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ON FOURIER SERIES WITH RESTRICTED
COEFFICIENTS*

OTTO SZASZ

1. Introduction. Consider a real-valued function f(x), periodic with
period 27 and Lebesgue integrable. Let

[12) i
1.1) f(x) ~ 5 + > (a, cos vx + b, sin vx)
1
be its Fourier series, and let so=a0/2,

1.2) so(f; %) = s, = il + (a, cos vx -+ b, sin vx),
f 5 :

n=1223"---

b

be its partial sums. We shall mainly restrict ourselves to series satisfy-
ing the conditions

(1.3) ne, = — p, nh, = — P, for n=1723- .-,
?

where p = 0. We shall in particular consider the following problem:
Suppose

(1.4) —u=f®) SEp in —r<zx<m

then what is the best upper bound C,(u, p) for the partial sums
Is,,(f; x)l = Cu(u, p), (n=1), under the assumption (1.3)?

It is known that the sequence {C.} is bounded (cf. Sz4sz [5], [6])
hence lLu.b. C.(u, p)=C(u, p) is finite. For p=0 the author [
proved recently that

1.5) Clu, 0) < (2 4 4/m)p < 3.3u;

for p>0 the sharpest estimates so far were given by Fekete [2] us-
ing a device of Paley and Fejér [1]. Fekete proved that

;1
|

(1.6) C(u, p) < 5u+ 6p,
and also that
1.m Clu, p) < Su + 8(up)t/2.

* Presented to the Society, April 9, 1938.
t See the list of references at the end of this paper.



1938] FOURIER SERIES 851

Note that for any p >0, we have s,(pf; x) =ps.(f; x), which gives the
relation pC,(u, p) = C.(ou, pp), (p=0, p>0), and in particular

(1.8) Culu, p) = uCa(1, p/w).

Hence in the discussion we may put u=1; that is, |f(x)| =<1. Using a
similar tool as in [9] we shall improve upon the known results. We
shall get sharper estimates for the kth partial sum assuming (1.3)
only for n=1,2,---,2k—1.

2. Certain 1dent1t1es and inequalities. Given an infinite series D o,
let Y ou,=Us,, 2 0 'U,=UP =Y ¢(n—v)u, (n=0,1,2,---); we

then have

1 1
_U;:,)——U(l) { > @2n — v)u, — 22(%—— v)u,,}
2n n 2n
2.1)
{ Z vit, + Z 2n — v)u,}
0 n+1
forn=1,2,---,and UP =n> su,— Y ovu,=nU,— Y ovit,, or
1 1 2
(2.2) Up=—0U"4+— vu, n=1,2,--.
n n 1
We get similarly
1 1
(2.3) U= Uéf.) + < o — U“)> S Z 2n — vy,
2n n n+1
forn=1,2,- -, and ([4], p. 186)
) @ )
Un X n Un K Un 1 nhx
Q.4 U, =—2 —< LS >-——Z(n—u+x)u,,
n + « n 4+ 2 K yentl

k=1, n=1.

This reduces to (2.3) for k=n, whereas for k=1 it yields

2.5) Un=njrl f.i)l+—:— > .

We are using in addition the fact that the assumption

(2.6) —1=2f(x) 21 for —a <<

involves

2.7 ”i s(x) | = n=1,2 R
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which is the classical result of Fejér, and (compare [9]) the relations
| 02a(%) — a(®) | < 2/,

2-8) | 72u (%) — Tal2) | ; 2/, n=1,2,---,

where ¢, = (1/ n)zgals,., and o, is the corresponding mean for the con-
jugate series. In view of (2.1) the last inequalities can be written as

n

> v(a, cos vx + b, sin vx)

1

2n
+ > (2n — v)(a, cos v& + b, sin »x) | £ —m,
@9 m i
> »(b, cos v& — a, sin vx)
! 2n
+ > (2n — »)(b, cos vx — @, sinvx) | £ —m.
n+1 k3
We shall use also the following more general inequalities:
> v{asaa1 cos (PHA—1)x+b,qa1 sin (HA— 1)}
y=1
2n 4
+ > (2n—v){ayra cos pHN—1)x+b, 1 sin (pHA—1)x} |[S—n,
y=n+1
> v{bya1 cos (HA—1)x—a, a1 sin (p+A—1)x}
v=1
2n
+ > (2n—v){b,,+>\_1 cos W+ A—1)x—a,pa_1sin (p4+N— 1)x} <—mn,
y=n+1 T
A=1—n/2.

3. Two auxiliary theorems. We prove the following lemma:

LeMMA 1. The sequence pn=n‘12f,11(2n—v)/v, (n=1,2,3,---),
is monotonically increasing, and p, T 2 log 2—1=0.38629 - - - .

For the proof note that

2nte { 2 1 1 1 1
Pn+1—Pn=2<Z——E—>=2( + )

m+1 . w42 m+i

nt2 ¥V nt+l ¥V
2 1
= — > 0;
2n+1 #n+4+1

furthermore
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12 2—y/n 22 — %
pr=—2, / —»f dx = 2log2 — 1.
n pil l//ﬂ 1 X

LeMMA 2. The sequence T,= —122"—1(1)—%)/1/, (n=1,2,3,---),
s monotonically increasing, and

7,11 — log 2 = 0.30685 -
Indeed

Tapl = Ta= D, — — D, — = — o — = — —

and

1201,/ — 1 24— 1
Tp = — b d
n L v/n 1
4. Estimates for ) v|a,|, > »|5,|, and related sums. In view of
(2.1) the inequalities (2.8) can be written as

dx =1 — log 2.

4
é—-n, n=12-..-.,

Z vu, + Z @2n — v)u,

n41

where u, is a, cos vx-+b, sin vx or b, cos vx —a, sin vx, respectively. In
particular, for x=0, we have Y_va,+ Z,,H 2n—v)a,s4n/7, (n=2),
and |a,| £4/m; hence

Z (va, + p) +2ni: (2n — V)<a» ?>

1

4.1)

2n—12 —_—
<n ( +1>)+1>Z L aza

n+1 v
We now assume p >0 and
4.2) va, = — P, v=12 ... ,2n—1;
then (4.1) gives
n 2n——1 27’1« —
Z(vaﬂrp)én{ +o+— 25> }
1

N py1 14

and, using Lemma 1, weobtalnzlva,<n{4/1r+p(2 log2—1)},(n=2).

Also from (4.2) »( a,l—a)<2p, =1, 2,---, 2n—1); hence
1v|a,.| <n{4/m+p(1+2 log 2)} (r=1). In the same way the as-
sumption »b,=—p, (»r=1, 2, , 2n—1), yields Z:vlb,] <n{4/7r

+p(1+42 log 2)}. A fortiori



854 OTTO SZASZ [December

i 4

(4.3) > va, cos vx <n{——|—p(1—|—210g 2)}, n=1,
1 T

and
i 4

(4.4) > vb, sinvx | < n{-—- + p(1 4+ 2 log 2)} , n=1.
1 ™

Again from (4.1)

2ni(2n—v)(av 1’) (+p)+p2§212"—” nz2;

ntl n+1 v

hence Zn+1 @2n—v)a,=n(4/m+p). But from (4.2) we have (2n—v)
(|a,| —a,)=2p(2n—v)/v; hence

2n—1 2n—1 In —
4.5) Z(zn—u)la,{<n< +p>—|—2pz .
n+1 n+1 v

Using again Lemma 1, we get

2n—1

(4.6) > (@2n—»)

n+1

4
<n{———|—;b(4 log 2 — 1)},
™

ay

and similarly Z,,+1 {4/7r+p(4 log 2—1) } Summariz-
ing, we have the followmg theorem:

THEOREM 1. Suppose |f(x)| <1; if in addition
4.7 va, = — P, v=1,2,---, 20 —1;p>0;2>0,

then, for k=1, - - -, n,

K

(4.8) Sov|a

1

(4.9) Z (2 — ») | a

r=xk+1

4
x{— + p(1 + 2 log 2)},
T

4
< K{_+p(4 log 2 — 1)}
T

Similarly, if
(4.10) o,z —p, wv=1,---, 20— 1;p>0;2>0,
then

“.11) ill b

4
x{— + p(1 + 2 log 2)},
™

2k 4
(4.12) > —»)|b] <l<{—7-r-+ﬁ(4log2—1)}.

k41
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For k=n=1we have also the inequalities | a,| <4/, |b;| £4/7. Note
that4/m=1.2732---,142log2=2.3862 - - - ,4log2—1=1.7725 - - -,

5. Estimates for partial sums. We now assume (4.7) and (4.10); ap-
plying Theorem 1, formula (2.2), and the inequality (2.7) we obtain

Ao L 4
(5.1) -2—+ da,cosvx | <14+ —+ p(1 4+ 21log2),
1 ™
fork=1,---,n and
. 4
(5.2) dobysinva| <14+—+p(1+21log2), «k=1,---,n.
1 ™

Using again (2.2) with «,=a, cos vx-+b, sin vx we obtain Is,‘(f; x)] <1
+8/7+2p(14-2 log 2), (k=1, - - -, n). Using now (1.8) and the as-
sumption (1.4) we get

| se(f; 2) | < (14 8/m)u + 2p(1 + 2 log 2) < 3.547u + 4.773p.
This is sharper than (1.6).

Note that the formula so=ao/2=(2m)f" f(x)dx gives |so| <,
assuming (1.4) only. In a similar way formulas (2.3), (2.8), (4.9), and
(4.12) give

x 6
(5.3) ‘323+ dia,cosvx | <1+—+ p(dlog2 —1),
1 ™

6
(5.4) <14 —+4 p@dlog2 - 1),
T

K
> b, sin v
1

10
[se(f; 0)| <14 —+2p(4log2 — 1),
™

k=1, n.

Since 1+10/7=4.18309 - - - , 8 log 2—2=3.54518 - - - , this estimate
again is sharper than (1.6).

Using again formula (1.8) and summarizing, we have the following
theorem:

THEOREM 2. If |f(x)| Sp and
(5.5) Vayg—f, beg—p’ y=1’...,2n_1;P>0’

then for k=1, .-, n

a K
—2—0 + Z (a, cos vx+b, sin vx)
1

< {(l-l— 8/m)u+2p(142 log 2)
(1410/m)u+2p(4 log 2—1).
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6. Estimates forY oy, (2l—7)| a,n1| and related sums. In [9] the
author proved, under the assumption (2.6), that

l 21 4
Sovttpat+ 2, Q= | S —1 A=1,2,3---;121;
™

y=1 y=I[+1

here u, stands for a, cos vx—l—b sin vx or b, cos vx —a, sin vx. Hence, for
>1 Z,_lva,%_l—l— Z,_,+1(2l—v)a,~,.)._1<4l/7r and forl=1, |u>‘] <4/m,
(A\=1,2,3, -+ - ). Thus for I>1

l P 21—1 P
> arrr + ———) + > (- 1')<dy+>\—1 + ———)

y=1 v+A—1 pe=I4+1 v+A—1

4 l 21—1 21_
§:l+p{2—-———”———-+ Z———”—}.

y=1V+k—'1 p=l+111+)\—1

We now assume for a given integer IV that

6.1)

(6.2) va, = — p, y=12---,N,
and suppose that
(6.3) A+r—2= N;
then from (6.1), for I>1, we have

9i—1
(6.4) 21‘11(21 — V)1 = —l + pg, Pl
Furthermore |a,|—a,<2p/v, (=1, -+, N); hence using (6.4) we
obtain

20—1 - = . )
> @ =) |t <——l+p{zz—————-—+ Z———}.

v=I+1 v—z+11’+7\—1 v +A—1
Similarly, assuming
(6.5) v, =z —p,v=1---,N,

we get, for I>1,

201 -1 9] —
Z(Zl—v)lby+x_1|<—l+P{ZZ +Z }

=141 i1 ? A — 1 =17+ A—1
A simple calculation yields
21 2 —y 1 2 -1

22— =

R e iy~ 2042
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l v ]2
b

< .
o v+AN—1 I+4+N—1

We have thus proved the following theorem:

THEOREM 3. Under the assumptions (2.6), (6.2), (6.3), and (6.5) we
have, for I>1, \=1, 2,3, .- -,

6.6 > @—) <{4+ -, )}z
' y=141 Ehiaie T P(l-l—)\ I+N—1 ’

where v, stands for |a,| or |b,].
Formula (6.6) remains true also for I=1.

7. Further estimates for partial sums. Assuming (2.6) we get, from
(2.4) and (2.7),

21’! 1 n+x
(7.1) | Ul s1+—+=] S m—v+u|, =1, n=1,
K K | y=n+1

where %, means a, cos »x, b, sin vx, or a, cos vx-b, sin yx. Replacing in
(6.6) I by k and X by n—k—+1, we get

21 2k nt+x
> Q= v = 32k = Dgne =2 (n— v+ K)vy5
v=I+1 y=k+1 y=n+1
hence, using (6.6) and (7.1), we obtain
2n 4 k— 1 K
(7.2) lUn|<1+—+—+p( +—>, nzkzl.
K T n-+1 n

The condition (6.3) becomes
(7.3) n+k—1=N.

Here U, means ao/2 +Zfay COs vX or Z'l‘b,, sin »x. We observe that
2n/k+p{(k—1)/(n+1)+ k/n} decreases with increasing k where
k(k+1) =2n2(n+1)/p(2n+1). We thus put

1 1 2m2(n 4+ 1)) 12
7.4 =|— e L ;
7 ) [2+{4+p(2n+1)} }
obviously
1 1 2n%(n + 1)) V2
—— _t = 0;
£> T3 +{4 T p(2n+1)} =

hence k=1. We now get easily the relation
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2n K 2n

P <
n 1 { 1 2n2(n + 1)}1/2

4 p(n+1)

g _—1— —1_ 2n%(n + 1)}1/2>
+n< 2+{4+;b(2n+1) ’

and
2 x k—1 2pQn+ 1) (1 2n2(n + 1)) 12
Tt p— — < 4pr
K t? n +Pn—|—1< n(n + 1) {4 + p(Zn—I—I)} =%
if
(7.5) p = 16n/9, p = 204/ (2n 4+ 1)2.

On putting N=2n—1in (7.3) we get k =<#; in view of (7.4) this condi-
tion is satisfied if

2 1

(7.6) p nn A1)
@2n+ 1)(n — 1)
Thus with the restrictions (7.5) and (7.6) the assumptions (2.6) and
(5.5) imply

(7.7) | U.| <14 4/n + 4pr2.

In the cases p >16%/9 or p>2nt/(2n+1)2, (7.7) can be deduced from
a/24+ Y (a2 +b2) 71" _f2(x)dx<2. Now

1 n 1 n 12 /1 1/2
~lao|+2|ayl§{~ao2+zaf} (——l-n)
2 1 2 1 2

< (A4 2012 < 1+ 4/n + 4pii2,

Finally in the case p<2n(n+1)/(2n+1)(n—1) we can deduce (7.7)
from (2.5), (2.7), (4.8), and (4.11), which give | U] <14 [n/(n+1)]
. {4/1r+p(1+2 log 2)} and this is in the present case less than
144/m+4pY2 for n>1, since [n/(n+1)]p¥2<4/(142 log 2). Sum-
marizing and using (1.8), we complete the proof of the following theo-
rem:

(1\%

n> 1.

THEOREM 4. Under the assumptions (1.4) and (5.5),

Qo Ld
? =+ Z @, COS V¥
1

4
< (1 + —)u + 4(pw),
™

K
> by sin vx
1

4
<<1+—>M+4(Pﬂ)ll2) K = 192)' Ty,
™
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In the case u,=a, cos vx-+b,sin vx, we get from (7.1) and (6.6) in a
similar way

IA
&
I\
S

-1 K
1 2p(—— 1
|U|<+ “r = +p<+1+)

1 1 n2(n+ 1)) 12
[l [L mes )

2 4 p2n+1)
that is, in our previous argument p is replaced by 2p. We get the
following theorem:

We now put

THEOREM 5. Under the assumptions (1.4) and (5.5),
8
| se(f5 %) | < (1 + ~>u + 4(2pu)'2, k=1, n.
T

Since 148/7=3.5464 - - - <5, and 4(2)V2<8, our estimate is
sharper than (1.7).

The results can be extended to almost periodic functions (for p=0
see [3], [7], [8], [9]) and to Fourier integrals; also the condition
(1.3) can be generalized to “slow oscillation,” improving upon some
results of Fekete and the author.
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