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1. Introductory Note.—Although repeatedly treated be-
fore,t the problem of determining a point such that the sum
of its distances from a number of given points shall be a mini-
mum still offers room for discussion in two respects.

First, the question as to the best method of investigation
cannot yet be regarded as settled. The ordinary method of the
differential calculus not only leads to unnecessary complications
owing to the use of co-ordinates not essentially connected with
the problem, but also necessitates the exclusion of negative
distances, a serious difficulty that does not seem to have been

* Presented to the AMERICAN MATHEMATICAL SOCIETY, at its summer
meeting, Aug. 15, 1894. Translated by A.. Z.

1 See, for instance, the references to the literature of the problem
given by STURM in Orelle’s Journal fir Mathematik, vol. 97, p. bl.
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overcome.* The methods of elementary geometry, on the
other hand, alwaéys comprise only a comparatively small class
of problems, and even the simplest solutions, like those for
the sum of the distances from three or four points, give de-
cidedly the impression of being nothing but special artifices.
It is to the researches of Sturm that we owe the important
result that all these particular solutions can be regarded as
special cases of a general method applicable to # points.

evertheless, there seems to be but little prospect of apply-
ing these dpurelg geometrical methods successfully to those
generalized problems that are mentioned by Steiner in the
brief notice of his paper read before the Berlin Academy. t
Indeed, the character of these generalizations which relate to
sums, not of mere distances, but of multiples of powers of
the distances, would seem to point in the direction of analyti-
cal methods. The single result for this kind of problems
given by Steiner himself{ bears so openly the mark of an
analytical origin that an analytical investigation of the general-
ized problem appears to offer the best chances of success in
uncovering the “eagy geometrical considerations™ that sufficed
Steiner, as is implied in the notice of his paper, to solve the
most general case of the problem.

Secondly, our problem lends itself to a series of generaliza-
tions which do not appear as yet to have been considered.

In what follows the problem is treated by means of the
simplest methods of Grassmann’s geometrical calculus (Aus-
dehnungslehre).

2. Differential equation between the distances of a variable
point P from n fized points wn an (n — 1)-dimensional space.
Let P be a variable point derived from #» fixed points e,

&, . .. e, by means of the numbers a;, a;, . . . «,, so that
P=ag +ag+ ...+ ae,; aox+ay+...+a,=1;
(es620..¢,) =1 (1)

Then the outer product (e, . . . e,) represents the (n — 1)!-
fold volume of the (z — 1)-dimensional n-gon formed by the
points e, ¢, ... ¢e,, i.e., of the nth term in the series of con-
figurations beginning with the terms: point, rectilinear seg-
ment, triangle, tetrahedron, pentahedroid (Fiinfzell), etc. The
coefficients a, , «,, . .. a, represent the (n — 1)!-fold volumes
of the (n—1)-dimensional n-gons Peses... e,, Pegs...€,,...

* See STURM, I. c.
t Monatsberichte der Akademie der Wissenschaften, Berlin, 1887, p
144 ; STEINER, Gesammelle Werke, vol. 11. p. 95.
W# Crelle’s Journal fir Mathematik, vol. 18, p. 862 ; STEINER, Gesam
erke, vol. 11. p. 17.
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Pey, . ..e,.;. For we find from (1) by outer multiplication,
say by (e.63 . . . 6,),

(Pests . .. 6,) = ay(ei8, . . . 6,) = a.

Now (Pe,)=ay(ese,) + as(esey) + . . - + a,(e,6,); and forming
the inner square:

(Pe)i=ZaMe.e):+2a,alee | eo]; rSs;r,s=2,8,...n.

On the other hand, denoting by p,, @, @,, the numerical
values of the rotors or point-vectors (Linienteile) (Pe,), (¢.2),
(es61), we have, with the same conditions for » and s,

]’12 = 2(1’,.2(11,.2 + Ea’ra’salrals cos ¢rla)
where @, is the angle between the edges @, and a,. Re-

placing the expression @@, cos ¢, by $(a,’ + a* — a,.?),
we find

pl2 = ‘21a'r'2a11'2 + ~%2"“/1‘0%(“17'2 + a132 - arsz)y (2)
or, writing separately the terms in which », s = =,
»f = ate, + Zata,’ 4 Zapa, (o + o, — a,, 3)
+ %Earas(alrz + a132 - araz); r,§ = 2’ 3: oo (n - 1)'

According to equation (1), the position of P is determined
by the co-ordinates ay, a;, ... a,, of which (n — 1), say a,,
gy o .. Ay, can be regarded as independent. As, by (1),

ay=1—a,—a,— ... — a,_4,
we have

da, da, _ _ Qa, 1

day ~ de, " da,,

Hence (2) gives:
a(ps?)

7;1—= - 2ana1n2 - Ea,.(al,? + aln2 - arn2); (4)
r=238...(n—1).
Let % denote any one of the subseripts 2,3,... (2 — 1);
then we have by analogy with (2)

Prf == arzakr2 + '%E araa(akr2 + alcs2 - arf); (5)
rzs;r,s=12...(k—1), (k+1),...n
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or, writing separately the terms in which », s =1, a,

PP = afa’ + &ty + Sl + aan (o’ + @’ — ay’)
& S P
+ 2a’ral.(akr2 + akl2 - arlz) + 2""ran(alcr2 + a’hm2 - arnz)
+ %Earas(akrz + alcs2 - arsz) 5

(6)
r,s=23,...(k—=1),(k+1),... (n—1)
Hence
2
M = n(al:l2 h an12 - aknz) + al(aklz + anlz - alcnz)
day

+ 2-‘ar(aklz - ar12 + arnz - aknz);

()
r=23...(t—1),(k+1),... (n—1).
Interchanging the subscripts 1 and » in (3), we find by
differentiation

2
‘i(c?‘z;n—) =2a'1(l”12+ Z'a/,.(amz-}—anﬁ—alf); 7‘:2; 3} .. (71—1)- (8)
1

Let us now substitute in (7) the values 2, 3, ... (n — 1)
successively for £ and add all the resulting equations, together
with the equations (4) and (8), after multiplying them re-
spectively by a, a;, a,; in the resulting equation,

— 2
= — R, 0,0,

a( ps’) a( ) a(p.)
% da, + 2 da, T o do,
- alEar(a1r2+ a, — arnz) + anEak(akl2 — a4, — aknz)
+ alEak(aklz + an12 - akn2) + Eakar(aklz - a’rlz + arnz
- aknz) + 2(1101,,(1n12 + anEar(au12 + awrz_ alrz);
rk=2,3...(1n—1),
the first and sixth terms in the right-hand member cancel, as
do also the second and fourth, the third and seventh, while

the fifth vanishes identically, since any two terms of the
forms

akar(ak12 - a'r12 + arn2 - a’mg)’ arak(arl2 - ak12 + akn2 - arnz)

have the sum zero. We have therefore

2
Ea;f%:O; E=1,2,...mn,
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and similarly

d( 0.2
Eak%‘)=0§ k=12...m (9)

if » denotes any one of the numbers from 1 to n.

As mentioned above, «; is the (# — 1)!-fold volume of the
(n — 1)-dimensional n-gon formed by the points P, ¢, ¢, . . .
¢,; hence

Ay = PaPs .« - PuSin Py, (10)

where ¢, denotes the (# — 1)-dimensional angle formed by

the (n — 1) edges p,, ps, . . . Pu, the function sin @, being de-
fined by formula (10).

Similarly we have in general

Ay =P1 Poe o Prot Prtr e« o Pu 8D Py (11)
Substituting this value for &, in (9), we have
o d(pid
PPy oo Pre1Prs1 - - - Po 8N ¢,¢~—%k~—) =0; £k=12,...m,

or, performing the differentiation and omitting the factor
D1 . . . P, Which is common to all terms,

ESin¢kg—Z’f=O; E=1,2... 0 (12)

We have thus found the general differential equation be-
tween the distances of a variable point P from » fixed points
015 €5« + « €, in (n — 1)-dimensional space.

3. In particular we have for the plane (n = 3)

. ad . d . a
sin ¢1(7§1 + sin ¢2Zl£2 -+ sin ¢3‘7§3 =0, (13)

where ¢;, for instance, is the angle between the vectors p,
and p;, and where » may be 1 or 2 or 3.
Similarly, for ordinary space (n = 4) we have:

. d . d . d . d
sin ¢1a-£1 -+ sin ¢2d—£2 -+ sin ¢307£3 ~+ sin ¢‘0_l% =0. (14)

Putting A e, Pe, = ¢,,, we have for instance

sin @ = Y1~ c05’Pys—COS? Pys-~COSE D432 COSP13CO8P34COSP1s ; (15)
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and substituting this value in the formula
Ay = PaPsPs sin ¢y, (16)

which follows from (10), we find the well-known expression
for six times the volume of the tetrahedron.* The formula
(15) expresses the sine of the (three-dimensional) trihedral
angle by means of ordinary sine functions.

4. Minimum of the sum of the distances of the point P from

the ﬁoints €15 €35+« « 6, Lot us now determine the minimum
of the function
s=Apr 4 Apt+ ..o+ A0 aan

where u is arbitrary, while 4, A,, . . . A, may have any posi-
tive values. We must have

ds _ds _ s _

da,  dey, """ de,

or
d d dp.
Alu]h“"l‘—l% + hzupzu’ld%;j .00 4+ l,.up,,""ld—f:r = 0;
r=12...n (18)
Now, by (12),
. d . ., ad ) dp.
sin ¢1;i—£1 + sin ¢z‘~l§”— + ...+ sin ¢,,E§~ =0; (19)

hence we have immediately
Aptt s Agpt Lt Apt Tt =sin @y csin @yt tsin @, (R0)

These are, in their most general form, the conditions for a
minimum in our problem.
5. In particular, we have for the plane (n = 3)

APt Agpt: Agps* = sin ¢;: 8in ¢h,: sin ¢, (1)

which agrees with the conditions given by Steiner for this
case.t Similarly we have for ordinary space (n = 4)

A p i Appt i Agpy Tt Ayt
= gin ¢ sin @,:sin ¢y sin @ (W)

* This agrees with von Staudt’s definition of the sine of a trihedral
angle. See Orelle's Journal fiir Mathematik, vol. 24, p. 2565, No. 8.
STEINER, Gesam. Werke, vol. 11. p. 17; Crelle’s Journal fir Mathe-
matik, vol. 13, p. 862. Compare the derivation of this special result
given by the author in Kl progreso matematico, Zaragoza, vol. 4, p.
174; also K. SiMoN, Ueber den Punkt kleinster Enifernungssumme,
Dissertation, Halle, 1887; UnLicH, Programmabhandliung, Grimma
1886 ; D1PPE, in Orelle’s Journal fir Mathematik, vol. 16,




1894] MINIMUM SUM OF THE DISTANCES OF A POINT, 39
With A, = 2, = A; = A, and % = 1 this reduces to
sin ¢, = sin ¢, = sin @; = sin @, (23)

As these quantities, by (16), measure the trihedral angles
formed at P by any three of the vectors py, p., ps, o4, it ap-
pears that the condition for the minimum point (a8 we may
call it for the sake of brevity) is the equivalence (as to vol-
ume) of these trihedral angles, or the equivalence (as to area)
of the triangles cut out by the faces of these angles on a
sphere described about P. If the radius of this sphere be
taken as 1, the area of each triangle is 7.

Let the vectors Pe,, Pe,, Pes, Pe, intersect the sphere in
the points P,, P,, P;, P,. Four such points (by means of
which equivalent trihedral angles and spherical triangles can
be constructed) may be found by assuming arbitrarily two
points, say P, and P,, drawing the diameters P,P; and P,P,,
and turning the angle P3P P, about its bisector through any
angle.* It then appears that the four trihedral angles, as
well as the corresponding spherical triangles, are not merely
equivalent, but equal.

For, substituting in (23) for the sines their values from
(16) and the analogous formule, and suppressing the com-
mon factor, we find

A1y = APy = AgPs = APy} (R4)

i.e., we have, for instance, ay: a, = p,: ps. But as the tetra-
hedra a;, a, have the common base Pee,, their volumes
are proportional to the perpendiculars %, &, let fall from
¢4, 63 on this base; hence

O -
Ps U3 Ps  Pa

This means that the sines of the angles at which the vectors
ps and p, are inclined to the plane Pee,, and hence these
angles themselves, are equal. 1t follows that the planes p;p,
and p,p, intersect in the bisector of the angle ( pyp,). As the
corresponding relation must hold for the angle (p;p,), it ap-
pears that the bisectors of the angles (psp.) and (p.p,) coin-
cide. For a similar reason the bisectors of (p,p;) and (p.p,),
as well as those of (p,p,) and (p.ps;) must coincide. We
have therefore

(2102) = (psps)s  (P1s) = (P22a)s  (P120) = (2ps) 5

* Comp. STURM, I, ¢. p. 57.
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and any two of these angles can, by rotation about the com-
mon bisector, be brought into the position of vertical angles,
or, conversely, can be generated from this position.

6. If one of the trihedral angles of the given tetrahedron,
say ¢,, has the value 7, the point P will coincide with ¢,; the
direction of p, becomes indeterminate since the vector p, = 0
and, by (22), sin ¢,.ps*" 1= 0°. sin ¢, i.e., sin @, is an inde-
terminate quantity. It follows that P will coincide with ¢,
not only for the value 7, but for any greater value of the tri-
hedral angle.

Thus, if the trihedral angle ¢, be = 2, the point e, lies
within the triangle ¢,e,¢;. Hence, if one of four points of the
same plane lies within the triangle formed by the others, this
point is the minimum point for the four points.

If the above-mentioned rotation of the angle P,PP, be
equal to zero, the points ¢, ¢, ¢, ¢, form an ordinary quadri-
lateral in which each of the four points lies outside the tri-
angle of the three others; and P is the intersection of the
diagonals and at the same time the minimum point.

If the vertices of the quadrilateral happen to lie in a
straight line, say in the order e, ¢, ¢;, ¢,, then the diagonals
.65 and e,e, have in common the vector ¢, instead of a point
of intersection, and each point of this vector has the minimum
property.

7. With A, = A, = A; = A, and » = 2, (2Q) reduces to

P1iPat Pst Pa=sin @, :sin @, : sin @y @ sin @,
or, by (16),

a, g a,

ot T . Al
Rpaps Py’ 2Ps pa Py RPaPiPy” 2PL P2’

PiiPaiPsiPa=
or, finally,

o) = Oy = 3 = Qy; (25)

that is, the planes passing through P and the edges of the
tetrahedron divide the volume of the tetrahedron into four
equal parts. Equation (1) gives in this case

P= e_lie_z_'ilﬂf{ (26)
Either of these properties characterizes the point P as the
centroid (barycentre, centre of gravity) of the tetrahedron.*

* GLASER (Programm, Homburg ». d. H., 1887) finds as minimum
point the intersection of the lines joining the mid-points of any two op-
posite edges; this is again the centroid. For a simple proof of this
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It retains this property if the four points e, e,, e, ¢, lie in
the same plane or in the same line.

This result can evidently be extended at once to the
cagse of any 7 points in a space of n — 1 dimensions. If the
squares of the distances are multiplied by factors A, A,, A,
Ay, it is only necessary, in determining the centroid, to give
the points these weights.*

8. Geometrical interpretations of the gemeral resulf.—For
the purpose of geometrical interpretation it will be well to
remove the sine-functions from formula (20). This will also
make it possible to extend the problem to groups of n points
sitnated in a space of less than (» — 1) dimensions; the sines
in this case would all vanish.

According to Grassmann’s geometrical calculus the outer
product of two vectors p, and ps, including the angle ¢, is

(P2ps) = paps sin ¢y.

Both members of this equation express also the area (&) of
the parallelogram determined by the three parts p,, ps, &;.

Similarly, in three-dimensional space, we have for three
vectors p,, ps, p., forming the trihedral angle ¢,,

a = (l’z}’s}h) = 2;02 P3P sin ¢1

as the volume of the parallelepiped determined by the four

parts p;, ps, Po, @1 (comp. formula (16) ).
In general we have in an (% — 1)-dimensional region
(comp. formula (10))

;= (s )= —2) pps... p.sin @  (27)

as the (# — 1)-dimensional volume of the conﬁgura’cion deter-

mined by the edges p,, ps, ... p.and the (n — 1)-dimen-
sional angle ¢;.
Similarly,

ap = (?’1372 oo Ple—1Ply1 e o ._p,,)
=@m—2)! PPy Po1Phyr. - Pusin @, (28)

proposition by means of the geometrical calculus see the author’s paper
Quelques théorémes de géométrie & n dimensions, in Bull. de ia Soc. math.
de France, vol. 10, p. 176.

* This general problem will be found solved in GRASSMANN'S Aus-
dehnungslehre, 1862, p. 215.
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Hence
(ProvoPaPrss . Do)
n _2)!1’1 o Pr—1Pksr1r e o Pa

sin ¢ = ( (29)

With the aid of this formula we find from (20), for instance,
Mpt ™t (s .. i) . Pips. .- Pn
Aap =T (n =) peps. o p (0 =) pupy. .

_ (Paps . - ) 21

(2ups - - - ) s
Mp 7 (Paps . - Pa)
Ay =" (Paps -+ - Pa)

In general, we have

or

A,,p,.“"“‘: (Pree e Prci Prgre . Pu),
lxzpsu—z (1’1 LI -]03—1}7a+1 .. 'p") ’
rys=12,...n;rZs

(30)

Thus the sine-functions in (20) are replaced by (» — 1)-di-
mensional volumes.

9. The formula just derived is not directly applicable to n
points in spaces of less than (» — 1) dimensions. But it is
closely related to a formula suited for this purpose; and this
formula we now proceed to develop.

Let A4, be one of the » fixed points, P a variable point, and
O an arbitrary fixed point. We put

(0—P)=(p), (0—4,)=(p), (4.—P)=(p,), (81)
where the parentheses indicate that the quantities enclosed

are vectors, i.e.,, have not merely length but also direction.
By the ordinary laws of vector analysis we have

(0 - -Ar) + (Ar - -P) = (O_P)} or (pr) + (pr) = (P),
or

(#:) = (0) = (py)-

If p, be the numerical value of (p,), we have
pr=+ ‘\/@;)2’
pr=+v (Pt = 2[(0) | (0] + (o)

or




1894] MINIMUM SUM OF THE DISTANCES OF A POINT., 43

Hence
e 1 () - (@10 _ (01 G1=[0)] )]
_ ((0) 1 [(p) = (p]) _ [(e) | (#:)]
Prp PPr ’

or if we omit the parentheses, since in the inner product vec-
tors only can be used,

ap. _ (ol py) _ (pr]0)

ot s 32
dp PP Pep (32)

Now, to make the expression
S=Apt A 4 .o 4 " 17

a minimum, we must have

Elr}’r"‘lg%——- 0; r=1,2 ...,
or

A peilPilP) g e BalR) oy el alP) (39
101 Y +Az 2 Pap + +Aup Dop (3%a)

or, finally,
-(pl) *— (p2) .-(p“)
AL R LA R A p R =0. (33

The meaning of this equation is that the vector enclosed in
the square brackets is perpendicular to the vector p which
joins the arbitrary point O to the minimum point P. As the
direction of p is arbitrary, equation (33) can evidently hold
only if the vector that forms the first factor of the inner
product has the value 0. Hence the minimum condition is

11131“—1‘(’%%)“ -+ 7\2?2“'1%’:—) + .00+ An}?n“-l—;%) =0. (34)

(2r)

Considering that *~= is a unit vector parallel to (p,), we
find our equation to have the following meaning: On lhe
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lines PA,, PA,, ... PA, lay off unit lengths from the mini-
mum point P as origin, increase these lengths in the ratios
L:ApY 1idape Y, oL L A,0.2° Y, and displace them paral-
lel to themselves so that the initial point of each coincides with
the terminal point of the one preceding. The result of this
construction will be a closed polygon.

This condition for the minimum point is evidently inde-
pendent of the number of dimensions of the space in which
the points 4,, 4,,. .. A4, are given. Moreover, as every vec-
tor p occurring in the construction has a definite direction,
relative minima, such as might arise when one of the terms of
the sum should become negative, are excluded.

It should also be noticed that the present method is en-
tirely independent of the preceding investigations. Never-
theless it is easy to transform formula (34) so as to reduce to
(30), and thus to establish the required connection between
the two methods.

10. Removing the denominators in (34), we find

Ay paps o o Pa(P1)F A e ps s papi(p2) -
+ Anpn“-lplpZ . 'pn—l(pn) == 0’

If this equation be multiplied by the outer product
(P12« PraaPria « « PoiDosi « + Pa)s

all terms excepting those that contain (p,) and (p,) will van-
igh so as to leave

AP T 1 Pa s ProaPris e Pa( PrPre s Pro1Pros- - Po-1Dss1 -« Pn)
FAeps T P2 PsaPosie - Pu(PsPr - ProsPrsrs« Ps-1Pssi - Pa) =0,

or, omitting the numerical factors common to both terms,

Aep, TP 105« Pac1Pasa « - Pu)
= % A (1D e« PraPpir s - Pa) = 0.

The double sign is due to the fact that the introduction of
the factors p, and p, into their natural places may require an
equal or unequal number of changes of sign. As, however,
equation (30) is merely a relation between absolute values, we
may drop the double sign; the last equation then reduces to
the following:

A _ (Pree e PraPro .. -,pn)’
™ (Prev e Poc1Potr- -« Pa)

which agrees with (30).
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Now (30) was obtained as merely another form of (20);
hence we have thus also established the connection between
the n-dimensional generalizations of the solutions formulated
by Steiner and Sturm.

11. If one of the given points, say 4,,is to be the minimum

point, then (p,) = p, = 0, hence £§'l)- is indeterminate; and
owing to the factor p,*! the last term in (34) drops out pro-
vided that » > 1. If, however, v = 1, the factor p,*~*, and
hence the whole lagt term, is indeterminate; that is, the
closing side of the polygon has no determinate value. But
we can find a limit for it by the following consideration.
According to the laws of the geometrical calculus we have

(prlp) _
Top = oo (2rp)- (35)

Taking the form (3%a) for the minimum condition, we notice
first that in the triangle 4,PO0O the angle POAd,=0 if P
coincides with 4,. The sum of the other two angles is 7,
while either of these angles, taken separately, is indeter-
minate. Hence ¥ 4,P0, or % (p,p), and consequently
cos (pnp), is indeterminate. By comparing equations (32a)
and {??4) it will be seen that this cosine has the same value as
the closing side of the polygon, which must therefore be less
than (or equal to) the unit of length.*

12. Withu=1and A, =A,=...=1,=1, (34) assumes
the simple form

(7)) | () () _ 36
T Tt 0 9

which agrees with the result found by Sturm,} that the vec-
tors (p1), (), - « . (pn) agree in direction with the sides of a

cloged polygon all of whose sides have the length 1.
With » = 2, (34) becomes

Mi(p) + Ao po) + -+ + Aa(pn) = 0; (37)
or if the value (4, — P) be substituted for p, from (31):

Ad, + A4, 4 ...+ A4,
P =1 272 . 38
e e e T ’ (38)

* This agrees with STURM, I. ¢. p. 52. This special case is designated
by Sturm (p. 58?8 an Umartung of the minimum figure.
+ L. ¢. p. 54, No. 6.






