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All the terms in the product of these two series, after the second 
term, vanish. Putting the sum of the first two terms = N= 0, 
we have a0 •— d (a0 + 1) = 0. If we assume a0 = — Jg°-, then 
d = 10, and the two factor series become 

f 7 / = l — 11 + 9 + 1 1 — 9 — 11 + 9 + 1 1 

Since U- TJ' = 0, we have Up • U'p = 0. As all the terms in 
U are of the same sign, it is easily seen that Up is divergent 
for all positive integral values of p. XV and U'p are also 
divergent. 

§ 8. If wTe assume t = 2, s — 1, c = — 1, a0 = 1, 60 = 1, 
iVr== 0, then the condition that the sum of the product of (5) and 
(6) shall vanish becomes d2 + 1 = 0 and (letting i = j / —• 1) 
the factor series thus obtained are the two complex divergent 
series 

1 + (1 + i) + i + 0 + 1 + (i + 1) + i + 0 + • • • 

1 - ( 1 + i) + (i - 1 ) + (i + 1) - (i - 1 ) - (i + 1 ) + • • • 

COLORADO COLLEGE, COLORADO SPRTNGS, 
April 12, 1902. 

THREE SETS OF GENERATIONAL RELATIONS 
DEFINING THE ABSTRACT SIMPLE GROUP 

OF ORDER 504. 
BY PROFESSOR L. E . DICKSON. 

(Read before the American Mathematical Society, October 25, 1902.) 

1. CONSIDERABLE interest attaches to the simple group of 
order 504. The existence of this simple group was discovered 
by Professor Cole.* This was one of the facts that lead Pro
fessor Moore f to his investigation of the linear fractional group 
in the general Galois field, resulting in the discovery of a new 
doubly infinite system of simple groups. 

* " O n a certain simple group," Mathematical Papers, Chicago Congress of 
1893. 

t BULLETIN, December, 1893 ; Mathematical Papers, Congress of 1893. 
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The first set of generational relations follows readily from a 
general theorem quoted, with references, in § 2. From it is 
derived, in §§ 5-9, the second set of generational relations 

A7 = i , B2 = I , ( ABf = I, (A3BA5BA*B)2 = L 

The same method was followed by the writer * to determine the 
well-known generational relations for the simple linear frac
tional groups in the GF[5] and GF\22~\, each of order 6 0 ; 
and for that in the 6TJF[7] , of order 168. In a " Note on the 
simple group of order 504," Burnside f established the above 
second set by a direct analysis. Other derivations of this sec
ond set are due to R. Fricke % and to De Séguier.§ 

The simplest of the three is the (new) third set 

<79 = J, D2 = I, (CDf = I, (C3DC5I))2 = L 

First Set of Generational Relations, § § 2—4. 

2. THEOREM. || The group of all linear fractional substitu
tions of determinant unity in the G F [pn] is simply isomorphic 
with the abstract group generated by the operators T and Sk 

(A, running through the series of pn marks of the field ), subject to 
the generational relations 

(1) T2 = I, S0 = I, £ASM = £A+ ^ (X, ix any marks), 

(2) £A TS^ TOA__1 TS - (Â  -1) yffjt-i T = I 
A/a — 1 Aju, — 1 

(X and fM any marks such that Xp =f= !)• 

3. For pn == 23, the group is a simple group of order 504. 
Let the GF [23] be defined by the irreducible congruence 

i3 = i + 1 (mod 2), 

so that the marks of the field are 

0, 1, i, i+1, #, ^ + 1 , *2 + *, f + i + l . 

* Linear Groups, pp. 302-303. 
t-A/otó. Annalen, vol. 52 (1899), pp. 174-176. 
{!&«/., p. 335. 
$ Journal de Math, series 5, vol. 8 (1902), p. 267. 
|| Found, but not yet published, by Professor Moore. A different proof for 

finite fields is due to the writer : Linear Groups, pp. 300-302. 
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The relations S^S^ = SKJrfX all follow from 

( 3 ) si = S* = S> + l = S*. = S*t+1 = 8*,+ i = S*,+ i + l = I, 

(4) && = 8i+ v Sfif = Si2 +1? ^AS7. + . = S{2 + . + v S.2S. = S# + .. 

Taking the inverse of every member of (4) and applying (3), 
we get 

To show that /S /̂S^ = S^^ for every mark /JL, we note that 

« A + i = *V ^ A = î> AA*+i = *V £ < A = * V H A = ^+i+i 

Then Si+lSfJL = ^+1+jlA follows at once, since 

Cf Q/ Çf Q Ç? Ç/ <y Cf 

^ « + A = : ^ A * \ = A A + * == ^1+vf*• 
That / $ A = #A+M (X = i2, i2 + l,i2 + h or i2 + i + 1) follow 
quite similarly. 

4. For X = 0 or 1 or for /x = 0 or 1, relation (2) reduces to * 

(5) (TO 1 ) 3 =J. 

Among the remaining relations (2) occur the following six : 

(6) S^TS^TS^TS^/f^ I, 

(7) S.,T8i,T8iT8i!+i+lT8iT=I, 

( 8 ) SH.iT8i+iTSa>+iTSi>TSe+iT = J> 

(9) Sii+1TSi2+1T8{2+i+1T8i?+iTSfi+i+lT= I, 

(10) 8fi+iT8i2+iTS/lK+1T8ilT = I, 

(11) 8^i+lT8i,+i+1TSi+1TSiTSHiT= L 

From these follow all the relations (2) in which neither X nor /JL 
is 0 or 1. For, in (6)—(11), each subscript i, i -f 1, i2, i2 + 1, 
i2 + i, i2 + i + 1 is followed immediately by all of the others, 
excepting its reciprocal, provided the first subscript be regarded 

*Thus, for A = 0, (2) becomes TS^T^T^TS-p+iT = I. Transforming 
both members by TS^ we get TS1TSiTS1= L 
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as following the last ; while from (2) results an equivalent re
lation by using for the initial X, /x any two consecutive sub
scripts. We have therefore the following 

THEOREM.* The abstract simple group of order 504 is gene
rated by the operators T, Sv Si9 #.+1? S#, S{2+v S#+v # . 2 + m sub
ject to the generational relations T2 — I and (3), (4), (5), (6), (7), 
(8), (9), (10), (11). 

Second Set of Generational Relations, §§ 5-9. 

5. Transforming both members of (8) by T8i+V we get 

( 1 2 ) $ m TSi+i TSi+i TSi+i = Si*+iTSi* T&%*+i' 

Denoting each product by P, we form PTP and get 

S-,APS.,,) = S.2< • TS.2TS.o,.±S.2..TS-2TS.2... 

In view of (10) ; the second member equals 

Si2+iTS.2T- TSi2TSi+l • SiHi = Si+V 

Hence 
(13) {TSi+J = L 

Set A s T8i+V B = 8V By (3), (4), (5), (13), 

(14) A7 = I, B2 = I, (ABf = I. 

6. From (10) and (7), we obtain respectively 

SfiTS, = S^TS^TSJS^TS^ = A~*BA\ 

*Note added November 10. The relations (8), (9), (10) maybe omitted. 
Indeed, we may write (6) thus : 

S i TSi TSi%-\- i -j-1 Si JT/S^S-J- i rrSi2.\- iT= I. 

Replacing TSiTSi'2+i+1 by S'^TS^TS),!) as maybe done by (7), and then 
TS] T by SiTSi, as may be done by (5), we obtain (10), with its subscripts 
permuted cyclically. Again, we may write (6) thus : 

Si TSi+iSi TSi2+1 JT&YH I TSi>2+ iT=L 
Replacing SiTSi+i by TS^iTS^^i+1TSi2+ i+] T, in virtue of (11), and then 
TSi T by Si TS\, in virtue of (5), we obtain a relation immediately equiva
lent to (9) . Finally, we may write (7) thus : 

S^TS^TSi - Si+i TSi*+i+1 TSi T ~— f» 

Replacing Si+iTSi2+i+1T by TSiTSi+iTSi2+i+i, in virtue of (11), and 
then TSiTby SiTSh we obtain (8). 
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But ABA-1 = TS.T. Hence 
t 

(15) £ . 2 + m = AB A-*BA*BA-\ 

(16) £.2+1 = B • ABA-'BASBA-1 = A~lBAzBA^BA~\ 

since BAB=A~1BA~1 by (14). Since 8.2+1 is of period 2, 

(17) (^3^5B^L3 .B)2 = L 

7. We next express all the generators of the group in terms 
of A and B. Transforming (8) by TSi2+v we get 

8i2+1A T8x8i2 18i2 T = I. 

Replacing 8.2+1 and 8i2T8i2 by their values and TSX by J . 5 , 

(18') T = ^ - ^ ^ l 3 ^ ^ 3 ^ ^ ^ ^ 5 ^ ^ 3 . 

Since JBJ.2J? = A~lBA-2BA~l by (14), we get 

T = A~lBA3BA2BA~2BA*BA2 

Replacing BA~*BA*BA2, of period 2 by (17), by its inverse, 
we get 
(18) T = A-lBA2BA*BA*BA*B. 

8. The $ are given by (15), (16) and the relations 

Sx = TAB, # m = T~lA, 8i2+i = TAB8i2+i+v 8i2 = 8i2+iB. 

Some of these relations may be simplified. Thus, 

8.2,. = A-lBA2BA*BA*BA*B • AB • ^ B ^ i ^ L 3 ^ - 1 

= A-lBA2BAsBABBA-lBA*BA-x [by (14)] 

= A-'BA^BA'BA'BA^A-1 [BA^B^ABA] 

= A-*BA-2BAlBA*BA'BA~x 

[BA'B^A-'BA-'BA-1] 

= A-2BA''B• BA3BASBA6-A-1 [by ( 17)] 

= A-2BABA3BA4 

= A-sBA*BA-s [BAB=A-iBA~1]. 



1903.] THE SIMPLE GROUP OF ORDER 504. 199 

Taking the inverse for Sp+V we have the relations 

S. = B, 8X = TAB, SiHi = ASBA5BAB, 

^ 9 ) « Si+1 = T-lA, Si2 = ASBA5BA5B. 

9. THEOREM. TAe simple group of order 504 is generated 
by two operators A and B subject to the generational relations 
(14) and (17). 

I t remains to show that the operators defined by (15), (16), 
(18) and (19) satisfy the relations T 2 = I, (3)~(11), in view 
of relations (14) and (17) alone. We derive at once the re
lations 

Si = I} Si2+m = I, $;2+i = I) Si* = I, S^8i = .0.2+i, 

S* . = ABBA5 • BA~lB • ^ 1 5 J S ^ 3 

= A3BA~1BA~lBA3 = A7 = I. 

Since .B^2,B = A-lBA~2BA~l by (14), we get 

T2 = (A5BAsBA2BA3BA3Bf 

= A'BA'BA* • AWA'BA* • AiBA2BAiBA3B 

[by ( H ) ] 

= 4«.B4» • BAiBAiBA2B • A2BA3BA3B 

= ^.B^L5 • A*BA*BA» • A2BA3BA3B [by (17)] 
= (A*BA3BA3Bf = J [by (17)]. 

That 8i+l = T~XA has period 2 is shown as follows : 

ATAT= BA2BA3BA3BAiBA3BA3BA3B 

[by ( i s ) ] 

= BA2 • A2BAiBAi • A3BA3BA3B = / 

[by (17)]. 

We may show that 8\ — I by indicating the square of 

(20) T'lAB = BA'BA'BA'BA'BA^ 

and replacing BA~XB by ABA six times in succession. We 
have therefore derived all the relations (3) and T2 = / . Next, 

S& = TAB • B = T~lA = 8i+l ; 

S,, = TAB =A-^BA3BA3BA2BAiBA3B = S^S?, 
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upon employing for T formula (18') which follows from (18), 

(17), (14). Hence 8X8^ = 8$+v Again, 

Hence relations (4) have all been derived. 
I t remains to derive relations (5)—(11). From what pre

cedes, we may make use of relations (1). Since TSl = AB, 
(5) follows from (14). We next verify that 

(21) &fTSf = A-*BA*. 

Employing 8i2 = 8r2
l = BA*BA2BA* and the value of T from 

(18), we obtain as the condition for (21), 

A2B A*B A2BAZB A2BA*BA5BA2B = I. 

Eeplacing the first two products BA2B by A~lBA~2 BA~l, we 
get 

A2BABBA~2BABA~2BA2BA5BA2B = L 

Replacing BAB by A~lBA~l and then BA*BAéBA2 by its 
inverse, in view of (17), we get 

A2BABASBABA2B = I, 

a relation following readily from (14). As in §6, (10) and 
(7) follow from (21), (15), (16), and 

(22) ABA-1 = AS^SK^A-1 = T8.T. 

From (18') and (21) follows (8) as in §7. Note that (10) 
also follows from (8), and A1 = I , as in §5. 

Employing (22), relation (6) may be written 

B • ABA-1 - 8.2,. • m • S*TS* • S.T= I. 

Applying (14), (19) and (21), the relation becomes 

A~XBA-2 • A3BASBA3 • AB • A~2BA2 BT=I. 

By (14) we may replace BASB and BA^B by ABA2BA : 

A~XBA • ABA2BA • A* • ABA2BA • A2BT = I. 

Replacing BA6B by ABA, we get, by (18), 

A~1BA2BA3BAiBA3BT= T2=I. 
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Transforming (11) by 1) we get 

T8i+1 • SfTSf • 8i+1T- 8i+lT- 8. • T8i+1 = I. 

Setting T8i+Ï = A and 8t = I?, and applying (21), it becomes 
an identity. 

To verify (9), we write it in the form 

8i2+l - T8X• 8i2T8.2'8i+lT-8i-8.2TSi2• 8WT == L 

Applying (16), (21), T8X = AB9 Si+1T=A~\ 8{ = B, it 
becomes 

A-lBA"BABABA-2BA = I , 

which is an identity since BABAB = A"1 by (14). 

Third Set of Generational Relations, §§10—12. 

10. Consider the two operators 

C=StT, B = SHV 

From (6) and (8) we obtain respectively 
/ O m\4 Q rnof met m met met m et mçj mçj 

Hence, applying also (11), we derive 

(8try = ^ ^ 2 8 ^ 2 - = i. 

Also, D O = $ jTis of period 3 by (5). Hence 

(2.3) B2 = I, C9 = I, {BCf = I. 

11. Noting that G-YBC = T8i+1T, we may write (11) thus : 

S ^ m ^ - H DOB- C-1 • C-*DC= I, 
se+i+iT8i>+i= C-'BCWC-'D = C-lDC3BC. 

Multiplying the latter on the left by 8i+i and on the right by 
S.T, we get 

S.*TS.*T= BC-lBC3BC2 = CBC'BC2. 

Applying this result in (7), we get 

S*...,T = G'DC'BC7. 
t - r i - r l 

We now obtain the formulae * 

*It may be shown that JSi^i+i^I)GW03DC\ 
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(24) S,+i = S,+i+1T- TS, = C'DC'DCW, 

(25) S,+1 = S,+iSi+l = C«DC*DC\ 

(26) SfiT=S-ù.iSlT=DC*DCtDC*. 

Since 8iZ+l is of period 2, it follows from (25) that 

(27) (DC'DOy = I. 

We may write (6) in the form 

<72 • SfT- TS.• TS.Z • 8,T- Si2+i T=I. 

Applying (26) twice and (24) once, this relation gives 

C2D CD CéD C~lD C5D CéD CbD C6D = T. 

Replacing DC~lD by CDC in view of (23) and then CSDC5D 

by DCVDC\ in view of (27), we get 

(28) T= CQDC3DC*DC5DC6D. 

From the definitions of A and B at the end of § 5, we get 

(29) A=TD= C6DCSDC*DC*DC«, 

(30) B = CT~l = CDC3DC*DC5DC6DC\ 

12. THEOREM. The simple group of order 504 is generated 
by two operators C and D, subject to the generational relations 
(23) and (28). 

In view of the theorem of § 9, it suffices to show that, if A 
and B are defined by (29) and (30), relations (14) and (17) 
follow from relations (23) and (27). First, 

(31) BA = CT-1 • TD = CD, 

so that BA is of period 3 in view of (23). To show that 
J 3 a = i , we replace DC6DC4 by its inverse C5DC3D in the 
indicated square of B and get 

B2 = CDC'DC^DCD- C'DC'DC'DC'DC3. 

Replacing DCD by C~lDC~l and, in the result, DC3DC5 by 
C*DC6D, we get 

B2= CDC7DCDC5DCGDC\ 

Making similar replacements, we get B2 — C6DC9DCS = L 
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In the indicated product A A, we replace DC5DC* by 
C6DC*D, then DCD by C-YDG~\ then C6DC4D by 
DC5DCZ, then DC~lD by CD C twice, and get 

(32) A2 = C7DC\ 

I t follows at once that 

A6= C7DC6DC6DC\ 

I t will equal the expression for A~x given by (29) if 

C4DC6DC'DC5 = DC*DC5DCÛD. 

Replacing CàDC6D by DCSDC5, the condition becomes 

1= C*DC7DCDC5DC6D. 

Replacing DCD by C~lDC and then C'DC'D by DCbDC\ 
the condition reduces to an identity in view of D2 = I, C9 = 1. 

Finally, to derive (17), we note that 
BASBA5BAB = BAA2BAA*BA A\ 

and substitute the values of BA and A2 given by (31) and (32). 
The result CDC5DC*DCS is evidently of period 2 by (23). 

Generators of the Linear Fractional Group of Order 504. 

13. For the first set of generational relations, we may take 

T: z'=-z; 8^: z'=z + fi. 

Hence, for the second set, we may take 

A: z'=7+i+l; B: z = z + i. 

For this second set, Burnside employs 
A, , • -r», , Z + i2 

A : z = iz ; B : z = .-« - . 
%lz + 1 

We readily obtain the relations 

For the third set, we may evidently take 

(7: z = 1 -T-(S + i ) ; Z) : z ' = 3 + i + 1. 
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Note that S^+1T is of period 7 ; while 

T> AS > Z+ i+ 1 

% 

is of period 9 ; also, as a check on (27), that 
v 4- i2 

DC5DO": zf=^~^. 
iz + 1 

T H E UNIVERSITY OF CHICAGO, 
October 19, 1902. 

G E N E R A T I O N A L R E L A T I O N S D E F I N I N G T H E 
ABSTRACT S I M P L E GROUP O F ORDER 660. 

BY PROFESSOR L . E . DICKSON. 

(Read before the American Mathematical Society, October 25, 1902. ) 

T H E abstract group of order 660, simply isomorphic to the 
group of linear fractional substitutions of determinant unity 
taken modulo 11, may be generated by two operators S and T 
subject to the following relations : * 

(1) Sn = I, T* = I, (ST)* = I, 

( 3 3 3 3 3), (7 7 7 7 7), (2 2 4 8 4), ( 4 4 9 7 9), 

( 5 5 2 9 2), (6 6 8 9 8), (8 8 5 3 5), (9 9 10 8 10), 

( 2 3 9 6 7), (2 7 6 9 3), ( 2 8 3 7 10), (2 10 7 3 8), 

( 3 6 4 5 10), (3 10 5 4 6), ( 4 7 5 6 10), (4 10 6 5 7), 

where the symbol {abode) denotes the relation 

SaTShTScTSdTSeT= L 

These relations are very redundant. We proceed to reduce 

* For a proof of the general theorem due to Moore, see Dickson, Linear 
Groups, \ 278, Corollary. When the field is of order a prime p, we may set 
Sx = S, St = SK By £ 279, we need retain only the 16 relations (a, 6, c, d, e) 
given above, since the others follow by a cyclic permutation of a, 6, c, d, e. 
I t may be shown that S*T, S*T, S*t\ S*T, S«T, S'T, S*T, S9T have the 
respective periods 12, 5, 5, 6, 6, 5, 5, 12, results not used here. 


