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ON THE ABSOLUTE SUMMABILITY OF FOURIER SERIES*
W. C. RANDELS

1. Introduction. A series D u, is said to be absolutely summable by
a method a defined by a matrix am, if

Z | Sm(ay M) - Sm—-l(a, u) | < o,
m=1

where

Sm(@, ) = D Gmnlhn.
n=0
Similarly a series is said to be absolutely summable | 4| if

S(r,u) = X, ua"cBV on (0, 1).
n=0

It is known that if Zu,, is absolutely summable I Ca1 for some a >0,
then it is absolutely summable | 4|. There are, however, series abso-
lutely summable IAI but not [ Cal for any @ whatever. We intend to
give here an example of a Fourier series with that property.

Bosanquett has proved that, if the Fourier series of f(x) is abso-
lutely summable | C.|, then the function

aulty ) = 60 [ s )+ fo = ) = (@)} (=i

is of bounded variation on (0, ) for 8>«; and conversely, if ¢.(f)
is of bounded variation, the Fourier series of f(x) is absolutely sum-
mable | Cs|, (8>a+1).

2. Preliminary definitions. Let a,, .1 be defined forn=1,2, - - -,
k=1,2,---,n, by

(1) Gy = 2~ F—n—nl =1/2) Bup = 2-n — 2—n—n/(k=1/2)
Then, since k<#, we have

Bnk > 2-—n—1 .

* Presented to the Society, December 30, 1937.
t L. S. Bosanquet, The absolute Cesiro summability of Fourier series, Proceedings
of the London Mathematical Society, vol. 41 (1936), pp. 517-528.
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Let f,1x(x) be defined over —7 Sx <, so that
2) far(x) =27, Bux = l xl =< Bar + otuk,

(3) fnk(x) = - fnk(x - Zjank)) Bnk + 2jank < ‘ x] = Bnk + 2j+1ank7
(4) fux(x) = 0 elsewhere on (— =, 7),

where in (3) j takes on the values 0, - - - , k—1. The relation (3) im-
plies that
Brk+2ank Brk+omk Bnk+onk
f Jur(®)dn = f Sur(x)da —f fur(x)dx = 0,
Bnk Bnk Bnk

and by induction

IIA
IA

ﬂnk+2ianlc
f fan(x)dx = 0, 1</ k.
B

nk

If we define
(0 = [ ) + = ) = 2@,

we can obtain the following relations analogous to (3) and (4):
(s) (1)1(fnlc, t) = - (I)l(fnk, 1— 23.+1ank) ) Bnk+2j+lank< xéﬁnk"‘zﬁ_zank;
(6) ®1(fur, £)=0 elsewhere on (0, m),

where in (5) j takes on the values 0, - - -, k—2.
We define by induction the functions

t
) = ¢+ [ a0, s,
0
for which it can be shown by similar reasoning that, for r <k,

(7) q’r(fnk, t) = q)r(fnk, t— 2r+iank) ) 6nk+2r+jank < xéﬂnk+2r+j+lanlc,
(8)  ®,(fur, £)=0, elsewhere on (0, =),

where in (7) j takes on the values 0, - - - , k—7—1. We notice that, at
x=0, ¢:(f, t) = t77®.(f, £), and therefore for r<k—1
Bnk+ank
¢r(fnk, ﬁnk + ank) = zr(ﬁnk + anlc)_r 2n(Bnk + Unk — x)r—ldx
Bnk

ank
27y (B + an)~" f (o — %)™da
0

> 2n+172nra2k > 2—k12n/2k’
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since
wir + 1) — rin+n/(k — 1/2)} = n{t —r/(k — 1/2)} > n/2k.
This shows that, for 7 <k,
T.V. 0,00 (fur, &) > 275r2ni2k,
On the other hand,
&k (fury 8) = Rt ¥ Di_1(fur, ) — kEF1®p(fury 1),
so that, if I=(Bux, Brr+2*anr) = (Bur, 27, then

2k ank
f | 6 (fury £) | d2 = O {Zk"f 27(2kar,), — £)*1ds
T 0

LIS
+ 20kt0n f 2n(2k ey — t)"dt}
0

= O(2-n/2F),
Therefore
T.V.0mn06(far, 8) = OQ7"/2F).
3. Definition of f(x). We define the functions

(@) = 20 fogua().

[logak]41
Forr=k
¢r(f2”+k,k, t)‘(f)r(fzm.'_k,k, t) = 0, m # n,
and therefore
T.V. (O,T)d’r(fk; t) = Z T.V. (0,1r)¢r(f2”+k,k, t) = o, r < ky
[logakl+1
and
@) TV.onode(fi, ) = 22 T.V.@nde(fonst, )
[logak]+1

= 0( i 2—f/2k> = o).

It follows then that, for s > &,
¢s(fr, 1) BV on (0, ).
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The Fourier series of fx(x) must be absolutely summable | A | ,atx=0.
We set

1 — #2

1 T
Ay =T.V. —f 13 dt.
g b T gfk()l — 2rcost + r?

A sequence dj, is then defined so that
(10) dr = Ak2“’°,

(11) ds 2—kfow[fk(x)ldx.

IIA

The function
f(®) = idkfk(x)
is the one we set out to construct. By (11), f(x) € L, since
fonf(x)i dr = idkfowlmm dx < iz—k =1,

We have, by (10),

1 — 2

1 Ps © 0
T.V.<o,1)—f §i0) dt < D dpdr £ D270 =1,
™ 0 1 1

1 — 27 cost + 2
which means that the Fourier series of f(x) is absolutely summable

IA |, at x=0. Finally, using (9) we see that

i—1
T.V.wmoify ) > T.V.omnei(fis ) — | 22 T-V.0,m¢i(fx, 1)
1

=® —0Q1) = =»;

so the Fourier series of f(x) cannot be |C,~| summable at x=0, for
any j. This completes the proof of our assertion.
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