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the transcendentals corresponding to it and e in the nth pro­
cess are algebraic numbers borrowed from the (n — l ) t h 
and(n + l ) t h processes respectively. The totality of num­
bers may thus be conceived as arranged in an infinite 
number of strata, the ordinary algebraic numbers forming 
a single stratum. 

With the extension of the differentiation process, and the 
stratification of the number body, all the results of the or­
dinary calculus, for example Taylor's theorem, can be ex­
pressed in terms of any two consecutive processes. 

THOMAS F. HOLGATE, 
Secretary of the Section. 

EVANSTON, I I I . 

THE VALUE OF ƒ ^ (log 2 cos ?) V%>. 

BY PROFESSOR F. MORLEY. 

( Read before the American Mathematical Society, April 29, 1899. ) 

T H E integral in question, in which m is any positive in­
teger, and n is any even positive integer or zero, is given in 
effect, for the cases m = 1, n = 0, in Williamson's Integral 
Calculus, §118 of the second edition, being taken from a 
paper by H. G. (presumably Harvey Goodwin, Eishop of 
Carlisle) in volume 3 of the Quarterly Journal of Mathematics. 
Further it is given in effect, for the case m = 2, n = 0, in 
Wolstenholme's Problems, p. 332 of the second edition. 
I t seems worth while to show how it can be expressed in 

CO 

general, in terms of the constants sr = 2 l/n% which may be 
i 

regarded as known. 
We know that when p and q are real 

i a . £ i ? , K f f - i M ? - 1 ) , ^ r ( 1 +P + g) 
^ l . l " 1 " 1-2 .1 .2 "*" l\l+p)I\l +q) > 

when p + q > — 1 (Forsyth, Differential equations, p. 197). 
But the left member is the constant term in the product of 
the series 

(1 + »)* = l+px+ -
and 

(1 + ! /* )«= 1 + 0 / 3 + . » . 
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We suppose p and q positive, so that both series are abso­
lutely convergent when \x\ = 1. We may then multiply 
the series and get a Laurent series for 

(i + xya + i/xy. 
Hence 

* r ci+«ni+1/.) .*?=^(*+*+g-v 
2i7rJ)a:i=iv y a; r ( l +jp)^(l + #) 

The path of integration shall be from — 1 positively round 
the circle ; the point — 1 being a branch point of the in­
tegral, but not an infinity. 

Writing x = exp 2i<p, the integral becomes 

Let 

then 

1 r*^2 

- I (2 cos <p)p+q exp i(p — q)<pd<p. 
* J-1TJ2 

p + q = 2a, p —- q = 2/5 ; 

1 /"W2 
I exp{2« log (2 cos <p) + 2ift(p}d<p 

7t *J—TT/2 

T(l + 2a) 

Both sides can be developed in the form 

the left directly by the exponential theorem, giving 

2m+n 

7r/2 

while the right, obtained from the formula 

Offl-ff l, ^ , . 

log r ( l + 7i) = — pn + 2 ( "~~ )r-~x% 
2 7" 

is 

exp [ | ( - ) ' J { ( 2 a ) ' - (a + fi)' - (a - / ? ) ' { ] . 

Hence the result : T h e integral 

~ I 0°& 2 cos <p)m(pnd<p 
n Jo 

where m is any positive integer, n any positive even in­
teger or 0, is 
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( — Y12 - 0 i n r X t h e coefficient of amj3n in 

exp [ | ( - )'J {(2«)' - (« + 0) r - (« - « ' I ] • 

This generating function is, to a few terms, 

exp [s2(a
2 - IS2) - 2 «s3(«

2 - /92) 

+ - k O * - ö"2/52 ~ ^ ) - 2 ÖCS5(3«' — 2a2/32 - /54) + ] 

or 
1 + a2(a2 - I32) - 2s 3 (a 3 - a/92) 

o2 + 7 * ^ 
+ - ( S 2

2 + 30«2/52 + - ^ - ~ 4 / 5 4 

- 2 ( V 3 + 3 s > 5 + 4 ( V i + s6)aY - 2(«A - O a ^ + -

Thus, in tabular form, a few values for 

2 s**l2 

- P (log 2 c ° s <p)m<pnd<p 

are : 

71 = 

m = 0* 
1 
2 
3 
4 
5 

0 
1 
0 
2"S2 
3 9 

"2" 3 

- ¥ ( V s + 3s5) 

2 
2*2 

-¥» 

- i(«A + ss) 

4 
ie»,'-*,) 

~"~ "2 ( S A Sö) 

ON THE ALGEBRAIC POTENTIAL CURVES. 

B Y D R . E D W A E D K A S N E R . 

(Kead before the American Mathematical Society, February 23, 1901.) 

T H E object of this paper is to derive the characteristic 
geometric properties of a class of curves which are of in-

* The row for which m = 0 is of course merely a verification, leading 
to the known values 

S 2 - ^ 7 T 2 / 6 , Sé = 7r4/90. 


