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THE EUCLID-FOURIER-MUKAI ALGORITHM FOR ELLIPTIC

SURFACES∗

MARCELLO BERNARDARA† AND GEORG HEIN‡

Abstract. We describe the birational correspondences, induced by the Fourier-Mukai functor,
between moduli spaces of semistable sheaves on elliptic surfaces with sections, using the notion of
P -stability in the derived category. We give explicit conditions to determine whether these corre-
spondences are isomorphisms. This is indeed not true in general and we describe the cases where the
birational maps are Mukai flops. Moreover, this construction provides examples of new compactifi-
cations of the moduli spaces of vector bundles via sheaves with torsion and via complexes. We finally
get for any fixed dimension an isomorphism between the Picard groups of the moduli spaces.
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1. Introduction. Let X → P1 be a K3 elliptic surface with a section and at
most finitely many nodal singular fibers, and X̂ → P1 its relative generalized Jacobian.
The relative Poincaré bundle gives a Fourier-Mukai equivalence Ψ : Db(X) → Db(X̂).
In this paper, we consider moduli spaces MX(v) of semistable sheaves with a fixed

Mukai vector v on X and we describe how we can fix a Mukai vector v̂ on X̂ in order
to describe via Ψ a birational map ε between MX(v), and MX̂(v̂) and we study the
properties of this map.

Moduli spaces of semistable sheaves on elliptic surfaces have been intensively
studied in the last twenty years. The cornerstone in the theory is [4]. In that paper,
the rank two case is studied, and most of the basic notions are introduced. For
example, the use of a fiberlike (called suitable there) polarization (see also [3, 10]),
and the description of a birational map between moduli spaces. In the case of an
elliptic surface with a section σ, Friedman considered the moduli spaces of rank 2
sheaves with odd fiber degree. Without loss of generality, one can fix the Mukai vector
v corresponding to the Chern classes (2, σ − tf, 1), where t is a nonnegative integer
and f denotes the fiber. Then Friedman shows that MX(v) is smooth, projective, 2t
dimensional and birational to Hilbt(X). Moreover, for t = 1, 2 the birational map is
actually an isomorphism. He then conjectures ([4, Part III, Conjecture 4.13]) that it
is an isomorphism for all t.

The point of view of Fourier-Mukai transforms has been introduced into this
problem by Bridgeland [2]. Consider X and the relative Jacobian Y := JX(a, b), that
is the elliptic surface whose fibers are the moduli spaces of rank a, degree b semistable
sheaves on the corresponding elliptic fiber of X . Bridgeland constructs a derived
equivalence Ψ : Db(X) → Db(Y ) as the Fourier-Mukai functor whose kernel is the
relative universal sheaf. He extends the result of Friedman describing, for any Mukai
vector v with rank r and fiber degree coprime, a birational map between MX(v) and
Hilbt(Y ), where 2t is the dimension of MX(v) and a and b in the definition of Y
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depend on v. Moreover, he shows that these two spaces are isomorphic for small
values of t. Remark that this extends the result of Friedman (since Y ∼= X if X has
a section) to arbitrary rank, but does not include the case t = r = 2.

The new point of view introduced in this paper is to give a purely homological
interpretation of the stability by considering a stability condition in the derived cate-
gory Db(X), called P -stability, defined in [6, 7], which recovers the slope stability and
is well behaved with respect to derived equivalences. A P -stability datum is roughly
determined by fixing the dimensions of the morphism spaces in Db(X) between an
object and a finite number of fixed objects in the category plus an orthogonality con-
dition. This is encoded in a P -datum. In the case where C is a smooth projective
curve and X → C is a fibration whose generic fiber is a smooth projective curve, we
provide in Remark 2.16 an explicit P -datum corresponding to the µ-stability with
respect to a fiberlike polarization. The most important feature of the P -datum is the
orthogonality condition, which ensures the stability of a torsion free sheaf with a given
Mukai vector and is well-behaved under relative equivalences. Moreover moduli spaces
of P -stable objects (if they exist) are preserved under triangulated equivalences. The
interest of our results is then twofold: the study of birational maps between moduli
spaces and the construction of moduli spaces of objects in the derived category.

Consider then X → P1 a K3 elliptic surface with a section and at most finitely
many nodal singular fibers, and a Mukai vector v = (r,Λ, c), with r > 0 and such
that MX(v) is smooth and projective of even dimension 2t. We denote by −d the
fiber-degree of Λ, we have −d and r coprime and we can assume without loss of
generality that 0 < d < r. We focus our attention on the Fourier-Mukai equivalence
Ψ : Db(X) → Db(X̂) (in Bridgeland’s notations, X̂ = JX(1, 0)). We consider a Mukai

vector v̂ on X̂, uniquely determined by v. This equivalence induces a birational map

ε : MX(v) 99K MX̂(v̂).

Remark that the existence of a section of X → P1 gives an isomorphisms X ∼= X̂.
However, we think it clarifies the exposition if we distinguish between both objects.

The notion of orthogonality described in Proposition 2.13 is the key to prove the
main results of this paper. Remark that we restrict, in order to have simple notations,
to the case where X is K3. This restriction should not be necessary, because it is used
throughout the paper only to simplify numerical computations. The stated results
should then hold for any elliptic surface, even though the numerical data have to be
changed.

Theorem 3.1. If t < r, the moduli spaces MX(v) and MX̂(v̂) are isomorphic
and the isomorphism is induced by the Fourier-Mukai transform Ψ.

Notice that if X has two sections a similar isomorphism has been constructed by
Yoshioka [13, Thm. 3.15] in the case where the rank of v̂ is zero.

Theorem 4.1. If r ≤ t < r + d, the Fourier-Mukai equivalence Ψ induces a
Mukai flop between MX(v) and MX̂(v̂), unless t = r = 2, in which case it induces an
isomorphism.

The existence of a birational map gives in particular that the Picard groups of
the two moduli spaces are isomorphic.

Corollary 3.15. For all t, the birational map ε : MX(v) 99K MX̂(v̂) induces
an isomorphism

Pic(MX(v)) ≃ Pic(MX̂(v̂)).
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The choice of working with a very particular dual elliptic fibration is not restric-
tive. We construct indeed an algorithm which recovers Bridgeland’s result (Thm.
3.13) by ours in a finite number of steps. Such algorithm is obtained combining the
Euclidean algorithm applied to the pair rank, fiber degree and the Fourier-Mukai
transform and, starting with a 2t-dimensional moduli space of semistable sheaves
whose rank and fiber degree are coprime, it ends with the Hilbert scheme Hilbt(X̂).
We call it the Euclid-Fourier-Mukai algorithm. Remark that a version of this algo-
rithm for a single elliptic curve is used in Polishchuk’s book [11] to recover Atiyah’s
classification [1] of indecomposable vector bundle on an elliptic curve. In our case, by
means of the Euclid-Fourier-Mukai algorithm, we can show that the bound given by
Bridgeland coincides with ours and is indeed optimal for r ≥ 3. Finally we argue how
to find a counterexample to Friedman’s conjecture ([4, III, Conjecture 4.13]), that is
how to find two birational but non isomorphic moduli spaces in the case the rank is
two. (take t = 4 and r = 2). Another important application of the Euclid–Fourier–

Mukai algorithm gives an isomorphism between Pic(MX(v)) and Pic(Hilbt(X̂)) for
all integers t.

When ε is not an isomorphism, our construction allows to describe new com-
pactifications for the moduli spaces of vector bundles. One of the good properties of
P -stability is indeed that, once we have a fine moduli space M for P -stable objects
and a triangulated equivalence Π, we have a fine moduli space of Π(P )-stable objects
which is isomorphic to M .

Suppose ε is not an isomorphism, and recall that we can describe MX(v) as a
moduli space of P -stable objects in Db(X). The moduli space NX̂ of Ψ(P )-stable

objects in Db(X̂) is a smooth irreducible projective variety, isomorphic to MX(v),
containing sheaves with torsion and sharing a dense open subset with MX̂(v̂). On
the other hand, consider the relative quasi-inverse functor Φ of Ψ and the P -stability
on Db(X̂) corresponding to semistability of torsion free sheaves with Mukai vector v̂.
The moduli space NX of Φ(P )-stable objects on X is isomorphic to MX̂(v̂), shares
with MX(v) a dense open subset, and contains complexes with two non-vanishing
cohomologies. It follows thatNX andNX̂ provide new compactifications of the moduli
space of semistable vector bundles via complexes and torsion sheaves respectively.

The paper is organized as follows: in Section 2, given a smooth projective surface
X → C fibering over a smooth projective curve, and Chern classes ct = (r, c1, c2) with
r coprime to the fiber degree, we describe the P -stability corresponding to the semista-
bility of sheaves with Chern classes ct. The first main ingredient of this construction
is the existence of a polarization H on X with respect to which the semistability of a
torsion free sheaf with Chern classes ct coincides with the semistability of its restric-
tion to the generic fiber. The second main ingredient is the description of semistability
on a smooth projective curve via orthogonality with respect to some vector bundle.
The main result is stated in Propositions 2.13 and 2.17. In Remark 2.16 we phrase
these results in terms of Postnikov-stability. In section 3 and 4, we consider an elliptic
K3 surface X and use the P -stability to prove respectively Theorems 3.1, and 4.1.
Moreover, in Section 3 we describe the Euclid-Fourier-Mukai algorithm, compare our
result with Bridgeland’s one, and show how to deduce the isomorphism between the
Picard groups.

We work exclusively over the field C of complex numbers.
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2. Postnikov stability data for fibered surfaces. Let X be a smooth projec-
tive surface and π : X → C a fibration over a smooth projective curve. In this section,
we show that, once we fix Chern classes ct = (r, c1, c2) such that the fiber degree of c1
and r are coprime, we can give a P -datum with respect to which an object in Db(X)
is stable if and only if it is a semistable torsion free sheaf with Chern classes ct and
hence fixed Hilbert polynomial. To do this, we observe that there is a polarization
such that the restriction of a stable torsion free sheaf to the generic fiber has to be
stable. This idea is due to Friedman [3] and further developed by himself [4] and
O’Grady [10]. In what follows we generalize those results. We can even provide an
upper bound on the number of fibers where the restriction of a given semistable sheaf
can be unstable. Moreover, semistability on a curve corresponds to orthogonality to
some vector bundle, as shown by Popa [12]. The first part of the P -stability is then
given by an orthogonality condition with respect to a finite number of vector bundles
each one supported on a single fiber. The second part of the P -datum constrains the
object in the derived category to be a torsion free sheaf with fixed Hilbert polynomial.

2.1. Postnikov stability. We recall the definition of Postnikov stability from
[6, 7]. To start with, we define a convolution of objects Cm, Cm−1, . . . , C0 in a trian-
gulated category to be a diagram
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where all the triangles Tk+1 → Ck → Tk
[1]
−→ Tk+1[1] are distinguished. In [5, IV.2.10]

this is called a left Postnikov system.

Definition 2.1. Let T be a k-linear triangulated category, {Ci}i=−n...m a finite
collection of objects from T , and N j

i natural numbers with j ∈ Z and i = −n . . .m,

with almost all N j
i equal to zero. We say that an object E ∈ T is Postnikov stable

with respect to (Ci, N
j
i ) if

1. For all integers i, j we have dim kHom(Ci, E[j]) = N j
i , and

2. there exists a convolution of the objects Cm, . . . , C0 such that
Hom(T0, E[j]) = 0 for all j ∈ Z.

We will shortly say P -datum instead of Postnikov datum.

The main motivation for considering P -stability is that it is preserved by equiv-
alences and covers the classical semistability of sheaves. As an example we have
following comparison theorem from [7].

Theorem 2.2. ([7, Theorem 10]) Let (X,OX(1)) be a smooth projective variety
over k, and p be a Hilbert polynomial. Then there exists a P-datum (Ci, N

j
i ) in Db(X)

such that E ∈ Db(X) is P-stable if and only if
1. the complex E is isomorphic to a sheaf E0,
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2. E0 is a pure sheaf of Hilbert polynomial p,
3. E0 is slope semistable with respect to OX(1).

Once we know the existence of a fine moduli space for a given P -datum, an
equivalence of triangulated categories gives rise to another P -datum with isomorphic
moduli space.

Proposition 2.3. Let X and Y be smooth projective varieties and Φ : Db(X) →
Db(Y ) an equivalence. Consider an Hilbert polynomial p(m) on X such that the
moduli space MX(p(m)) of semistable sheaves with Hilbert polynomial p(m) on X is
fine. Fix on X the P -datum corresponding to the Hilbert polynomial p(m). Then there
exists a fine moduli space of Φ(P )-stable objects on Y isomorphic to MX(p(m)).

Proof. It is clear that E in Db(X) is P -stable if and only if Φ(E) is Φ(P )-stable.
If E is the universal sheaf on MX(p(m)) × X , then Φ(E) is the universal object for
moduli on Y .

2.2. Generalizing a result of O’Grady. Let f denote the class of a smooth
fiber of π : X → C.

Definition 2.4. Let E be a vector bundle on X of rank r with Chern roots
{αi}i=1,...,r. The discriminant ∆(E) of E is defined as follows

∆(E) :=
∑

1≤i<j≤r

(αi − αj)
2 = (r − 1)c21(E)− 2rc2(E) .

We included the definition because many authors (as for example [8]) use other
scaling constants for ∆(E). For example O’Grady includes in his definition of ∆ the
factor −1

2r (see Section IV. in [10]). With our definition we have ∆(E) = ch2(E ⊗
E∨). The Bogomolov inequality says that when E is semistable with respect to some
polarization, then ∆(E) ≤ 0.

Lemma 2.5. (Compare with Lemma IV.1 in [10]) Let X be a smooth projective
surface, 0 → E′ → E → E′′ → 0 be a short exact sequence of semistable coherent
sheaves of the same slope with respect to some polarization on X. Let A = r′c1(E)−
rc1(E

′) where r′ and r are the ranks of E′ and E respectively. Then we have an
inequality

r2

4
∆(E) ≤ A2 .

Proof. The semistability of E′ and E′′ yields c2(E
′) ≥ r′−1

2r′ c21(E
′), and c2(E

′′) ≥
r−r′−1
2(r−r′)c

2
1(E

′′). The short exact sequence yields two equations

c1(E) = c1(E
′) + c1(E

′′), and c2(E) = c1(E
′)c1(E

′′) + c2(E
′) + c2(E

′′) .

The two inequalities give now

c2(E) ≥ c1(E
′)c1(E

′′) +
r′ − 1

2r′
c21(E

′) +
r − r′ − 1

2(r − r′)
c21(E

′′) .

Now we express c1(E
′′) as c1(E) − c1(E

′), and replace c1(E
′) by 1

r (r
′c1(E) − A) to

obtain

2rc2(E) ≥ (r − 1)c21(E) −
1

r′(r − r′)
A2 .
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Having in mind that ∆(E) ≤ 0, and that r′ ∈ {1, 2, . . . , r − 1} we obtain the stated
inequality.

Lemma 2.6. Let (X,H) be a smooth polarized surface, f and A divisors on X

such that f2 = 0, H.A = 0, and H.f > 0. Then we have A2 ≤ −
(A.f)2H2

(H.f)2
.

Proof. We consider the Hodge index theorem for the two line bundles H and
(A + λf) and obtain H2(A + λf)2 ≤ (H.A + λH.f)2. Thus, the quadratic equation
(H.f)2λ2−2H2(A.f)λ−H2A2 = 0 in λ has at most one rational solution. Considering
the discriminant of this quadratic equation, we obtain the stated inequality.

Let us fix Chern classes ct = (r, c1, c2) such that f.c1 is coprime with r. The
following result is a generalization of O’Grady’s result [10, Proposition I.1.6] and the
proof follows almost literally the original one.

Proposition 2.7. Let E be a torsion free coherent sheaf E with Chern classes

ct and set h := H.f , and N0 := − r2∆(E)h
8 . For any N ≥ N0 the following facts are

equivalent:
1. E is slope stable with respect to H +N · f .
2. E is slope semistable with respect to H +N · f .
3. E is slope stable with respect to H +N0 · f .
4. E is slope semistable with respect to H +N0 · f .
5. The restriction of E to a general fiber of π is stable.

Proof. The main ingredient of the proof is the following Lemma.

Lemma 2.8. For any N ′ ≥ N0, the sheaf E cannot be strictly semistable with
respect to H +N ′ · f .

Proof. Suppose E is strictly semistable, that is there exists a semistable subsheaf
E′ ⊂ E of the same slope. Let r′ be the rank of E′, and set A = r′c1(E) − rc1(E

′).

We have by Lemma 2.5 the inequality r2∆(E)
4 ≤ A2. Applying Lemma 2.6 to the

polarization H+N ′ ·f we obtain A2 ≤ − (H+N ′·f)2

h2 . Here we used that r and f.c1(E)
are coprime which implies A.f 6= 0. Our choice of N ′ ≥ N0 yields (H + N ′ · f)2 >

2N0H.f . We conclude that r2∆(E)
4 > − (H+N ·f)2

h2 . This means that the above two
inequalities for A2 cannot be satisfied simultaneously and proves the Lemma.

Now (1) =⇒ (2) and (3) =⇒ (4) are obvious, while (2) =⇒ (1) and (4) =⇒ (3) follow
immediately from Lemma 2.8.

(3) =⇒ (2). Suppose that E is stable with respect to H+N0 ·f and unstable with
respect toH+N ·f . Then there exists aN ′ ∈ (N0, N) such that E is strictly semistable
with respect toH+N ′·f . This contradicts Lemma 2.8. We prove (1) =⇒ (4) following
the same pattern.

(1) =⇒ (5). We denote the fiber over c ∈ C by Xc. If the restriction Ec := E|Xc

is unstable for the general c ∈ C, then it is unstable for the generic fiber Xη. Let
Eη → E′′

η be a destabilizing surjection for the generic fiber with E′′
η of rank r′′ and

degree d′′. This is equivalent to a morphisms of C-schemes η → Quotr
′′,d′′

E/X/C . Since the

Quot scheme is projective and C is a smooth curve this morphism extends uniquely

to a morphism C → Quotr
′′,d′′

E/X/C which is equivalent to a surjection β : E → Ẽ′′ which

extends the surjection on the generic fiber and is flat over C. When denoting the
saturation of the kernel of β by E′ and and the cokernel of E′ → E by E′′ we obtain a
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short exact sequence 0 → E′ → E → E′′ → 0 such that for almost all c ∈ C we have
a destabilizing sub-bundle E′

c ⊂ Ec. Setting A := rk(E′)c1(E) − rc1(E
′) we have

therefore f.A < 0. Then for Ñ ≫ N the subsheaf E′ is destabilizing with respect
to H + Ñ · f . As before we deduce the existence of an N ′ ∈ (N, Ñ) such that E is
strictly semistable with respect to H +N ′ · f . This contradicts Lemma 2.8. For the
same reasons, (5) =⇒ (1).

Definition 2.9. Fix Chern classes ct = (r, c1, c2) such that c1.f and r are
coprime. A polarization H on X is almost ct-fiberlike if for all torsion free coherent
sheaves E with Chern classes ct we have

E is stable ⇐⇒ E is semistable ⇐⇒ E|Xc
is stable for a point c ∈ C .

Notice that, since stability is an open condition, the latter condition is equivalent
to the stability of E|Xc

for a general point c ∈ C. The existence of an almost ct-
fiberlike polarization is shown in Proposition 2.7.

2.3. The orthogonality condition. We denote the genus of f by g. For any
closed point c ∈ C, write Xc for the fiber of π over c, and ιc : Xc → X for the
embedding of Xc into X . Fix Chern classes ct and an almost ct-fiberlike polarization
H on X . We construct a family of vector bundles such that any torsion free coherent
sheaf of Chern classes ct is orthogonal to some bundle of the family if and only if it
is stable with respect to the fixed polarization.

Recall first that the stability of coherent sheaves on smooth projective curves is
equivalent to the existence of orthogonal sheaves.

Theorem 2.10. (cf. [12, Theorem 5.3]) For a smooth projective curve Y of
genus g and a coherent sheaf E on Y of rank r > 0 and degree d we have equivalent
conditions

1. E is a semistable vector bundle,
2. there exist a sheaf F 6= 0 such that Exti(F,E) = 0 for all i ∈ Z, and
3. for any line bundle L of degree r2(dr − (g− 1)) there exists a vector bundle F

of rank r2 and det(F ) ∼= L such that Exti(F,E) = 0 for all i ∈ Z.

Remark 2.11. If in the above Theorem the genus of Y is one, then the sheaf
F in (2) can be chosen of rank r and degree d. This is a consequence of Atiyah’s
classification [1] of vector bundles on elliptic curves.

Definition 2.12. We define the orthogonality condition (r, d)⊥ for objects E ∈
Db(X) of the bounded derived category of X as follows:

E ∈ Db(X) is (r, d)⊥
Def

⇐⇒





there exists a point c ∈ C and a coherent sheaf
F on Xc with rk(F ) = r, deg(F ) = d such that
Hom(ιc∗F,E[j]) = 0 for all j ∈ Z.





For a coherent torsion free sheaf E the orthogonality condition (r, d)⊥ is by The-
orem 2.10 equivalent to the stability of E restricted to a general fiber of π. By
Proposition 2.7, this is equivalent to the stability of E. Resuming, we obtain the
following Proposition.

Proposition 2.13. For a torsion free sheaf E with Chern classes ct and an
almost ct-fiberlike polarization H, we have an equivalence
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1. E is (r2, r2(dr − (g − 1)))⊥,
2. the restriction of E to the general fiber of π is stable,
3. E is slope stable with respect to H, and
4. E is slope semistable with respect to H.

Remark 2.14. For an elliptic fibration π : X → C we can replace by Remark
2.11 the orthogonality condition (1) in the above Proposition by (r, d)⊥.

2.4. A cohomological description of purity.

Proposition 2.15. Let E be a coherent sheaf on X with Chern classes ct.
Suppose that E is (r2, r2(dr − (g− 1)))⊥. Then there exists a line bundle L on X such
that we have an equivalence

Hom(L,E) = 0 ⇐⇒ E is torsion free.

Proof. We take an integer n such that n(H.f) < 1 − g + d
r + ∆(E)

2r holds. After
fixing such an integer n we choose m ∈ Z such that µ(OX(nH + mf)) > µ(E) is
satisfied. Set now L = OX(nH +mf).
“⇐=” The line bundle L is a line bundle of slope µ(L) > µ(E). Hence if E is torsion
free, then E is stable by Proposition 2.13. Whence we deduce Hom(L,E) = 0.
“=⇒” From Hom(L,E) = 0 we can conclude that the torsion sheaf T (E) of E is of
pure dimension one. Since E satisfies the orthogonality condition (r2, r2(dr−(g−1)))⊥,
we see that T (E) is supported on fibers of π. Thus we have ch(T (E)) = a[f ] + b[pt]
in H∗(X,Z) with a ≥ 0. If a = 0 we are done. So we suppose a ≥ 1. Considering the
short exact sequence

0 → T (E) → E → Ē → 0

we see that Ē also satisfies the orthogonality condition (r2, r2(dr −(g−1)))⊥, is torsion
free, and of discriminant

∆(Ē) = ∆(E) + 2(ad− br) .

Since Ē fulfills the orthogonality condition, it is stable for the polarization H +N ·F
for N ≫ 0 by Proposition 2.7. So Bogomolov’s inequality gives ∆(Ē) ≤ 0. We

conclude b ≥ ∆(E)+2ad
2r . So

µ(T (E)) :=
b

a
≥

∆(E)

2ar
+

d

r
≥

∆(E)

2r
+

d

r
.

The one dimensional sheaf T (E) ⊗ L∨ has Euler characteristic χ(T (E) ⊗ L∨) =
a(−L.F + µ(T (E)) + 1 − g). The above choice of L and the inequality for µ(T (E))
imply that χ(T (E) ⊗ L∨) > 0 for a > 0. Thus, we have a = 0 iff Hom(L, T (E)) =
H0(T (E)⊗ L∨) = 0. Since Hom(L,E) = 0 implies Hom(L, T (E)) = 0, we are done.

2.5. A P -datum for fibered surfaces. If E is a stable sheaf of given Hilbert
polynomial, then there exists an integer N0 such that Hi(E(N)) = 0 for all i > 0
and N ≥ N0. The number N0 depends only on the numerical invariants of E. In
[7, Proposition 5] it is shown that for any Hilbert polynomial p there exists a finite
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number of vector bundles {Li}i=0,..,M and natural numbers Ni such that we have an
implication for all objects E ∈ Db(X)
(

hom(Li, E[j]) =

{

Ni for j = 0
0 otherwise

)

=⇒ E is a coherent sheaf of Hilbert polynomial p .

Using this and Propositions 2.13 and 2.15, allows us to formulate semistability in a
homological way:

Remark 2.16. Let π : X → C be a fibration of a smooth projective surface over
a curve, f a general fiber of π, g the genus of f , ct = (r, c1, c2) Chern classes, with r
coprime to d := f.c1. Then there exists a polarizationH onX , objects L,Li ∈ Db(X),
and integers Ni such that: an object E ∈ Db(X) satisfies the conditions

(h) hom(Li, E[j]) =

{
Ni for j = 0
0 otherwise,

(tf) Hom(L,E) = 0, and
(o) E is (r2, r2(dr − (g − 1)))⊥

if and only if E is a semistable sheaf of Chern classes ct. Indeed the conditions (h)
and (tf) ensures that E is a torsion free sheaf and then we can apply Proposition 2.13.
For an elliptic fibration π : X → C we can replace by Remark 2.14 the orthogonality
condition (o) in the above theorem by (r, d)⊥.

2.6. Exceptional fibers. In this final subsection, we analyze, given a semistable
sheaf E of fixed Chern classes, how unstable its restriction to a fiber can be. Here we
assume that the canonical class KX is trivial.

Proposition 2.17. Let KX be trivial, and E be a vector bundle on X with
Chern classes ct = (r, c1, c2). We assume that the rank r and the fiber degree c1.f
are coprime, and E is stable for an almost ct-fiberlike polarization H. We set t :=
1
2h

1(End(E)) = 1− 1
2χ(End(E)).

1. Take a fiber X0, denote E0 := E|X0
, and consider a surjection E0

α
→ Q with

Q a sheaf on X0 of positive rank rQ. We write E′
0 for ker(α) which is a vector

bundle on X0 and r′ for its rank (remark that r′ = r − rQ). Then we have
the inequality

rr′(µ(E′
0)− µ(E0)) = rrQ (µ(E0)− µ(Q)) ≤ t .

2. If the restriction Ei of E to the fibers Xi is not semistable, then we have short
exact sequences 0 → E′

i → Ei → E′′
i → 0 of Xi-vector bundles. Denote by r′i

and r′′i the ranks of E′
i and E′′

i respectively. We have an inequality

l∑

i=1

rr′i(µ(E
′
i)− µ(Ei)) =

l∑

i=1

rr′′i (µ(Ei)− µ(E′′
i )) ≤ t .

3. The number of fibers Xi where the restriction Ei of E to Xi is not stable
cannot exceed t.

Proof. (1) We consider the composition of surjections E → E0 → Q and denote it
kernel by E′. On a general fiber, the restriction of E′ coincides with the restriction of
E. So we know that E′ is stable for some almost-fiberlike polarization. This implies
h0(End(E′)) = h2(End(E′)) = 1. Thus, we have

χ(End(E′))− χ(End(E)) = 2t− h1(End(E′)) ≤ 2t .
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Using the Riemann-Roch theorem to compute χ(End(E′))− χ(End(E)) we obtain

χ(End(E′))− χ(End(E)) = (ch(End(E′))− ch(End(E)))td(X) = 2rQ deg(E0)− 2r deg(Q) .

Together with the above inequality this yields the inequality in the statement (1). To
check the equality rr′(µ(E′

0)− µ(E0)) = rrQ (µ(E0)− µ(Q)) is straightforward.

(2) Is shown analogously to (1) by considering E′ = ker
(
E →

⊕l
i=1 E

′′
i

)
.

(3) Follows from (2) since for destabilizing E′
i ⊂ Ei, each individual summand in the

above sum is a positive integer.

3. Isomorphisms between moduli spaces and the EFM-algorithm. Let
π : X → P1 be a K3 elliptic surface with at most finitely many singular fibers admit-
ting a section, and X̂ → P1 its relative Jacobian. We have a Fourier-Mukai equivalence
Ψ between Db(X) and Db(X̂) whose kernel is the relative Poincaré bundle. Given a
Mukai vector v such that the moduli spaceMX(v) is smooth projective irreducible and
non-empty, we describe under which conditions Ψ induces an isomorphism between
MX(v) and MX̂(v̂), where v̂ depends only on v.

In order to do this, we use the orthogonality from Proposition 2.13 which guaran-
tees the semistability of torsion free sheaves with Mukai vector v. In particular, this
orthogonality condition is preserved (under natural numerical modifications) by the
Fourier-Mukai equivalence. For a stable sheaf E in MX(v), it is then enough to check
that Ψ(E) is, up to a shift, a torsion free sheaf to get that it is stable with Mukai
vector v̂.

Notice that we restrict to the K3 case in order to make all numerical calculation
clearer. However, the arguments can be extended to a general elliptic fibration with
at most finitely many nodal fibers over a smooth projective curve, provided that the
numerical data are properly adapted.

Let f denote the class of a general fiber of π. If E is a torsion free sheaf on X ,
we call the integer c1(E).f its fiber degree. If E is an object in Db(X), then we define
the fiber degree (resp. the rank) of E by the alternate sum of the fiber degrees (resp.
the ranks) of its cohomology sheaves.

Let us fix a Mukai vector v = (r,Λ, c), such that Λ.f and r are coprime. Up to
twisting with a line bundle, we can uniquely fix Λ.f = −d with 0 < d < r. Let us
fix an almost v-fiberlike polarization H . Then the moduli space of semistable torsion
free sheaves with Mukai vector v on X is an irreducible smooth projective variety of
dimension 2t, where 2− 2t = 〈v, v〉. We will denote this moduli space by MX(v).

Let X̂ be the relative Jacobian of X , that is the elliptic surface over P
1, whose

fiber over a point c is the Jacobian of the elliptic curve Xc. The surface X̂ can be
described as a relative moduli space over P1, for definition and properties we refer to
[8], in particular Theorem 4.3.7. Notice that the existence of a section of π implies

that X̂ and X are isomorphic.
Let P be the universal sheaf overX×X̂. We consider the Fourier-Mukai transform

Ψ : Db(X) → Db(X̂) with kernel P , which is defined as

Ψ(−) = Rp̂∗(p
∗(−)⊗ P),

where p and p̂ denote the projection from X × X̂ to X and X̂ respectively. It is well
known [2] that Ψ is an equivalence between Db(X) and Db(X̂). We will denote by Φ
the relative quasi-inverse of Ψ, that is Φ ◦Ψ = [1]. Denote by Q the kernel of Φ.

Let v̂ = (d, Λ̂, ĉ) be the Mukai vector on X̂ with:
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1. Λ̂.f̂ = r,
2. 〈v̂, v̂〉 = 〈v, v〉.

The moduli space MX̂(v̂) is irreducible smooth projective of the same dimension 2t
as MX(v).

Fix an almost v-fiberlike polarization H . Remark 2.16 describes how slope-
stability is equivalent to a P -stability in the derived category Db(X). In particular,
by Proposition 2.13, a torsion free sheaf with given Hilbert polynomial (and hence
Mukai vector v) is semistable if and only if it satisfies the orthogonality condition (o)
of Remark 2.16. The most important feature is that the condition (o) is well behaved
with respect to the Fourier-Mukai transform, that is the image under Ψ of any stable
sheaf satisfies an orthogonality condition. Then if a sheaf in MX(v) is mapped by Ψ
to a torsion free sheaf, this sheaf will be stable with Mukai vector v̂, by Prop. 2.13.
This allows finally to prove one of the main results of this paper.

Theorem 3.1. In the previous notations, if t < r, the moduli spaces MX(v)
and MX̂(v̂) are isomorphic and the isomorphism is induced by the Fourier-Mukai
transform Ψ.

Before the proof of Theorem 3.1, we give some result on the preservation of
stability which are independent on the dimension 2t of the moduli spaces and which
follow from the purely homological interpretation of stability given in Remark 2.16.
Recall first the general definition of WITi and ITi sheaves.

Definition 3.2. Let Π : Db(Y ) → Db(Z) be a functor between the derived
categories of two smooth projective varieties. A sheaf E on Y is Π-WITi if Π(E)[i] is
a sheaf on Z, that is an object in Db(Z) whose only nontrivial cohomology sheaf lives

in degree zero. We denote in this case Π(E)[i] by Ê. A Π-WITi sheaf E is Π-ITi if

Ê is a vector bundle.

Remark that a sheaf E in Db(X) is Ψ-WITi if and only if Ψ(E) is Φ-WIT1−i,
just because Φ ◦Ψ = [1]. We have the following results by [2].

Lemma 3.3. Let E be an object in Db(X) of rank a and fiber degree b, then Ψ(E)
has rank −b and fiber degree a.

Let E be a semistable torsion free sheaf on X with negative slope. Then E is
Ψ-WIT1.

Proof. These are special cases of [2, Theorem 5.3 and Lemma 6.4], once remarked
that the matrix associated to Ψ is

(
0 1
−1 0

)
.

For the convenience of the reader we include the following table which shows
the effect of Ψ applied to sheaves supported on fibers. To do so we introduce the
shorthand Ta,b for a rank a vector bundle of degree b on a fiber of X → C considered
as a sheaf on X .
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object description Ψ(object) description

Ta,b, b > 0 stable bundle on a fiber Tb,−a stable bundle on a fiber
Ta,b, b < 0 stable bundle on a fiber T−b,a[−1] stable bundle on a fiber,

shifted to degree 1
k(x) =
T0,1

skyscraper sheaf of x Px = T1,0 line bundle of degree 0
on a fiber

Px = T1,0 line bundle of degree 0
on a fiber

k(x)[−1] =
T0,1[−1]

skyscraper sheaf, shifted
to degree 1

The most important feature of the orthogonality condition from Proposition 2.13
is that it is well behaved under relative Fourier-Mukai equivalences.

Lemma 3.4. For any m and n in Z, an object A in Db(X) is (m,n)⊥ if and only
if Ψ(A) is (n,−m)⊥.

Proof. Since simple objects on fibers are shifted sheaves, this follows from Lemma
3.3.

Remark 3.5. Let Y := JX(a, b) and consider the relative Fourier-Mukai equiva-
lence Π : Db(X) → Db(Y ) with the associated matrix P as described by Bridgeland
[2]. Then the same proof of Lemma 3.4 shows that A in Db(X) is (m,n)⊥ if and only
if Π(A) is ((P ·

(
m
n

)
)t)⊥ in Db(Y ).

Corollary 3.6. Let E be a stable sheaf in MX(v). Then E is Ψ-WIT1 and the

sheaf Ê is (d, r)⊥.

Proof. The slope of E is −d/r < 0 and E is torsion free, then it is Ψ-WIT1

by Lemma 3.3. Now Ψ(E) is (−d,−r)⊥ by Lemma 3.4, then the proof follows from

Ê = Ψ(E)[1].

The last step is given now by determining conditions on E to have Ê torsion free.

Proposition 3.7. Let E be a stable sheaf in MX(v). The sheaf Ê is torsion free
if and only if E is a vector bundle such that for any fiber F of π, the restriction EF

does not admit a sub-bundle of positive slope.

Proof. Suppose first that E is not locally free and consider the sequence

0 −→ E −→ E∨∨ −→ τ −→ 0.

Since τ is zero-dimensional, it is Ψ-WIT0. Applying Ψ, we get Ψ(τ) ⊂ Ψ(E)[1] = Ê,

which shows that Ê is not torsion free.
Now let E be a vector bundle. Suppose that the sheaf Ê has a zero dimensional

torsion, that is, there exists a point p of X̂ such that k(p) ⊂ Ê, and let X̂0 be the

fiber of π̂ containing p. Then for any line bundle L0 in Pic0(X̂0), there is a nontrivial

morphism i∗L0 → Ê, where i is the embedding of X̂0 in X̂. Equivalently, for all
points x in X0, there is a nontrivial morphism Ψ(k(x)) → Ê = Ψ(E)[1]. Since Ψ
is an equivalence, we get that for all points x in the fiber X0, the extension group
Ext1(k(x), E) is nontrivial, which contradicts the locally freeness of E.

If T is a non-zero torsion subsheaf of Ê, it is then pure of dimension 1. Moreover,
it has to be supported on a finite number of fibers of π̂. Indeed, if X̂0 is a fiber such
that X̂0 ∩ SuppT is a finite set of points, then the restriction of E to X0 is unstable,
and this can happen only for finitely many fibers.
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If X̂0 is a fiber in the support of T and T0 the restriction, then µmax(T0) < 0,

where µmax denotes the maximal slope of a subsheaf of T0 on the elliptic curve X̂0.
Indeed, if µmax(T0) ≥ 0, we would have a nontrivial morphism L0 → T0 for some

L0 in Pic0(X̂0) and this would be a contradiction, as E is a vector bundle, as before.

Suppose for simplicity that T is pure supported on a single fiber X̂0, then T is Φ-WIT1.
Let Ť := Φ(T )[1]. The sheaf Ť is supported on the fiber X0 and has positive slope.
Then:

Ext1X(E, Ť )∨ = Ext1X(Ť , E) = HomX̂(T, Ê) 6= 0,

where we applied Serre duality at the first step. Since E is locally free,

Ext1X(E, Ť ) = Ext1X0
(E0, Ť ) = HomX0

(Ť , E0)
∨,

where we applied Serre duality on X0. Then we get the proof.

Remark 3.8. As a consequence of Propositions 2.13 and 3.7 we get a birational
map MX(v) 99K MX̂(v̂).

Proof of Theorem 3.1. To prove Theorem 3.1, we apply Prop. 2.13. Recall that,
by Cor. 3.6, the sheaf Ê is (d, r)⊥. Then the semistability of Ê is ensured by Prop.

2.13, if we show that, for all E in MX(v), the sheaf Ê is torsion free. To do that, we
have to check both conditions from Proposition 3.7.

Lemma 3.9. Let E be a vector bundle on X of Mukai vector v. If t < r + d, the
restriction of E to any fiber of π : X → P

1 does not admit a sub-bundle of positive
slope.

Proof. Suppose E is a vector bundle and B a sheaf supported on a fiber X0 with
positive slope. As a sheaf on X0, B has strictly positive rank and degree, say r0 and
d0 respectively. Then part (1) of Proposition 2.17 gives rd0+r0d ≤ t. Since r0, d0 ≥ 1,
this cannot happen for t < r + d.

Lemma 3.10. Let E be a semistable sheaf on X of Mukai vector v. If t < r, then
E is a vector bundle.

Proof. Suppose that E is not a vector bundle. Then there is a length l zero-
dimensional torsion sheaf T and an exact sequence

0 −→ E −→ E∨∨ −→ T −→ 0.

The Mukai vector of E∨∨ is v′ = (r,Λ, c+ l) and E∨∨ is semistable. The proof follows
by checking that for t < r the moduli space MX(v′) is empty.

By Lemmas 3.9 and 3.10, if t < r, we get that for all E in MX(v) the sheaf

Ê = Ψ(E)[1] is semistable of Mukai vector v̂.

Consider the equivalence Φ : Db(X̂) → Db(X), the relative quasi inverse of Ψ. We
have Ψ ◦Φ = [1]. Recall that the varieties MX(v) and MX̂(v̂) are smooth, projective,
simply connected of the same dimension 2t. Since Φ and Ψ are equivalences and each
other quasi inverse (up to a shift), Φ also preserves stability, that is Φ(F ) is a stable
sheaf with Mukai vector v for all F in MX̂(v̂). Moreover, we have Ext1(F, F ) =

Ext1(Φ(F ),Φ(F )). Therefore the morphisms induced by Φ and Ψ are étale. We
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finally ended up with an étale bijective morphism between smooth projective simply
connected varieties. Thus, Ψ induces an isomorphism1.

Remark 3.11. Remark that, if we stick to the case r = 2 described by Friedman
[4], Theorem 3.1 gives an isomorphism between the moduli space and the Hilbert
scheme Hilbt(X) of length t quotients of OX only for t = 1. The case t = r = 2,
in which Friedman showed the existence of an isomorphism, will be described in the
next Section.

3.1. The Euclid-Fourier-Mukai algorithm. In the previous subsection we
have shown how, under a condition on the dimension of the moduli space, the Fourier-
Mukai transform Ψ induces an isomorphism between MX(v) and MX̂(v̂). The very

special choice of X̂ could look more restrictive than the construction performed by
Bridgeland in [2]. We show that it is indeed enough to consider, given an elliptic

surface X , the Jacobian X̂ and perform a finite number of steps to get a more general
description.

Given coprime integers r and d, with 0 < d < r, we can consider the Euclidean
algorithm applied to the pair (r,−d): its elementary step is given by sending (r,−d)
to (d,−s), with −s ≡ r modulo d and 0 < s < d. Since r and d are coprime, the
algorithm will end with the pair (1, 0).

The Mukai vector v = (r,Λ, c) on X gives the integers r, −d and t, where −d
is the fiber degree of Λ and 2t the expected dimension of the moduli space. Recall
that r and d are coprime, r ≥ 2 and 0 < d < r. Consider the Jacobian X̂ of X and
the Fourier-Mukai equivalence Ψ : Db(X) → Db(X̂). The functor Ψ[1] sends sheaves

with a Mukai vector v on X to sheaves with a Mukai vector v̂ on X̂. The integer t
is invariant under this operation, while the pair (r,−d) is sent to the pair (d, r). We

can fix a line bundle L on X̂ such that, for all E in MX̂(v̂), the sheaf E ⊗L has fiber
degree −s, where −s ≡ r modulo d and 0 < s < d. In particular, s and d are coprime.
This last operation gives rise to a natural isomorphism between MX̂(v̂) and MX̂(ŵ),
where ŵ is the Mukai vector of E ⊗ L.

We can now define the Euclid-Fourier-Mukai algorithm as follows: given a Mukai
vector v = (r,Λ, c) as before, consider the integers t (half dimension of the moduli
space), r (rank) and −d (fiber degree), with r and −d coprime and 0 < d < r.
Consider the Fourier-Mukai transform Ψ: it takes (up to a shift and a tensor by a line
bundle) the pair (r,−d) to the pair (d,−s), leaving t invariant. If d = 1 and s = 0, we
stop. If 0 < s < d, we continue. The Euclid-Fourier-Mukai algorithm is then obtained
by applying this procedure to the moduli space MX̂(v̂). Remark that the algorithm
always ends with the Mukai vector (1, 0, t).

As a consequence, starting from the moduli space MX(v), the Euclid-Fourier-
Mukai algorithm ends up with the Hilbert scheme Hilbt(X) in a finite number of
steps. Indeed remember that, since π : X → P1 admits a section, X is isomorphic to
its Jacobian X̂.

Since the rank is strictly decreasing and t is constant, the condition given by
Theorem 3.1 gets more strict at every step. Consider the Mukai vector v, with t and
(r,−d) as before and the Euclid-Fourier-Mukai algorithm. The last step has the form
(l,−1) → (1, 0) for l ≥ 2 integer.

Corollary 3.12. If t < l, the moduli space MX(v) is isomorphic to Hilbt(X).

1This argument shortens a previous proof and was suggested to us by the anonymous referee.
We acknowledge him/her for that.
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Given the pair (r,−d), there exist integers a and b such that br+ ad = 1, and we
can fix a uniquely such that 0 < a < r. We have the following result by Bridgeland.

Theorem 3.13. If t < r/a, the moduli space MX(v) is isomorphic to Hilbt(X).

Proof. [2, Lemma 7.4]

Corollary 3.12 and Theorem 3.13 give indeed the same result.

Lemma 3.14. With the previous notations, l = ⌈r/a⌉.

We will give the proof of this rather technical Lemma in the Appendix, see Lemma
A.1.

3.2. Isomorphisms between Picard groups. Consider any Mukai vector v
with rank and fiber degree coprime. The existence of a birational map MX(v) 99K

MX̂(v̂) (see Remark 3.8) and the Euclid–Fourier–Mukai algorithm give, in the case X
is a K3 surface, a chain of isomorphisms of the Picard groups of the moduli spaces,
ending with the Picard group of the Hilbert scheme of the given dimension.

Corollary 3.15. The birational map ε : MX(v) 99K MX̂(v̂) induces an isomor-
phism

Pic(MX(v)) ≃ Pic(MX̂(v̂)).

Proof. Recall that bothMX(v) andMX̂(v̂) are irreducible holomorphic symplectic
varieties. By [10, Prop. 1.6.2], given any birational map φ : M1 99K M2 between
irreducible holomorphic symplectic manifolds, there are closed subsets Z1 ⊂ M1 and
Z2 ⊂ M2, both of codimension at least 2, such that φ gives an isomorphism M1 \Z1 ≃
M2 \ Z2 and then an isomorphism Pic(M1) ≃ Pic(M2). We get than the statement
as a consequence of Remark 3.8.2

Corollary 3.16. Let v = (r,Λ, c) be a Mukai vector on X with Λ.f = −d, with
r, d coprime, and d any integer. Then we have an isomorphism

Pic(MX(v)) ≃ Pic(Hilbt(X)),

where 2t is the dimension of the moduli space MX(v).

Proof. By tensoring with a line bundle, we can suppose, up to isomorphism of
MX(v), that 0 < d < r. The proof follows applying recursively Corollary 3.15 to
the steps of the Euclid–Fourier–Mukai algorithm and reminding that, since X → P1

admits a section, X̂ is ismorphic to X .

4. Birational transformations between the moduli spaces. As in the pre-
vious Section, let π : X → P1 be a K3 elliptic fibration with at most nodal singular
fibers and a section, and X̂ → P

1 be the relative Jacobian. If t < r, we can establish
an isomorphism between MX(v) and MX̂(v̂). In this Section, we deal with t ≥ r
and we describe the birational correspondence between the moduli spaces, obtaining
a Mukai flop for r ≤ t < r + d, which is an isomorphism if and only if r = t = 2. It is
also clear that, for any t ≥ r > 2, the map cannot be an isomorphism. For r = 2, we
argue how in the case t = 4, the conjecture formulated by Friedman should be false.
This Section is devoted to the proof of the following Theorem.

2this argument, which shortens our previous one, was suggested us by the anonymous referee,
who is acknowledged for that.
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Theorem 4.1. Let r ≤ t < r+d. Then the Fourier-Mukai equivalence Ψ induces
a Mukai flop between MX(v) and MX̂(v̂), unless t = r = 2, in which case it induces
an isomorphism.

As for the proof of Theorem 3.1, the main ingredient here is given by the identi-
fication of the slope stability with orthogonality provided in Proposition 2.13 and in
particular by the well-behavior of the orthogonality condition. We will base upon it
and results from Section 3 to describe the indeterminacy loci of the birational maps
induced by Ψ and Φ.

Proof of Theorem 4.1. First of all, recall Corollary 3.6 which states that all E
in MX(v) are Ψ-WIT1 and such that Ê is (d, r)⊥. Ê is in MX̂(v̂) whenever it is a
torsion free sheaf.

Lemma 4.2. Let E be a stable sheaf in MX(v) and t < r+ d. The sheaf Ê is not
torsion free if and only if E is not a vector bundle. Moreover this is the case if and
only if there is a point x in X and a short exact sequence

(4.1) 0 −→ E −→ E∨∨ −→ k(x) −→ 0.

Proof. The first equivalence follows from Proposition 3.7, and Lemma 3.9. For
the second one, suppose E is not a vector bundle and we have the exact sequence

0 −→ E −→ E∨∨ −→ T −→ 0,

where T is a positive length l 0-dimensional torsion sheaf. Arguing as in the proof of
Lemma 3.10, since t < r+ d < 2r, we must have l = 1, that is T = k(x) for a point x
in X .

We deduce that Ψ induces a birational map

ε : MX(v) 99K MX̂(v̂).

Let E be a non locally free sheaf in MX(v) and denote by u the Mukai vector of
E∨∨. We have u = (r,Λ, c + 1), independently of the point x in the exact sequence
(4.1). Remark that E∨∨ is a stable vector bundle and the moduli space MX(u) has
dimension 2t− 2r and is then isomorphic to MX̂(û).

Proposition 4.3. The indeterminacy locus of ε is a Pr−1-bundle over X×MX(u)
and naturally isomorphic via Ψ to the a Pr−1-bundle over X ×MX̂(û) associated to

the universal extension of the form PExt1(F,Px), for F in MX̂(û) and Px in
̂̂
X ∼= X.

In particular, the indeterminacy locus has codimension r − 1.

Proof. Let E in MX(v) be such that Ψ(E) is not in MX̂(v̂). Then, by Lemma
4.2, there is a point x in X and an exact sequence

(4.2) 0 −→ E −→ E∨∨ −→ k(x) −→ 0.

Moreover, any element ofMX(u) appears in a sequence like (4.2) for some E in MX(v)
and some point x in X . Apply Ψ to get the exact sequence

0 −→ Px −→ Ê −→ Ê∨∨ −→ 0

of sheaves on X̂. The sheaves Ê are then parameterized, as E moves in the indeter-
minacy locus, by extensions of an element of MX̂(û) by a degree zero line bundle on
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a fiber of π̂. Conversely, it is clear that any such extension corresponds to the image
of an element of MX(v) whose image under Ψ is not torsion free.

The dimension of the fiber is easily calculated by Ext1(F,Px) ∼= Hom(E∨∨, k(x)).
Having computed the dimension of MX(u), the statement about the codimension is
straightforward.

Consider the equivalence Φ, the relative quasi inverse of Ψ. Then Φ induces a
birational map

ρ : MX̂(v̂) 99K MX(v).

Once again by the preservation of orthogonality described in Lemma 3.4, we have
that, for F in MX̂(v̂), Φ(F ) is stable whenever it is (eventually up to shift) a torsion
free sheaf.

Lemma 4.4. Let E be a sheaf in MX̂(v̂). Then E is Φ-WIT0 if and only if it is
Φ-IT0.

Proof. Suppose E is Φ-WIT0. The support of Φ(E) is X . Let T →֒ Φ(E) be the
maximal torsion subsheaf. We have the exact sequence

(4.3) 0 −→ T −→ Φ(E) −→ F −→ 0.

Suppose T has zero dimensional torsion, that is, there exists a point p of X such that
k(p) ⊂ Φ(E), and let X0 be the fiber of π containing p. Then for any line bundle L0

in Pic0(X0), there is a nontrivial morphism i∗L0 → Φ(E), where i is the embedding

of X0 in X . Equivalently, for all point x in X̂0, there is a unique nontrivial morphism
Φ(k(x))[1] → Φ(E). We get then that for all points x in the fiber X̂0, the extension
group Ext1(E, k(x)) is nontrivial, which contradicts the locally freeness of E. Then T
has to be pure of dimension 1. Moreover, T has to be supported on a finite number of
fibers. Indeed, if the support of T meets the fibers transversally, this would contradict
the orthogonality condition.

It follows that T is a fiber sheaf. Suppose that µmax(T ) ≤ 0 on the fibers where
T is supported. In this case, T would be Ψ-WIT1 and applying Ψ we would find that
Hom(Ψ(T ), E) = Hom(T,Φ(E)) 6= 0, contradicting the torsion freeness of E. Indeed
Ψ(T ) is a fiber sheaf as well. It µmax(T ) > 0 for some fiber, then T would admit a
sub-line bundle of non positive slope and the same argument apply.

Then Φ(E) is torsion free and we have to prove that it is a vector bundle. Suppose
this is not the case and consider the exact sequence

0 −→ Φ(E) −→ (Φ(E))∨∨ −→ T ′ −→ 0

where T ′ is zero dimensional. Since T ′ is Ψ-WIT0 and Ψ(T ′) is a sheaf concentrated
on a finite number of fibers, applying Ψ gives a contradiction to the torsion freeness
of E.

Proposition 4.5. The indeterminacy locus of ρ is the projective bundle over
X ×MX̂(û) associated to the universal extension of the form PExt1(Px, F ), for F in

MX̂(û) and Px in
̂̂
X ∼= X.

Proof. Let E be in MX̂(v̂). First, E is not in the indeterminacy locus of ρ if and
only if E is Φ-WIT0. Indeed, if E is Φ-WIT0, then it is Φ-IT0 and Φ(E) is then a
locally free sheaf on X of rank r, fiber degree −d and it is (r,−d)⊥. It follows that
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Φ(E) is in MX(v). Conversely, the fact that Φ(E) is in MX(v) tells in particular that
Φ(E) is a sheaf.

Recall that by [2, Lemma 6.1], for all sheaves E on X̂ , there exists a unique short
exact sequence

(4.4) 0 −→ A −→ E −→ B −→ 0,

where A is Φ-WIT0 and B is Φ-WIT1.
Suppose that the rank of B is positive. Then by the stability of E, we get that

the slope of B has to be positive as well, but in this case B would not be Φ-WIT1,
by [2, Lemma 6.2]. Then B is a torsion Φ-WIT1 sheaf, and then it is a fiber sheaf

by [2, Lemma 6.3]. If X̂0 is a fiber in the support of B, then restricting the Φ to

X̂0, we have that µmax(B) ≤ 0, since B is Φ-WIT1. Then B is a pure fiber sheaf of
non-positive maximal slope.

Let X̂0 be a fiber in the support of B and r0 and −d0 be respectively the rank
and the degree of B as a sheaf on X̂0. Recall that E has rank d and fiber degree r.
Then applying point (1) of Proposition 2.17, we get r0r + dd0 ≤ t. Since r0 > 0, we
get that B has rank 1 and degree 0. Moreover, B cannot be supported on any other
fiber, by point (2) of Proposition 2.17. This identifies also the Mukai vector of A, up
to a twist with a line bundle.

Finally, any extension of the form

0 −→ F −→ E −→ Px −→ 0

is stable. Indeed, such an E is torsion free and satisfies the orthogonality condition.

Now let U ⊂ MX(v) be the subset where ε is defined and Û ⊂ MX̂(v̂) the

subset where ρ is defined. It is now clear that ε(U) = Û and ρ(Û) = U . Moreover,
ε ◦ ρ = ρ ◦ ε = Id. Compare Propositions 4.3 and 4.5 by using Serre duality. A
dimension calculation shows that the indeterminacy loci have codimension r − 1. If
t = r = 2 the indeterminacy loci have codimension 1, which gives an isomorphism. In
any other case, since r > 2, we are dualizing a projective bundle and then we have a
nontrivial Mukai flop and this proves Theorem 4.1.

Remark 4.6. Suppose that t ≥ r + d. Then the indeterminacy locus of ε gets
bigger, since it contains all those stable vector bundles E which have “very unstable”
restriction to some fiber. Anyway, if r > 2, it is clear by the description of the
indeterminacy loci of ε and ρ that we would never have an isomorphism for t ≥ r.
For r > 2, we obtained that the condition t < r is optimal.

Remark 4.7. If r = 2, consider the case t = 4. In this case, there are sheaves
E in MX(v) such that the cokernel of the map E →֒ E∨∨ has length 2. These
sheaves belong to the indeterminacy locus and their locus forms a projective bundle
P → X × MX̂(ŵ), where w = (2,Λ, c + 2). If we go through the proof of Theorem
4.1, we can define a stratum in the indeterminacy locus of ρ which is parameterized
by P∨. This stratum is indeed given by those semistable sheaves admitting Px1

⊕Px2

as a quotient. This should lead to a non-trivial flop and then to a contradiction to [4,
III, Conjecture 4.13].

Appendix A. Continued fractions and the Euclidean algorithm. In this
Appendix, we give a proof of Lemma 3.14. We start with a version of the Euclidean
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algorithm for integers (r, d) with 0 < d < r. We start by setting (r0, d0) = (r, d)
and proceed inductively with (ri+1, di+1) = (di, ⌈

ri
di

⌉di − ri). The algorithm stops
when dn+1 = 0, the corresponding rn+1 is the greatest common divisor of r and d.
We assume from now on that r and d are coprime. We denote the integers ⌈ rn

dn

⌉ by
an and remark that ai ≥ 2. We see that we can recover r and d from the numbers
{ai}i=0,...,n since

r

d
= ⌈a0, a1, . . . , an⌉ = a0 −

1

a1 −
1

a2−
1

a3−
1

···−
1

an

.

Since (r, d) = 1 there are integers b and c such that rc + db = 1. The pair (b, c) is
uniquely determined when we assume 0 ≤ b < r. Note that our assumption 0 < d < r
implies 0 < b < r. Lemma 3.14 is now proved by point (4) of the following result.

Lemma A.1. Let {ai}i=0,...,n be integers with ai ≥ 2. Let r
d = ⌈a0, a1, . . . , an⌉

written in reduced form. Let (b, c) be integers with rc + db = 1 and 0 ≤ b < r. The
following holds:

1. The number r
d satisfies r

d > 1.
2. The integer b is positive.
3. If we reverse the order in the continued fraction for r

d , then we obtain the
continued fraction expression of r

b . In short: r
b = ⌈an, an−1, . . . , a0⌉.

4. We have an equality an = ⌈ r
b⌉.

Proof. (1) Follows by induction since ⌈an⌉ = an ≥ 2, and ⌈ai−1, ai, . . . , an⌉ =
ai−1 −

1
⌈ai,...,an⌉

.

(2) Since r
d > 1 we have 0 < d < r. Thus there are no solutions (b, c) of the equation

rc+ db = 1 with b = 0.

(3) We observe that

(
r
d

)
is the first column of the SL2(Z)-matrix

A = T a0 · S · T a1 · S · . . . T an · S with T =

(
1 1
0 1

)
, and S =

(
0 −1
1 0

)
.

We write A =

(
r −b′

d c′

)
and set R =

(
−1 0
0 1

)
. We compute that R · At · R =

(
r −d
b′ c′

)
. On the other hand using the above product presentation for A together

with the two matrix equations R = R−1 and R · St · (T ai)t · R = T ai · S we obtain
that:

R ·At · R = R · St · (T an)t · St · (T an−1)t · · · · · St · (T a0)t ·R
= (R · St · (T an)t · R)(R · St · (T an−1)t ·R) · · · · · (R · St · (T a0)t ·R)
= T an · S · T an−1 · S · . . . T a0 · S

This implies that r
b′ = ⌈an, an−1, . . . , a0⌉. We deduce from ai ≥ 2 and part (1) that

0 < b′ < r. Since the matrix A is in SL2(Z) we have rc′ + db′ = 1. Thus b = b′.
(4) Is a direct consequence of the expression r

b = ⌈an, an−1, . . . , a0⌉ derived in (3).
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