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QUADRATIC PARTITIONS: PAPER III
BY E. T. BELL

1. Simple Summation Formulas. This note is independent of
partitions. It gives the general summation formulas of which
a very special case might have been used to pass directly from
§3 to §4 of the preceding note,* and which will be used in future.
The final formulas considerably extend and generalize many
in the literature of the Bernoullian and allied functions.

Let f(x) be an entire function of x. Write M=[(n—1)/2],
N=[n/2];

l

Jo(n) = ;f(27—1+e(n)), frm) = (= 1)7f(2r —1+4e(n)),

N

fﬂ(”) = Z(— I)Tf(ZT - 6(%)), fp(n)

r=1

I

N
21(2r — e(n).
r=1

One of the pairs (8, 1), (p, ) is sufficient, since

Juon = 1) = fyom) = Tg),

Jn =) = fon = 1) = Ti0r— 1),

n—1

S —1) =f,(2n—2) = 3(= 1)fQr — 1),

J2n) = 1yon = 1) = (= 7).

The like applies to the more general sums f,,(n) in §2.
Itisrequired to express f:(n) (£=8, v, n, p) as explicit functions
of n. Write

Ca(n) = 2e(n)f(0) + 2f(n) + 2e(n){f(2B") — f(— 2B")}
2{1 = e(m)} {/(R) — f(—= R)},

* This Bulletin, this issue (vol. 38, No. 8), pp. 551-554. The notation and
definitions are given in I, ibid., vol. 37 (1931), pp. 870-875.
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Cy(n) = 4e(n)f(0) — 4(— DMf(n) + 2{1 — e(n) } { /(E) + f(— B)}
+ 2(— 1)*@e(n) { /(2G") — f(— 2G")},
C,(m) = 2{1 — e(m)} f(0) + e(m) {/(E) + f(— BE)}
— {1 —em} {1026 — f(— 261},
Co(n) = {1 = e(n)}f(0) + e(n) {f(R") — f(— R")}
+ {1 — e} {12B) — f(— 2B)}.
ThLen the required expressions are given by
4fs(n) = f(B'(m)) — Co(n), 8f,(n) = (— DMf(y'(n)) — Cy(n),
af,(n) = (— D¥f((n)) — Cy(n), 2f,(n) = f(o'(n)) — Caln).

It will be sufficient to indicate the genesis of one, say the
last. We have (see I, §§§3, 6, 7),

cosp’'(myx =1 — e(n) + 2 i cos (2r — e(n))x,

r=1

2e(n) sin R'x + 2{1 — e(n)} sin 2B'«x

sin p’(n)x

+ 2 % sin (2r — e(n))x,

r=1

from which we pass to a single identity between umbral expo-
nentials on multiplying the second by ¢ and adding to the first.
Thence the stated formula for 2f,(z) is written down. For, if
a, b, - - -, cdenote umbrae for the moment,and 4, B, - - -, C,
x ordinaries, and if 4 exp ax+B exp bx+ - - - +C exp cx=0
is an identity in x, then Af(a)+Bf(b)+ - - - +Cf(c) =0. This
also sufficiently indicates the proofs for the formulas in §2,
which are obtained from the exponential identities just used on
changing therein x into px and multiplying throughout by exp
sx.

2. Extended Stmple Formulas. The arguments of f in the pre-
ceding formulas are in arithmetical progression with common
difference 1. The following refer to any arithmetical progression.
Let p, s be ordinates, and write

M
w(n) = 2f(p(2r — 1+ e(m)) + 9),

7=1
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Frns(n) = }_:(— Df(p2r — 1 4 e(n)) + ),
N
Sops(n) = ;(_ Drf(pQ2r — e(n)) + s),

Jors(n) = ;f(P(W —e(n) + ).

These include those in §1: fuo(n) =fe(n).
Denote by Cgps(n) the result of performing the substitution
x—px+s on the argument of f(x) in C¢(n). For example,

Cops(m) = {1 — e(m)}f(s) + e(m) {f(pR' + 5) — f(— pR" + 5)}
+ {1 —em} {7(2pB" + 5) — f(— 2pB' + 5)}.

Then the expression of fi,,(%) as an explicit function of # is ob-

tained from that for f:(#) by performing the same substitution

on the argument £'(n) of f(£’(n)) and replacing C¢(n) by Ceps(n).
For example,

2fops(n) = f(pp'(n) + 5) — Cops(m).

3. Multiple Summation Formulas. Let f(x1, - - - ,x;),t>1,bean
entirefunction of (x1, - - -, x;). We write f(xy, - - - ,x,) asa pure-
ly symbolic or ideal product of ¢ functions fi(x;) (j superscript) of
one argument, f(x1, - - -, x;) =f"(x1) - - - fY(x;). By definition,
in this multiplication, fi;(x;) - - - fij(x;) =f"(%1) - - - filxy),
where ji, - - -, j,is any permutationof 1, - - -, ¢.

Write M;=[(n;—1)/2], and let p;, s, be ordinaries. Then the
expression of
M,

My
220 37 - 2 f(pi(2r = e(m) + sy, - - -, pu(2r — e(ny)) + )
=1 ri=1
as an explicit function of n, - - -, n;1s

t

TLL/7(p:8'(ns) + 55) — Chppe(n)],

=1

in which Cgl,jsj(n,-) is written down from §2 by giving to each
fin Cgps;(n;) as there defined the superscript j. The indicated
product is distributed precisely as in a commutative ring; sym-
bolic products of f7’s are then replaced by their equivalent func-
tions of ¢ arguments by the above definition.
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To validate the process, proceed from ¢{=2 by mathematical
induction. For =2, we consider f(x;, x;) as a function of xy,
keep x fixed, and apply the summation formulas of §2. In each
term of the result we then consider f(x;, x;) as a function of
xo and apply §2.

In exactly the same way multiple summations equivalent
to symbolic products (as above) of any number of factors of one
or more of the types giving the explicit forms of the function
Sfeps(m), (£=0,7v,7, p),in§2 can be written out as functions of the
upper limits of the summations.

By the method of proof in §§1, 2, it follows that these formu-
las remain true under linear transformations of the arguments
of the entire functions. The like does not hold for non-linear
transformations, as the product of two or more umbrae is un-
defined.

CALIFORNIA INSTITUTE OF TECHNOLOGY

A LOGICAL EXPANSION IN MATHEMATICS*
BY HASSLER WHITNEY}

1. Introduction. Suppose we have a finite set of objects, (for
instance, books on a table), each of which either has or has not
a certain given property A (say of being red). Let #, or n(1),
be the total number of objects, #(4) the number with the prop-
erty A, and n(4) the number without the property A (with the
property not-A or 4). Then obviously

(1) n(d) = n — n(4).

Similarly, if #(4 B) denote the number with both properties 4
and B, and #(4 B) the number with neither property, that is,
with both properties not-4 and not-B, then

(2) n(AB) = n — n(A) — n(B) + n(4B),

which is easily seen to be true.
Tte extension of these formulas to the general case where any
number of properties are considered is quite simple, and is well

* Presented to the Society, October 25, 1930.
1 National Research Fellow.



