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NON-EXISTENCE THEOREMS ON THE NUMBER
OF REPRESENTATIONS OF ARBITRARY
ODD INTEGERS ASSUMS OF 4r SQUARES*

BY E. T. BELL

1. Introduction. The theorems stated in §3 and proved in
§4 will be more significant if we first outline some known
results and devise a definition which they suggest. In §5
an interesting problem is proposed, to which the method of
this paper is at least partly applicable.

2. Simplicity of the Number of Representations of an In-
teger as a Sum of 4r Squares. Let n, r be given integers. The
number N(n, r) of one-rowed matrices (xi, xs, - - -, %,) of
integers xéO (G=1, 2,---, r) such that xZ+x?+4+ - -
+x? =n is called, as customary, the number of representa-
tions of # as a sum of 7 squares; N(0, ) =1. Henceforth let
n be an arbitrary integer >0, and m an odd integer >0.
Denote by {;(n), 7=0, the sum of the jth powers of all the
divisors of #, {;(0) =1 by convention; and by £;(#) the sum
of the jth powers of all the divisors=1 mod 4 of # minus the
like sum for the divisors =3 mod 4. Write (—1]|m)
=(—1)=-D /2 Then, either from the analysis of Bulyguint
or otherwise, it is known that the general structure of
N(m, 2r) is as follows:

N(m,4r) = ator—1(m) + F.(m),
N(m,4r — 2) = [b + o(— 1| m)]tar_s(m) + G.(m),

where a, b, ¢ are numerical constants (independent of m)
different from zero; F;(m)=G;(m)=0 (j=1, 2), and F,(m),
G,(m), when r>2, are sums of homogeneous polynomials
in the integers yi, vs, - - + , yzéo such that

* Presented to the Society, June 20, 1929.
t Bulletin de '’Académie de St. Petersburg, 1914, pp. 389-404.
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yEFyE+ - -yt =m,
where ¢ <2r for F,(m) and t<2r—1 for G,(m). For example,

Fo(m) = p 2 (9:® — 28915922 + 35y1492") + ¢ 2 (i — 39:1294Y),
8 16

where Y s, > _1s refer respectively to all sets of solutions of
vty byl =m, yt oyttt =m,

respectively, and p, g are numerical constants different from
zero. Precisely similar theorems hold for N(2%m, 2r), a>0;
the constants @, b are then to be replaced by a4 42— De,
b+ B22(r—Derespectively, where 4, B are numerical constants
different from zero; F,(22m), G,(2*m) replace F,(m), G.(m)
and are defined in the same way as the latter with 2* m in
place of m throughout.

We shall call afe,_i(m), [b4c(—1|m)] Ers(m) the simple
parts of N(m, 4r), N(m, 4r—2) respectively, and similarly
for N(2#m, 2r). The remaining parts will be called com-
pound.

DEerFINITION. If >0, 820 are constant integers, and if the
compound part of N(at+B, 2r) either vanishes or is identically
zero for all integers t =0, N(at+B, 2r) is said to be simple.

For example, N(¢, 2r) is simple when and only when
r=1, 2, 3, 4. In these cases the compound part vanishes
identically; that is, it is absent. On the other hand, N(2¢, 12),
N(4t+3, 10) are simple because the compound parts of
N(n, 12), N(n, 10), neither of which is identically zero,
vanish when n = 2¢,n = 4¢+ 3 respectively. These six examples
exhaust the known instances of simple N(at+8, 27).

We shall discuss the simplicity of N(4¢48, 27). Evidently
the following enumeration of cases is exhaustive; it is made
to fit the subsequent analysis:

N(4t+6’ 4f—j), (ﬂ=0’172;3; ]=072)
In other papers, cited presently, all cases except N(4¢+1, 47),

N(4t+3, 47) have been disposed of. We may therefore
restrict the discussion to these.
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3. Theorems on N(m, 4r). We shall prove the following.

THEOREM 1. If N(m, 4r), m=1mod 4, is simple, N(m, 4r)
=87’§'2,-_1 (7}1)
THEOREM 2. If N(m, 4r), m=23 mod 4, is simple,
32r(2r — 1)(4r — 1)
N(m,4) = Car—a(m) .
3(327‘—1 + 1)

THEOREM 3. If m=1 mod 4, and N(m, 4r+4), r>1, is
simple, it is necessary (but not sufficient) that

3.5%+2 = 512¢% 4 76873 4 352»% 4 168r + 225.

THEOREM 4. If m=3 mod 4, and N(m, 4r+4), r>2, is
stmple, it is necessary (but not sufficient) that

105(72+14-1) = (5127 — 2567% — 32¢24-856r + 210) (321 4-1).

THEOREM 5. N(m, 4r+4) is simple for no r > 1.
THEOREM 6. N (m, 4r) is simple when and only whenr=1, 2.

To state the next theorem, let £ be the modulus of the el-
liptic function sn #. Then, as is well known or easily seen
by Maclaurin’s theorem, the coefficient of (— 1) %2 +1/(2r+1)!
(r=0) in the expansion of sn # is

Sua(kD) = Dosi(n)k*,
t=0
where the s.(r) (¢=0, 1,--., r) are integers >0. The
expansion being unique, the integers s,(r) are uniquely de-
fined. Let (}) denote the coefficient of x7 in the expansion of
(1+x)? if p>0 and 0=j=p, and zero otherwise. Then

o) = 2“222'(27 + 1 ,_ 2z>w)

t=0 M

is an integer >0 whenever »=0, u=0 are integers.

THEOREM 7. If m=1 mod 4, a necessary and sufficient
condition that N(m, 4r+4), r=0, shall be simple, is that a
constant N (independent of m) shall exist such that
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(N=0,1}"'ar);

w2 (7F9),

4u+1
if such a N exists, NN (m, 4r) =2¢s41(m).

TaeoreEM 8. If m=3 mod 4, a necessary and sufficient
condition that N(m, 4r+4), r=0, shall be simple, is that a
constant N (independent of m) shall exist such that

4r + 4)
4u + 3)’
if such a \ exists, N(m, 4r+4) = 282011 (m).

U2M+1(r)=)\< (u=0,1,"',1’);

4. Proofs. It is readily seen that Theorems 7, 8 imply all
the rest. We shall require the following explicit values of
si«(r) (¢=0, 1, 2, 3) for all integers r =0, due to Hermite:*

so(r) = 1; 2% (r) = 3+ — & — 3
28s9(r) = 52+l — (8 — 4)3%+1 + 3272 — 32r — 17
22y(y) = T2+l — (8¢ — 12)52r+1 4 (3242 — 88y + 30)327+1
— 3(256r% — 1056¢2 + 7527 + 471).

Assume for a moment that Theorems 7, 8 are true. Then
the value of \ is found by taking u=0. Theorems 1, 2 result.
Take u=0, 1 in Theorems 7, 8; Theorems 3, 4 then follow by
a simple but rather tedious calculation in an obvious manner.
Theorem 5 follows from Theorems 3, 4 on remarking that
for the appropriate (small) value of »>2 the left-hand
members of the equalities stated in Theorems 3, 4 become
and remain greater than the respective right-hand members;
the few values of # not thus rejected are thrown out by
Theorems 7, 8. (The details of a similar calculation are given
in the paper cited presently.) Theorem 6 is then immediate.
It remains then only to prove Theorems 7, 8.

* Oeuvres, vol. 3, p. 237; stated without indication of proof. As certain
others of Hermite's values contain misprints, the above were calculated
by the method of Gruder, Wiener Sitzungsberichte, vol. 126, IIa (1917), and
found correct.
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It was proved in a former paper* that
4 qu/2§-2r+1(m) — Zst(r)024 t+2g 4 24t | ql <1,
m =0

for all integers »=0, where Y, refers to all odd integers
m >0, and 0,, 03 are the usual elliptic theta constants. It was
also piroved that for each value of the integer » 20, the set of
integer coefficients s,(r) (¢=0, 1, - - -, ) can not be replaced
by any other set of 41 integers >0. Apply to the above the
identities

0:2(g112) = 20,05, 0:2(q"2) = 6% + 07

from the transformation of the second order. A short reduc-
tion gives
2r+1
2 Tqm ) = Dou(r)0smrg o,
m =0
From the uniqueness of the set of coefficients s,(r)(¢=0, 1,
-, r) and the manner in which the last identity has been
obtained, it follows by a simple contradiction that the o,(7)
(u=0,1, - - -, 2r41) can not be replaced by any other set
of integers >0. Replace ¢ by ¢*, and denote by N(n, », k)
the number of representations of #» as a sum of » squares,
precisely & of which are odd. Since a sum of 7 squares, pre-
cisely % of which are odd, is=k mod 4, we compare coeffi-
cients of like powers of ¢ and separate cases modulo 4. Thus

r N(m,4 4,4 1
m = 1mod 4: 2{s11(m) = D 02,(r) Om,4r + wt );

u=0 <4r + 4)
4u+ 3
r N(m,4r + 4,4u + 3)
m = 3 mod 4: 2{s,01(m) = X osu41(r) . .
p=0 (41’ + 4)
4u -+ 3
* To appear shortly in the Journal of the London Mathematical Society.

The paper dealing with the remaining cases of N(4¢+8, 2r) has not yet
been published.
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By what precedes, the ¢;(7) can not be replaced by any other
sets of integers >0. But, obviously,

m=1mod4: N(m,4r + 4) = D N(m,4r + 4,4u + 1) ;

p=0

m=3mod4: N(m,4r +4) = D N(m,4r + 4,4 + 3).

p=0

Hence Theorems 7, 8 follow.

5. Statement of a Gemneral Problem. The theorem that
N(t, 2r) is simple when =1, 2, 3, 4 is due to Eisenstein.*
That N(¢, 27) is simple only for those values of » does not
seem to follow from his statements; the simplicity when and
only wher r=1, 2, 3, 4 can be proved readily by the methods
of this paper. It follows from the theorems of the present
paper and the others cited in §4 that N(¢, 2r), N(4t+83, 2r)
are simple only for the values of 8, » stated in §1. Further,
it is clear that the complete theory of the simplicity of
N(at+8, 2r) is known for a=1, 2, 4. This suggests the
following problem. Find all values of r (if any) for which
N(at+B, 2r) is simple, where o is an arbitrary integer >0 and
different from 1, 2, 4. The obvious generalization in which the
¢, £ functions are replaced by other given functions of divisors
might also be considered.

CALIFORNIA INSTITUTE OF TECHNOLOGY

* Journal fiir Mathematik, vol. 35 (1847), p. 135.



