T)M <3.3IX; 

for £ > 0 the sharpest estimates so far were given by Fekete [2 ] us­
ing a device of Paley and Fejér [ l ] . Fekete proved that 

(1.6) CQi,p) <5ix + 6p, 

and also that 

(1.7) Cfa,p) < 5 / X + 8(M^) 1 / 2 . 

* Presented to the Society, April 9, 1938. 
f See the list of references at the end of this paper. 
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Note that for any p > 0 , we have sn(pf; x) = psn(f; x), which gives the 
relation pCn(ix, p) = Cn(pfx, Pp), (P^Q, P>0) , and in particular 

(1.8) Cnfa,p) = /iC»(l, *//*)• 

Hence in the discussion we may put p = 1 ; that is, | f(x) | ^ 1. Using a 
similar tool as in [9] we shall improve upon the known results. We 
shall get sharper estimates for the &th partial sum assuming (1.3) 
only for n = l, 2, • • • , 2& — 1. 

2. Certain identities and inequalities. Given an infinite series Eo w * 
let ] [ > , = tf», E S " 1 ^ - P £ 1 } = E S ( * - " K > (» = <>, 1, 2, • • • ) ; we 
then have 

In 
(2.1) 

1 __<i> 1 __(i) W ^ r i . _ A , . \ 
- Z/2n #n = — < 2^ (2^ — ̂ H — 2 2-/ (W "" ")W»f 
îw w 2w v 0 0 / 

1 ( n 2n ^ 
= —< ^ v u v -\- Yl (2n — V)UA > 

2n I 0 n+i / 

f o r w = l , 2, • • • , and £/£1} = ^ E o ^ ~ E o * / ^ = ^ £ 7 n - - E o * ' ^ > or 

1 (i) 1 A 
( 2 . 2 ) Un = — un+ — 52vu„ n= 1, 2, • • • . 

We get similarly 

(2.3) Un = — tf* + f— tf £ £/l1)N) E (2n - *)«„ 
2n \ 2 ^ n / n n+i 

for rc=l, 2, •• - , and ([4], p. 186) 

r T ( D , T T ( i ) X T ( i ) v 

(2.4) Un = —; h — I 2l {n- v + K)UV, 
fl + K K \n + K M / K v=n+l 

K M , n ^ 1. 

This reduces to (2.3) for K = n, whereas for K = 1 it yields 
1 I n 

(2.5) £/n = Un+i H E ^>" 
n + 1 n + 1 1 

We are using in addition the fact that the assumption 

( 2 . 6 ) - 1 ^ f(x) g 1 for - TT < * < TT 

i n v o l v e s 

(2.7) E ^(s) = **> w = U 2> ' ' * : 
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which is the classical result of Fejér, and (compare [9]) the relations 

| <T2n(x) - an(x) | ^ 2/TT, 
\2 .o) i __ __ i 

I <Tîn(0c) — <Tn(x) I S 2 / T T , ft = 1, 2 , • • • , 

where <rn = (l/w)23o s„, and 'an is the corresponding mean for the con­
jugate series. In view of (2.1) the last inequalities can be written as 

n 

J2 v{av cos vx + by sin vx) 
1 

+ 23 {In — v){av cos p# + bv sin px) 

(2.9) n+1 

4 
7T 

y^ p(6„ cos i>£ — av sin i>x) 

+ 23 {In — *>)(£„ cos p# — av sin z>#) 
w+1 

We shall use also the following more general inequalities: 

n 

23 v{av+\-i cos 0>+X — l)#+6v+x-i sin (v+\— l)x} 
v=i 

+ 23 (2^-*>){aH.x_iCos (y+X—l)tf+6„+x-i sin (v+\-l)x] 

n 

23 pj^+x-i cos 0>+X — 1)#—a„+x-i sin (y+\— l)x} 
v=l 

+ 23 (2» — y){6,4.^1 cos (H-X— 1)*—ay+x-isin(^+X— 1)*} 

4 
^ — n . 

7T 

7T 

4 

\>l-n/2. 

3. Two auxiliary theorems. We prove the following lemma: 

LEMMA 1. The sequence Pn = w~123w+i(2^--J')A, ( # = 1 , 2, 3, • • • )» 
is monotonically increasing, and pn Î 2 log 2 — 1 = 0.38629 • • • . 

For the proof note that 

Pn+l Pn ~ 2 \ à î T èî 7 / 2 U* + 1 + 2# + 2 » + i/ 
1 

2^+1 n+1 
> 0 ; 

furthermore 
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1 n̂ 2 - v/n r22- % 
Pn = — Z J1 M <** = 2 1 o g 2 - l . 

n n+i V^ J i # 
LEMMA 2. The sequence rw = w~ 1 ^ n

n (v—n)/v, {n~ly 2, 3, • • • ), 
is monotonically increasing, and 

Tnî l ~ log 2 = 0.30685 

Indeed 

2n-l J[ 2n+l ! J J J[ J J 
TW +I — rn = 2L/ /Li — = = > 0 

n v n+i v n 2n 2n-\r 1 2^ 2n + 1 
and 

l*£?v/n- 1 r 2 x - 1 
Tn = — 2^ : • I dx = 1 - log 2. 

w „ j>/w «/1 # 
4. Estimates for Z H a " i » ZH^"I> a n (^ related sums. In view of 

(2.1) the inequalities (2.8) can be written as 

Z vuv + Z (2n - v)u> 
1 n+l 

4 
^ — n, n — 1, 2, 

where w„ is a„ cos *>#+&„ sin J>X or bv cos ^x —a„ sin vx> respectively. In 
particular, for x = 0, we have Z i ^ + Z n + i (2n—p)av<Z4:n/w1 (n^2), 
and |a i | ^4/7r; hence 

E (y<h + P) + Z (2n - v)l av + —) 
1 n+l \ V / 

( ^ \ 2n-l 

—+#) + #z 

(4.1) * 
2n-l 2 ^ - „ « ^ 2 . 
n+l ^ 

We now assume £ > 0 and 

(4.2) v a v ^ - p , v = 1, 2, • • • , 2n - 1; 

then (4.1) gives 

" C 4 £ ^ 2^ - *>) 
E ("*> + *) ^ *<— + # + — £ \ , 

i v T n n+i v ) 

and, using Lemma 1, we o b t a i n E î ^ , < » { 4 / x + ^ ( 2 l o g 2 - 1 ) } , ( » ^ 2 ) . 
Also from (4.2) * / ( | a„ | -a , ) ^ 2 £ , ( i"=l , 2, • • • , 2 » - l ) ; hence 
Z ^ K I < » { 4 / T T + ^ ( 1 + 2 log 2)}, ( # ^ 1 ) . In the same way the as­
sumption vbv^—p, (v=l, 2, • • • , 2^—1), yields E ? H M < ^ { 4 A 
+ £ ( 1 + 2 log 2)} . A fortiori 
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(4.3) 

and 

(4.4) 

OTTO SZASZ 

/ , vav cos vx 
l 

<n{— + ^(1 + 2 log 2) 

23 vljv sm vx • I 1 < w<> + ^,(1 + 2 log 2) 

}' 

}' 
Again from (4.1) 

2 n - l / ^ \ / 4 \ 2 n - l 

2] (2» - v)[av + — ) g »( — + #) + ^ E 
n+1 V V / \TT / n+i n+1 

-s2n-l , 

2 n - l 2 ^ 

n+1 ? 

[December 

n ^ 1, 

w è 1. 

« > 2; 

hence 5^w+i (2w—^)a^»(4/x+/>). But from (4.2) we have (2n—v) 
•( |a„| —ap)S2p(2n—v)/v; hence 

^ , , / 4 \ 2^2n - v 
(4.5) E ( 2 * - i O | 0 , | ^ » (— + # ) + 2pJ2 

n+1 \ir / n+1 V 

Using again Lemma 1, we get 

(4.6) £ (2n - v) | av \ < ni— + p(A log 2 - 1 ) 1 , 
n+1 V 7T ; 

and similarly 2Z»+i (2n—v)\ bv\ <n{4/r+p(4: log 2 — 1)}. Summariz­
ing, we have the following theorem: 

THEOREM 1. Suppose \f(x)\ ^ 1 ; if in addition 

(4.7) vav^ - p, v = 1, 2, - > - , 2n - 1; p > 0; n > 0, 

then, for K= 1, • • • , n, 

(4.8) è H <h | < K | — + p(l + 2 log 2)1 , 

(4.9) Y,{2K- v)\av\< J— + p(4 log 2 - 1 ) 1 . 

Similarly, if 

(4.10) vh^ - p, v = 1, - - - ,2n - 1; p > 0;n> 0, 

then 

(4.11) I > | M < 4— + P(X + 2 log 2)1, 

2K / 4 \ 
(4.12) E ( 2 K - v)\bv\ < K\— + p(4log2- 1) } . 

K+i v 7T ; 
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For K = n = 1 we have also the inequalities | ai\ S 4/TT, | bi\ ^ 4/7T. Note 
tha t4 /TT= 1.2732 • • • , 1 + 2log2 = 2.3862 • • • , 4 1 o g 2 - l = 1.7725 

5. Estimates for partial sums. We now assume (4.7) and (4.10) ; ap­
plying Theorem 1, formula (2.2), and the inequality (2.7) we obtain 

(5.1) 

for K = 1, 

(5.2) 

do 
\r zl av c o s vx 

2 i 

, n, and 

< 1 + — + £(1 + 2 log 2), 
7T 

2 bv si sin vx < 1 + — + £(1 + 2 log 2), K= 1, • • • , » . 
7T 

Using again (2.2) with uv = a„ cos vx+bp sin JOC we obtain | sK(f; x) | < 1 
+ 8 / T T + 2 £ ( 1 + 2 log 2), (#c= 1, • • • , n). Using now (1.8) and the as­
sumption (1.4) we get 

I *«(ƒ; *) | < (1 + 8/TT)/X + 2£(1 + 2 log 2) < 3.547/x + 4.773£. 

This is sharper than (1.6). 
Note that the formula SQ = a0/2 = (2T)~1f^7rf(x)dx gives | s 0 | ^M> 

assuming (1.4) only. In a similar way formulas (2.3), (2.8), (4.9), and 
(4.12) give 

< 1 + — + £(4 log 2 - 1), (5.3) 

(5.4) 

2 
y^ #„ cos *># 

i 

2 ^ #,> s i n Ï>X 
l 

< 1 + — + p(4\og2- 1), 

. 10 
\s.(f;x)\ < 1 + — + 2 * ( 4 1 o g 2 - 1), 

7T 

K = 1, • • ' , » . 

Since 1 + 10/V-4.18309 •• - , 8 log 2 - 2 = 3.54518 • • • , this estimate 
again is sharper than (1.6). 

Using again formula (1.8) and summarizing, we have the following 
theorem : 

THEOREM 2. If \f(x)\ ^n and 

(5.5) vav^ - p , v b v ^ - p , v = 1, • • • , 2n - 1; p > 0, 

then for K = 1, • • • , n 

do 
h ]C (a» cos vx-\-bv sin vx) 

2 i 

m + 8/TT)M+2/.(1 + 2 log 2) 

< \ ( l + 10/T)/H-2f(4 1 o g 2 - l ) . 
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6. Estimates for X ,̂T*+i(2J—j/)|a„+X-i| and related sums. In [9] the 
author proved, under the assumption (2.6), that 

21 

^ ?«H-x-i + S (2î ~ *0^+x-i 
I > = 1 ? = Z + 1 

4 
S—l> X = 1, 2, 3, • • • ;Z ^ 1; 

7T 

here wv stands for a„ cos PX+Ö» sin vx or 6„ cos vx — av sin *>#. Hence, for 
^>l ,S , - i^ ,+x- i+Z)^~i+i(2/ - -^)a H .x- iâ4/ /7r ,andfor / = l, \u\\ ^ 4 / T T , 

(X=l , 2, 3, • • • )• Thus f o r / > 1 

X) ,L+X-i + f ) + E (21 - ,)(^+x-i + f ) 
, . ,N r-l \ ï> + X — 1 / „^j+i \ V + X — 1 / 
(6.1) 

4 ( * v *™ 21-v ) 
7T U o l I' + A ~ 1 „=Z+1 ̂  + A — 1 ; 

We now assume for a given integer N that 

(6.2) *a, è - £, v = 1, 2, • • • , iV, 

and suppose that 

(6.3) 2Z + X - 2 ^ ̂ ; 

then from (6.1), for Z>1, we have 

(6.4) Ë (2/ - ^K+x-x ^ — / + p x ; — ^ — - • 
v=l+l TT v=l V + X — 1 

Furthermore |a„ | — ay^ 2^>/Ï>, 0>=1, • • • , N); hence using (6.4) we 
obtain 

2Z-1 4 / 2Z-1 21 — V l V \ 

^(ii-^ia^iè-i+phj:—-—-+ Z-——4. 
v=l+l -K \ v=l+l V + \ — 1 v==l V + \ — 1 ; 

Similarly, assuming 

(6.5) vbv ^ - p, v = 1, • • • , N, 

we get, for / > 1 , 

2Z-1 4 / 2Z-1 1] — y I v \ 

F-i+1 7T I, „ = H - i ^ + X — 1 N l ? + A - 1 ) 

A simple calculation yields 

«£? 2/ ~ y 1 2^1 1(1 - 1) 
2 —TT 7 ^ TT-T E (21 ~ v) = 

„=H-I v + X — 1 / + X y==M-i 2(/ + X) 
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1 v P 

ZÎ v + X - 1 I + X - 1 

We have thus proved the following theorem : 

THEOREM 3. Under the assumptions (2.6), (6.2), (6.3), and (6.5) we 
have, for / > 1 , X = l, 2, 3, • • • , 

" ( 4 / 1 - 1 I \) 
(6.6) E (21 - ,K+X_x < { - + p(—— + -— -)\l, 

v=l+l KIT V + X I + A — 1/ ) 

where vv stands for \av\ or \bv\. 

Formula (6.6) remains true also for 1 = 1. 

7. Further estimates for partial sums. Assuming (2.6) we get, from 
(2.4) and (2.7), 

, , 2n 1 
(7.1) | Un\ = 1 + — + -

K K 

n+K 

X) (n — v + K)UV 

v=n+l 
K è 1, » ^ 1 , 

where uv means av cos vx, bv sin Ï>X, or av cos *># + &„ sin PX. Replacing in 
(6.6) I by K and X by n — K+1, we get 

21 2K n+K 

^ (21 — ïOzV+X-1 = S (2/C ~ J'K+n-K — S (W ~ V + "Hi 
y=Z-f-l J » = K + 1 J>=ra+1 

hence, using (6.6) and (7.1), we obtain 

, , 2n 4 /* — 1 K \ 
(7.2) tfn < i + _ + _ + # ( _ _ + — ) , n = K = l . 

K ir \n + 1 n / 
The condition (6.3) becomes 

(7.3) n + K - 1 S N. 

Here ET» means a^/2-\-^2iiav cos *>x or ^?&y sin vx. We observe that 
2n/K + p{ (K — l)/(n + l) + K/n) decreases with increasing K where 
K(K+1) S2n2(n + l)/p(2n + l). We thus put 

r 1 ( 1 2nHn + 1)) 1/2"1 

obviously 

1 ( 1 2n\n + 1)} ^ 
K > 

1 ( 1 2n\n + 1)) l'2 

2 I 4 p(2n + 1) ƒ p(2n + 1) 

hence K = 1. We now get easily the relation 
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2n K 2n 
+ p—< K n 1 j 1 2n\n + \)\w 

~ T + IT + p(2n + 1) J 

* \ 2 (4 * ( 2 « + l ) J / ' >̂(2rc + 1) 
and 

2n K K - 1 2^(2# + 1) M 2nHn + 1)) ^2 

— + P— + P < — -1—^< — + - } ^ ^P1'2 

K n n + 1 n(n + 1 ) ( 4 p(2n + 1) ; 
if 

(7.5) p S 16n/9, p ^ 2»4/(2» + I)2 . 

On putting N = 2n — 1 in (7.3) we get K ^ w ; in view of (7.4) this condi­
tion is satisfied if 

2n(n + 1) 
(7.6) p> ; » > 1 . 

(2n + \){n - 1) 
Thus with the restrictions (7.5) and (7.6) the assumptions (2.6) and 
(5.5) imply 

(7.7) | Un\ < 1 + 4/TT + 4 ^ / 2 . 

In the cases p>16n/9 or £ > 2 ^ 4 / ( 2 ^ + l)2 , (7.7) can be deduced from 
tfo72 + E i K 2 + V ) ^ i r - l Z T P ( x ) d x ^ 2 . Now 

n n n "i l / 2 / i v 1 w / J n \ l/2/j[ \ l / 2 

^ (1 + 2#)!/2 < 1 + 4/TT + 4 ^ ' 2 . 

Finally in the case p<2n(n+l)/(2n + l)(n — 1) we can deduce (7.7) 
from (2.5), (2.7), (4.8), and (4.11), which give | Un\ < l + [n/(n + l ) ] 
• {4/7r+^)(l+2 log 2)} and this is in the present case less than 
1 + 4 / T T + 4 £ 1 / 2 for n>l, since [n/(n + l)]pll2<4:/(l+2 log 2). Sum­
marizing and using (1.8), we complete the proof of the following theo­
rem: 

THEOREM 4. Under the assumptions (1.4) and (5.5), 

h Z , av cos ^ < ( 1 + — ) n + 4 (#A) 1 / 2 , 

2 1 I \ 7T/ 

£ 6, sin vx < ( 1 H J M + 4 ( ^ ) 1 / 2 , /c = 1, 2, • • • , n. 
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In the case uv = av cos *>x+ô„sin vx,we get from (7.1) and (6.6) in a 
similar way 

, In 8 /K - 1 K \ 
\Un\< 1 + — + — +2P( - + — J, 1 ^ ^ . 

K ir \n + 1 w / 
We now put 

Tl (1 n\n + m i / 2 

K = LT + IT + ^(2n+ l)j 
that is, in our previous argument p is replaced by 2p. We get the 
following theorem: 

THEOREM 5. Under the assumptions (1.4) and (5.5), 

I *«(ƒ; x) | < ( l + -^V + 4(2#/i)1/a, * = 1, • • • , n. 

Since 1 + 8/TT = 3.5464 •• • < 5 , and 4(2)1 / 2<8, our estimate is 
sharper than (1.7). 

The results can be extended to almost periodic functions (for p = 0 
see [3], [7], [8], [9]) and to Fourier integrals; also the condition 
(1.3) can be generalized to "slow oscillation," improving upon some 
results of Fekete and the author. 
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