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Abstract

It has been conjectured recently that the field theory limit of the topo-
logical string partition functions, including all higher genus contributions,
for the family of CY3-folds giving rise to N' = 2 4D SU(N) gauge theory
via geometric engineering can be obtained from gauge instanton calculus.
We verify this surprising conjecture by calculating the partition functions
for such local CYs using diagrammatic techniques inspired by geomet-
ric transitions. Determining the Gopakumar—Vafa invariants for these
geometries to all orders in the fiber wrappings allows us to take the field
theory limit.

1 Introduction

Topological string theory has received much attention recently due to its
implications for large N dualities in the physical string theory [1]. The
amplitudes of the topological string theory not only have mathematical
significance as generating functions of Gromov-Witten invariants but also
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compute coefficients of certain F-terms in the physical 4d theory. Much
progress has been made toward their calculation for local toric CY3-folds in
the past year [2-5].

In this paper, we will compute the topological string partition function
F=53 Fggzg =2 for local Calabi-Yau 3-folds which are resolved A, singular-
ities fibered over P!. These geometries are used to geometrically engineer
N =2 D =4 SU(N) theories [6-9]. Our interest in these theories stems
from the following recent developments in instanton calculus [10-12]. The
problem of computing the gauge instanton coefficients JFj was reduced to
the solution of certain integrals over the (reduced) instanton moduli space
n [13-18]. These integrals prove difficult to solve for k > 2. Nekrasov [10]
performs a deformation of the integrand which allows their evaluation. The
deformed integrals are then assembled into a generating function, the expres-
sion for which is computed in [10-12], and the Fj can be extracted from this
expression. The surprising conjecture in [10] is that this generating func-
tion itself has an interpretation: it represents the field theory limit of the
topological string partition function on the local CY which geometrically
engineers the gauge theory. The deformation parameter here plays the role
of the string coupling. Inspired by the form of this expression, [10] also con-
tains a conjecture about the form of the full string partition function, before
taking the field theory limit. It is these two conjectures, the interpretation
of the generating function and the form of the full string partition function,
which we wish to investigate, and which we verify, the latter for a certain
choice of fibration of the geometry, in this paper.

Specifically, the form of the topological string partition function conjec-
tured in [10] is

ZNekrasov :=

ZSOZRIJF +lRNH Hsmh (@ + Mpr; — pni + 5 —1))/2]

In1igo1 sinh[B(ap, + h(j —1))/2]

""" (1.1)
This turns out to be the topological string partition function of the dis-
tinguished fibration of resolved Ax_; over P! which is an orbifold of the
resolved conifold. The expression we obtain in this paper for this case is

N
7 = E (pll‘f'"'-‘rlN Hi:l VVRZ.(q)2 12)
C (2] Ty ’
Ry,...N H1§i<j§N Hk(l _qui”'Qj—l)Q k(R R])

where ¢ is a combination of Kéhler parameters. We demonstrate the equiv-
alence of these two expressions in Section 5 of this paper.

The technique we use to calculate the string partition function is inspired
by [2]. There, it is shown how to pass to an open string geometry dual
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to the closed geometry, on which the partition function can be calculated
using Chern—Simons theory. In [4], diagrammatic rules are extracted from
this procedure for a subclass of geometries which allow the calculation to
proceed without knowledge of the open string geometry. These rules have
been completed and given a physical interpretation in the recent paper [5].

To perform the calculation of the string partition function in the case
at hand, a further hurdle must be overcome. The expression obtained by
[10-12] and the one conjectured by [10] translate into topological string
theory expressions which are an expansion in wrappings of the base P! but
exact in fiber wrappings. We show how to obtain these exact results by
making an assumption about the form of an expression which enters in the
Chern—Simons calculation, generalizing an approach utilized in [19].

The plan of the paper is as follows. In Section 2, we briefly review how
N =2 SU(N) gauge theories in D = 4 are engineered in string theory. Sec-
tion 3 explains the diagrammatic techniques we employ to perform our cal-
culation, and their origins. In Section 4, we introduce the final ingredient of
our calculation which allows the determining of the integral invariants to all
orders in fiber wrappings, perform the calculation for SU(3) geometries in
detail, and show how the result generalizes to SU(N). In the final section,
we compare our results to those obtained based on gauge instanton calculus.
In Appendix A, we provide some details on the geometries studied in this
paper and their toric description, and make some comments relating to the
5d theory one obtains by considering M-theory on these CY geometries.

2 Geometric engineering of SU(N) theories

Compactifications of type IIA on singular CYs yield effective four-
dimensional theories with enhanced gauge symmetry [6-8]. The gauge
symmetry in the field theory arises from D2-branes wrapping collapsing
curves in the CY3-fold. Thus to get a particular gauge symmetry, one has
to study a CY3-fold with the appropriate shrinking cycles.

The engineering of an SU(N) gauge theory requires a singularity of
An_1 type. Type IIA compactification on such a geometry gives a six-
dimensional SU(N) theory with sixteen supercharges. To obtain a four-
dimensional theory, further compactification on a two-dimensional surface is
required. If the four-dimensional surface is 72, the four-dimensional theory
acquires N = 4 supersymmetry. To break supersymmetry down to N = 2
(eight supercharges), the surface should have no holomorphic one forms and
therefore has to be a P!. To obtain a CY3-fold, the Ax_; must be fibered



4 AMER IQBAL AND AMIR-KIAN KASHANI-POOR

non-trivially over the P!. The web diagram corresponding to such a geom-
etry is given in figure 1. We review aspects of such geometries in Appendix
A. The details of the AN/ = 2 theory obtained by type ITA compactification
on such a CY3-fold depend on the choice of fibration. In the field theory
limit, which we review next, all such 3-folds reduce to the same theory.

The field theory limit is obtained by taking the string scale to infinity. By
the relations of the base and fiber Kéhler parameters to the gauge coupling
and W-boson masses, these parameters must be scaled as'

A 2N
Qp:=e T8 = <ﬁ> . Qp =me Th = Puin =1 N 1.

2
(2.1)
A above denotes the quantum scale in four dimensions, the a; ;41 = a;4+1 — a;
parameterize the VEVs of adjoint scalars in the Cartan subalgebra of the
gauge group, and the parameter 3 is introduced such that the field theory
limit corresponds to 3 — 0.

The N =2 prepotential has both 1-loop perturbative and non-
perturbative (instanton) contributions,

[e.9]

F = fclassical + fl—loop + Z Ck(ai)A2Nk' (22)
k=1

We compare this to the expansion of the genus zero topological string ampli-

tude
o0 ]\[0}C )
FO(TB7 {TFZ}) _ P3(TB7{TFZ‘}) Z Z M) —nkTp— ny, szF
(k,m)#(0,0)
(2.3)

(here P3(Tp,{TF }) is a cubic polynomial from which one gets the classical
contribution to the prepotential). The contributions of worldsheet instanton
multiwrappings, n > 1, vanish in the field theory limit. By considering (2.1),
it then becomes clear that the k-th gauge instanton contributions stem from
worldsheet instantons that wrap the base P! of our geometries k-times.

In this paper, we will be interested in taking the field theory limit of the
full topological partition function ggg 72Fg, rather than just studying the
genus 0 contribution. We are motivated to study the full quantity due to
recent works [10-12] which obtain it, as reviewed in Section 5, via instan-
ton calculations within field theory. Obtaining finite contributions from all
genera requires scaling the string coupling such that g := 95 = 0" . k will

n the following, the notation Q. will always be reserved for the exponential of minus
the corresponding Kéahler parameter, e~ e,
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Figure 1: The web diagram for SU(N) geometries. The tupels in parenthe-
ses signify the slope of the respective lines.

serve to distinguish between the contributions at different gs (the notation
is chosen in accordance with [10]).

3 Diagrammatics
3.1 Geometric transitions

In [20], the string theory partition function ) gzg _2Fg is shown to have the
following form

ngg Fy(w Z ZZ (28111( g2s>)29_2 e (3.)

SEHs(X) 9=0n=1

In [2], the Gopakumar—Vafa invariants N3, for a given local Calabi-Yau are
determined by using duality to the open topological string on a deformed
geometry obtained by performing local conifold transitions. The worldsheet
instantons of this deformed geometry are under strict control, and by [21],
Chern—Simons theory can be used to determine the open string partition
function. In particular, open string worldsheet instantons map the bound-
aries of the worldsheet to S%’s in the target space, and their contribution
to the partition function is captured within the Chern—Simons theory by
Wilson loops on the image of these boundaries. For this paper, we will
require the expression Wg, g, for the expectation value of two Wilson loops
in representations Ry, Ry of SU(N) on an S° forming a Hopf link. This is
given by?

Whryr, = dimg R1(Aq)"2/%s,2 (B, (t)). (3.2)

2For a derivation of the following expressions for Wilson loop amplitudes in Chern—
Simons theory, the reader is referred to [22] and references cited therein.
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22,
X the exponential of the 't Hooft coupling, A = ¢~V. p!? denote the Young
tableaux corresponding to the representations Ry, Ra. dim, R, the quantum
dimension of the representation R, is the normalized expectation value of a

Wilson loop in representation R on an unknot, given by

. pi — pj +J — i
dim, R = H [ [J HUU_Hd (3.3)
1<i<j<d =1v 1
where [z]y = A/2¢%/2 — \=1/2¢=%/2_[¢] = [z]1, d denotes the number of rows
in the tableau p and p; denotes the number of boxes in the i-th row of pu.
Finally, s, is the Schur polynomial of the representation described by ,
given by

Here, ¢ is the exponential of the Chern—Simons coupling, ¢ = exp(
N

s, = det M, (3.4)
where the r x r matrix M, with r the number of columns in p, is given by
M,(f]) = (@ j-i)- w1 is the transposed Young tableaux to pu, obtained
by interchanging columns and rows. The a; are the coefficients of the
power series which is the argument of the Schur polynomial, in our case the
coefficients of ¢’ in the expansion of E,, given by

1_)\ 1qz 1 . d 1+quj—jt

<1+Z<H — )t) JHI vl B (3.5)
The open string parameters ¢ and A map to the closed string parameters
e9s and e, where t is the Kéhler parameter of the compact curve obtained
by resolving the conifold singularity (note that ¢ and A are not independent
parameters, whereas gs and t are). Upon rewriting the Chern—Simons ampli-
tude in terms of closed string parameters, one obtains all Gopakumar—Vafa
invariants N& up to a given degree in X.

The open geometry related via flops and blowdowns to the SU(3) geom-
etry is depicted in figure 2.> As we describe in the next subsection, it is
not necessary to compute the complete open string partition function and
then take appropriate limits to arrive at the desired closed string result. A
shortcut is available.

3.2 The emergence of diagrammatic rules

Upon calculating closed topological amplitudes using geometric transitions
and CS theory, it was noticed by several authors [2, 4, 5] that diagrammatic

3For a more detailed description of such transitions and an explanation of diagrams
such as figure 2, see e.g., [19].
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Figure 2: The open geometry dual to a resolved Ay over P! fibration.

rules emerge which allow writing down the amplitude by considering the
web diagram of the closed string geometry. All internal lines are labeled by
representations of SU(N), which must be summed over. They contribute
factors Q' = e~’¢ to the amplitude, where T is the Kihler class of the curve
represented by the internal line, and [ is the length of the representation.
Vertices with two internal lines carry a factor Wk, r,, which is the leading
order contribution in A to the quantity Wg, g, introduced in (3.2) above,

Wri R, (4) = Wr,(q) qu2 /QSMRQ (5#121 (1)), (3.6)

d i
H1+q“ﬂ‘ﬂt
n
>t> L 1+t | (37)
J:

with

(1 + Z (H
n=1
In particular, Wr = Wg. is given by

Wr(q) = ¢"** ] i - “J+]_ZHHU_Z+CZ7 (3.8)
=1lv

— 7,
1<i<j<d 17
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where kp is
d(p)
/ﬁJR:lR—i-ZMZ‘(/LZ‘—QZ'). (3.9)
i=1

These rules are inspired by considering the open string dual to an extended
closed geometry, related to the original geometry by blow-ups, such that all
internal lines of the original geometry correspond to annulus instantons in
the open geometry.? The geometric transition gives rise to additional com-
pact curves, one per local transition from a deformed to a resolved conifold,
which are eliminated by taking their Kahler parameters A; to infinity. As
long as only two annuli end on an S in the open geometry, each S3 con-
tributes factors Wg, g, to the amplitude, and the \; — oo limit yields the
vertex factors Wg, g, as claimed above.

[4] points out the similarity of the diagrammatic rules to Feynman rules,
where the Kéhler parameters of the 3-fold play the role of Schwinger param-
eters, the vertices are given by W, r; and a framing factor described below,
and the factor e 1”6, p, can be interpreted as a propagator. This approach
has recently been made rigorous in [5].

Let us clarify the diagrammatic approach by looking at two examples.

Consider first the resolved conifold. The relevant amplitude on the open
string side here is of course, via the conifold transition, the CS partition
function on a sphere. To obtain an expression which adheres to our dia-
grammatic rules, we follow the seemingly more cumbersome path depicted
in figure 3 to arrive at the partition function of the resolved conifold. This is
in accordance with the procedure outlined above of relating compact curves
of the closed geometry to annulus instantons in the open geometry. Equating
the two expressions yields the relation

7 ) Q lr
= 1 W.r(A, )W.r(Ne,
TSI 00) a2 W0 R“Q)(\mg)

(—1)irg e/
=Y War(@Wr(9)Q"(~1)!rqg "7/
= S0 (Q)- (3.10)
1

. . . Ve .
A1, A2 — oo limit to exist. Note also that the limit yields the CS partition

in order for the

Note that ) must be renormalized by a factor

4Note that this procedure might lead to additional compact divisors, which manifest
themselves in the web diagram as crossing external lines.
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Figure 3: The path to the resolved conifold partition function which yields
diagrammatic rules.

function on S3 proper, not divided by S&)l. Finally, the factor (—1)!rg="r/2
is a framing factor. Igbal [4] proposes the following diagrammatic rules to
determine these. Associate with each vertex of the web diagram an SL(2,7Z)
matrix which maps the (p,q) charge (the slope) of one leg to the (p',¢)
charge of the other, with (p,¢) and (p', ¢') being the charges associated with
two internal legs. In our example, we only have one internal leg at each
vertex, so we must think of the bottom diagram in figure 3 as embedded in
a larger geometry. The matrix 7™S~1T" at a vertex Wg, r, gives rise to a
framing factor (—1)™1t+mizgnsi/24+me2/2 For the diagram shown, we obtain
the following SL(2,Z) matrices,

Vl = S_IT_lv VQ = S_lv (311)

in accordance with the framing factor exhibited in (3.10). The expression
for Sy, (Q) obtained here will be useful shortly.

The second example we wish to consider is local P? blown up at one
point, which is the first del Pezzo surface B;. The web diagram which can
be obtained from the toric data is shown in figure 4 below. Again, there
are two ways of obtaining the partition function. In [2], see also [3], the
geometric transition depicted in figure 5 is considered. Taking the Ag 3 — 00
limit yields a geometry which is related to IB; by a flop, see figure 6. In this
approach, the Kahler class of the exceptional divisor of the del Pezzo is given
by log A1, i.e., related to the exponential of the Chern—Simons coupling in
the open picture. Instead, we can apply the diagrammatic rules outlined
above to this example. Here, the Kéhler class of the exceptional divisor is
related to the renormalized area of the annulus instanton stretching between
vertex Vo and Vs in figure 4.
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R,

Figure 4: Web diagram of local P? blown up at one point.

The SL(2,7Z) matrices associated to the vertices for this example are
given by
V=St V=51 =115l v, =T1S5'T. (3.12)
We thus obtain for local B;
Z = Z QIB%—HSQi!«lj-l?—H4 (_1)ll+l3 q(m_’%)/z WR1,R2WR27R3W33,R4

Ri123,4

WR47R17 (3.13)

where T  are the Kahler parameters of the base and the fiber P! with
QBF = e IB.r  Note that the expression we obtain from applying dia-
grammatics only contains Wg, r,’s, which are algebraically simpler than
the Wg, r, that arises in the first approach to this example described above.

Let us define the following generating function of the Gopakumar—Vafa
invariants,

fi(@) = Z(—1)9*1N(9n7m)xm, (3.14)

m

geometric

transition

Figure 5: Obtaining B; via geometric transition and limits.
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Figure 6: The flop relating the limit of the geometry in figure 5 to Bj.

then from (3.13) it follows that
FO (@) = 840(1 + 32 + 52> + 72® + 92* + 112° + 1325 + 1527 4 1728
+ 1927 + 21210 . ..),
£ (@) = 62 + 3227 + 1102* + 2882° + 64425 + 128027 + 23402° + 40002°
+ 6490210 + - - - |
£ () = 92° + 6821 + 3002 + 9882 + 260827 + 6444z® + 139162°
+ 27764210 + - |
£33 (x) = 122 + 11625 + 62825 + 248827 + 8362° + 224042°
+ 55836210 + - ..

3.3 The three point vertex: Vg, r,r,(q)

The examples studied above involve open configurations in which at most
two annulus instantons end on the same S3, or, in terms of diagrammatics,
only vertices with at most two internal lines attached occur.

As shown in a recent paper [5], an effective vertex on which three internal
lines end (we will refer to this as a three point vertex) can be formulated as
well. Once the existence of this vertex is established, the expressions for the
vertices V. g, r, and Vg g, g, we will need for our computations can easily
be determined as follows.?

We consider the subdiagram of a web diagram and its transition, as
depicted in figure 7. Assuming the existence of the three point vertex, the

®Qur vertex differs slightly from [5] in the choice of framing factors.
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R R,

Figure 7: A local transition.

contribution to the partition function coming from the the diagram on the
right (RHD) should be given by

ZRR, = ZQ’R Virry () Wr(q) (—1)Rq™"R/2, (3.15)

where the factor of (—1)®¢=*®/2 is due to the SL(2,Z) transformation,

S~1T—1, which maps (1) to <é>

On the other hand, we know that the diagram on the left (LHD) is given
by the CS expectation value of Wilson loops on a Hopf link with the two
components in the representations R and Ro,

ZIL%I;IIBQ = )‘_(ZR1+ZR2)/2WR1R2 Z )‘_ZRWIQ%(Q) (_1)ZRq_KR/2' (3'16)
R

In the above expression, log A is the Kihler parameter of the P!, and
A~y HRy)/2 g the renormalization factor discussed above. Equating (3.15)
and (3.16) yields

> Q" Virrir, (a) Wa(q) (—1)!mg /% = \=UmHm) 2y, % = A7in
R R

Wh(q) (—1)'rg="r/2. (3.17)

We now set Q = A~! and expand both sides in A~! to obtain the following
expressions for the three point vertex,

V.RiRy = WRiR,»

gRle (Q) (318)

Variry = WoWR R, — W
(]

where Gg, g, is the next to leading order coefficient in the expansion of
AR R 2y B

AR P ) = Wiy Ry (9) + A Gryro(0) + - - (3.19)
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GRr, R, can be determined easily from Wg, g,,

G.r(g) = —Wr frla™),
Gor(q) = ~—WrWa — Wra fr(q” ),
where fr(q) = Zle i q"~". Thus from (3.18) and (3.20), it follows that

(3.20)

Vra(q) = Wro(q), (3.21)
w _
Vor(q) = WoWr + WRfR(q Y
O
— W pr g2, (3.22)
Voro(q) = WaWgo + We | 1+ frla™h) Wi
WRWB
Wor Worr
= 1 3.23
W {1+ oner |, (3.23)
where we have used the following identities,
d pi—t
—v q WDRT
= -1 3.24
N AU U
Wer(q) = Wr(q) ¢ /2, (3.25)
Wor, 1 Wor
— =— . 3.26
We () W (q) (3.26)

The expression for the vertices given above can be simplified and written as
follows

V.ro

LR )

WR R(q)7

Var.

V@Z = hpr(q), (3.27)
Vorol@) _ 4 () hr (@),

Wr
where
%

hi(a) i= 5t = Wo + fﬁ\fz) (3.28)

4 Calculating the partition function

Using geometric transitions to calculate closed string amplitudes along the
lines introduced in [2] computationally involves sums over all representations
of SU(N). Aborting the calculation at representations of a certain length,
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one obtains the Gopakumar—Vafa invariants N (gk 0o for all genera but only

geen

up to a restricted level in k,1,....

In [19], we presented a method which, for A; fibrations over P!, yields
the invariants to all orders in the fiber. This allows us to determine the
generating functions

fék) = ZN(s]k7l)QlI77 (4'1)

where the maximal level k depends on the maximal length of representations
we consider. In this section, we will expand the method to Ay_1 fibrations
over P

4.1 SU(2)

Let us first recall how we proceeded in the case of local Hirzebruch surfaces
Fp, m =0,1,2. The relevant CS amplitude is given by [19]

Ip, iy ~mlp, +lr,+
Zos(Q,Qrig) = Y. Qp' Qp ™ M Wr r, (0) Wryrs ()

R1,23.4

Wiy (0)Whory (9)(—1) R HRs ) grism =ens) /2 (4.9)

To obtain the exact result to a given order in QJp, we need to be able to
perform the sum

KR1R2 (Q) = Z QZRWRlR(Q) WRRQ (Q) (4'3)
R

In the case that R; and R are trivial, this expression, K..(Q), has a closed
string interpretation: it is the partition function of T*(P') x C. This parti-
tion function was determined in [2]. It is

= 1 1
K.(Q) = Exp {Z wa<q”>c2"} S Wel@) =, (44)
—n Va—1/\/4
i.e., N, = —04.00m,1. Inspired by this, we parametrize Kg, g, for general Ry

and R in the following way,

KR1R2 (Q) = WR1 (Q)WRQ (q)Exp {Z f]%le (q)Qn} . (4'5)
n=1

The coefficient of the exponential is dictated by comparison of the O-th order
term in @ between (4.3) and (4.5). So far, nothing is gained, since we must
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determine the unknown functions fn for all n. The crucial assumption we
now make is that all f,, can be determined from f; via

. kim0

frip(0) = = —— (4.6)
This form for the coeflicients of the multicovering is not that surprising since
the term in the exponential in this case is a refinement of the open string
amplitude which is conjectured [23] to have multicovering contribution with
coefficients satisfying the above equation. Once we conjecture this form
for fi g,, determining Kg, g,(Q) is a matter of determining fll%lRQ' This
can be achieved by expanding (4.3) and (4.5) to first order in Q. A simple
calculation yields

~ 4% W
1 . RO OR2
fR1R2 (q) - WRl WR2
q S
= 1+ (g—1 R
TEE (q );(q q7)
d2 2 . .
I+ (-1 (7 —q7)p. (4.7)
j=1

In the following, it will often be convenient to consider the quantity

KRlRQ = K;;}Eg?) (4.8)
= WR1WR2 Exp {Z lePZ(qn)Qn} : (49)

The fr, R, are related in a simple way to the le R, and the hp defined in
(3.28),

Frurs (@) + WE(@) = [y ry () (4.10)
= hr,(@)hr,(9)- (4.11)

The coefficients fr,r, were introduced in [19]. They can be written as a

finite sum in powers of ¢ and ¢!,

leRz(q) = ch(RlaRQ)qu (4'12)
k
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such that the expansion coefficients have the following properties,

frirs(1) =Y Cr(R1,Ro) = IR, + IRy,
k

4.13)
dfriry(0), _ KR, T KR, (
ia =1 = Zk:ka(Rl,Rg) =,
Substituting the expansion (4.12) into (4.8), we obtain
Kr r,(Q) k\—Ck(R1,R2)
— 1— k(R1,R2)
K(Q) WR1WR2 1;[( q Q)
Thus the partition function of local IF,, is given by
m m(kr, —kK lpy+l ml
Z(Qp,Qr) = K*(Qr) Z(_l) iy Hlmy ) gmry —ry) /2 Fa T2 T
Ry
Wi Wi,

[Tl — ¢ Qp )20 o)

= K2(Qr) Y Q5 QR Kpy py (QP) K%, (Qp). (4.14)
Ry

where we have defined K;{?}b(@) as
Kfih,(@Q) = (—)tttrdgnism =sm) Rk g, (Q). (4.15)

This splitting of Z(Qp,@F) into contributions from K and K (M) can be
depicted as in figure 8.

4.2 SU(3)

We now consider the case of SU(3) geometries and generalize this to SU(N)
in the next subsection. There are four inequivalent geometries giving pure

Figure 8: Splitting local F,,, into Kg?])%j contributions.
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SU(3) gauge theory via geometric engineering. The web diagram corre-
sponding to these geometries is shown in figure 9. We discuss how these
diagrams come about in Appendix A.

Ignoring the angles, these web diagrams all have the ladder structure
depicted in figure 10.

The Kahler parameters 73, are related to the Kahler parameters of the
base B and fibers Fj o (recall that Q. = e~ Te) as follows,

Q= QpQEiQuNIme),
Qr2 = QpQly U omo), (4.16)
Quy = QBQJ.

In analogy to the SU(2) case, we split the ladder across its rungs (dashed
line in figure 10) and define for each half

K]({T?RQRS (QF17 QFQ) M(m q? ZWR131 QFl VS1R252 (Q)
S1,2

l
Q2 Wss s (4), (4.17)

where M) (q, R;) = qZZ vai(m)eg; /2 (_ 1)23’:10‘1'(’")[& is a framing factor.

The QF,,r, independent term in the above expression is given by Kg:;b Rs

(Qr, = 0,Qr, = 0) = M) (g, R;))Wr, Wr,Wr,. We parametrize the Qr, r,
dependent pieces as follows

KJ(QTT;ER?, (QF1 QFQ) = M(m) (q7 Ri) Wr, Wg, Wg,Exp {Z A%)Rz (Q)Q?H
n=1
Z Ag:?st QFQ + Z AR1R2R3 )(QF1 QF2>n}
(4.18)

The three sums in the exponential are to take account of the holomorphic
curves in the open string geometry and their multicovers running between
the upper two, the lower two, and the upper and the lower rung of the

) DA

Figure 9: (a) m = 3 with Fo and Fy, (b) m = 2 with F; and Fs, (¢) m =1
with Fg and Fy, (d) m = 0 with Fy and Fy.
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|
B, :

]

|

F, :
B, |

T

|

|

F, |
Bs |

|

|

Figure 10: Ladder structure of web diagrams.

ladder. Since this geometry, ignoring the representations on the external
legs, is resolved As x C, holomorphic cycles are in one to one correspondence
with positive roots of SU(3), i.e., there are three holomorphic cycles Fy, F;
and F; 4+ F5. Now, we again make an assumption about the coefficient in
the multicovering expansion,

(n) . AR1R2 (qn) (n) o AR2R3 (qn)
Al (@) = SRELLL A, (g) = SR,
n (4.19)
(n) _ ARiRyry(4")
R1RoRs (Q) = n .

Equating the coefficients of @1, @2, and Q1Q2 respectively in (4.17) and
(4.18) yields
WDR1VDR2~

WrWr,
= hg, (Q)hRQT (2),
Vr,oWars

WR2WR3 (4'20)
= hRryhgs,
Wr,oVor,oWakrs

W31WR2W33

= hp,hR,.

ARl Ro (q> =

AR2R3 (Q) =

ARl RoR3 — - ARI Ry ARQ R3

By (4.10), we hence obtain

KI(%TRQRg (QF, QFQ)
_ Ky p(Qr. Q)
 Koo(Qr)Koo(Qm) Koo (Qr Qr,)
- M™)(q, R;)Wg, Wg, Wk,
[1,(1 — ¢*Qpy) D) (1 — gk Qp, ) Ox (B2 B3) (1 — gk Q py, Q) O (F1-Rs) |
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Define

Z(m) (QFl ) QFQ)

7(m) =
A (QFNQFQ) . KOO(QFI)QKOO(QF2)2KOO(QF1QF2)2,

(4.21)

then
™(Q1,Q2)
= Z e TbllRl TbQZRQ TbgleK T}l_zzRB(Ql,QQ) R1R2R3(Q1 QQ)
Ri2.3
Z QZRI lR2 lR3 M(ml)( Ri)M(mQ)(q, Rz)
Ripa3
W Wi, WE,

.(1 - qul)ZCk(Rl,RT)(l — qFQq)2Ck(R2,R3) (1 — gk Q1 Qy)2Ck(R1,Rs)
Z Ql1+l2+l3Q(m+1 llQ m— 1) 1 Om O)(l1+l2)+5m,013

Ri23
2 2 2
WR1 WR2 WR3
20 (R;,RT) ’
H1§i<j§3 Hk(l - quij) k( ;)

where Q12 = Qp, Q23 = QF,, and Q13 = Q@ QF,. Also in the third line
above we have changed R3 to R} and used (3.25), so that

M(q, Rs) (4.22)

M(q, Ri) = M) (q, R)M(™) (¢, R;)q ™" (4.23)

= (- 1)al1 B2+l ((ari+Bra+yks) /2.

q
To determine the framing factors «, 3, v, which of course depend on m, we
take Qr, — 0, @p, — 0 respectively and thus reduce to the local Hirzebruch
geometries we studied in [19] and reviewed in the previous section. To com-
pare the limit of (4.22) to the SU(2) partition function, (4.14), we use (3.25)
to rewrite the SU(3) partition function in terms of non-transposed represen-
tations. For the geometry containing Fy, F;, (k,1) # (1, 1), we obtain a = k,
B =k —2 from the Qp, — 0 limit and 8 =1, vy =1—2 from the Qpr, — 0
limit.® Since k and [ are related via | = k — 2, we can choose a consistent
framing for the full geometry. For the case (k,l) = (1,1), the Qr — 0 limit
yields 8 = —I, v = —[ — 2, again consistent with a choice of framing for the
full geometry. In terms of the integer m used to label the SU(3) geometries
in figure 9, the framing coefficients are a =m+1, f=m —1, vy =m — 3.

5Tn [19], we consider the local Hirzebruch surfaces Fy, for k = 0, 1, 2, since the canonical
line bundle over higher Hirzebruch surfaces contains additional compact divisors. Here, we
match the @, r, — 0 limit to (4.14) for arbitrary k and show that this allows a consistent
choice of framing for all SU(3) geometries.
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4.2.1 Gopakumar—Vafa invariants

We can evaluate (4.22) to obtain generating functions for Gopakumar—Vafa
invariants,

fg(n)(xvy) = Z(_l)gilNé]n’k’l)wkyl- (4'24)
k,l

We consider the m = 1 and m = 3 case. The latter was also considered in
[5]. For m = 3 and n = 1, we obtain

(1) (g ) = v !
fg ' (@,9) = 00 ((1 —2(—y)? A=y —ap)?
x4y2
LR fvy)2> ’ 2

which agrees with [5] upon expansion in z and y. For n = 2, the expression
for the generating function is too long to reproduce here. It has the form

fby($7y)
(1= 2)2976(1 — )29 76(1 — ay)2975(1 + 2)° (1 + y)2(1 + 2)°
(4.26)
with P, a polynomial of order 13 in z, 16 in y, P> a polynomial of order
16 in x, 20 in y, etc. We can expand these expressions out to low order in
x and y to get

fP(,y) =

F2 (@, y) = 6y® + 325" + 11057 + (1043 + 70y + 270y%)z + (124 + 96y
+ 416y°)z% + (1292 + 110y* + 518y°)2> + (3° + 112y
+576y°)x + (14> + 126y* + 630y°)2® + - - -

FA () = 9y* + 6845 + (16y* + 1449°)x + (21y* + 2045°)2? + (243"

+ 248y5) 23 + (25y* + 276y°)zt + (249" + 288y5)z° + - -

£ (@) = 1205 + 22052 + 305522 + 36y°2% + 40yP2* + 42525 + - -+ .

For m = 1, we obtain

1 1

=220 -y " (=2 - )
2

T 427

fél)(xa y) = 5g,0 (
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and
£ (@, y) = 6y + 32y% + 110y + 288y* + 644y° + (10y + 7042 + 270y
+ 770y 4 1820°)z + (12y + 9652 + 41633 + 1280y*
+ 320455)2% 4 (6 + 30y + 1402 + 560y> + 1764y* + 4576y )23
+ (32 + 98y + 288y° + 840y> + 2368y* + 60205°)z*
+ (110 + 306y 4 672y> + 1540y> + 3528y* + 8064y°)z> + - - -
FD(2,y) = 952 + 68y + 300y* + 988y + (16y% + 144y + 704y
+ 2496y°)x + (2192 + 204y> 4 1073y + 4032y°)2? + (241>
+ 248y° 4 1368y* + 5368y°)z> + (9 + 16y + 57y% + 324y°
+ 1653y* + 6528y°)x + (68 + 144y + 2522 + 668>
+ 2268y* + 7956y°)2° + - - -
£ (@) = 120 + 116" + 628y + (22 + 242y* + 1430y%)x + (304
+ 348yt 4 2168y°)2? + (36y> + 434y + 2794923 + (4043
+ 500y 4 3308y°)2t + (12 4 22y + 3042 + 923 + 616y*
+ 3800y°)x® + - - -

4.3 SU(N)

In this section we generalize the calculation of the previous section to the case
of geometries giving rise to SU(NN) gauge theory via geometric engineering.

Consider the half-web shown in figure 11 below. Two such webs joined
together give rise to the web diagrams for SU(N) geometries depicted in
figure 1. As in the case of SU(3) geometries discussed in the last section,

Rl:%”)
S

2

7~

K§ Q) =

RNS

N-1
RN

(N-m—1,-1)

Figure 11: The diagrammatic representation of Kg?) Ry The tupels in
parentheses denote the slopes of the corresponding lines.
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the partition function associated with such a half-web is given by

m m l
K}(?.r)"RN (QF1 AAAAA N—l) = M! )(Q7 R;) Z WR1 S, (Q)Q151 VsiRy8,(q) -
V. lSN*W Z]-V:_llﬁifis.
Sn—aRn-1Sn (DQN"1 Wsn_ ry (@) 45 !
(—1) X Bils; (4.28)

where M) (q, R;) = qzﬁil(o‘i/z)’mi (—l)ziv:lail’*i. Since the geometry
described by the half-web (i.e., ignoring the representations on the exter-
nal legs) is resolved Ay_; x C, we know that the holomorphic cycles are in
one to one correspondence with the positive roots of SU(N) such that the
cycles F; correspond to the simple roots. The above partition function can
be written as a sum over all holomorphic curves in the geometry and their
multicovering,

K o (@1n-1)
=M™ (g, R)) Wr, (q) - - - Wry (q)

1N—-1-i oo
EXP{Z > ZAR"“RerH )(Qi@i+1'“Qi+r)"},

i=1 r=0 n=1

= M(m)(q, Ri) Wk, (q) -+~ Wry(q)

N—-1N—-1-i AR~---RZ+T+1 ) ' .
Exp Z Z Z (Q Qz+1 Qerr) ’ (4'29)

i=1 r=0 n=1

where, as before, we have assumed

(n)

AR Ry 0 (07)
Ri"'Ri+r+l(q) - — ’

n

(4.30)

The functions Ag,...r;(q) can be easily determined from (4.29) and (3.28),

, (4.31)
AR,.ry = hr, (@) hry, i=1,...,N—1.
Define
(m)
. K
Ky o Q... Qnor) = [t fin (4.32)

[Li<icj<n Koo(Qi---Qj-1)’



SU(N) GEOMETRIES 23
then using (4.14) we get
K(m ry (@15, QN—1) = M(q, R;)

N
[Iwi I a-dQi- @) f)

1<i<j<N-1
N
H(l _ qu “Qn_1)” Cr(Ri,RN)
=1

The partition function is given by

Z(m): Z (HQ ) Ry RN(Qh S QN- ) R1)RN(Q1"“’QN_1)

Ry. N

N

R GRS

N

Hi:l Wr,(9)?
. pTY "
Ihcicjen [I(1 = ¢*Qi - Q1))

(4.33)

In writing the above expression we have changed Ry to R]TV and absorbed
a factor of ¢~*N into M(™)(q, R;). Studying the limits Qr — 0 as in the
previous section, we can determine the framing factor to be

M(m)(q, Rz) _ (_1)(N+m)(ll+---+lN) q1/22£\;1(]\7+m72i)m. (434)

Recall that when N + m is even (odd), the corresponding geometry contains
Hirzebruch surfaces IFy, (IFg,41). The Kéhler parameters Ty, are related to

the Kéhler parameter of the base T and of the fibers T, via,
for N+m =2r+1,
Tbr+1 =15,
i
Tyor =T+ Y (25— VTr,,,, i=1,...,m
j=1 (4.35)

(]
Ty =Te+ Y (2§ —VTp,,, i=1...,N—r—1,
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and for N +m = 2r,
Ty, =1Tp,,, =T,

7
Ty, =Tp+>» 2Tk, i=1,...,r—1
j=1 (4.36)

%
Typros =T+ 2jTp,,, i=1,...,N—r—1,
j=1

where T}, is to be set to 0 if ¢ > N or 7 < 1. The above relation between the
Kahler parameters is depicted in figure 12. It can be determined from the
fact that the divisors which appear in the local geometry are

{IFm-i-Z—Na IFm-i—4—N7 cee 71Fm+27‘—N7 ce. 7Fm+N—2}7 (437)

where F_,, for n > 0 is to indicate that the corresponding subdiagram within
the web diagram for the SU(N) geometry occurs upside down as compared
to the subdiagram for F,,.

From (4.37) we can easily determine [], Qéii to be

( N (N+m—1)/2
inzl lRZ- H Q(N-‘rm—%)(h-‘rm-i—li)
B F;
=1
pag ( ) )
2i—N—m)(lip1+-+In
. [T Q=) Ny = o
H QlRi - i=((N+m—1)/2)+1
b (v
- +m)/2)—1
i=1 QZ?LI IR, (N+m—24) (I3 +-—+1;)
B F;
i=1
N—1
(2Z—N—m)(l+1++l1\]) _
H QFi ‘ , N +m = even.
(  =((N+m)/2)+1
(4.38)
_ B+2F, +4F_» .- .. B+ F +3F_ .-
S B+ 2F,_
FN_B
F,
Foo/ B Foo / B+ Yy
By ~5 +2F, 4 Fres B+ Foi + 354
BA2b i+ 4k, B+ Fop +3F 40+ 5F, 3

Figure 12: Identifying the Kéahler classes of curves, for geometries containing
even Hirzebruch surfaces (left) and odd (right).
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5 Nekrasov’s conjecture and the field theory limit

Ever since the work of Seiberg and Witten [24], it has been a challenge
to reproduce their results using instanton calculus. In [13,14,17,18], this
calculus is used to express the coefficients Fj, of the k-instanton contributions
to the prepotential as integrals over the moduli space of instantons which
can be evaluated using localization techniques. These calculations become
feasible when the integral localizes to a finite number of points. In [10], this
was achieved by a certain deformation of the integrand by parameters €;
and €. While the €12 — 0 limit cannot be taken in the individual integrals
Zy(€e1,€2), [10] assembles these into an infinite sum

o0
2(90761762) = 1+2Zk(61762)90k7 (51)
k=1
from which a generating function F(y,€1,€2) = > 70| Fr(e1, e2)¢” can be
extracted via
1
Z =exp <—.7-"> , (5.2)
€162
such that lim, , o0 Fr (€1, €2) = Fr. Somewhat surprisingly, Z has physical
significance at finite e; = —ey = A7 as well. For this choice of parameters,
[10] derives the following result (in our notation)

Z (le1+ “+ry H H aln—l_hulz ,U/ni"‘]_l). (5.3)

I,n=11j5=1 aln+h<'7_z)

.....

The sum over Rl,..., N runs over Young tableaux, as there is a 1:1 corre-
spondence between an ordered N-tupel of Young tableaux and the points at
which the deformed integrals localize. As conjectured in [10] and shown in
[19], in the case of SU(2), this expression reproduces the field theory limit of
the topological string partition function, for a particular choice of fibration
of the resolved A, geometry over P!, with the parameter A acquiring the
role of the string coupling.

In [10], it was further conjectured that the following simple modification
of this expression in fact reproduces the complete string partition function,

h{B(am + h(p; — pn + 5 — 1)) /2]
Z eKrasov = lR + +ZR Sln ’ )
ek Z@ o T T sh[B(am + 70 — )/

I,n=14j=1

AAAAA

(5.4)

This conjecture was also verified, again in the SU(2) case, in [19].

"h, following Nekrasov’s notation, denotes an arbitrary constant.
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In this section, we wish to extend the verification of Nekrasov’s conjecture
to the general SU(IN) case. The calculation goes through almost exactly as
in the SU(2) case.

In [19], we noted that using the definition of Wg(q) and the following
identity

[ lomriziopp s j—i dl(-”[)l"_[
isiciee ) i<idi<a U it s d )
(5.5)
we have, with ¢ = e 5",
Wh(q) = 27 2rgrin/? igl Slnh[flzﬁzgg(jj_t;/;] Z)/Q]‘ (5.6)
Furthermore,
H(1 _ #Q) 2B RY) — ~lr—lrs 9=2(r,HR) ¢~ 1/2(kR, —KR,)
k

1 sinh[B(am + (i — png + 5 —1))/2]
sinh[B(ay, + h(j — i))/2] ’
(5.7)

l#n,1,j

where I,n € {r,s}, i,j > 1, Q = e P%s. The above two identities imply,
using Yo, i (ks — #55) = Yom (N — 2i + 1),

D3P GG

Ry, n1=1

N-1

H Qf(N*i)(ll+"'+l¢)*i(li+1+---+1N)q—1/2ZL(N—%)M
K3

=1

11 sinh[B(ai, + Mg — png +3 —1))/2]
Iy sinh[3(am + h(j — 1))/2] '

Using (5.1) and (4.34), we see that for m = 0,

Ity sinh[B(am + h(pui — png +J —14))/2]
P | e N 7 Ty N G

l,n,i,j

where

QB

YT 2ND(Qp)’
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(N—1/2 N—1
IT @- II @' N=od
i=1 i=(N—1/2)+1
D(QFz) - NJj2-1 N—1
H Q}i H Q%‘i, N = even.
L i=1 i=N/2+1

Taking the field theory limit

A 2N
Qp = (-)N" <ﬂ2> , Qp =e Uit B0, (5.10)
we get
AN (I +++1n) e
=3, <A> Gt Mits —fong £ 20 - 517
2 apn + R(j — 1)

Ry N I,ni,j

Evaluating the sum above upto representations of combined length k yields,
by invoking (5.2), the instanton coefficients Fy of N'= 2 SU(N) gauge the-
ory. This evaluation is performed in equations (3.23) and (3.24) of [10],
and the results coincide with previous work employing Seiberg—Witten tech-
niques [25].
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Appendix A
SU(N) Geometries

In this section, we would like to sketch the origins of the diagrams encoding
the A,_; fibrations over P! that we study in this paper. While not self
contained, we hope that we will give the reader with a passing familiarity
with toric geometry a clearer understanding of how these diagrams arise.

A, _1 singularities are of the form C?/Z,. The corresponding toric dia-
gram is depicted in figure A.1.
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(n,1)

Figure A.1: The fan for A,,_; (in blue) and its dual fan (in red).

We can read off the coordinate ring of the toric variety from the dual fan.
It is given by

n

C [:c iy] = Cla, b, ¢]/(ab — ¢, (A1)

which we recognize as the coordinate ring of C2?/Z,. The fact that the
corresponding variety is singular is encoded in the toric diagram in the fact
that the single 2-cone comprising the fan is not generated by (part of) a basis
of the lattice: rather than being generated by maximally two vectors, the
fan is generated by the n 4 1 vectors {(1,0),(1,1),...,(n,1)}. Subdividing
the fan as depicted in figure A.2 yields the toric diagram for the resolution
of the A,,_1 singularity.

We now want to fiber these geometries over P!, the toric diagram of which
is depicted in figure A.3.

0,1) (1,1 2D.. @l

Figure A.2: The resolved A,_1 geometry.
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—
Figure A.3: The fan for P!.

To this end, we embed figure A.2 in a three-dimensional lattice. To pre-
serve the Calabi—Yau condition, we only add cones which are generated by
vectors ending on the plane through the point (0, 1,0) and parallel to the zz
plane. In the diagrams in figure A.4, we omit the y direction. Adding any
two cones such that their projection onto the z-axis yields the toric diagram
of P! yields the desired geometry. The specific choice of cones determines
how the resolved A,,_; singularity is fibered over the P!.

In figure A.4, we present the fans for fibrations of resolved Ay over P!,
and the corresponding web diagrams. Note that this comprises all possible
choices. If we move the vector (a,1) further to the right than the (2,1)
position that yields the geometry with divisor Fo and F,, we obtain a space
with more than two compact divisors. This is evident e.g., from the fact that
the external legs of the web diagram start crossing past this point. On the
other hand, if we move the vector further to the left than the (—1,0) position
of the F; — F; geometry, we reproduce fibrations already considered.

The considerations for the general case are completely analogous. Note
that the web diagrams can also be obtained by gluing together the web

Figure A.4: A, fibrations over P!,
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diagrams of local Hirzebruch surfaces i, where the k’s of adjacent surfaces
differ by 2. We label the fibrations by an integer m, where m = N denotes
the geometry with the sequence {Fa,Fy,...} of divisors, and count down-
wards. For the case N = 2, this reproduces the conventional labeling for
Hirzebruch surfaces.

SU(N) geometries and the 5d Chern—Simons coefficient

The label m we use to distinguish the various fibrations for a given N is
related to the triple intersection number of divisors and as such has a phys-
ical significance in the 5d theory one obtains by considering M-theory com-
pactification, instead of type ITA, on the CY3-folds we have been considering
[26,27]. The five-dimensional theory has a prepotential with a cubic term.
This cubic term arises from the Chern—-Simons term Tr(A A F' A F'), where A
is the gauge field and F’ its field strength, in the corresponding Lagrangian.
The coefficient of this term, with appropriate normalization, is an integer
called the Chern—Simons coefficient. From the CY point of view, the cubic
term in the prepotential arises from the triple intersection numbers as fol-
lows [27,28]. Let S;(m) be the various divisors which in our case are either
even or odd Hirzebruch surfaces depending on N 4+ m even or odd,

Si(m) € {Frgo-N, Frngpa—ny oo Fgor Ny o By N2} (A.2)

Define S(m) = Zf\;l(qbiﬂ + -+ ¢n)Si, where ¢;, in the 5d theory,
parametrize the Coulomb branch moduli space. Then,

ST = (dir1+ -+ IN) (D1 + -+ IN) (D + -+ ) (Si - S - Sk)
1,7,k

(A.3)
is such that

§3m) = 5 3 16— oyl +m > 6. (A4)
i i

Thus the term we are using to label the geometries is exactly the Chern—
Simons coefficient of the 5d theory.
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