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Abstract

Despite much recent progress in model building with D-branes, it
has been problematic to find a completely convincing explanation of
gauge coupling unification. We extend the class of models by consider-
ing F-theory compactifications, which may incorporate unification more
naturally. We explain how to derive the charged chiral spectrum and
Yukawa couplings in NV =1 compactifications of F-theory with G-flux.
In a class of models which admit perturbative heterotic duals, we show
that the F-theory and heterotic computations match.
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1 Introduction

String theory is an extension of quantum field theory which incorporates
quantum gravity. In the process it reformulates many questions about field
theory into questions about the geometry of extra dimensions. Recently,
ten-dimensional string backgrounds were found that reproduce the MSSM
at low energies [1,2].

However finding realizations of the MSSM is merely an intermediate step,
because we would like to answer questions that the MSSM does not explain.
Indeed there are quite a number of hard issues to tackle. Many of these
have to do with the intrinsic difficulties of a theory of quantum gravity.
Thus some of these issues may probably be resolved by a better conceptual
understanding of quantum gravity. However as in [3] we would like to take
a more practical perspective with regards to the phenomenological require-
ments which have a direct impact on particle physics. We will assume that
they can be understood in a framework where four-dimensional gravity is
effectively turned off. That is, we do not yet want to be pushed into having
to specify a complete model of physics at the Planck scale, while there are
still many issues in particle physics that presumably can be explained with-
out referring to a full UV completion. Interestingly, string theory allows
us to think in such a framework and in the process provides an intuitive
geometric picture through the brane world scenario.

One of the first coincidences that one would like to address is the issue
of gauge coupling unification. The most natural scenario is still some type
of Grand Unified Theory (GUT). In particular, one would like to have real-
izations of such models in type IIb string theory, where most of the recent
progress in moduli stabilization, mediation of SUSY breaking and other
issues has recently taken place. There have in fact been attempts to con-
struct D-brane GUT models, but these suffer from a number of inherent
difficulties, such as the lack of a spinor representation for SO(10) or the
perturbative vanishing of top quark Yukawa couplings for SU(5) models.
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These difficulties arise because past constructions have relied on mutually
local 7-branes. There is however a natural way to evade these obstacles,
which is by incorporating mutually non-local 7-branes. This enlarged class
of models goes under the name of F-theory [4]. In fact, in certain limits
F-theory is dual to the heterotic string, which “explains” why F-theory
should be able to circumvent the no-go theorems.

It is then surprising that, despite the potentially promising phenomenol-
ogy of the F-theory set-up, some important issues in F-theory compactifi-
cations have not been addressed. Foremost among these, it is not currently
known how to derive the spectrum of quarks and leptons. It is the purpose
of this paper to explain the origin of charged chiral matter and to provide
tools for computing the spectrum and the couplings. Our approach is to
deduce everything from the eight-dimensional Yang—Mills-Higgs theory liv-
ing on the 7-branes, and our results are therefore quite general. As expected
from type IIb string theory, we can get chiral matter spread in the bulk of
a 7-brane or localized on the intersection of 7-branes by turning on suitable
fluxes. Also as expected, the Yukawa couplings are computed simply from
the overlap of the chiral zero modes on the 7-brane. These results should
be helpful in putting many extra-dimensional phenomenological models, in
which localization of wave functions was used to explain differences in cou-
plings, on a firmer footing. In order to make sure that our results are
correct, we test our formulae for F-theory compactifications which are dual
to the heterotic string. We will see that the computations on both sides
of the duality match. Along the way we clarify several issues in heterotic/
F-theory duality.

In this paper, we emphasize mostly conceptual issues. In Section 2, we
discuss the main model building ingredients of F-theory. In particular,
we explain how charged chiral matter arises and how we can compute the
spectrum and the supersymmetric Yukawa couplings. We also discuss con-
structive techniques for F-theory vacua with Grand Unified gauge groups.
Section 3 is mostly devoted to F-theory/heterotic duality. After review-
ing the spectral cover approach to constructing heterotic vacua, we show
that the heterotic computation of massless matter matches exactly with
our F-theory prescription. We also discuss the matching of superpoten-
tials under the duality. In Section 4, we briefly discuss some simple explicit
examples of GUT models. Finally in Section 5, we discuss how to break
the GUT group to the Standard Model gauge group. In the appendices, we
collect some properties of spinors and the Dirac operator that we will use in
the text.

Note for revision: The present version of this paper includes significant
clarifications and improvements over the original version of arXiv:0802.2969.
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Most of these were designed to bring the paper more in line with the
subsequent papers [5,6]. We are also grateful to T. Watari for suggested
improvements to Appendix C. Shortly after the posting of arXiv:0802.2969,
similar results were obtained in the work [7] by the Harvard group.

2 Model building with F-theory

The purpose of this section is to discuss how to engineer gauge groups and
charged chiral matter from F-theory.

2.1 Gauge fields

Let us consider an F-theory compactification to four dimensions with N =1
supersymmetry. This consists of a Calabi—Yau four-fold Yy, which is ellipti-
cally fibered 7 : Yy — B3 with a section o : B3 — Y. The base B3, or more
precisely the section, is the space-time visible to type IIB, and the complex
structure of the T2 fibre encodes the dilaton and axion at each point on Bs:

T=e i+ C). (2.1)
It is convenient to represent the four-fold in Weierstrass form:
V=23 + fz+g. (2.2)

Requiring the four-fold to be Calabi—Yau implies that f and g are sections
of Kgf and KESG respectively. The complex structure of the fibre is given by

i(r) = 4(24Af)3, A= 4f3 49742, (2.3)

At the discriminant locus {A = 0} C Bs the T2 degenerates by pinching one
of its cycles. Let us label the one-cycles by (p, q) = pa + ¢ 3, and suppose we
pick a local coordinate z on Bs such that the (1,0)-cycle pinches as z — 0.
Then 7 has a monodromy around this locus:

1
~—1o . 2.4
e (24)
This is a shift in the axion. It means that the brane at z =0 is a source
for one unit of RR-flux, and so we identify it with an ordinary D7-brane, a
brane on which a (1, 0) string (i.e., a fundamental string) can end. For more
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general (p,q) we can do an SI(2,Z) transform, and we find that the brane
is a locus where a (p, ¢)-string can end. This is called a (p,q) 7-brane.

In perturbative string theory, the worldvolume of an isolated 7-brane
contains a U(1) gauge field A,, from quantising an open string with both
ends on the brane. Non-perturbatively this gauge field is encoded in the
so-called G-flux [8]. To see this, let us compactify on an extra S! with radius
R. This is dual to M-theory on Yy, where the area of the elliptic fiber is
now proportional to R~!. In M-theory gauge fields arise from expanding
the three-form C3 along harmonic two-forms w, and the four-form flux of
this field is called the G-flux. So the same must be true in the F-theory
limit. Therefore on the F-theory side we formally introduce a three-form
field C3 and expand it along harmonic two-forms to get the gauge fields.

However, we should only expand around a subset of the harmonic two-
forms on Yy, because some of the modes of the M-theory compactification
do not survive in the F-theory limit. The easiest way to see this is by
following various BPS states through the duality. If Cs has both spatial
indices on B3 then it couples to an M2-brane wrapped on a cycle ag in
Bs. This gets mapped to a D3-brane wrapping g X S}z, which becomes a
string in four-dimensions as R — oo, therefore couples to a pseudo-scalar
(more precisely its dual two-form field) but not a four-dimensional vector.
Similarly if Cs has two spatial indices on the elliptic fiber, it couples to an
M2-brane wrapping this fiber which gets mapped to a fundamental string
with momentum along S}Iz- Therefore it couples to the KK gauge field
associated to S}%, and in the limit R — oo we just recover a component
of the four-dimensional metric, not a four-dimensional vector field. Finally,
membranes wrapping the remaining cycles of Yy get mapped to (p, ¢)-strings.
If they map to open strings, the ends of such a string are electric charges
on the worldvolume of 7-branes, therefore they couple to the gauge fields on
the 7-branes. If they map to closed strings, then they couple to some linear
combination of the NS and RR two-forms with one index on Bg and thus we
get a gauge field in four dimensions also. Thus the relevant harmonic forms
constitute the lattice

A={we H*Y))|lw-a =0 when o € Hy(B3) or a = [T?]}. (2.5)

This lattice is the coroot lattice of the four-dimensional gauge group origi-
nating from the 7-branes.

From the above argument, we see that the three-form field actually has a
simple physical interpretation: it gives the non-perturbative description of
the NS and RR twoforms of type IIb. Recall that these two-forms transform
as a doublet under the SI(2,Z) duality group. Due to the branch cuts of
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the axio-dilaton on Bs, they are hard to describe on the IIb space-time
directly. However when we add the elliptic fibration, we can get a simple
global description as follows. We define

H= HRR - THNS (26)
Then the three-form fluxes in type IIb can be encoded in F-theory as [9]
G=HAdz+HAdz, (2.7)

where dz and dz are the normalized harmonic (1,0) and (0,1) forms on an
elliptic curve.

Furthermore in F-theory we must identify the abelian gauge field on the
7-brane as a bound state of the closed string fields of the IIb theory; it cannot
be added by hand. To see this, we note that in F-theory a supersymmetric
7-brane is described as a cosmic string solution, which is then further lifted
to an elliptically fibered Calabi-Yau metric in two dimensions higher [10].
Since the brane is described as a soliton of IIb supergravity, all the degrees
of freedom we associate with it must be made from g;;, 7, Hrr, Hns and the
ITb spinors. And indeed this works in the standard way. At the center of
the cosmic string, where an S' C T? shrinks to zero size, the Calabi-Yau
geometry is similar to a Taub-NUT space and supports a harmonic two-form
w of type (1,1) which peaks when the S* shrinks to zero. Then the collec-
tive coordinates of the 7-brane may be interpreted from the worldvolume
perspective by expanding in this harmonic form. Thus the U(1) gauge field
on the 7-brane is obtained by expanding Cg as

C3=AAw. (28)

The G-flux G4 = dCs then describes the magnetic flux along the 7-brane.
Note that this explicitly identifies the gauge field on a 7-brane as a collective
coordinate constructed from the RR and NS two-form fields of type IIb
supergravity.

We may similarly recover the remaining fields of the 8d supersymmetric
Yang—Mills multiplet as collective coordinates of the 7-brane. The adjoint
field ® describing deformations of the 7-brane comes from deformations of
the discriminant locus, that is from complex structure deformations dg;; of
the four-fold. Using the holomorphic (4,0) form, these can also be written
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as harmonic forms a®! of Hodge type (3,1). Expanding
oAt =020 AW (2.9)

we see that the adjoint field corresponds to a section of the canonical bundle
of the surface which the 7-brane wraps. Note this means that the U(1)g sym-
metry of the eight-dimensional gauge theory is identified with the structure
group of the canonical bundle, not with the structure group of the normal
bundle, as is the case for many lower dimensional branes. Finally the spinors
will be sections of the spinor bundle of the wrapped surface tensored with
the spinor bundle associated to the canonical bundle (to account for their
R-charges). That is, they are sections of the gauge bundle tensored with

QK% @ (Kg,? @ Ki?) = 0°7(Sh) @ Q2P(Sy), (2.10)

2

for p = 10,1, 2, and S5 is the surface that the 7-branes wrap. Sections related
by Serre duality correspond to CPT conjugates rather than independent
fields. Clearly the unique generator of h%°(Ss) (together with its CPT
conjugate in h>2(S3)) corresponds to the four-dimensional gaugino, and the
generators of h?9(Sy) and h%!(Ss) yield adjoint valued four-dimensional
chiral superfields from deformations of the 7-branes and continuous moduli
of the line bundles on the 7-branes respectively.

In a cosmic string background the two-form w is not normalizable. This
implies that the number of massless U(1) gauge fields is always less than
the number of singular fibers, counted with appropriate multiplicity. In fact
since a configuration of 7-branes is labelled asymtotically by its total dyonic
(p, q) charge, we expect that at least two non-normalizable modes will get
lifted.

The allowed G-fluxes are constrained by the equations of motion [9, 11].
There is a superpotential coupling

W 1/94’0/\6 (2.11)

:271'

Varying with respect to the complex structure moduli, we see that the flux
should be of type (2,2) + (4,0) + (0,4). If Yy is compact, supersymmetry
and the requirement of a Minkowski vacuum also imply that W = 0, leading
to the vanishing of the (4,0) and (0,4) parts. We also have to satisfy the
D-terms. When Y, is smooth and there are no parametrically light states
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coupling to Cs, these are given by
JANG=0, (2.12)

i.e., G is required to be primitive with respect to J, where J is the Kéhler
form on Bs. Equivalently we can require that the contraction :;G = 0. This
is a packaging of the D-terms for many U(1) gauge fields into one equa-
tion. Note though that the conditions we imposed for validity are strictly
necessary. We will find that when Y} is singular, there are corrections to
this equation. Indeed we will typically be interested in models with 4d non-
abelian gauge fields, in which case Y} is not smooth. If Yj is compact, there
is a tadpole cancellation condition

X(Y4) 1 /
- — 2.1
=g GAG, (2.13)

where Npj3 is the number of D3 branes filling R*, not including possible
instantons which are already described by G. Finally, the G-flux must be
properly quantized [12]

Np3 =

m - ¢ iy, z). (2.14)

Because G/27 is generally half-integer quantized (2.14), and the flux on
the 7-branes is deduced by expanding G = F A w, we anticipate that F/2m
is also half-integer quantized, and so does not generally correspond to a
good line bundle on the 7-brane. Indeed it has been argued in [13] that the
induced flux is half-integer quantized precisely when the tangent bundle to
the brane does not admit a spin structure. See also [14] where the shift in
the quantization law of the ‘spectral line bundle’ (an object that we will
discuss later) is related to the shift in the quantization law of the G-flux by
c2/2 = p1/4 on the Calabi-Yau four-fold. Thus it is useful to split up the
induced gauge field on the 7-brane into two pieces:

1
A=Ap — SAk. (2.15)

where Ak is the connection on the canonical bundle of the cycle S that the
7-brane is wrapped on, and Ag is the connection for a well-defined bundle
FE on S. The shift in the quantization law of the gauge field on a brane for
zero B-field is known as the Freed-Witten anomaly [15].

Similarly we may consider configurations with multiple branes. The U(1)
gauge field associated to each brane can be decomposed into a well-defined
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Table 1: Abelian vector multiplets in F-theory compactifications.

Number of U(1)’s Origin
RY1(Y,) — hY(B3) — 1 7-branes and two-forms
h*1(Bs) four-form RR-potential

Table 2: Moduli of F-theory. The axio-dilaton is usually stabilized and so
not included here.

Number of moduli Origin

h®1(Y,) — h*1(B3) —1 Wilson lines on 7-branes and two-form periods
h1(Bs) Kéhler moduli of Bs

R31(Yy) complex structure of B3 and 7-brane deformations

Figure 1: Multi-pronged strings in Bj lift to curves in Yy, allowing for matter
and gauge groups which cannot be obtained from ordinary open strings.

piece and a correction given by half the connection of the canonical bundle
of the four-cycle that the brane is wrapped on. The Cartan generators are
linear combinations of these U(1)’s, so as long as all the branes are wrapped
on the same cycle the shifts cancel out when we compare G-fluxes with line
bundles, and may be ignored. However in an intersecting brane configuration
the branes are wrapped on different four-cycles, and the shifts do not cancel.

Besides the U(1) gauge fields from the 7-branes, we get additional U(1)
factors from expanding the RR four-form along harmonic three-forms. This
is summarized in table 1. In addition, we will get neutral chiral fields from

the moduli of the compactification. This is summarized in table 2 (see
e.g., [14,16,17]).
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Next we would like to discuss how non-abelian gauge symmetries are
encoded in F-theory. We expect to find non-abelian gauge bosons from open
strings stretching between 7-branes. It is well known that a perturbative
open string has two ends and so cannot give rise to a spinor representation
or an adjoint of an exceptional group. This gets evaded in F-theory because
the branes are generically not mutually local, so the dilaton cannot be taken
small and there is no perturbative description. Then the missing open string
states which are needed to get a spinor or an exceptional adjoint can be
realized as BPS junctions, i.e., open strings with multiple ends [18-20].
They correspond to minimal area two-cycles C' in Y4 which are projected to a
multi-pronged string in Bj, see figure 1. When 7-branes approach each other,
some of these minimal area cycles shrink to zero size and create an enhanced
singularity. Given a set of generators & of the lattice A, the charges of these
BPS states associated with vanishing curves under the Cartan generators in
A are given by

u_)'—/ccf)’. (2.16)

As the notation suggests, these vanishing curves will be in one-to-one
correspondence with weights of some non-abelian Lie algebra (and also, as
we will see in the next section, with weights of matter representations).

The dictionary between singularities of the elliptic fibration and enhanced
gauge symmetries has been worked out in some detail. The basic starting
point is the Kodaira classification of singular fibers which we have repro-
duced in table 3. To first approximation, we would associate an ADE gauge
group to an ADE singularity. However, if the dimension of the base is larger
than one then there can be monodromies which act as automorphisms on
the algebra and reduce the group to a non-simply laced version. We will not
review this in detail (see [21]) but we will quote some results on the form of
the singularities in a moment.

Later we will be interested in comparison with the heterotic string. Such
a comparison can be made using heterotic/F-theory duality in eight dimen-
sions, which states that the heterotic string on T2 is equivalent to F-theory
on an elliptically fibered K3 surface with a choice of section. By fibering
this duality over a complex surface By, we get a four-dimensional duality
between the heterotic string on a Calabi-Yau three-fold Z = (T? — Bs) and
F-theory on a Calabi—Yau four-fold Y, = (K3 — Bg) where K3 itself is ellip-
tically fibered. One may match the analytic data on both sides of the duality
in a certain limit on the boundary of moduli space, where the K3 surface
undergoes a stable degeneration to two dPy-surfaces glued along a common
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Table 3: Kodaira classification

ord(f) ord(g) ord(A) Fiber type Singularity type

>0 >0 0 smooth -
0 0 n 1, A,_q
>1 1 2 II —
1 >2 3 II7 Ay
>2 2 4 1A% Ao
2 >3 n—+06 I Dpia
>2 3 n-+06 I Dpia
>3 4 8 A% Eg
3 >5 9 IIr* E;
>4 5 10 Ir* Eg

Figure 2: One can degenerate the K3 surface into two D Py surfaces glued
along an elliptic curve, with non-abelian gauge symmetries localized at the
crosses. In this limit one may compare with the Fg x Fg heterotic string.

elliptic curve E [14,22-27].1  On the heterotic side this corresponds to com-
pactifying on an elliptic curve with the same complex structure as £ and
taking the limit where the volume of the T goes to infinity. More details of
this duality will be discussed in Section 3 after we review the construction
of bundles on the heterotic side.

In the stable degeneration limit, we may choose good coordinates on the
moduli space by unfolding a d Py surface with an Eg singularity, keeping fixed

!'The duality map is expected to receive various corrections away from this limit.
Indeed, on the heterotic side T-dualities mix the bundle and geometric data for finite
size T2, so one cannot unambiguously reconstruct a geometry.
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Table 4: Dynkin diagrams and Dynkin indices.

Go O—CE%)
An-1=SU(n) : ; T2

Bp=S0(2n+1) Ne==9)
2 2 2 2 1 2
Ee

1

Cn=Sp(n) O=O0—0O—=0----0=0
11 1A 11

1 1
1 2 3 4 3 2 1
D=SO(2n) -
2 2 2 2
1 1

a canonical divisor E. We consider a degree six equation in WP:()’1 12,3)°

0 = 1% + 2% + cqzyv + awz?v? + asyv® + agzv® + ag®

+pi(v,:v,y)ui. (2.17)

This is actually a dPs surface; one may obtain a dPy by blowing up the
point w = v = 0. Intersection with the hyperplane u = 0 yields the elliptic
curve I that we will keep fixed. The p;, ¢ > 0, are polynomials of degree
6 — ¢ that describe the unfolding of the Eg singularity, which lives at v =
x =1y =0. As discovered in [21,28], and further elucidated in [29-31], the
coefficients in the p; depend on the choice of a group H which will play a
role similar to the holonomy group in the heterotic string.? Namely up to a
change of variable they are parameterized by Looijenga’s weighted projective
space

My =WP, . (2.18)

8054381

2The description using a weighted projective bundle in the following discussion does not
quite apply to Es [23]. However, for all other cases except Es there is indeed a description
by a weighted projective bundle.
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The s; are the Dynkin indices and are listed in table 4 (the non-simply
laced cases will be relevant for compactifications to less than eight dimen-
sions). This is of course also precisely the moduli space of flat H-bundles
on T2, which is how it will show up on the heterotic side. For instance for
H = SU(n), one has all p; = 0 except

pr =0 agv" + ag 2" 2 +az " 4 - + a, 22, (2.19)

(the last term being given by yz("~3)/2 when n is odd). Further dividing by

the symmetry u — A~lu, the coefficients a; take values in
Msum) = WPT 1. (2.20)

This set of deformations preserves a singularity corresponding to an
enhanced gauge group G, which is the commutant® of H in Eg. Again
consider the case H = SU(n). If we turn off all the a; for ¢ > 0, then the
geometry is of the form

y? = 23 + zvt + 0 + u®, (2.21)

Near =y =v =0, we may drop the zv* and v® terms, and we get to
leading order

y? =2 +0°, (2.22)

which is an Fg singularity. On the other hand, suppose that we also turn
on as, so that the geometry is of the form

y? = 2 4+ 2ot + 08 + w® + uay. (2.23)

After redefining y — y + %xu, x — 2z and dropping subleading terms near
v=x=y =0, we get

y? =2 +0°, (2.24)

which is an SU(5) singularity. Similarly in the intermediate cases we can
get SO(10), Eg, E7 singularities, which are the commutators of SU(4), SU(3)
and SU(2) respectively.

3To be more precise, in eight dimensions we always have the 18 + 2 U(1)’s from expan-
sion of Cz along harmonic forms. On the heterotic side this arises because the holonomy
group H on T? reduces to an abelian group, and so the commutator of H in Eg contains
extra U(1)’s. These extra U(1)’s are massive for generic compactifications below eight
dimensions.
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We can further fiber this degeneration over Bs, arriving at a stable
degeneration of Yy into two dPy fibrations Wi, Wy over Bs, glued along
an elliptically fibered Calabi—Yau three-fold Z. We can write this as Yy =
W1 Uz Ws, and Z will eventually be identified with the heterotic dual in the
limit of large volume of the elliptic fiber. Then, {u, v, x,y} can be taken as
sections of {Kgf,/\f , Kgf QR N?, Kgg’ ® N3} respectively, where A is some
sufficiently ample line bundle on Bs. The coefficients in equation (2.17)
now become sections of line bundles over By as well. However requiring an
enhanced gauge group G over op, implies certain restrictions on these sec-
tions. Roughly speaking, just as requiring a singularity of type G on a dPj
is equivalent to expressing the coefficients of (2.17) in terms of a reduced
number of coefficients a;, which take values My, so is requiring a singularity
of type G in W along op, equivalent to expressing the coefficients of (2.17)
in terms of a reduced number of sections a;, such that a;(p) take values in
My for any point p on the base Bs. Now G is allowed to be non-simply
laced, and H is still the commutator of G in Eg. This is not an automatic
consequence due to the issue of monodromies mentioned previously, how-
ever it turns out to be true anyways. The a; are sections of the line bundles

N5 ® Kgg The d; turn out to be precisely the degrees of the independent
Casimirs of H (dy is taken to be zero), so the a; should be thought of as the
Casimirs of the adjoint field of the eight-dimensional gauge theory on the
7-branes.

So the upshot is that a dPy fibration W; with a fixed hyperplane section
Z and a singularity of type G along the zero section is equivalent to a choice
of the a;, that is a choice of section s : By — Wpy of the weighted projective
bundle

Wiy =WP |0a@@Kg |, (2.25)
§>0

where the weights are given by a; — A%a;. The fiber of Wy — Bs is given
by Mpy. However the geometry Wi specifies only part of the data of an
F-theory compactification, because we are also allowed to turn on Wil-
son lines and fluxes along the 7-branes. That is, we can turn on periods
of C3 (which are typically trivial in a four-fold compactification however)
and G-fluxes. This is called the ‘twisting data’ for the fibration [23] or
‘Deligne cohomology’. It was first analyzed in the heterotic context in [24]
and used in [14]. We will later return to the issue of which G-fluxes one
is allowed to switch on for these geometries, after discussing how matter is
engineered.
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2.2 Charged chiral matter from intersecting branes

There are basically two ways to get charged chiral matter from 7-branes.
In this section, we discuss intersecting 7-branes. Some properties of spinors
and Dirac operators in complex geometry that will be heavily used in the
following are collected in the appendices.

Given two 7-branes, with gauge bundles located on them, there will be
massless matter from open string modes living on the intersection. The idea
is very simple: when branes intersect at a small angle, we can think of them
as a non-trivial field configuration in a gauge theory with an extended gauge
group. The field content of a 7-brane is that of eight-dimensional maximally
SUSY gauge theory. The fields consist of an eight-dimensional vector field,
an adjoint valued complex scalar which is also sometimes called a Higgs
field, and a Weyl spinor with R-charge —1/2. Let us first suppose that the
eight-dimensional gauge theory has gauge group G. We turn on a constant
adjoint VEV for the Higgs field, breaking G to a subgroup Hy x Hs. Let’s
suppose that the adjoint representation of G decomposes under H; x Hs as

Ragj(G) =Y Ra(H1) ® R}(Hy). (2.26)

Then the fermions splits into the massless gauginos of H; and Hs and mas-
sive fermions in the remaining representations appearing in (2.26). Geomet-
rically this corresponds to separating the branes into two parallel stacks.

In order to describe intersecting branes, we need a slightly different con-
figuration for the Higgs field. To set the notation, let us suppose we have a
stack of branes wrapped on a complex surface with local coordinates z; and
29. The holonomy on this surface will be denoted by U(2)g. Further let us
denote the local coordinate on the canonical bundle of S by 2z3. The holo-
nomy of the canonical bundle is contained in U(1)g, and to preserve N = 1
supersymmetry this may be identified with det(U(2)s) 2. Using separation
of variables, the gaugino of the 8d gauge theory can be decomposed under
SO(3,1) xU(2)s x U(1)R as

xFoysvy @ Ad(G). (2.27)

Here we have introduced the following notations. G is the principle bun-
dle over S with gauge group G, and v; is a positive or negative chirality
spinor for the z;-plane. Recall from (2.10) that we can identify these spinors
with forms, with w;" ~ 1, ¢; ~dz;, and dz3 ~ dz1 A dz2 using contraction
with the holomorphic (3,0)-form, which is preserved by the holonomy. The
spinors x* are 4d chiral/anti-chiral spinors. Furthermore the above spinor



MODEL BUILDING WITH F-THEORY 1253

representation is reducible: only the states with an even number of pluses
belong to the 8d gaugino.

In the non-degenerate case, we can describe a brane intersection as a
configuration breaking a group G to a subgroup H x U(1). Therefore let
us turn on an adjoint VEV which depends on the complex coordinate zo on
the 7-brane, such that the gauge symmetry is restored as zo — 0:

(19(21, ZQ) = 29 TU(l) dz3A, (2.28)

where T7;(1) is the Cartan generator breaking G to H x U(1). In other words,
we consider a vortex configuration for the Higgs field ®. It is well known
that there are solutions of the Dirac equation localized on such a vortex, as
we will now describe more explicitly. (In the language of Higgs bundles, we
will construct a generator of the degree one hypercohomology of the Higgs
bundle, localized at zo = 0).

To find the massless fermions, we use separation of variables to split the
Dirac operator in a trivial six-dimensional part and a two-dimensional part,
and then solve the Dirac equation on the z9-plane with the zo-dependent
interaction term:

02,03 V3 T + 20[Tyy (1), T dz3 A py b =0,

A a = a [ (2.29)
02,93 3 T = 22Ty, T, o 3 =0,

as well as two more equations related by conjugation. By taking suitable
complex linear combinations, we can always take T'* to be an eigenvector of
Ty (1), and we will do so in the remainder. The spinors wf, x* are inert, and
we only tensor with them in the end to get complete wave functions. Then we
get two types of solutions. When the generator T commutes with T7;(1), we
get solutions which are holomorphic in z3. They transform in the adjoint of
H or U(1) and their normalizability depends on more global information of
the cycle on which the 7-branes are wrapped. They will be further discussed
in the next subsection and we do not consider them here. Besides that, we
may also take T to be a generator of the coset G/(H x U(1)), with

[Ty, T = g T (2.30)

The precise normalization of the charge ¢, is not so important here, only
the sign is important. Then the second equation in (2.29) does not have
normalizable solutions. The first equation in (2.29) on the other hand has
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solutions of the form

exp(—qaz2Z2)(dz3 — dZ2)T"  exp(+qaz2%2)(dz3 + dzp)T? (2.31)
exp(+qaz222)(dzs + dze)T®  exp(—qaz2Zo)(dzs — dz2)Te. :

When g, = —qg is positive, the solutions in the first line are normalizable
but the solutions in the second line are not, hence should be thrown away.
Conversely when ¢, is negative, we throw away the solutions in the first line.
In either case, we get zero modes with the shape of a gaussian localized
at the core of the vortex, i.e., at the 7-brane intersection. Tensoring the
normalizable solutions in (2.31) with constant modes of ™ and pr, subject
to the constraint that we choose an even number of pluses in the superscripts,
we therefore find fermion zero modes of the 8d gaugino charged in the off-
diagonal representations appearing in (2.26), and localized at zo =0, i.e.,
localized on the 7-brane intersection. These zero modes precisely fill out
the fermionic content of a six-dimensional hypermultiplet: multiplying by
X" ], we get a chiral fermion transforming as 7% and another transforming
as T®. Multiplying by x*¢7, we get their CPT conjugates.

Therefore to find the massless open string spectrum living on the inter-
section of 7-branes, we simply have to know how the singularity of the
elliptic fibration gets enhanced over the intersection locus of 7-branes, and
decompose the corresponding adjoint representation. This procedure gives a
generalization of the usual rules for intersecting 7-branes to the more general
F-theory set-up [32].

Let us consider two examples, which are relevant for model building pur-
poses. Suppose that we have an [ singularity corresponding to an SU(5)
gauge group, and we want to engineer matter by intersecting it with a mat-
ter brane. The minimal version, which does not introduce any extra gauge
groups, is to add a locus of I; singularities. When the I; singularity inter-
sects the I5 singularity, it can get enhanced either to an I singularity corre-
sponding to an SU(6) gauge group, or an I singularity corresponding to an
SO(10) gauge group. The adjoint representation of SU(6) decomposes as

35 =249 +5_1+5; + 1. (2.32)

Thus we get a six-dimensional hypermultiplet in the fundamental of SU(5)
on the intersection locus with enhanced . For the I} enhancement, we use
the decomposition

45 = 247+ 102 + 10_2 + 1. (2.33)
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Therefore on this intersection locus we get a six-dimensional hypermultiplet
in the 10 of SU(5).

For the second example, consider an SO(10) singularity enhanced to an
Eg singularity. Using the decomposition

78 = 450 + 1o + 16_3 + 163, (2.34)
we see that we get a hypermultiplet in the 16 on the intersection.

In general, the fermions localized along the intersection of 7-branes further
couple to the gauge bundles on the 7-branes. Again we can use separation
of variables to analyze this question. Let us turn on a flux proportional to
Ty (additional gauge fields could be turned on, but this will suffice for
our purposes). This will give us a line bundle E supported along z3 =0
and a bundle F supported along z3 = (®(z3)). Using (2.15), the actual
gauge fields are then associated to fake bundles E = E ® K, 12 and F =

Fo K, Y ? where K; and Kj are the canonical bundles of z3 = 0 and 23 =
®(z9) respectively.

Our solution is sharply localized in z5 and z3, so as long as the gauge field
is smooth equations (2.29) only receive a small perturbation. The equations
for waTa are modified to

Oz 0 T + Az [Ty, T*dz Ay =0 (2.35)

and its conjugate. Now we may take Az to be approximately independent of
72, because the Higgs field still creates a potential localizing the solution near
z9 = 0. Further although we can locally pick w;“ ~ 1 and ¥ ~ dz, globally
along the surface X(z1) parameterized by z; we should consider them to live

in Ké/Q and Kgl/Q. We see that wf and v, behave as sections of
Y eST QE*@F, ¢ €Sy ®E®F* (2.36)

Then by the usual argument, the solutions to (2.35) and its conjugate are
precisely counted by the Dolbeault cohomology groups

H{(%, L), (2.37)
where
L =Ry(E)® R,(F)|s ® K. (2.38)

Although £ appears to contain various ill-defined bundles, one can always
combine them into something sensible. In the case of mutually local branes,



1256 RON DONAGI AND MARTIJN WIJNHOLT

where R’ and R correspond to the fundamental and anti-fundamental rep-
resentation respectively, we can write

L=FoFeK"?oK,'?eKks

=FE"®F® Ki|s. (2.39)

Each solution of (2.35) must be dressed up with a solution of (2.29) in
order to construct the full wave function, which is a zero mode of the 8d
gaugino (2.27). Due to the constraints of normalizability and the number
of plus signs in (2.27) being even, there is in fact a unique way to dress up
each solution of (2.35) to a zero mode of the 8d gaugino, so the solutions are
simply counted by (2.37). This concludes our derivation of the spectrum of
fermion zero modes on 7-brane intersections.

Let us now examine the wave functions we have found in some more detail.
An important point is that the degree i correlates with the four-dimensional
chirality. To see this, note that a generator of the Dolbeault cohomology
group HY(X, £) (i.e., a zero mode of the form ;" T) yields a zero mode of
the eight-dimensional Dirac operator of the form

XU (W5 Yy + by )T ~ x0T 4 AT, (2.40)

whereas a generator of H'(X, £) (i.e., a zero mode ¥, T%) yields a zero mode
of the form

Xy (3 by + g 3 )T ~ xTACL T + T 20T, (2.41)

Equivalently, it yields a chiral fermion transforming in the conjugate repre-
sentation 7%. At any rate, from the constraints of normalizability and the
total number of plus signs being even, we see that the degree of the coho-
mology group and the 4d chirality are correlated, so that ¢ = 0 corresponds
to a chiral fermion and i = 1 corresponds to an anti-chiral fermion.* Fur-
ther note that Serre duality maps a zero mode with ¢ = 0 to a zero mode
with opposite charges and 7 =1, i.e., the opposite chirality for the four-
dimensional chiral fermion. Because we started with a single Weyl spinor
in eight dimensions, this means that generators related by Serre duality do
not correspond to independent four-dimensional fields, but to fields related
by CPT conjugation.

4Note incidentally that if there had been normalizable solutions near the intersection
of the form 7 or ¥5 5, we would find zero modes of the form x4 T or
X~ Y1 ¥y 5 T on the intersection. These correspond to symmetries rather than defor-
mations, and in the present context would be interpreted as ghosts [33]. Fortunately, we
see that we cannot get them for intersecting branes.
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Now that we understand the chirality of our zero modes, we can check
when we can get a non-zero net chirality. For this purpose we can use the
index theorem:

ho(z,c)—hl(z,ﬁ):/ch([,)/\Todd(Tz)
P

:/cl(ﬁ’)—cl(E). (2.42)
%

Thus the introduction of fluxes on the 7-branes is precisely what is needed
to make the hypermultiplets on the intersection chiral. Further the net chi-
rality is precisely given by the amount of flux through the intersection. In
the type IIb limit, this agrees precisely with the known answer, which can
be deduced e.g., from anomaly inflow arguments [34,35] or from quantiza-
tion of open strings stretching between D-branes [36]. In fact our notation
for the spinors was chosen to emphasize the similarity with open string
quantization.

Finally, we would like to explain how this is related to integrals of the
G-flux. To compute the chiral spectrum we do not actually need E and F'
separately. All we actually need is the combination R(E)® R'(F)|g. To
be concrete let’s discuss the case of SU(5) gauge symmetry with matter in
the 10 and 5. Consider first the local geometry for an intersecting I5 and
Iy locus which gets enhanced to Ig. As we discussed, there is a vanishing
(anti-)holomorphic curve on top of ¥ for each weight of the matter repre-
sentation associated to it. Let us assume that we have not turned on any
holonomy for the SU(5) gauge field so that the group is unbroken (if not,
the procedure we will explain can be generalized by using all the vanishing
curves instead of just one). Then the G-flux close to the intersection is of
the form

G~FiAwi+Fy Aws, (2.43)

where w; 9 are the two non-normalizable harmonic two-forms associated to
the overall U(1)’s for the I5 locus and I; locus respectively. The U(1)’s
may not appear in the low energy theory, but a linear combination may
correspond to a massive U(1) and still appear in the G-flux as we will see
in a later subsection. Since the U(1) charges of the BPS states associated
to the vanishing curves are given by £1, we have

/ wy = +1, / wy = —1, (2.44)
C C
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and we can integrate the G-flux over a vanishing curve to obtain

/ G=F, —F, (2.45)
C

which we interpret as the curvature of E*®F. By further integrating over
¥ and using (2.42), we get the net number of generations in the 5.

The other case is when the singularity is enhanced to I] along the inter-
section of an I5 and Iy locus. This is not a transversal intersection in Bs,
however our arguments do not depend on the form of this intersection® , but
rather on the intersection in the spectral cover picture. Again let us assume
unbroken SU(5) symmetry. Then we can pick one of the extra vanishing
curves C' over the intersection, and we obtain

/ G = 2F; — 2F,. (2.46)
C

The reason for the factor of two is because in the decomposition of the I7
singularity into individual (p, ¢) 7-branes [20], the BPS junction representing
C' has two ends on the I5 locus and one end on each of the two extra I-
singularities, i.e., it has charge two under each of the two U(1)’s. Further
integrating over X109 and using (2.42), we get the net number of generations
in the 10.

2.3 Charged chiral matter from coincident branes

There is a second way to get charged chiral matter, by considering coincident
7-branes rather than intersecting 7-branes. The reasoning is similar. We
take a 7-brane with a non-abelian gauge symmetry wrapping a four-cycle Bs.
So far we assumed that only fluxes on the matter brane were turned on, so as
not to break any additional gauge symmetry on the gauge brane. However,
we can also turn on generally non-abelian holonomy on the worldvolume of
the gauge brane. This corresponds on the heterotic side to turning on a
bundle on the trivial part of the spectral cover. For example, suppose we
have an Fjg gauge symmetry along By and we turn on a U(1) bundle E so
that the commutant in Eg is given by SO(10) x U(1). The U(1) gauge field
will become massive by eating a closed string axion.® We decompose the

®The local form of many collisions has been worked out in [37].

5Schematically this lifting arises as follows. From the Chern-Simons couplings J Cay A
FAF =— [dCuy Aws(A) on the 7-brane we deduce the existence of a term [ (xsdC4) —
w3(A))?. Then if we turn on a line bundle on B, with first Chern class ¢1(E) and denote
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adjoint representation of Fg under SO(10) x U(1) as

Radj (Eﬁ) =78 = Z Rg ® Ry, =459+ 19+ 16_35 + Tﬁg. (2.47)
a

Then chiral matter transforming in the R], representation of SO(10) is given
by zero modes of the eight-dimensional Dirac equation. Using the spinor
bundles in (2.10), we get a four-dimensional fermion for every generator of
the cohomology groups

H'(By, Ry(E) ® Kp,) ® H(Bs, Ry(E)), (2.48)

for i = 0,1,2.7 As usual, generators related by Serre duality are CPT con-
jugates, rather than independent fields. In the above example, we would
have

Ny(
N(

(Bo, L3 ® Kp,) + h*(Ba, L73),
(B27 L3 ® KBQ) + hl (B27 Lg)’ (249)

)

16) = h°
16) = A°
where L is the line bundle corresponding to the U(1) gauge field we turned
on. These chiral fields clearly correspond to 7-brane deformations and gauge
field deformations respectively, and their Serre duals are the corresponding
anti-chiral fields. Generators of H?(By, L?) or H°(Bsy, L~3) do not corre-
spond to deformations at all, but to symmetries. If these cohomology groups

are non-zero, the compactification has ghosts and is inconsistent.

In addition to this spectrum, we must find the massless matter represen-
tations of Fg originating from the intersection with other 7-branes using the
procedure we explained before, and add them to the spectrum. An amus-
ing feature is that this may effectively increase the number of generations
obtained from the intersection with the matter brane. For instance, if we
broke Fg to a group G using an SU(3) bundle, then from Higgsing it is clear
that the number of generations of G obtained from the intersection is three
times the number of generations of Eg. A very similar mechanism was used

the dual four-form as a4, the U(1) gauge field will have a four-dimensional coupling of the
form [(A, — dua)?, where a is the RR axion obtained by expanding C(4) along as. This
is completely analogous to a similar mechanism in the heterotic string.

"More generally, if we also have a non-zero VEV for ®, we should solve equations of type
da s +[®, a1y ¥y 3 + a2y v pT] = 0. That is, we have a spectral sequence
with E5? = H?(Bs, Ra(E) ® K} ), horizontal differential E5¢ — EY™" given by 9 +
A%' ) and vertical differential F5° — E" given by ®%°. But when the d» differential
Eg’l — ES’O of this spectral sequence is zero, then we have Fs = Fo and we still get
(2.48).
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in [2] to obtain the three generation MSSM from a one generation model
with an extended gauge group.

We can also ask about matter in real representations. We have already
seen that four-dimensional adjoint-valued chiral fields come from h%!(B,)
and h?9(By). If we turn on a non-abelian bundle M on op,, we can ask for
the number of bundle moduli. This is given by the number of zero modes
of the Dolbeault operator acting on

Ad(M) @ Q"N (K %) @ K5 %, (2.50)

with the last factor accounting for the R-charge. Thus it is given by the
number of generators of H'(Ba, Ad(M)), in agreement with the heterotic
result [25].

Finally, we have to give a prescription for relating line bundles on By and
G-flux. This is easy for coincident branes, the G-flux is simply of the form
Tr(F/27) A w where w € A.

2.4 Yukawa couplings

The form of the SUSY Yukawa couplings can be deduced from the reduction
of the interaction terms in the ten-dimensional Yang-Mills action (B.1).
Schematically they are given by

/d29 diz ﬁ(@l@g%)/g Tr(p16263), (2.51)

where ¢;,&; denote bosonic and fermionic zero modes on the 7-branes. Let
us discuss the various special cases.

For coincident branes, the chiral fields came from generators of the form
A% or 20, We can compose two generators of type (0,1) and one of type
(2,0) to get a number:

/ dape A% N AP N\ @°, (2.52)

This is just the cubic piece of the holomorphic Chern—Simons action for 7-
branes. In fact, if we use the mode expansions for C3 (2.8) and the complex
structure moduli (2.9), it can also be interpreted as a non-abelian gener-
alization of the flux superpotential (2.11). A similar coupling for matter
in real representations was already discussed in [25]. We see that it holds
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more generally provided the three-fold tensor product of the group indices
contains a singlet. (In the language of Higgs bundles, this corresponds to
the Yoneda pairing on the hypercohomology of the Higgs bundle).

Next let us consider intersecting 7-branes. As we discussed around (2.29),
chiral fermions living on the intersection 3 must be interpreted as zero modes
of the 8d gaugino by dressing them with the normalizable wavefunctions for
zp; Yy and 1y 1/1; . Furthermore as we also discussed earlier, because of
supersymmetry each such fermionic zero mode of the 8d gaugino is paired
with a bosonic zero mode of the 8d fields A%! and ®*° with the same internal
wave function. Concretely we have the following dictionary:

XU esy — xT*0 xTyfyyud - xm A 2.59)

XForva vy — xTAM XYYy - xTe20.
Then clearly the Yukawa couplings are given by the same cubic interaction
inherited from the 8d gauge theory (2.52). The same formula also applies
for the overlap of zero modes which are localized around the intersection
with zero modes which are spread over all of the 7-branes. Further, it is
not hard to see that the Yukawa couplings only depend on the Dolbeault
cohomology classes of the zero modes and not on the explicit representatives,
so the Yukawa coupling corresponds to a natural Yoneda product on the
Dolbeault cohomology. By choosing manifestly holomorphic representatives
of the Dolbeault cohomology classes of the zero modes, we can relate the
integral (2.52) to a purely holomorphic computation at the intersection of the
supports of the three zero modes, without ever doing any integrals. This is
of course very analogous to computing a tree level three-point function in the
heterotic string, which also corresponds to a Yoneda product on Dolbeault
cohomology, and we will see later that it is in fact dual to it.

This picture implies some intriguing results. Suppose for instance we
have an Fg gauge group locally obtained from Fg by turning on two abelian
adjoint fields. The locally we have two additional unbroken U(1)’s, call
them U(1), x U(1)p, which may be broken in another patch. From the
decomposition of the adjoint of Eg we get three copies of the 27 with charges:

27(170) + 27(071) + 27(_17_1). (2.54)

Let us say that the adjoint field ®, vanishes for z; = 0, and ®; vanishes
for zo = 0, and we let v; be the spinor for the z;-plane as before. Then we
could have chiral fields A27(170) ~ s w; ® 27(1,0) propagating on 21 =
0, A27(071) ~ wfwgl/}; ® 27,1y propagating on 23 = 0, and @27(71171) ~ wf

; Y3 ® 27(_y _1) propagating on z1 = z9. Then from the intersection 27 =
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zo = 0 we get a coupling of the form

/Tr(A27(1,0) A A27(0,1) VAN (1)27(71771)). (2.55)

Note that the indices of the forms and the gauge indices are precisely right
to allow for a non-zero contribution. More precisely, the full wave function
of a zero mode (2.40) is a linear combination of A%!T? and ®207, so
we get a sum of terms of the above form with the gauge indices permuted.
Hence we see that we could engineer certain interactions by playing with
the matter curves, their intersections and the localization of the chiral fields
in the extra dimensions. Similar ideas have played important roles in the
phenomenology literature on extra-dimensional models (see e.g., [38] and
references thereto).

As another example, suppose we have an SO(10) gauge group on By,
and chiral matter on Y16 and ¥1¢. The Yukawa coupling for 16 x 16 x 10
clearly gets localized on ¥16 N X10. Suppose that locally near such an inter-
section we can think of the SO(10) as arising from an E7 gauge group which
is broken by two abelian adjoint fields ®, and ®;. Then from decomposing
the adjoint of E; we get the following representations:

16(_271) + 16(0,_3) + 10(272) + 1(_274). (256)

Again much like above we get a contribution to the Yukawa coupling of the
form

/Tr((b16(2,1) A A16(O,3) VAN A10<272)) (257)

from intersection points of ¥16 N X109. Again we may envisage geometric
configurations that explain hierarchies in the Yukawa couplings.

In the above examples we described the Yukawa couplings on intersections
of matter curves by configurations of two abelian adjoint fields ®, and ®,.
This cannot always be done, it is more generic actually that the Yukawa
couplings are described by a non-abelian adjoint field. Such more general
configurations are outside the scope of this paper, however in principle the
resulting Yukawa couplings still descend from the master formula (2.52).

There are several other phenomenological scenarios that depend on local-
ization in the extra dimensions, and that can in principle be implemented
in F-theory. Localization can be helpful in suppressing dangerous higher
dimensions operators such as [ d?0 QQQL [38]. Tt also provides scenarios
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for mediation of supersymmetry breaking, such as gaugino mediation [39,40].
For a review of some of the possibilities of extra-dimensional models, see [41].

Let us elaborate a bit on the remark above, that the Yukawa coupling
can be localized exactly at the intersection of matter curves. This is a cru-
cial difference between some of the old phenomenological scenarios and the
F-theory models. We have seen that when the 8d gauge theory approxi-
mation is valid, localized wave functions approximately possess a gaussian
tail, see e.g., equation (2.31). In the phenomenology literature cited above,
if matter fields are localized at different positions, one imagines getting
small but non-vanishing Yukawa couplings from the overlap of the tails, and
this is an important ingredient for explaining hierarchies in the couplings
(see e.g., [38]).

However as we already pointed out above, due to supersymmetry we do
not have to estimate the overlap of the wave functions, we can calculate it
exactly as a Yoneda pairing on Dolbeault cohomology. More precisely, we
can calculate superpotential couplings exactly up to wave-function renor-
malization. The reason is familiar from type IIb and heterotic models: the
Yukawa couplings as well as other F-term data depend only on the Dolbeault
cohomology classes of the wave functions, but not on the explicit represen-
tatives of the Dolbeault cohomology classes. To compute the Kahler poten-
tial we need the physical wave function, i.e., the harmonic representative.
But for the purpose of computing superpotential couplings we may instead
choose a different representative. In order to do the computation exactly, it
is more natural to choose a holomorphic representative, or we could use a
completely different model for the cohomology, like Cech cohomology.®

Even better, if we are on an algebraic variety, as is the case for all the
examples we consider, then the computation of the superpotential is equiv-
alent to a purely algebraic computation. In the holomorphic world, the
computation is reduced to a purely local calculation at the intersection. (In
terms of the spectral cover, we can easily see this localization using the
formulation in terms of Ext groups).

In any case, no overlap integrals need to ever be carried out to com-
pute superpotential terms. The gaussian tails of the harmonic representa-
tives have explicit anti-holomorphic dependence, and therefore cannot play

81t is helpful to consider de Rham cohomology by analogy. A de Rham cohomology
class is uniquely specified by its periods on cycles (i.e., by the Poincaré duality pairing),
so instead of taking the harmonic representative we may take a delta-function current
localized on a Poincaré dual cycle. This representative is clearly independent of the metric
and makes the localization of the triple product (i.e., the Yukawa couplings) manifest.
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a role in the computation of superpotential couplings. Indeed, the anti-
holomorphic dependence in the tails can simply be removed by a complexi-
fied gauge transformation. If the algebraic supports of the wave-functions do
not intersect, then the overlap integral is simply zero. Thus the localization
of wave functions is a much sharper effect in the presence of supersymmetry
than in the old phenomenological models with extra dimensions.

It follows that just as in type IIb or the heterotic string, properties of
the Yukawa matrices that are independent of wave-function renormaliza-
tion, such as the rank of the matrix and texture zeroes, can be determined
exactly by a purely holomorphic (and often even algebraic) computation.
Furthermore, by the standard non-renormalization argument, there are no
perturbative corrections to the superpotential. To see this, we define the
complexified Kéhler moduli by

4

Ta:mm/ JANT—i ] Cu (2.58)
2 Jo, Da

The volume of the four-cycle is measured in ten-dimensional Planck units.
The superpotential depends only holomorphically on the Kéhler moduli.
Then because of the shift symmetry in the imaginary part, 7, can only
appear in an exponential, so the superpotential is only corrected non-pertur-
batively in the Kéhler moduli. Such non-perturbative corrections can be
interpreted as D3-instantons. We will give some additional discussion on
such corrections in Section 3.4.

2.5 D-terms

Up to now we have discussed purely holomorphic properties of F-theory.
We also have to say something about the D-term constraints. In smooth
compactifications, one requires that the G-flux must be J-primitive:

JAG=0. (2.59)
Decomposing G ~ F A w, this condition is reminiscent of

i*JAF=0 (2.60)
i.e., the standard D-term equation on a smooth abelian 7-brane. In sin-
gular compactifications, or in the limit that the fiber is small compared to

the base, the non-abelian degrees of freedom are light and we should use the
non-abelian Hitchin’s equations. Further we should make sure that all the
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fermion zero modes that parametrize symmetries correspond to gauginos. If
not then the compactification has ghosts and is inconsistent [33].

Let us specialize to the K3 fibrations over Bs which are dual to the
heterotic string. Then the available Kéahler forms are

JBy = tlﬁ*JBQ + toJy, (2.61)

where Jy is the Poincaré dual of the zero section op,. Recall that F-theory is
essentially ten-dimensional supergravity coupled to eight-dimensional Yang—
Mills theory at certain singularities. Therefore it does not care about g5 and
L5 separately, but only about the combination given by the ten-dimensional
Planck length l‘ll0 = gséé and the Planck mass mig = 1/l10. In particular,
in F-theory volumes must be measured in ten-dimensional Planck units,
because these units are invariant under the S-duality transformations that
we must apply across branch cuts of the axio-dilaton on the IIb space-time.
For F-theory to be valid, both the volume of Bo and the P!-base of the K3
should be large in the ten-dimensional Einstein frame.

On the other hand, the heterotic coupling is identified with the volume
of the P!. To see this, a D3-brane wrapped on the base of the elliptically
fibered K3 gets mapped to the fundamental string of the heterotic theory
compactified on T2. Its tension is

T~ 03 (Vo) 2, T~ 1520 (2.62)

on the F-theory side and on the heterotic side respectively, where g is the
effective eight-dimensional Planck length, Vp: is measured in ten-
dimensional Planck units, and Ag is the eight-dimensional heterotic string
coupling. Thus we find that Ay = Vp1 up to numerical factors. As expected,
F-theory and the heterotic string have non-overlapping regimes of validity.
In particular it is possible that heterotic constructions that were previously
discarded correspond to valid F-theory compactifications.

Further, using the conventions of [36], in general F-theory compactifica-
tions we have

géUT 9§ lilo
— — _ 2.63
WUT =" T dnVp, Vg, (2.63)
1 252 a2 VA
Gy = AT €101 22 (2.64)

STMp,  167Vp,  8(2m)2Vp,’
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where we defined [$;, = g2/% to be the ten-dimensional Planck length. We
also expect that

Meur ~ Vg (2.65)

modulo threshold corrections. Note that in contrast to the heterotic string,
it is now in principle possible to take Mgur/Mp;4 to zero while keeping

agyur finite, since this only requires the ratio Vgé 2 /VB, to go to zero. This
is one of our main motivations for local models as we emphasized in the
introduction.

Now let’s consider the available G-fluxes for dPy fibrations over By. We
could turn on fluxes for the Cartan generators of the non-abelian gauge
group localized on op,. As we discussed in the context of coincident branes,
this would partially break the gauge symmetry. One may consider this as a
mechanism for breaking the GUT group to the Standard Model gauge group.
However for testing our formula for chiral matter in F-theory by comparing
with the heterotic string, we will also be interested in compactifications
where such fluxes are not turned on. Generically, the remainder of the
discriminant locus

A=A —nlop,] (2.66)

is an I; locus and does not generate a massless four-dimensional U (1) vector
multiplet, due to non-normalizability of the associated local harmonic two-
form? , so it may seem at first sight that there are no other fluxes we could
turn on. Said differently, a supersymmetric G-flux must be of type (2,2) and
rational, and therefore it is Poincaré dual to (a rational linear combination
of) algebraic cycles in Yj. At first sight, it seems that generically the only
available algebraic cycles must be either (a) divisors in o(Bs) or (b) curves
in o(Bs) with the elliptic fibration on top. Both of these two types of
fluxes are turned off in the limit from M-theory to F-theory, hence do not
exist in F-theory, and therefore generically it would seem that there are no
supersymmetric fluxes available.

However the heterotic/F-theory duality map which we will discuss in
Section 3 allows us to map the question of G-fluxes to an equivalent but more
transparent problem. Namely, we get an isomorphism between G-fluxes and
certain fluxes arising in the heterotic construction, with the explicit mapping
being the push—pull formula known as the ‘projected cylinder map’ given in

9For duality with the heterotic string, we also assume that real codimension two sin-
gularities of the elliptic fibration are not localized on Bs, as this would correspond to a
non-perturbative gauge symmetry on the heterotic side.
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Appendix C. On the heterotic side it will be clear that even for generic values
of the moduli, there is always an additional rank one lattice of holomorphic
quantized fluxes, generated by a flux we will call G-. Moreover, for non-
generic values of the moduli there will be additional G-fluxes besides this
generic rank one lattice. (They were called the Noether-Lefschetz fluxes
in [5]). The number of allowed linearly independent fluxes is given by the
rank of the homology lattice H?(C, Z) of the spectral surface minus the rank
of the homology lattice of the base surface. By tuning the complex structure
moduli, these fluxes may also become of type (1,1).

A rough counting of the rank in a typical model, even requiring three
generations, is obtained as follows. We use Riemann—Hurwitz to relate the
Euler character of the spectral cover C' to the Euler character of the base Bs.
By Lefschetz, the odd cohomologies of C tend to vanish, and it is evident
that the main contribution to H?(C,Z) comes from the Euler character
of the branch locus of the spectral cover. Imposing constraints of three
generations and vanishing c; of the spectral line bundle only changes the
number by order one. Taking some simple degree five spectral covers over
By = CP2, and using the degree/genus formula to relate the degree of the
discriminant to the Euler character, we get numbers of order 103 to 10°. So
there seems to be quite some flexibility in local models.

Following [42,43], the number of supersymmetric solutions is then esti-
mated to be given roughly by the volume of a ball in Euclidean space with
dimension r given by the rank of this flux lattice, and a radius v/2A'/2 that
is set by global tadpole cancellation. It is estimated (and to some extent
verified in toy models) that for a generic such flux, there is an O(1) number
of stable solutions. Thus the number of solutions is roughly given by

(2.67)

1 AreA\"/?
# solutions ~ 7re> .

TV = ( r

The tadpole cut-off A is of order A ~ x(Yy)/24 2 r/24. It can be larger
because in r we only included the contribution to rank of the lattice due
to the visible sector. Even with conservative values, this can easily lead
to the order of 10'°% possible solutions in our local F-theory models. In
heterotic language, this is a rough estimate for the number of solutions to
the hermitian Yang—Mills equations on a rank five bundle on an elliptically
fibered Calabi—Yau with three generations. Clearly, the ‘universal’ flux lat-
tice generated by G is a rather special sublattice.

At any rate, let us here focus on the special flux G,. By construction
it is guaranteed to be of Hodge type (2,2) and rational for general values
of the moduli. However it is not a priori clear that G, is also J-primitive
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for some Kéhler class J inside the Kéhler cone. In Appendix C, we analyze
conditions under which G is J-primitive. From the analysis it follows that
under certain assumptions, G, is actually J-primitive for all available Kahler
classes J:

7T*JB2 A ny =0, JogA G,y =0. (2.68)

The explanation for this is essentially that for generic moduli, the light
gauge fields sit in an unbroken non-abelian group and so there are no Fayet—
Tliopoulos parameters. Moreover, we will see in Section 3 that the compu-
tation of the spectrum calculated on the F-theory side using the gauge
theory approach agrees exactly with the heterotic calculation. In the case
of SU(5)guT models, the net number of generations in the presence of the
flux A G, is given by

Nyen = A / Y= —A(6er — 1) (e1 — 1), (2.69)
Y10

where A € Z + % due to quantization constraints. We will use these fluxes
to construct some simple F-theoretic GUT models in Section 4.

2.6 Soliton quantization

Our derivations have mostly relied on the field theory approach. The other
idea we could have tried to use is to resolve the singularities. Physically
speaking, this corresponds to compactifying to three dimensions. The 4d
vector multiplet then gains a pseudo-scalar corresponding to a Wilson line
around the extra S', and its expectation value parametrizes a Coulomb
branch. Going out on this 3d Coulomb branch corresponds geometrically
to the resolution mentioned above. When the resolved cycles are large, the
BPS M2-branes wrapped on them are heavy and we can quantize them as
solitons, as in [44]. We can use this for example to rederive the localized
matter at loci of enhanced gauge symmetry: assuming the background Cs
is trivial, one tends to get one resolved cycle for every pair of generators
of G/H x U(1), and quantizing a wrapped M2-brane on each such cycle
yields a half-hypermultiplet. In fact, we could even use this to rederive
our formulae for charged chiral matter. The basic idea is that in the limit
that the M2-branes are heavy, the dynamics is reduced to that of charged
particles moving in a magnetic field on the moduli space of the M2-brane,
here given by the matter curve. Quantizing such M2-branes leads to the
Dolbeault cohomology groups on the matter curve discussed previously. This
approach is to some extent implicit in our discussion at the end of Section 2.2.
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The field theory (or Higgs bundle) approach and the soliton approach
have different ranges of validity. The soliton approach requires us to go to
M-theory and resolve the singularities, where we get a quantum mechanics
problem of massive BPS particles. However when the resolved cycles are
small, the Compton wave-length of the BPS particles is large and we cannot
use this approach. The field theory approach instead smooths the singu-
larities not by resolving, but by incorporating the non-abelian degrees of
freedom in the effective action. Here we are writing equations on a different
mathematical object (a Higgs bundle), rather than on the F-theory Calabi—
Yau itself. But we can recover the singular Calabi—Yau using spectral cover
techniques, in particular the cylinder map. This approach is justified when
the Higgs field is slowly varying. In brane language, this is the limit where
the angles between intersecting branes are small.

As long as Kahler and complex structure moduli are decoupled, both
approaches should give the same answer at the level of F-terms. The ability
to compare the different approaches gives very useful cross-checks on the
results. But for certain questions this decoupling may fail. One example
is the issue of poly-stability. Indeed, wall-crossing in the Hitchin system is
well studied and it is known that there tend to be multiple chambers. In
contrast, such chambers have not been observed in the M-theory approach.
The reason is that the flux is required to satisfy J A G = 0 in the smooth
M-theory regime, which is a closed condition. Thus if we had a sequence
of Kéhler moduli J; accumulating to J., such that G A J; = 0 for each i,
then we also have G A Jo =0, so there cannot be a wall in the regime
of validity of these equations. In contrast, the D-terms for an irreducible
Higgs bundle are equivalent to stability of the Higgs bundle. This is an
open condition, which allows for walls. For a more detailed analysis of
what happens near a wall, see [6]. This is not the only issue. A more
serious problem is that the blow-up modes may get lifted when M 2-branes
wrapped on the corresponding vanishing cycles are condensed. This cannot
be decided based on the geometry alone, as it depends on the three-form con-
figuration [6]. In this case, we cannot compare with a smooth supergravity
solution.

Although it is useful to keep both pictures in mind, for our purposes here
the Higgs bundle approach has a number of advantages. It allows for a much
simpler analysis of the coupling to the background three-form field Cs. It
allows us to derive interactions, which we don’t know how to do properly
in the soliton approach. And the regime of validity of the Higgs bundle
approach can be attained in F-theory, whereas the soliton approach always
requires us to extrapolate and go to a smooth M-theory compactification.
This may not be possible and when it is, information about the D-terms
derived from the soliton approach is not protected under the extrapolation.
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2.7 Summary of local F-theory constructions

To summarize, we can construct a class of local F-theory compactifications
for intersecting 7-branes with only the following three ingredients:

1. We take the four-fold to be a d P fibration over a base By. For duals of
heterotic spectral cover constructions Bs can be an Enriques surface,
a Del Pezzo surface, a Hirzebruch surface or blow-up thereof.

2. The dPy fibration is specified by a section s: By — W of a weighted
projective bundle YW — Bs. This determines the P! fibration By — Bs
and the discriminant locus A, and hence the positions and intersections
of the 7-branes.

3. In addition we can turn on a G-flux, where [G/27] is of type (2,2),
(half-)integral, primitive. This specifies the magnetic fluxes on the
7-branes. For generic values of the moduli there is at least a rank one
lattice of fluxes which do not further break the gauge symmetry, and for
special values of the moduli there may be additional supersymmetric
fluxes.

3 Duality between F-theory and the heterotic string
3.1 Spectral cover construction for heterotic bundles

3.1.1 Fourier—Mukai transform

To specify an N = 1 heterotic compactification in the supergravity approx-
imation we need a Calabi—Yau three-fold Z, and two bundles V1, V5 on Z
with structure group in Eg x Fg and satisfying the Hermitian Yang—Mills
equations'? :

F?0=F%2 =0, F;47=0. (3.1)

We must further satisfy

/ /

dH = O‘Z tr(RAR) — O‘Z tr x5 (F A F). (3.2)

0The first equation is the F-term associated with the four-dimensional superpotential
W= [,y %% A wis(A), and the second can be interpreted as a four-dimensional D-term
FAJANJ =0 [45].
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The topological obstruction to solving this equation is
CQ(Z) = CQ(Vl) + CQ(VQ). (3.3)

However even if this topological condition is satisfied, clearly we generally
must turn on non-zero H. One may argue that a solution may be constructed
order by order in the o/ expansion starting with a Calabi—Yau metric and a
solution of the Hermitian Yang—Mills equations (3.1) [45]. For some special
cases the existence of exact solutions may be inferred from dualities or even
proved mathematically [46]. In addition one sometimes adds some five-
branes wrapped on effective curves in Z, even though this does not lead to
a smooth supergravity background. Such 5-branes correspond to zero size
instantons and give further singular contributions to (3.2) and (3.3).

In general constructing bundles satisfying (3.1) is not an easy matter.
However if the three-fold admits an elliptic fibration 7 : Z — By with a sec-
tion op, : By — Z, then an interesting class of bundles can be constructed
using spectral covers. The idea is very simple: suppose we have a sta-
ble SU(n)-bundle V over Z. First we restrict V to the elliptic fibers and
learn how to describe bundles on each T2, and then we fiber this data over
the base.

Restricting (3.1) to a T?-fiber suggest that the bundle should be flat along
fibers. This is actually not necessarily true and even fails along at least a
codimension one locus in the base in all interesting examples, but let us
assume we are in this situation to build some intuition. Flat bundles on
T? are classified by a map 71(7?) — SU(n), that is by the Wilson lines
around the 72. The fundamental group of 72 is abelian, so these Wilson
loops commute, and by a gauge transformation the Wilson loops can be
taken to lie in the Cartan of SU(n). Therefore, the restriction of V' to the
generic elliptic fibre splits as a sum of n line bundles of degree zero. Each
line bundle is characterized by a point on the dual T2 (which parameterizes
the holonomies), up to residual symmetries which form the Weyl group,
therefore the moduli space is

MSU(n) = [ACSU(n) ® TQ]/W = WP?,LA..,M (3'4)

where A%U(n) is the coroot lattice of SU(n). The restriction that the bundle

be SU(n) rather than U(n) means that the n points on the dual torus are
required to sum to zero under the group law. Also, we may canonically
identify the torus with its dual. Similar results hold for bundles with other
structure groups.
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Figure 3: Part of the heterotic compactification data consists of an ellipti-
cally fibered Calabi—Yau, together with a set of points on each elliptic fibre
describing the Wilson lines of the ten-dimensional gauge group.

Fibering this data over the base, we see that an SU(n) bundle can be
described by a set of n points on the elliptic fibre summing to zero, varying
holomorphically over the base By, and thus sweeping out a holomorphic
surface C' which is an n-fold cover of By. This is called the spectral cover.
Intuitively this is familiar to string theorists from T-duality of D-branes,
which in this case maps an SU(n) “9-brane” to a “7-brane” by T-dualizing
along the elliptic fibre. Even though there are no physical branes in the
game, it is useful to keep this picture in mind. Moreover, as also familiar
from T-duality, to each of the n points on the dual 72 we can associate a
line in the n-dimensional vector space H°(V ® O(op,)|r2). These lines fit
together in a non-trivial holomorphic line bundle on C.

In order to describe this more explicitly, we may proceed as follows [23].
We represent the three-fold Z as a Weierstrass equation:

y? =23 + faot + gof. (3.5)

Here {v, z,y} are taken as sections of {O, KEZQ, Kg;’} respectively, and {f, g}

are sections of {ng, Kl;f’} respectively. Then the data of n points on each
elliptic fiber summing to zero can be encoded by writing an equation on the
fiber which has exactly these points as its solutions, and a pole of order n at
v = 0 which we identify with the intersection of the elliptic curve with the
section op,. Such an equation is a generic nth order polynomial in x and y:

ap V" + as xv" 2 +azyv" S+ - +a, 2% =0 (3.6)
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(if n is odd, the last term is yz("~3)/2). In order for this equation to make
sense globally on Bs, it follows that the a; must be sections of N ® K}ég
where N is a line bundle on Bs. Since the a;’s are defined only up to multi-
plication on each fiber, they determine a section of the weighted projective
bundle over By

WSU(n) = P(O D K%2 B---D Kgg) (3.7)

with fiber Mgpr(,,). An analogous construction also works for more general
bundles. Thus the spectral cover C is equivalent to a section s: By —
Wstr(n)- This description will provide an easy comparison of the analytic
data under F-theory/heterotic duality.

The relation between the spectral cover and the bundle V' on Z can be put
in a precise algebraic—geometric form which is known as the Fourier—Mukai
transform. The homology class of the spectral cover C' can be expressed as

[C] =n[Bs] +7*[n] € HY“(Z,C)nH*(Z,Z) = Pic(2), (3.8)

where [n] is a class in Ho(Bsg,Z), and we used Poincaré duality to identify
the dual cohomology class. Comparing with the description of C' using
projective bundles over Bs, the homology class of the zero set of a section
agrees with (3.8) provided ¢ (N) = [n]. Further, we need a line bundle L on
C. In order for the bundle V' to have holonomy SU(n) rather than U(n),
the line bundle L is required to satisfy

(V) = mer (L) + %(01(0) —7*e1(By)) = 0. (3.9)

Therefore, ¢1(L) is of the form

(L) = —%(cl((]) pber(Ba)) + Ay, my =0, v€Pie(C), (3.10)

where pe is the natural projection C' — Bs, and A is a (half-)integer. Gener-
ically the Picard group of C' is two dimensional: one generator for the pull-
back of the Kahler class of Z, and the other generator given by ¥ = C'Nop,
which must be effective. Therefore when the complex structure moduli take
generic values, the only “traceless” classes satisfying m,y = 0 that exist in
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general must be multiples of the natural generator:
v=nlop, - C| — p&ln —neci(B2)]. (3.11)

With this choice of v we can write ¢1(L) as

(L) = n <)\ + ;) lon, - C] + (; - A) P+ <n/\ + ;) pici(Ba).
(3.12)

For n odd (such as n = 5), this is guaranteed to be an integral class when
A— % is an integer.

For completeness let us briefly indicate how the bundle V' may be recon-
structed from this data in the case of SU(n) holonomy. We first intro-
duce the space Z = Z x B, Z. There are three natural divisors given by
01 =0 Xp, Z, 09 = Z Xp, o, and the diagonal divisor A (not to be con-
fused with the discriminant locus). We further define C' = C' x p, Z and the
Poincaré line bundle P on C' as

P=0(A—o01—02) ®@pp,Kp, | (3.13)
Then the bundle V' may be reconstructed by the Fourier—Mukai transform
V =pz«(pp L ®P), (3.14)

where pz,ps denote the natural projections. With this expression for V
one may compute the Chern classes of V' [23,47]. The result for ¢ (V') was
quoted in (3.25), and one finds m.co(V) = 7. For the third Chern class one
finds

c3(V) =2An-(n—nc1(Ba)). (3.15)

The third Chern class is an important characteristic of the model as we will
review in a moment.

So far we have discussed solving the F-terms on Z, that is we have dis-
cussed the construction of holomorphic bundles V' whose curvature satisfies
F?0 = F%2 = 0 and which admit a connection which satisfies F; gl =
when restricted to elliptic fibers. We must further show that it is possible
to solve the D-terms, Fj; g7 =0on all Z. As is well known, in an algebro-
geometric setting one may argue that there exists a unique solution provided
the bundle V' is (poly-)stable. Since Fourier-Mukai is an equivalence of cat-
egories, the bundle V is stable with respect to an appropriate Kahler class
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when L has rank 1 and C is irreducible. According to the authors in [48,49],
stability holds for

J =t "I, + ta Jo, (3.16)

where Jj is the Poincaré dual of the section, and ¢; > to. That is, the base
should be large compared to the T2 fiber. Note that both the fiber and base
need to be large compared to the string scale in order to keep a/-corrections
small.

Given a Calabi-Yau Z and a bundle V satisfying the Hermitian Yang—
Mills equations, we may deduce the low energy spectrum as follows. We start
with the ten-dimensional gaugino which transforms in the adjoint of Fg,
and we will concentrate on one Eg factor only. Then the four-dimensional
fermions are zero modes of the Dirac operator on Z in the background with
SU(n) holonomy. Since Z is a complex manifold, the zero modes of the
Dirac operator are zero modes of the Dolbeault operator coupled to the
bundle V. Let us denote the commutator of H = SU(n) in Eg as G, and
decompose the adjoint representation of Fg as

248 = > R,(H) ® R,(G). (3.17)

Then the zero modes of the Dolbeault operator are given by the generators
of the cohomology groups

HP(Z, Ry(V)) ® RL(G). (3.18)

Assuming V stable, zero modes of grade p = 0,3 occur only when R, is the
trivial representation. These are paired with four-dimensional gauginos in
the adjoint of G. Zero modes with p = 1 get paired with a left-handed four-
dimensional chiral fermion in the representation R, (G), and zero modes with
p = 2 get paired with a right-handed chiral fermion. Since supersymmetry
was preserved, we get a four-dimensional N =1 SUSY gauge theory with
a gauge group G and matter in various representations R/ (G). The net
number of generations is given by

Ngen = HY(Z,V) — H*(Z,V) = —%Cg(V) (3.19)

assuming HP(Z, V') = 0 for p = 0, 3, which holds for stable bundles. In addi-
tion, the reduction of the gravity multiplet on Z gives various other fields
neutral under G.
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As would be expected from the brane-like interpretation for elliptically
fibered Calabi-Yaus Z, chiral matter is localized on the intersection of the
“7-branes.” This can easily be seen from the Leray spectral sequence:

HY(Z,V) ~ H°(By, RY), (3.20)
where for each point p on By
R, =H\(T}, Vizz). (3.21)

Now recall that V|p2 splits as a sum of degree zero line bundles ). L;,
and HP(T?,L;) vanish unless L; is the trivial line bundle. So the only
contributions come from the locus where one of the L; becomes a trivial line
bundle, so that its Wilson lines around the cycles of the 72 vanish. This
is precisely the locus ¥ = C'Nop, where the spectral cover intersects the
section, and it is sometimes called the “matter curve”. More precisely one
can show that [47,50]

HY(Z,V) = Ext'(i,0p,, j.L) = H(X,L ® Np,|x). (3.22)

Here Np, is the normal bundle of By in Z, and N¢ is the normal bundle
to C. Since Z is Calabi-Yau, we have Np, = Kp,, Noc = K¢c. For later
comparison with F-theory, it is useful to decompose the line bundle L by
separating out the traceless piece:

Ly =L@ N5 ? o N5, a(Ly) =7, (3.23)
so that we can express the number of chiral fields as

(S, Ly © Ky?). (3.24)

3.1.2 Summary of the heterotic construction

Suppose we are given a Calabi—Yau three-fold Z with an elliptic fibration
7 : Z — B, and a section o, : By — Z. Then an interesting class of SU(n)
bundles (and in fact also bundles with more general structure groups) can
be constructed with only the following ingredients:

1. An elliptically fibred threefold 7 : Z — B, and a section op, : Ba —
Z.

2. An n-fold covering pp, : C — By with the homology class [C] =n[op,] +
[7*n] € Hy(Z,Z). Equivalently, we may specify a section of a weighted
projective bundle s: By — Wgp(,,). This involves specifying a line
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bundle N on By with ¢1(N) =1n. The spectral cover describes the
Wilson lines of the bundle V along the T2 fibres.

3. A line bundle L over C. Generically the only allowed line bundles on
C have a first Chern class of the form

a(L) =~ 5(@(C) ~ per(Ba) + Ay (3.25)

with 7 defined in (3.11). Thus for generic complex structure moduli
choosing the line bundle L amounts to specifying A, which must be
chosen so that ¢;(L) is integer quantized. In addition, one may turn
on bundles on op, (the reducible part of the spectral cover), which
will further break the observed four-dimensional gauge symmetry.

3.2 Duality map in the stable degeneration limit

3.2.1 Matching the holomorphic data

The heterotic string compactified over T? is characterized by a vector in an
even self-dual lattice of signature (18,2). However we are only interested in
a subset of this data, namely a bundle with holonomy in a subgroup H of
FEg. These data may be isolated from the other geometric data in the limit
of large T?. Recall that the moduli space of stable H-bundles on 7?2 is given
by the Looijenga weighted projective space

My =WPg ., (3.26)
where s; are the Dynkin indices of the affine Dynkin diagram of H, and r
is the rank of H. We can further fiber this data over a base Bs, yielding
a weighted projective bundle called Wy. An H bundle over Z (which is
semi-stable on fibers) determines a holomorphic section s: By — Wy, or
equivalently a spectral cover C' which is identified with the zero locus of the
section. To reconstruct the bundle on Z, we also need the twisting data.
This is given by a line bundle on C'. The line bundle can be represented
through its first Chern class. To make the correspondence with F-theory
clearer, the fiber of the covering C' — Bs is a discrete set of points which we
denote by f. We can use the Leray spectral sequence to identify

H?*(C,Z) ~ H*(By, H(f)). (3.27)
This means that the flux can be represented as

F=FrAuw, (3.28)
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Figure 4: To every dPy-surface we may associate an elliptic curve with a set
of points on it by intersecting a fixed elliptic fiber of the dPy with the set of
—1-curves. Conversely by taking an elliptic curve with a set of points and
thickening the points to P!’s, we obtain a dPy surface.

where Fj is a flux on Ba, and w] is a set of generators of H°(f) which
vary over By. It will be convenient to take w{ to be the diagonal generator
which is the pull-back of a zero-form on Bs, and let the remaining generators
satisfy mwé = 0. In particular, with

en(L) = —%(cl(C) — prer(Ba)) + My (3.20)

then the first two terms are proportional to wg, and -~y is built of the wé with
I+#0.

On the F-theory side we recovered the same ingredients, but with a dif-
ferent interpretation. In the stable degeneration limit, the K3 fibration
degenerates into two dPy fibrations Wy, Wy over Bs, glued along an ellipti-
cally fibered Calabi—Yau three-fold Z which is identified with the heterotic
three-fold. Concentrating on W7, we consider the unfolding of a dPy sur-
face with an Fg singularity, keeping a canonical divisor fixed. This can be
expressed by the degree six equation in WPy 19 3:

0 :pi(v,f,y) uiv (330)

where p; is of degree 6 — i and pg = 0 describes the distinguished 7%-fiber. As
we discussed in Section 2, requiring a section of singularities corresponding
to an enhanced gauge group G implies certain restrictions on the p;,i > 0.
The coefficients in the p; are also determined by a choice of section s : By —
Wy, up to a change of variables. In fact if u appears only linearly, we
can integrate out the variable u without loosing any information about the
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complex structure moduli [30,31]. That is, the same information is contained
in the pair of equations

PO(%%?J) = 07 pl(vu l‘,y) = 0. (331)

This yields a collection of points on the T2 at v = 0, which we interpret as
the spectral cover. Conversely the dPy surface may be obtained as follows:
we take the elliptic curve pg = 0 with a collection of points in it determined
by the heterotic bundle and encoded as an equation p; = 0. Then we thicken
each of these points to lines by adding the variable u, with each line inter-
secting the 72 at v =0 in a point'! . This yields py + up; = 0. Thus we
have a completely explicit dictionary.

The twisting data is interpreted as turning on a Cs field with non-zero G-
flux. We have seen very explicitly above that there is a canonical map which
associates to each point in the fiber f of the spectral cover C — By a P! C
DPy, and dually with each zero-form in H°(f) a two-form in HY1(DP).
Thus we have a natural map

HY(C) — HHLIT (YY)
1 0 (3.32)
HY(By, HO(f))  —  H"(By, H"'(dPy)).

The map is actually somewhat ambiguous for w®, because dPy has two two-
forms (dual to the base and the fiber) that it could get mapped to. But as we
discussed in Section 2, the corresponding G-fluxes do not exist in F-theory
anyways even off-shell, so requiring that we get a sensible flux eliminates the
ambiguity. In particular the “traceless” piece of the magnetic flux on the
spectral cover gets mapped unambiguously to a non-zero G-flux on the dPy
fibration. For more details of the mapping between the spectral line bundle
and the G-flux, see [14] and Appendix C. In a similar vein, the continuous
moduli of the spectral line bundle, which live in h%!(C), and deformations
of the spectral cover, which live in 2?%(C), get mapped in F-theory to con-
tinuous moduli of the 7-brane gauge fields and deformations of the 7-branes,
which live in 212(Y}) and h3!(Y}) respectively as was summarized in table 2.

3.2.2 Matching the spectrum and Yukawa couplings

Now we would like to argue that the computation of the spectrum agrees
with heterotic computations for F-theory duals of spectral cover

1This construction generalizes for spectral covers for groups other than SU(n), and is
called the cylinder map [14].
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constructions, in the stable degeneration limit. (The arguments in this sec-
tion can be understood more concisely as saying that the spectrum and
superpotential computed from the Higgs bundle are the same as the spec-
trum and superpotential computed from the spectral cover).

In F-theory we have a dPy fibration over a base Bs, with a certain section
of singularities leading to a four-dimensional gauge group G, but of generic
type I elsewhere. Suppose we want to compute the number of chiral fields
in the representation R(G). As we have discussed in Section 2, these are
localized along a curve Y where the singularity gets enhanced. This means
that the 7-branes wrapping By (which we called the gauge branes) intersect
another 7-brane (which we called the matter brane) over a curve ¥ C By. On
the heterotic side we must get the corresponding gauge symmetry enhance-
ment over the same curve X C By. Thus it coincides with one of the matter
curves on the heterotic side, the locus where one of the spectral covers C'
(analogous to our matter brane) intersects the section op, (analogous to the
gauge 7-branes).

Now we need the magnetic fluxes on the 7-branes, restricted to 3. We
consider first the matter curves where the 10 of SU(5), the 16 of SO(10),
the 27 of Eg and the 56 of E7 are localized. On the heterotic side this
corresponds to the intersection of op, with the spectral cover for the fun-
damental representation of the SU(n) holonomy group, where n = 5,4, 3,2
respectively. The F-theory fluxes were described on the heterotic side by a
line bundle L on the spectral cover, with first Chern class

(L) = =3(a(€) = g (B2)) + M. (3.33)

According to the discussion in the previous subsection, using the identifica-
tion HY1(C) ~ HYY(By, HY(f)), the flux  gets mapped to

v=FrAwl — G, = Fr Anwh € H(Yy), (3.34)

where F is a flux on Bs, and the index I labels the generators of HO(f).
Further, the remaining piece of ¢1 (L) gets mapped to zero. Thus it is evident
that the magnetic flux for Ry(E) ® R/, (F)|s extracted from the G-flux, using
the rules described in Section 2, is exactly given by Ay|s = —An - 3. As for
the heterotic string, we denote the line bundle on 3 whose first Chern class
is v as L,. Now plugging into our formula for the number of zero modes
(2.37), we obtain

(S, L) © Ky *5). (3.35)
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This is exactly the same as the answer we obtained on the heterotic side
(3.24).

In the SU(5) case it is also interesting to consider the spectral cover
Cho for the anti-symmetric representation of SU(5). The intersection ¥/ =
C10 N op, is the locus in By where the gauge symmetry gets enhanced from
SU(5) to SU(6), so this corresponds on the F-theory side to the locus where
I5 and I; collide transversally to create an Ig singularity.

The heterotic prediction for the amount of chiral matter in the 5 or 5 of
SU(5) is

HP(Z,A*V) = HP7Y(Y', M ® Kp,|s), (3.36)

where M is a rank one sheaf on Cjg obtained by Fourier—-Mukai transform
from A%2V. The spectral cover Cyg is singular along a codimension one locus
and M may fail to be a line bundle there. This singular locus intersects
¥ in a finite number of points so M|y may also fail to be a line bundle.
Nevertheless because the holonomy group is SU(5) rather than U(5), the
anti-symmetric sits in SU(10) rather than U(10), and we may again decom-
pose

e1(M) = —5(1(C10) ~ Piger (B2)) + X s, (337

where k is a class in HY1(C1g) with po,e«k = 0, and ) is a (half-)integer.
Since M is not a line bundle, its first Chern class is somewhat ambiguous, but
with the appropriate definition this formula should be satisfied. The G-flux
constructed from X k should be the same as the G-flux constructed from the
class A~ on the spectral cover associated to the fundamental representation.
Thus the difference between the 7-brane fluxes on the F-theory side should
be given by X k|y/. Following our previous arguments then, the cohomology
groups on both sides of the duality simplify to

oYy LY @ KLY, (3.38)

for p = 1,2, where L, satisfies ¢1(Ly) = K|yy.

We can also check that the chiral spectrum from coincident 7-branes
agrees with the chiral spectrum computed on the heterotic side. The Freed—
Witten shift can be ignored in this case because the branes are wrapped
on the same four-cycle. On the heterotic side we have a reducible spectral
cover consisting of multiple copies of op,, together with the bundle R,(E)
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on it. The sheaf op,, R, (F) is the Fourier-Mukai transform'? of the bundle
V =7*R,(FE) on Z, so the heterotic answer in this case is

HP(Z,7*Ry4(E)) = ExtP(Oz,m* Ry(E))
= Eti(UBz*OBQ7UB2*Ra(E))
~ HP(By,Ry(E)) ® HP"1(By, R,(E) ® Kp,).  (3.39)

Here we used the fact that the Fourier—Mukai transform preserves the Ext
groups. Again this agrees with what we obtained in F-theory.

Finally, me may check that the Yukawa couplings computed on both sides
must agree. After Fourier—Mukai transform, the Yukawa couplings on the
heterotic side take the same form as (2.52):

/ dape A% N\ AP N\ ©°, (3.40)
B>

Here ® takes values in K'p, on both sides of the duality. Further, the proce-
dure we have given for computing the wave functions of A%! and ®2° on By
only used Bs itself, the data of where on By gauge symmetry gets enhanced
(i.e., the matter curves), and the fluxes on the matter curves. Thus we
manifestly end up with the same wave functions on Bs, and the Yukawa
couplings must agree as well.

3.3 Duality of the classical superpotential

We would like to briefly discuss the behaviour of the flux superpotential
under F-theory/heterotic duality. Recall that on the F-theory side we had

1
Wage = =— [ Q" A1
flu 271'/ NG (3 )

and further, on large and smooth four-folds we had a set of D-terms
JNG=0. (3.42)

Generically this stabilizes all but one of the moduli. The solutions of the
F-terms equations are given by integer quantized (2,2)-classes. These are
somewhat rare, and one typically has to tune all the complex structure
moduli to find them (i.e., solve a Noether—Lefschetz problem). All but one
of the Kahler moduli can in principle be stabilized with the D-term potential.
Note however that this does not provide a potential for the volume modulus,

12This differs slightly from some of the literature because we included a factor of Kz,
in our Poincaré sheaf P (3.13).
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because if JAG =0, then xJ AG =0 for all x. However these equations
will receive corrections, which we may try to use to stabilize also this last
modulus.

Now consider F-theory on K 3. First note that it is not possible to turn on
any internal fluxes, since K3 has only even dimensional harmonic forms and
flux proportional the volume form of K3 is forbidden. Moreover a G-flux
that lives purely in eight dimensions does not exist in F-theory. So all
G-fluxes can be interpreted as gauge field fluxes for the 18 4+ 2 gauge fields
in eight dimensions'® . Similarly, the Q®*0 form must be decomposed into
the internal (2,0) form of the K3 and a (2,0) form in eight dimensions. The
flux superpotential reduces to the natural pairing of this (2,0) form and the
18 + 2 abelian fluxes. This data can be further fibered over a base Bs.

Analogously, in the heterotic string in ten dimensions we have the super-
potential:

W= / OON(H +id]) + / Q30 A ws(A), (3.43)

where d.J # 0 allows for the possibility of torsion [51,52], and ws(A) is the
holomorphic Chern-Simons form

S 2
w3(A) =€ ik <A;8;AE + 3A5A3A,5> . (3.44)

It simply reduces to €7 kAEFjE for abelian gauge fields. (There is also a grav-
itational Chern-Simons term, which we ignore here). After compactification
on T2, we can turn on certain fluxes corresponding to Orguw or O\B,,, with
two indices on the T2, or F, uv With one index on the T° 2. However this corre-
sponds to varying the Narain moduli over the eight-dimensional space-time
and the same data exists on the F-theory side also as we have discussed,
but is not interpreted as G-flux. Flux of type F),,, with two indices on the
T? might be allowed a priori, but is of type (1,1) and the superpotential
does not depend on it. The remaining fluxes can be interpreted as fluxes
for the 18 4+ 2 gauge fields in eight dimensions coming from the Cartan of
FEg x Eg and from modes of the metric and B-field on T2. The (3,0) form
reduces to a (2,0) form in eight dimensions, and from reduction of the ten-
dimensional superpotential we get a pairing between this (2,0) form and
the 18 + 2 fluxes. The data can be further fibered over By. Thus the flux
superpotentials match qualitatively under the duality. A more precise anal-
ysis can be done by employing Hodge theoretic techniques in the stable
degeneration limit.

!3This includes the possibility of fluxes for the NS and RR. three-forms.
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This brings up the following puzzle: in F-theory, we can stabilize all the
complex structure moduli at tree level. On the heterotic side, stabilizing
the complex structure and vector bundle moduli has been problematic, and
one usually invokes worldsheet instanton effects. Clearly, if the F-theory
arguments are correct, we must be able to stabilize these moduli at tree
level also, because as we just saw the superpotentials on both sides are
isomorphic. The fact that H or dJ # 0 stabilizes some moduli has already
received some attention. Here we would like to focus on the holomorphic
Chern—Simons superpotential.

The moduli of the heterotic bundle V' translate into continuous moduli of
the line bundle on the spectral cover, which are absent in generic models,
and deformations of the spectral cover. In constructions in the heterotic
literature, the spectral cover moduli are flat directions for the holomorphic
Chern—Simons superpotential, and they are not stabilized perturbatively.
Instead one invokes worldsheet instanton effects, as their one-loop pre-factor
depends on vector bundle moduli (as well as complex structure moduli),
but they have the disadvantage of being exponentially suppressed at large
volume and hard to compute. Clearly we would prefer to stabilize these
moduli perturbatively, and duality with F-theory predicts that this must
be possible. So why exactly are the spectral moduli unobstructed? Let us
examine this issue in F-theory/7-brane language.

Varying the flux superpotential with respect to vector bundle moduli, we
find that

:27T

1
0=DW / PPONF 4., (3.45)
Sa

where we used 02 ~ ® Aw and G~ FAw. Generally, F has both (0,2)
components and (1, 1) components. However, the critical critical locus of the
superpotential is the locus in moduli space where F is purely of type (1,1).
Therefore, moduli of the Higgs field (which correspond to vector bundle
moduli in the heterotic language) in fact can be stabilized if we choose
fluxes that have a (0, 2)-component for generic values of the moduli. The
number of equations is the same as the number of variables, so the generic
solution is a completely rigid bundle. Actually, if we change the complex
structure of the Calabi—Yau then we generically destroy this solution, so we
should really think of it as stabilizing combinations of complex structure
and vector bundle moduli. (The same is true for the one-loop pre-factor of
an instanton contribution to the superpotential. The pre-factor depends on
both complex structure and vector bundle moduli, and therefore generates
a potential for combinations of them).
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Indeed, upon reflection it is obvious that the spectral line bundles that are
normally used in heterotic constructions are very special: they are actually
obtained by restricting line bundles on the Calabi—Yau three-fold to the
spectral cover. They are therefore of type (1, 1) for any values of the spectral
cover moduli, and so do not induce a potential for these moduli. This
explains why it is frequently stated in the heterotic literature that one needs
worldsheet instantons to stabilize such moduli.

However it is now clear that by choosing more general spectral line bun-
dles which are not generically holomorphic, we can induce a potential for
these moduli at tree level. Moreover, we see that we get the same type
of exponential growth in the number of solutions as on the F-theory side,
simply by compactifying the 10d Fg Yang—Mills theory. This should not be
surprising, because the second betti number bo(C) for the two Eg spectral
covers tends to provide the main contribution to bs(Ys) under heterotic/F-
theory duality, but it does not appear to have been previously appreciated.
It implies that the F-theory landscape has so far been missed on the het-
erotic side, and moreover the exponential growth in the number of solutions
can be seen directly in the visible sector, predicting an exponentially large
number of solutions with the spectrum of the MSSM. We gave a rough esti-
mate for the number of solutions in Section 2.5. For more discussion of these
new heterotic vacua, including some toy constructions, see [5].

The heterotic string also has a set of D-terms F' A J A J = 0 in ten dimen-
sions. In eight dimensions we get a term J A F' = 0 where F' are Fg fluxes.
Compatibility with T-duality suggests there should be such a term for all
18 4 2 fluxes.

3.4 Non-perturbative corrections to the superpotential

As we reviewed earlier, the classical superpotential in F-theory does not
receive corrections to any order in large volume perturbation theory, however
it may receive non-perturbative corrections due to D-instantons. Let us
discuss the possibilities and their heterotic analogues. Our discussion is
similar to [53].

The easiest way to get the correspondence is to follow BPS states across
a chain of dualities in seven dimensions:

F-theory/K3 x Sk = M-theory/K3 = Heterotic/T?,

which we will further compactify to four dimensions by fibering over a base
By and taking R — oo. Let us first consider the equivalence on the left. We
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could get non-trivial instanton effects from M 2-branes wrapping a three-
cycle which includes one of the circles of the T2. These would correspond to
instantons made of (p, ¢) strings on the F-theory side. Such three-cycles are
rare however. If the three-cycle lives in B3 completely then the instanton
will have infinite action as R — oco. Therefore we can concentrate on the
M5-branes. An Mb5-brane wrapped on K3 gets mapped to a D3-brane
wrapping the P! base of the K3, and we can wrap it on an additional curve
ao C By to get an instanton. The other option is to wrap the M5-brane on
the T2 fiber of the K3 and some additional four-cycle ay which does not
contain the Pl-base of the K3. This gets mapped to a D3-brane instanton
which wraps the four-cycle ay. If this coincides with the location of gauge
7-branes and if the bundles on the four-cycle also agree, such instantons may
be interpreted as gauge theory instantons.

Now we consider the equivalence on the right. The M2-brane instan-
tons, if they exist, get mapped to instanton versions of Dabholkar—Harvey
states, whose worldline wraps a (possibly trivial) one-cycle in Bs. This
includes ordinary worldsheet instanton effects obtained from wrapping a
string worldsheet on a geometric curve. An M 5-brane wrapped on K3 gets
mapped to the heterotic fundamental string. An M5-brane wrapping any
other cycle of the K3 gets mapped to an N .S5-brane wrapping some cycle in
T3. Therefore, the D3-instantons wrapping as x P! get mapped to world-
sheet instantons wrapping as in the heterotic string, and the D3-instanton
wrapping a4 get mapped to space-time instanton effects in the heterotic
string.

On the heterotic side, we could also consider worldsheet instantons wrap-
ping the T2 fiber. The volume of this 72 is a Kihler modulus which gets
mapped to a “transcendental” complex structure parameter on the F-theory
side, and the limit of infinite volume for T2 corresponds to the stable degen-
eration limit on the F-theory side where the K3 degenerates into two dFq
surfaces (and hence becomes algebraic). The associated worldsheet instan-
ton corrections on the heterotic side correspond to classical contributions to
the superpotential on the F-theory side which vanish in the stable degener-
ation limit.

The rules for D-instanton contributions to the superpotential were origi-
nally given in [54-56]. The prescription is simply to calculate the partition
function of the instanton obtained by integrating over all the collective coor-
dinates. In type Ila or type IIb backgrounds, where the instanton typically
intersects wrapped branes, this includes localized degrees of freedom on the
intersection of the instanton with the background branes. The collective
coordinates, including the localized ones, can be described using the concept
of “Ganor strings” [57]. This calculus has recently been clarified in [58-60].
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For finite string coupling, the presence of branch-cuts of the axio-dilaton
seems to pose problems for the D-instanton approach. The gauge field on the
D3-instanton is not invariant under Si(2,Z) monodromies, so the sum over
electric fluxes does not make sense. Further, there are no weakly coupled
Ganor strings that we could quantize, so the partition function of D3-D7
strings ceases to make sense for finite string coupling as well.

These issues have been resolved recently in [61,62]. Let us briefly sum-
marize some of the results. The instanton contribution consists of an expo-
nential part and a pre-factor:

AW = f(m)e™ T, (3.46)

where T denotes Kahler moduli and m denotes complex structure moduli.
The crucial point is that the pre-factor does not depend on Kahler moduli,
due to shift symmetries. Therefore by varying Kéhler moduli we can extrap-
olate to a regime where we get a welldefined computation without changing
the pre-factor. There are currently two such limits known. Namely we could
try to extrapolate the calculation either to 11d supergravity, or to a heterotic
computation (even in certain cases when there is no heterotic dual). One
may also contemplate extrapolating to perturbative IIb, but by contrast to
the above limits, the IIb limit involves changing the complex structure. This
changes the pre-factor, so the perturbative IIb results will be modified.

In the 11d supergravity approach we get an M 5-instanton, and assum-
ing the instanton is smooth then by the general prescription of [54-56] the
instanton contribution to the superpotential is given by the partition func-
tion. The M35 worldvolume theory contains scalars ¢, fermions ¢ and a
chiral two-form BT, so the partition function is of the form

Zys = Zy0 Z)' 73, (3.47)

and the contribution to the superpotential is obtained by factoring out four
universal bosonic and two universal fermionic zero modes. (Here we ignored
the fact that ny and Z éﬂ are partition vectors, so it would be more accurate
to write Zys = Z(Q/I (Zé‘}/[, Zgﬂ) for a suitable inner product). By contrast,
the D3 partition function is of the form

Zps = Zy Zp Zp Dngns (3.48)

where ¢, 1, F' denote the D3 worldvolume fields, and A37 denotes fermions
obtained from quantizing the D3-D7 Ganor strings. Although this seems
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to look different, the expressions can nevertheless be matched. Roughly
speaking, one finds

zM 70, ZM — 7, ZM, - 2\ Zp Z,,,. (3.49)

Here we split the six scalars on the D3 as 1+ 5, and correspondingly Zy as
Zél)Z(f). In other words, it was found that in the IIb limit, the chiral two-

form incorporates the D3 gauge field F', its magnetic dual F as well as the
localized fermionic degrees of freedom As7 due to D3-D7-strings seen in the
IIb weak coupling limit in a single, globally well-defined entity. Furthermore,
the relation between Z,,. and Zgﬁ is given by a cylinder mapping. Thus
by replacing Z PP Zxs, With Zp+ for finite string coupling, it is possible
to address both of the afore-mentioned problems and make sense of D3-
instantons in a global way.

The partition function Zé” consists of a classical piece exp(—vol(M5))
and a one-loop determinant, given by the determinant of the Laplacian act-
ing on the scalars. Similarly, ny is given by the determinant of [ + (,
the Dirac operator extended by a term involving the G-flux. When the
G-flux vanishes, this is related to Ray—Singer torsion. The partition func-
tion Zp+ is more subtle. It was first treated in [63], where it was essentially
identified with the theta function O(7,z) on the intermediate Jacobian of
the M5-brane (pulled back to the moduli space of the compactification),
and further aspects relevant for phenomenology were discussed in [62]. In
particular, in perturbative IIb, and also in the heterotic string, there is
an interesting relation between anomalous U (1) gauge symmetries, selection
rules for the superpotential, and charged fermionic zero modes. It was found
to be beautifully transported to the presence or absence of G-flux induced
tadpoles for Zp+ in M-theory. (Note there are no charged fermionic zero
modes in this picture, as BT is the only field that transforms under gauge
transformations). A downside of the M5 approach however is that in prac-
tice the partition function is still hard to calculate explicitly, as one needs to
know the complex structure 7 of the intermediate Jacobian and the periods
z of the F-theory three-form field as a function of the moduli, or calculate
the zero locus of Zg+ on the moduli space (i.e., the pull-back of the theta
divisor).

Alternatively, we could use heterotic/F-theory duality [62]. Then the D3-
instanton gets mapped to a worldsheet instanton, whose partition function
is of the form

Tws = Zg Zy Z, (3.50)
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where ¢, denote world-volume scalars and right-moving fermions, and A
denotes the left-moving fermions. Again, this expression can be matched
with Zjr5. The heterotic partition function Z4 should be factorized into a

contribution Z (3) from three of the scalars and a contribution Zf) from the
remaining scalars. Then we have
z¥ 720, ZM 7, ZM, - 72 7). (3.51)

In the heterotic picture, the most interesting aspects are reproduced by the
partition function Z of the left-movers. This approach allows one to make
contact with explicit computations of Zy as a function of some of the moduli
[64], and agreement with the M5 picture is a consequence 2d bosonization
and a cylinder mapping, this time applied to the instanton worldvolume.
It also resolve some tensions with vanishing results from perturbative type
IIb. The resolution is that these vanishing results are caused by extra light
anomalous U (1) gauge bosons that appear in the IIb limit but are absent (or
rather very massive) in F-theory [62]. This is quite similar to the way that
certain Yukawa couplings are forced to vanish in IIb, but are non-vanishing
in F-theory, and further confirms that perturbative IIb results should be
interpreted with care.

We may try to use non-perturbative effects to stabilize the last modulus
(denoted by S) that we could not stabilize in Section 3.3. This last mod-
ulus is by far the most interesting one, because its VEV also serves as our
expansion parameter, and it remains somewhat controversial whether the
associated conceptual problems have really been solved.

Including the leading non-perturbative correction, the superpotential is
of the form

W =Wy+e®. (3.52)

As is by now well known on the F-theory side, this yields an AdS vacuum
with all moduli stabilized, with (S) large provided Wj is extremely small [65].
On the heterotic side, this is exactly the old gaugino condensation story [66],
but here is is often stated that Wy is not small enough to trust the solution.
This is mainly a limitation of the explicit models considered. From the view-
point of heterotic/F-theory duality, we can make Wy (or really e*/2|Wj|)
equally small provided we include the full landscape of constructions on the
heterotic side. F-terms and D-term supersymmetry breaking and uplifting
to de Sitter space can also be studied on both sides the duality. Whether
these effects are really small enough would need to be investigated in more
detail, and this is still controversial even on the F-theory side.
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4 Examples with GUT groups

In this section, we consider some explicit three generation SU (5) and SO(10)
GUT models in F-theory. One may easily come up with some models by
lifting from the heterotic literature and translating into F-theory language.
These examples are not yet realistic for a number of reasons. The primary
reason is that we still need to specify a mechanism to break the GUT group
to the standard model gauge group. In addition, generically these models
will have extra non-chiral matter, R-parity violating couplings, and so on.
Nevertheless we think these examples are useful to illustrate the ideas, and
leave a more detailed analysis of the phenomenology for the future.

4.1 Examples with SU(5) gauge group

We take a d Py fibration over a base Ba, and denote by Np, the normal bundle
for By in Bs, with Chern class ¢;(Np,) = —t. The slightly odd notation
is essentially for “historical” reasons, as it matches with the notation of
[23]. We use s to denote a coordinate on the normal bundle. In Section 2,
the singularity was located at v = 0 and v/u can be taken the coordinate
on the normal bundle. Comparing the line bundles, we see that Np, =
K%Q QN ’032 and hence the relation between ¢ and 7 is given by

t =6¢1(B2) — . (4.1)

In order to write down a model, we need to do two things: first, we need
to specify a suitable Weierstrass equation, and second we need to specify a
flux. The Weierstrass equation for dPy is of the form

Y =2+ fr+g, (4.2)

where f and g are sections of Kgf and K§§ respectively. Near o(Bs) we
have Kp, ~ K, ® N ]521 and we can expand the Weierstrass equation

4 6
y'=2'+z Z Jacy+(i-aye 8" + Z J6c1+(j—6)t 5 - (4.3)
=0 =0

The fac, —nt are sections of a line bundle over By with Chern class 4 ¢;(Ba) —
nt, and the gg.,—nt are sections of line bundles with Chern class 6 ¢1(B2) —
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nt. In order to specify an SU(5) singularity along Bo, we need a section of
the projective space bundle Wgyy 5y — Bz with fibers

MSU(S) = WPL(lLLl,Ll)' (4.4)

That is, we need to specify five sections of line bundles with appropriate
Chern classes as discussed in Section 2. In [21], these sections are denoted
as

hcl—ta -HQCl—t7 43c1—t f4c1—t’ 96¢c1—t- (45)
In Section 2, we instead denoted them as
as, a4, ag, as, ag. (4.6)

The f’s and ¢’s are expressed in terms of these five sections as [21]

Gocr—6t ~ ho s faci—ae ~ gy gy (4.7)

Near op,, i.e., to leading order in s, the discriminant locus can be expressed
as [21]

A~ P ag Pge,—3t + (9(56)7 f~ aé, g~ ag, (4.8)

where P, _3; is a section of a line bundle with ¢; = 8¢1(B2) — 3t. Explicitly,
we have [23]

2 2
Pg.,_31 = apas — azazas + aza4. (4.9)

Note that this section is quadratic in az and as, so it is certainly not a
generic representative of 8¢y — 3t.

From the discriminant, we can easily read off the equations of the matter
curves. Using the Kodaira classification, the zero locus of a5 corresponds to
an enhancement from SU(5) — SO(10), so anti-symmetric matter is local-
ized here. The curve {as = 0} is denoted by ¥19. The zero locus of Ps., 3¢
corresponds to the enhancement SU(5) — SU(6), so this is where funda-
mental matter is localized. The curve {Pg., —3; = 0} is denoted by X5.

As an example [67], let us take By to be a dPs surface, and n = 6¢1(Bz2).
Then there exist holomorphic sections (4.5) with the required Chern classes,
so the spectral cover exists, and [X] = n — 5ec1(B2) = ¢1(Ba) is effective, in
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fact it is just the canonical class (which is an elliptic curve). From equation
(2.69), the net number of generations is given by

Ngen = —)\77 : (77 - 561(B2)) = —6A (4.10)
so taking A\ = —% we get three generations.

As a second example, let us take By to be an Enriques surface. We refer
to [68] for facts about Enriques surfaces. A generic Enriques surface always
contains two effective divisors D1, Do with intersection numbers

D?=D3=0, Dy-Dy=1, ¢ -Di=c -Dy=0. (4.11)

To construct an SU(5) GUT model, we may take eg. n = D1 + 3Dg + 5¢1 ~
Dy 4 3Dy + ¢1. Then there exist sufficient holomorphic sections (4.5) with
the required Chern classes. If the spectral cover is smooth, then we may
apply formula (2.69):

Ngen = —An - (n — 5e1(Bz2)) = —6A. (4.12)
For A = —1/2 we get exactly three chiral generations.

After the first version of this paper appeared, where this model was
included in a footnote, we have performed a more detailed analysis which
shows that the spectral cover in this homology class may generically be taken
to be smooth. The argument is given below.

There are several ways to represent Enriques surfaces. We will represent
an Enriques surface as an elliptically fibered surface with a rational base.
Let us discuss some of its properties. First we recall the notion of a multiple
fiber. Given an elliptic fibration 7 : S — P! whose generic fibers are smooth,
a multiple fiber 771(p) is a special fiber such that a multiple m - 7=1(p) is
linearly equivalent to the generic fiber, with m > 2. An Enriques surface
admits an elliptic fibration over P!, and such a fibration has exactly two
multiple fibers 2F and 2F’, with

Ks=0O(F - F). (4.13)
The divisors F' and F” are often called a half-pencil.

Furthermore, one may show that the elliptic fibration admits a two-
section, that is an irreducible curve G with G - f = 2 for every fiber f. Now
there are two possibilities for G. Either G2 = —2, which is non-generic
because the existence of —2-curves requires tuning the complex structure
moduli (and moreover means S is nodal, i.e., singular); or G* = 0. In the
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latter case, the linear system |2G| has dimension one and the generic ele-
ment is an elliptic curve, hence defines another elliptic fibration for which
G is one of the half-pencils. Moreover GG - F' = 1 where F' was a half-pencil
of the first elliptic fibration. Therefore a generic Enriques has two effective
divisors Dy and D, with D% = D% =0, Dy - Dy =1, where D; and D5 can
be explicitly thought of as half-pencils of two distinct elliptic fibrations m
and my. We will use the explicit description of these divisors given above for
constructing models.

Above we gave an explicit description of a certain sublattice of the Picard
lattice of a generic Enriques surface. Let Dj, D] be the two half-pencils
corresponding to a pencil F;. Then

Di—Dl =C1, E1 :2D1. (4.14)
Similarly let Da, D), correspond to a second pencil Fs, with
Dy-Dy=1. (4.15)

In the following, it will be useful to have explicit names for the intersection
points. Hence we will define the following four distinct points on S:

Dy-Dy={p}, Dj-Dy={p'}, Di-Dy={q}, D) -Dj= {q'g' )
4.16

Our explicit model was given by
n=D1+4+3Dy, A= 1/2. (4.17)

This is closely related to the model mentioned in the first version of this
paper, which had n = D1 4+ Dy, A = 3/2. Our analysis below goes through
for this model just as well, but it has fewer complex structure moduli. (The
linear system D; + Dy is a pencil (i.e., h® = 2), and p, p’ are its base points.
Indeed, a basis for the pencil consists of D1 + Dy and D} + D5, and their
intersection is p and p’. Moreover, these are the only points in the base
locus.)

Our spectral surface is defined by the (projectivized) equation:

bou® + bouv? 4 bguv® + byuv® + bsv® = 0. (4.18)
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The beyven are elements of the linear system D1 4+ 3D, which has KV =4. An
explicit basis consists of:

beven D1+ 3Dy, D)+ Dy+2Ds, Di+ Dy+2D, D] +3D5.
(4.19)

The base locus is non-empty: it consists of the points p and p’ with multi-
plicity one. Similarly, the b,qq are elements of the linear system D + 3Ds +
¢1 = D} + 3Ds. An explicit basis consists of

bodd : D]+ 3Dy, D) +2Dy+ Dy, Di+ Dy+2Dy, Di+3D5.
(4.20)

Again the base locus is non-empty. It is not hard to see that it consists of
the points ¢, ¢’ with multiplicity one. Thus even though we will choose the b;
to be distinct linear combinations of the generators of these linear systems,
there are two special points (namely p,p’) where the beyen all vanish, and
two more special points (namely ¢, q") where the byqq all vanish.

Since the b; above have some special properties, one might worry that the
linear system |C| has base points. This is indeed the case, it is not hard to
see that the base points are given by

(z,u,v) € (S,P(O® Kg))|x =p,p) and v = 0,7 = q,¢ and u = 0. (4.21)

Therefore we cannot apply Bertini to conclude that the generic spectral
surface is smooth. Since the formula for the net generation number (2.69)
was computed under the assumption that the spectral surface is smooth, it
seems that we may have to do more work to write down suitable fluxes and
check the generation number. But fortunately we can show that the spectral
surface is in fact smooth generically despite the presence of base points in
the linear system, and so we can automatically still use the universal flux
and apply the formula (2.69) for the net number of generations.

To see this, consider an element in the linear system of C"
bou® + boulv? + byu?v® + byuv* + bsv® = 0. (4.22)

The generic such surface is smooth away from the base locus, so the only
special loci we need to worry about correspond to the base points of |C|
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found above. When x = p or p/, we get

%(bg(p)u5 + ..+ bs(p)v°) = 2uBvbs(p) + 5bs(p)v?. (4.23)

Since b3(p) and bs(p) are generically non-zero, the only dangerous points
also have v = 0. However

S0 4 b ampms = o (b amp, (420

which is generically non-zero, even at & = p or p’ because the base locus of
D1 + 3D5 only has multiplicity one. Similarly one checks that x = ¢, ¢ and
u = 0 are smooth points generically.

Thus we have verified that the generic spectral cover in this linear system
is smooth, and hence the application of (2.69) for the number of generations
in our Enriques models with ‘universal’ fluxes is justified.

4.2 Examples with SO(10) gauge group
We can repeat much of the discussion for SU(5) with few changes. Again
we consider the Weierstrass equation

6

4
V=24 2) frepi—an S + Y Goer(j—6) 5 - (4.25)
i=0 i=0

In order to get an enhanced SO(10) symmetry for s = 0, we need to specify
a section of the weighted projective bundle YW — By with fiber

My = WP?LLLU' (4.26)
That is we need to specify four sections

h261—t7 q3c1—t> f401—t7 96c1—t- (427)

The f’s and ¢’s are recovered as

2 3 2
f4cl—2t ~ hQCl—tv 96c1—3t ™~ h2017t7 96c1—2t = Q3317t - f4(31—th261—t-
(4.28)

The leading terms in s are

A =s"h3 _tng_t + (’)(38), f~ SQh%q—t? g~ sShgq_t. (4.29)

2¢q
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The 16’s are localized at hg.,—+ = 0 where the symmetry is enhanced to Eg,
and the 10’s are localized at g3.,—+ = 0 where the symmetry is enhanced to
SO(12).

As an example (not present in the literature as far as we know), let us
take the base to be a del Pezzo surface with a —1-curve, denoted by E, and
take n = 7c¢1(Bg) — 2E. Then the quantization condition (3.12) is satisfied if
A is integral, and there exist sections (4.27) with the required Chern classes.
From the analogue of (2.69) for SO(10) we have

Ngen = —An - (1 — 4c1(Ba)) = —(21cf — 24)\. (4.30)

Therefore by taking S = dPg and A = 1 we get an explicit three-generation
model.

5 Breaking the GUT group to the SM

So far we have discussed how to engineer GUT groups. To get a realistic
model however we need some way to break the GUT group to the SM gauge
group. As is well known, it is typically hard in string theory to obtain
representations that are large enough to achieve this. For instance in the
heterotic string let’s suppose we would like to get four-dimensional fields
in the adjoint representation of the GUT group. These would originate
from Wilson lines on the Calabi-Yau. But on manifolds of SU(3) holonomy
there are no harmonic one-forms, so in this setting we cannot get any four-
dimensional fields in the adjoint of the GUT group.

On the F-theory side, we could get adjoint matter in four dimensions from
zero modes of the gauge field or of the adjoint field of the eight-dimensional
gauge theory. In duals of the heterotic string, the gauge 7-brane is wrapped
on a base By which has h%! = h?9 = 0, hence we get no such zero modes.
In order to get adjoint fields we must wrap our gauge brane on a surface of
general type or a K3 surface. For instance the K3 surface can be realized
as a quartic in P?; since the canonical bundle is trivial and the normal
bundle has many sections, it is not hard to see that we can easily get an
elliptic fibration with I5 singular fibers along such a surface. However just
as in conventional four-dimensional models we would then have to face the
doublet—triplet splitting problem. Hence we prefer to look for an alternative
mechanism.

Another idea, which was already considered in the early days of heterotic
model building (see e.g., [45]), is to turn on certain U(1) fluxes. We have
essentially already seen this in the context of coincident branes. For instance
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in the case of an SU(5) model, we could turn on an internal flux on op,
for the gauge field that corresponds to hypercharge. The commutant of this
U(1) in SU(5) is clearly SU(3) x SU(2) x U(1). However turning on such a
flux will typically spoil gauge coupling unification. As we discussed earlier,
the U(1) generator whose flux is turned on will swallow an RR axion and
become massive. This can be avoided by turning on a U(1) flux in the
same cohomology class in the hidden sector. The axion then couples to the
sum of these U(1)’s, and the difference will remain massless. As discussed
n [45], because hypercharge is now a linear combination of the ‘original’
hypercharge generator and a U(1) in the hidden sector, the model is not
truly unified and this mechanism would typically change the relation of the
U(1) coupling to the SU(2) and SU(3) couplings at the GUT scale!4 .

A third approach for breaking the GUT group, which does not have the
usual baggage of four-dimensional GUTs and has the cleanest phenomeno-
logical features, is to use discrete Wilson lines. Namely if By admits a
non-trivial fundamental group, then we could turn on a discrete G-flux, or
perhaps we could fiber the dPy over By in such a way that the GUT group
is globally broken to the Standard Model group. If we restrict to the usual
models with heterotic duals, then the only allowed By which has non-trivial
fundamental group is the Enriques surface, and it does not lead to consistent
models due to lack of stability in the hidden sector. However locally it is not
hard to construct such models. As an example, consider the three genera-
tion SU(5) model from Section 4.1 based on the Enriques surface. It allows
a Z3 Wilson line to break the SU(5) GUT group to SU(3) x SU(2) x U(1).
Presumably this local model has global embeddings which are not dual to
the heterotic string.

However, we may give a stronger argument against such models: any
smooth model in F-theory with discrete Wilson lines has light lepto-quarks.
To see this, suppose more generally that we break the GUT group through
a line bundle L. Then the spectrum of lepto-quarks descending from the
eight-dimensional gauge and adjoint fields is determined by the formulae in
section 2.3. In particular, the Euler character

1 1

X(Ba, L) = =c1(L)* = sc1(L)er(K)

2 2 L (eal8) + ea(K)?) (5.1)

+ 12
must vanish. Now let us assume that ¢;(L) vanishes as for discrete Wilson
lines. Then the above is just equal to x(Ba,O) = h%%(By) — h%1(By) +
h%2(By). But we assume that h%!(Bs) = 0 (and actually also h%2(By) = 0)
in order to avoid massless adjoint fields. It follows that vanishing c;(L)

140n the other hand, such a coupling to the hidden sector provides an interesting
possibility for mediation of SUSY breaking [69].
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implies that y(Bsz, L) cannot vanish, so models with discrete Wilson lines
also necessarily come with light exotic matter, whatever the surface that we
wrap the 7-branes on.

The fact that models based on rational surfaces do not seem to allow for
discrete Wilson line breaking raises a puzzle though, because they arise in
heterotic/ F-theory duality. On the heterotic side one may certainly con-
struct elliptically fibered three-folds with a rational base and with a finite
fundamental group. These three-folds do not have a section, only a multi-
section. However they are quotients by an automorphism of elliptically
fibered Calabi—Yaus with a section, so we can construct the F-theory dual
of the cover. What does the automorphism get mapped to?

Consider a freely acting involution 7 from the elliptically fibered three-fold
to itself. Then 7 can be decomposed as

T =t¢oaq, (5.2)

where o maps the zero section of the elliptic fibration to itself and ¢, is
translation by a section ¢ different from op,. The automorphism « induces
an involution ap, on the base By which necessarily has fixed points. Now
t¢ acts trivially on the Wilson lines on each T? fiber, so it does not appear
to induce any action on the dual T2 or the dPy surface constructed from the
dual T2 and the Wilson lines of the Eg bundle. Therefore the action of 7 on
the heterotic side seems to induce only the action of ap, on the F-theory
side, which has fixed points, and we would have to understand how to deal
with the fixed points. Unfortunately, F-theory is currently only understood
as a large volume expansion. When the F-theory base Bs has singularities,
there is no small parameter available and no clear way to understand the
physics.
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Appendix A Spinors and complex geometry

In this appendix, we would like to review some properties of spinors on
complex manifolds. We will not be very rigorous; instead we will use the
fastest route available. See [70] for a more thorough treatment.

Suppose we are given a m-dimensional Riemannian manifold M with a
spin structure, i.e., a lifting of the structure group SO(m) — Spin(m). On
such a manifold, we may construct the spin bundle .S associated to the spinor
representation of Spin(m). Given a local ortho-normal frame e, and a set
of I'-matrices satisfying {I'**, 'V} = 2¢*”, the Dirac operator is defined to be
the first order differential operator given by

D = Favm (Al)
where V, is the lift of the Levi—Civita connection.

When M is 2n-dimensional, the spinor representation of Spin(2n) is
reducible, and S decomposes as S = St @ S~. The Dirac operator inter-
changes these representations, i.e., P : ST — ST. If M is a Kahler mani-
fold, i.e. if the holonomy can be further reduced to U(n) C SO(2n), then
we can relate the Dirac operator to certain standard operators appearing in
holomorphic geometry.

Let us first consider one-dimensional Kéhler spaces. We can then define a
spinor to be an object which gets mapped to minus itself under a 27 rotation
on every holomorphic tangent plane. This identifies it as a section of the
bundle § = T2 @ T'/2 where T is the holomorphic tangent bundle. Under
a rotation by 7 (i.e., a reflection z — —2z) spinors transform by 4. The sign
is called its chirality. The bundle 7! is also known as K, the canonical
bundle. Moreover if we have a Kahler metric then we can identify T with
the bundle of (0,1) forms QY by mapping sections as f? 9, — f?g. dz.
Therefore we can also write

S =K' g0 (K2, (A.2)

Up to normalization, the Dirac operator P therefore corresponds to 04 +
8;, where 94 is the Dolbeault operator coupled to K1/2. More explicitly we
can write this as

0 -0, — A,
b= <az+Az 0 > (A.3)
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We can also couple the spinors to various bundles, by adding further gauge
fields.

We can generalize this to higher dimensions by using a splitting
principle. That is we decompose the holomorphic tangent bundle for a com-
plex n-fold formally into a sum of n line bundles and tensor the
corresponding spinor bundles together. For instance on a complex three-
fold we would decompose T'=1T) ® 15 & T3 and tensor the Ti_l/ 2 D Tl/ 2
together. The result, after reconstructing representations of the full U ( )
holonomy, is

ST =Y 0K 57 =3 alr(K!/?) (A.4)

peven podd

The Dirac operator is then formally thought of as the sum of the Dirac
operators associated to each Tj;.

Appendix B Branes and twisted Yang—Mills—Higgs theory

In this appendix, we briefly review the Yang—Mills theories living on branes
in string theory, with an emphasis on curved embeddings of the brane in
space-time.

The collective coordinates of Dp-branes are are given by the field content
of maximally supersymmetric Yang—Mills theory in p + 1 dimensions. They
may all be obtained by starting with N = 1 Yang—Mills theory in ten dimen-
sions and reducing it to p + 1 dimensions. For applications to F-theory we
would like to understand how to reduce ten-dimensional Yang-Mills theory
to a complex submanifold denoted B. The ten-dimensional action is of the
form

1 v
/ dww—gmww 12 T (B ). (B.1)

Now let us do the reduction, assuming the case of a 7-brane wrapped on a
surface S in a Calabi-Yau three-fold. Following Hitchin [71] we write

Ao’l = Agl (211, 22) + A52 (Zl, ZQ) + @3(21, 22). (B.Q)

Here we used the splitting principle to express the tangent bundle as T' =
T Ty, ® Kg®TRY. Thus our data consist of a connection A on a bundle
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FE on S, together with the complex “Higgs field” ®, which we may view as
amap ®: F — F® Kg. Similarly spinors now becomes sections of

-

_1 1 1 1
(T, 2 @ T) @ (T, QEBTQ) (Kg? @ K2)

_ZQ 71?) 1/2 ® (K

w\»—a

oK) (B.3)

tensored with four-dimensional spinors.

The ten-dimensional gaugino variation is of the form
o) ~ F,,THe. (B.4)

Thus requiring a BPS solution means that we have to solve F),, I'*e = 0, or
equivalently

F%? =0, g¢"F;=0. (B.5)

These are the hermitian Yang—Mills equations. To reduce this to eight
dimensions, we now substitute (B.2)

5t =~ (F, T" + 2D, 8,1 + [D,, &y]TP)e = 0, (B.6)

where we use u,v for real indices tangent to the brane, and a,b for real
indices normal to the brane. The F-terms and D-terms of the effective
four-dimensional gauge theory can be read off from the right-hand side. In
particular the F-terms come from the lack of integrability of D = 9 + A% +
®. Preservation of supersymmetry thus requires D? = 0. By decomposing
we get the following equations:

F%2 =0, 0®3+ [A%, &3] =0, (B.7)

Similarly the D-terms can be written as!®

9" F5 + (@1, @3] = 0. (B.8)
Let us take a closer look at these equations. The first equation in (B.7)

says that the gauge field is a connection on a holomorphic bundle (i.e., the
transition functions may all be chosen holomorphic). As is well known,

15We would like to thank J. Heckman for pointing out the term involving ®, which is
crucial for a correct understanding of the D-terms but which we had initially ignored.
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we may then apply a complexified gauge transformation so that the anti-
holomorphic component A%! vanishes in holomorphic frames. The (0,1)
part of the gauge covariant derivative then reduces to the Dolbeault operator
0, and the second equation in (B.7) says that ® must be a holomorphic
section.

The D-terms are not invariant under the complexified gauge transforma-
tions, and require us to choose a hermitian metric, or equivalently a reduc-
tion of the complexified structure group to a compact subgroup. Recall that
given a hermitian metric h, we can pick a canonical connection by requir-
ing the covariant derivative to be compatible with the hermitian metric
and with the complex structure. This determines A% ~ —(8h)h~1. Thus
assuming we have fixed the F-term data, we see that the D-terms may be
viewed as an equation for the hermitian metric h on E. This equation is
a highly non-linear PDE, which is virtually impossible to solve explicitly.
Nevertheless, existence and uniqueness of a solution can be reformulated as
an algebro-geometric criterion.

A subbundle F' C E is said to be a Higgs subbundle if ®(F) C F® K. A
Higgs bundle is said to be J-stable if

u(F) < p(E) (B.9)

for every Higgs subbundle, where the slope is defined as usual, p = J-
degree/rank. A Higgs bundle is poly-stable if it is a direct sum of stable
Higgs bundles with the same slope. If the Higgs bundle is polystable, then
the D-terms should have a unique solution. (For abelian bundles, this
requires adding an explicit Fayet—Iliopoulos-like term to the equation). The
corresponding hermitian metric is sometimes called the hermitian-Einstein
metric.

For smooth F-theory compactifications, we encountered the primitiveness
condition J A G = 0. It is clearly reminiscent of ¢*J A F' = 0 on the spectral
cover, in the gauge where A and ® are diagonalizable. This might seem to
suggest that D-flatness corresponds not to stability, but to the statement
that the hermitian connection on the spectral line bundle is J-primitive.
However this is not correct. It is actually well known that the push-down of
the hermitian connection on the spectral line bundle should not be identified
with the solution of the D-terms of the Higgs bundle. To see this, note that
if the spectral cover is locally defined by y? — z = 0 then

Foz ~ Fyg/(22)'12, (B.10)
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which diverges at the branch locus, here given by z = 0. Thus the push-
down of the hermitian connection on the spectral line bundle is singular at
the branch locus. However, Donaldson—-Uhlenbeck—Yau provides a smooth
solution to the D-term equations on the Higgs bundle. In particular we
have [®f,®] # 0 for the actual hermitian metric solving the D-terms.'6
We essentially already discussed the source of this apparent discrepancy
in Section 2.6. It arises because the supergravity derivation of J A G =0
requires a large and smooth four-fold. This is different from the regime
where we get parametrically light M2-branes, which is where the 8d gauge
theory description can be trusted.

In [6] we therefore proposed that when there are parametrically light M 2-
branes, the correct criterion is existence of the hermitian-Einstein metric in
the Higgs bundle picture. More generally, we expect that D-flatness in
F-theory compactifications is described by a stability condition. This is
something we can study in the four-fold picture. Stability can be phrased
in terms of Fayet—Iliopoulos terms. Thus a question that we can ask is how
the Fayet—Iliopoulos terms are related in the different pictures, and if there
are certain classes of interesting compactifications where stability should be
automatic. We turn to this in the next section.

For further reading on the structures discussed here, see [6,71-75].

Appendix C Definition of G,

In this appendix, we give a detailed definition of the class GG, on the F-theory
space Yy, obtained via the cylinder map from a (1,1)-class v € HY1(C, Z)
on the heterotic spectral cover C. We also consider Fayet—Iliopoulos terms,
which are an important ingredient for defining stability conditions. We
will see that the classical expression for the Fayet—Iliopoulos terms in F-
theory can be matched at least qualitatively with the tree level and one-loop
expressions on the heterotic side.

Let us briefly recall the general set-up. On the heterotic side, the Fg-
bundle restricted on each elliptic fiber is determined by its Wilson line, an
element

f € Hom(Ag,, T?) (C.1)

16 A second issue in the comparison is that J is not quite a pull-back of a class on the
base.



1304 RON DONAGI AND MARTIJN WIJNHOLT

taken modulo Wg,. Here Ag, represents the root lattice of Eg, the dual of
the coroot lattice. This lattice is actually self-dual, so we do not need to
be too careful on this point. Now let us fiber over By, and let us consider
not modding out by Wg,. Then the fibers Hom(Ag,, T?) fit together in
a flat vector bundle of rank eight, with structure group Weg,. In order to
represent this data by a spectral cover of finite degree, we have to choose a
suitable representation. The physically relevant representation is the adjoint
representation of Fg. This is a minuscule representation: its weights are the
roots, and these lie in a single Weyl group orbit Roots C Ag,. The the image

f(Roots) C T? (C.2)

gives a collection of 240 points on the 72, one for each root of the adjoint
representation of Eg. The Weyl group Wg, acts as the monodromy group
on these 240 points. Fibering over By yields the degree 240 spectral cover
of an Fg bundle. For a generic Eg bundle, this is the smallest non-trivial
permutation representation available, i.e., it is the smallest representation
we can use for the monodromy action on a spectral cover. If the monodromy
is smaller than Fjg, there can be other available permutation representations
and thus there will be spectral covers of smaller degree which capture the
same information.

On the F-theory side, the same data determines a dPg surface. The anti-
canonical divisor is identified with the 72 above, and the 240 lines of the
dPs intersect the T2 in the 240 points above. Blowing up, we get a dPy
with a distinguished zero section. Generically the 9th point is not on any
of the lines, and the 240 lines of the dPs lift to 240 sections of the dPy,
disjoint from the zero section. When the ninth point does lie on a line,
the curve on the dPy corresponding to this line is its total transform. This
is a numerical section, i.e., an effective curve with self-intersection —1 and
intersection number 1 with the elliptic fiber. Its intersection number with
the zero section still vanishes. But this is now a reducible curve, consisting
of two components: the zero section plus the proper transform of the original
line. The Weyl group Wg, acts as a monodromy group on these 240 lines.
Fibering over By yields the cylinder. In [14], this was the variety R’ whose
fibers over each point in Bs are the 240 lines in the dFPg’s. Since we work
here with Yy, we consider instead the total transform R of R’. This is the
subvariety of Y; whose fibers over each point in By are the 240 numerical
sections in the dPy’s. By the above observation, the intersection of R with
the zero section op, is the union of lines (in either R or op,) over the
intersection curve ¥ = C' - 0(Bs). Explicitly,

R-opy = pg[¥le = p[5] 5, (C.3)
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Physically it is probably more natural to identify the roots with —2 classes
in the dP3. However they are equivalent to the lines up to a shift by the
canonical class of the dPs, which does not affect the arguments below due
to the tracelessness condition of the fluxes. The lines are effective classes
and are easier to keep track of.

Let us fix the notation for this appendix:

my : Y4 — Bs elliptic fibration
o: B3 — Y, the section
p: By — By P! fibration
op, its section,embedded in either BsrmorY
Z CYy 77;1 of a section of p
iz : Z — Y the natural inclusion
p:Yy — By dPy fibration
mc : C — Bo  the heterotic spectral cover
wy : Z — By the restriction of p
pr: R — C the “cylinder”, or union of lines in the dFs's
(i.e. numerical sections of dPy's, disjoint from o)
parametrized by points of C
¥ =C-op, the matter curve
j:(C=RNZ)CR theinclusion “at infinity”
ir: R—Y the natural inclusion (C4)

The spectral line bundle is mapped to G-flux. Given a class
v e H*(C,Z), 7wy =0 (C.5)

in [14] the dual G-flux was defined as

G Zipply € H (Y1, Z). (C.6)

Actually, there is also a shift by r/2 in the quantization law on the heterotic
side, and by c¢2/2 on the F-theory side, but one can easily correct for this
and we will not mention it any further. In [14], Y4 was considered to be
a dPs-fibration over By. As we discussed in Section 3.2.1, in the case of
dPy-fibrations there is an ambiguity in the mapping from H?(C) — H*(Y).
On the other hand, not all generators of H*(Y,Z) can be realized off-shell
as G-fluxes in F-theory. By requiring that v gets mapped to an allowed
G-flux, we can fix the ambiguity.
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A more conceptual way to arrive at the same conclusion is as follows. As
we vary the dPy surface over Bs, the 240 lines on the dPy (which becomes
sections of dPy after blow-up) are exchanged by monodromies which take
value in the Fg Weyl group. Although the Weyl group does not act on
the spectral cover or its cohomology, we can decompose the cohomologies
R'7¢.R and R%*p,R into isotypic pieces. On the heterotic side, the 240
dimensional permutation representation of Wg, on each fiber of the 240-fold
spectral cover can be decomposed in the following irreducible representations

240 =1+ 8+ 35 + 84 + 112. (C.7)

The one-dimensional piece corresponds to the sum over the Weyl group
orbit. The eight-dimensional piece corresponds to the action of W on the
root lattice of Eg.

Similarly, on the F-theory side, the second cohomology of the d Py decom-
poses in the following irreducible representations

10 =1y, + 15 + 8. (C.8)

Now the one-dimensional pieces come from the base and fiber, respectively,
while the eight-dimensional piece is the part of the second cohomology of
the dPy orthogonal to the base and fiber. This was denoted by Hj} in [14].

Now the cylinder map in (C.6) does not exactly identify the eight-
dimensional representations on both sides. To get the map that does this,
we need to subtract a singlet on the F-theory side. This is the “projected
cylinder map” of [14].

An allowed G-flux has three indices along Bs and one index along the
elliptic fiber. More precisely, allowed G-fluxes must be orthogonal to

(i) classes in op,«Ha(B3,Z);
(ii) classes in 7} H*(Bs, Z).

However, with the above definition of G we find that
G-yUBQZ’}/'CE#O, (09)

where ¥ = C - op,. Therefore the flux we defined above is not allowed in
F-theory, and the map from v to G-flux has to be modified by projecting
on 0, Hy(B3)t. We claim that the correct definition of the G-flux dual to
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7 ist?
Gy =ipPRY — y[dP], ny=7v-cX, (C.10)

where [dPy] = p~!(pt) denotes the class of a dPy fiber of Yj.

Our first task is to show that this is an allowed G-flux that is orthogonal
to all classes of type (i) and (ii). Let us make a list of these classes. Since
B3 is a P!-fibration, Hy(Bs,Z) is spanned by

Hy(B3,Z) = span{op,, p*(w)}, where w € Hy(Ba,Z). (C.11)
Similarly,

Hy(Bs,Z) = span{op,.w, p*(pt)}, where w € Hy(Bsg,Z) (C.12)

and therefore,
7% H*(B3, Z) = span{iz,myw,p*(pt)}, where w € Hy(By,Z). (C.13)

Now we simply proceed by computing the intersections with all these classes.
We have

IR«DRY - 12+ T 7 W = ICxY *Z T 7W

=7-cTEw
=0. (C.14)
Similarly
iRePRY - P"(Pt) = PR R PRTC(PL) = 0. (C.15)
It is also easy to show that
[dPy] -izemzw =0,  [dPo]-p*(pt) =0 (C.16)

since we may choose the support of these classes to be disjoint. Therefore
G is indeed orthogonal to classes of type (ii).

"We are indebted to Taizan Watari for pointing out that the expression (C.6) for the
G-flux in a previous version of this paper needed to be projected as in [14] and (C.10) in
order to produce an allowed flux.
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As for orthogonality against classes of type (i), we use (C.3) and compute:
IRPRY - OBgxp W = p*(y-2) - p*w = 0. (C.17)

We have already pointed out in C.9 that ig.«ppY - 0B, = -, and it is not
hard to check that

[dPy] - opyep™w =0, [dPo]-0op, = 1. (C.18)

Therefore G, is also orthogonal to classes of type (i). It is therefore an
allowed flux in F-theory, as claimed.

Next we discuss the wedge product G, A J, where J is the Kéhler class.
Any Kahler class J on B3 can be decomposed as

J =p*Jp, + amy Jo, (C.19)

where Jp, € H%(Bs, R), ais a real number, and Jy is any one class in H?(Bs3)
not in the image of p* : H?(By) — H?(B3). We will take Jy to be the class
in H%(Bs) of the divisor o,. We could also take the section at infinity Ju,
which is related to Jo by Jo — Joo = p*c1(Np,/B,)- Note that 7y, Jo is the
class in H?(Y) of the divisor Z. We will see that G- A J is closely related
to certain moment maps associated to U(1) gauge symmetries, known as
Fayet—Iliopoulos parameters.

Since we are working with harmonic forms, we can work modulo torsion,
and calculating G, A J is equivalent to finding all the intersection products

G, AJAD (C.20)
Yy

for any D € H?(Y,). Let us make a list of such classes. To identify all the
divisors in Yy, we use the Leray spectral sequence associated to the fibration
Yy — Bs, following [14]. The divisors in Yj are spanned by

H2(Y4) ~ HQ(B% Rop*) D HO(BQ> RQP*)- (C.21)

Some of these generators may be lifted by higher order differentials in the
spectral sequence, but we are interested in the span and this level of analysis
suffices. Generators of H?(Bg, R'p,) correspond to pull-backs of divisors in
By by p*. The second cohomology of the dPy can be split up into three
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pieces:
R2p* = [Pl]base + [T2]ﬁbre + AES- (0.22)

This decomposition makes sense globally over By because Y4 — Bs has a
section. The rank eight lattice Ag, is denoted by Hj in [14]. Using this
decomposition, we see that the divisors in Y, are spanned by

H*(Yy,Z) = span{op,, 73 H*(B3,Z), A}, (C.23)

where A = HY(By, Ag,) is the coroot lattice defined in (2.5).

We claim that G, A J is automatically orthogonal to divisors of the first
two types in (C.23). This is easy to see: J itself is a class in w3 H?(Bs, Z),
and its intersection with a divisor in the span of op, and 75 H?(B3, Z) gives
a four-cycle of type (i) or (ii). But G is always orthogonal to such four-
cycles, and hence the claim follows. The remaining intersections are of the
form

/ Gy N ANw, weA. (C.24)
Y

Although for a generic Eg bundle the spectral cover will be irreducible
(since the 240 sheets form a single orbit of Wgy ), physically we are typically
interested in a situation where the monodromy group is smaller and the
cover decomposes into several pieces. For instance suppose that we restrict
the monodromies to lie in the Weyl group of some SU (5)y subgroup of Eg.
The adjoint representation of Fg decomposes as

248 = (24,1) + (1,24) + (5,10) + (5,10) + (10,5) + (10,5)  (C.25)

under SU(5)g x SU(5)gur. Thus in this example, the degree 240 spectral
cover splits up into pieces of degree 20, 1, 5 and 10, with various multiplicities
(determined by the dimension of the corresponding SU(5)gur representa-
tion). If we additionally restrict the monodromy so as to get extra abelian
gauge symmetries, the spectral cover would split up further.

In order to proceed, we further subdivide the divisors in A. The lattice
Ap, may be split into two pieces (up to torsion, which is irrelevant for
us): a varying piece, also known as the Mordell-Weil lattice; and a fixed
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piece which is locally constant, also known as the vertical component:
AEg = Avw D Avert (026)

The vertical piece is generated by the exceptional divisors of the ADE sin-
gularity of the generic dPy. Although Aye is locally constant, as we go from
patch to patch there may be some non-trivial monodromies. Whether such
monodromies are present should correspond to the “split” versus “non-split”
distinction in Tate’s algorithm.

Let us denote divisors in H°(Ba, Ayert) by E. By definition, the remaining
generators in H°(Ba, Ayrw) can be identified with certain linear combina-
tions of the non-vanishing lines in dPy varying over By, fitting together into
a divisor of Yy. That is, they correspond to certain linear combinations of
the irreducible components of the cylinder. They are interpreted as “extra”
U(1)’s, i.e., generators of g/[g, g] where g is the Lie algebra of the 4d gauge
group. Let us denote generators of H°(Ba, Ayw) by wy.

Now recall that we are supposed to compute (C.32) for any generator of
A = H%(Bg, Ag,). Since A is spanned by E and wy, we will compute these
intersections. We first note that

PRy P By = DRV - T, IB,)- (C.27)
k

Geometrically, this represents a collection of lines sitting over a finite number
of points in By. Let us concentrate on one such dPy fiber. Let us also assume
that Ayert is actually constant, so there are no monodromies that can further
break the gauge group (the simply laced cases), which is the case usually
relevant for phenomenological applications. Now all the lines that lie in a
single orbit of the Weyl group have the same intersection number with a
given exceptional cycle of the dPy. Furthermore, the intersection pairing is
preserved by the monodromies. Therefore we get

DRy P Ty B = mi(y - 75, TB,), (C.28)
k
where ny, is the intersection number of a line in Ry with E. For our purpose,
the only thing that matters is that this number is the same for all the sheets
in a single Weyl orbit. But then by tracelessness of «, the sum over all k
belonging to a single Weyl orbit vanishes. Hence

PRy P JB, - E =0. (C.29)
The other intersections are easier to check. We have

[dPg] . p*JB2 -E = 0, (C.30)
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since we can take the support of the dPy fiber and p*Jp, to be disjoint.
Further

Gy -mpdo- E=0 (C.31)

follows because because 7y Jo and E have disjoint support, and the differ-
ence between 7y Jo and 7§, Jo has zero intersection by the calculation above.
(Recall we took the singularities to be along the zero section of Bs, and we
defined J to be the section at infinity, which is disjoint from it). Therefore
G, N J is automatically orthogonal to E.

The only remaining intersections are G A J A w*. In particular, if there
are no wX € H°(By, Ayrw) then the G-flux should be J-primitive. These
remaining intersections correspond to the Fayet—Iliopoulos terms in
F-theory:

Ex ~ m‘fo/ Gy AT AWY, w¥ € HY( By, Amw). (C.32)
Y

For a derivation, see Section 5.2 of [76]. They must vanish in the 11d super-
gravity regime, but they may be non-vanishing in F-theory. In order to
compare with the heterotic string, it is better to use 4d quantities, so we
rewrite the Fayet—Iliopoulos term as

1
£~ M2 — / Gy A Jp Aw™. (C.33)
Vi Jy

Here Vg is the volume of B3 in 10d Planck units, and we also absorbed a fac-
tor of m%o in Jp, so that the Kéhler moduli correspond to volumes measured
in Planck units. By supersymmetry, this expression is also related to the
matrices 15, in [76] which describe couplings between U(1)x gauge fields
and RR axions. As discussed in [6], we expect that the Fayet—Iliopoulos
parameters can be non-vanishing away from the 11d supergravity limit, and
that they can be used to define stability conditions on an F-theory com-
pactification.

On the heterotic side, the Fayet—Iliopoulos terms are given by

2 1

iy, | (LX) A Ty A T, (C.34)

X
éHet ~

where V), = vol(Z), and all volumes are measured in string units. Here LX is
a fractional power of the determinant of a sub-bundle V/ C V against which
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we are testing stability. The heterotic Green—Schwarz terms also give a loop
correction to this expression of the form [77,78]

S5~ Mg [al) @) - e, (©3)

which describes one-loop corrections related to U(1) anomalies. For spectral
cover bundles, we can write this suggestively as

56X, ~ /B er(L) - (n— ber) = /B (L) Aer(Npyp).  (C.36)

where L* = 73, L, and we used 7z.(c2(V) — 3¢2(T)) = n — 6cs.

To match the expressions qualitatively, we assume for simplicity that wX
is completely localized on some singularity, and we take Bs = By x P!. For
simplicity we also take the size of the elliptic fiber on the heterotic side of
order one. The heterotic and F-theory quantities are related as

Vi ~ vol(Ba) x vol(P') ~ Vj, A, (C.37)
and also
MidBoF ~ Jyns A~ Vi/S. (C.38)
Then we find
s 1 X 2 1
Mp— G,y/\JB%F/\w ~ Mp;— Cl(L)/\JBQ’h (C.39)
Vi Jy Vi JB,

and similarly

2 ].

1
MQ/G AJy AwX ~ -
PZVF v vy 0 PZS By

c(L)A(n—06c1(S)).  (C.40)

In other words, the two pieces of the classical F-theoretic expression match
qualitatively with the tree level and the one-loop contribution in the het-
erotic string respectively. If the U(1) anomalies vanish, as in the MSSM,
then the one-loop contribution will vanish. In addition, there could be non-
perturbative corrections on both sides

We can relate both heterotic and F-theoretic expressions to spectral cover
data. The calculation is slightly intricate. We did not match the expres-
sions from F-theory and the heterotic string precisely, but they should likely
match. It would be interesting to check this more precisely.
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It is interesting to note that since relative size of the 4d string coupling
S and the Kéhler moduli T is varied as we extrapolate from the heterotic
string to F-theory, the loop-corrected slope also varies and we could write
down models which are stable in the heterotic regime and unstable in the
F-theory regime, or vice versa. This appears to be one of the few settings
where we can study stability issues as a function of the string coupling.
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