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DIFFERENTIAL GERSTENHABER ALGEBRAS OF GENERALIZED
COMPLEX STRUCTURES*

DANIELE GRANDINIf, YAT-SUN POON?!, AND BRIAN ROLLES

Abstract. Associated to every generalized complex structure is a differential Gerstenhaber
algebra (DGA). When the generalized complex structure deforms, so does the associated DGA. In
this paper, we identify the infinitesimal conditions when the DGA is invariant as the generalized
complex structure deforms. We prove that the infinitesimal condition is always integrable. When
the underlying manifold is a holomorphic Poisson nilmanifolds, or simply a group in the general,
and the geometry is invariant, we find a general construction to solve the infinitesimal conditions
under some geometric conditions. Examples and counterexamples of existence of solutions to the
infinitesimal conditions are given.
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1. Introduction. A few years ago, the second author computed the weak Frobe-
nius structure on the moduli space of the Barannikov-Kontsevich’s extended defor-
mation [2] of the complex structure on a primary Kodaira surface [26]. Among other
observations, one could see from [26, Table (45)] that the restriction of the weak
Frobenius structure to the even part of the extended moduli space is trivial. The
parameter space of the even part of the extended moduli at the unperturbed point is
contained in

(1) Dr—evenHY,  where HY =@, HI(M,A\PT"0)

and 710 is the holomorphic tangent bundle of the complex manifold M. The com-
putation in [26] dwells in the fact that the primary Kodaira surface was chosen to be
a nilmanifold and the complex structure he worked with is invariant. Along the line
of thoughts in [25] [16], the Dolbeault cohomology could be computed by means of
algebraic methods.

Thanks to the work of Hitchin [18] and Gualtieri [17], it is now well known that the
degree-2 portion of the extended deformation is realized by deformation of generalized
geometry. While we will provide further details on generalized geometry in Section 2,
at this stage we simply note that the parameter space of generalized deformation is
the degree-2 portion of extended deformation.

(2) H3 = H°(M,\>T*%) @ H' (M, T*°) ® H*(M, O)

where O is the structure sheaf of the complex manifold M.

The key ingredient in constructing the weak Frobenius structure on extended
deformation is a variation of the exterior product structure when the concerned coho-
mology spaces vary. However, it is also known that the differential geometric object
controlling the extended deformations is the differential Gerstenhaber algebras (DGA)
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associated to each (extended) complex structure [5] [23] [24]. We will provide neces-
sary details on the construction of DGAs in Section 3. This structure contains the
exterior differential algebra as a sub-structure. In this context, we could paraphrase a
result of [26] in a context of generalized complex geometry, and say that the exterior
differential algebras along a generalized deformation of a primary Kodaira surface
is rigid, meaning that all the exterior differential algebras are quasi-isomorphic to
the unperturbed one. From this perspective, we seek a general understanding of the
rigidity of the full differential Gerstenhaber algebra structures.

QUESTION 1. Suppose that M is a manifold with generalized complex structure
J. Let DGA(0) be the associated differential Gerstenhaber algebra. Suppose that T'(t)
is a family of deformation of J along generalized complex structure with parameter t,
with associated differential Gerstenhaber algebra DGA(t). Under what condition will
DGA(t) be quasi-isomorphic to DGA(0)?

The infinitesimal counter-part of T'(¢) is T'y, which represents an element in the
cohomology space H% If there is a quasi-isomorphism ®(¢), depending on ¢, we
consider its infinitesimal version ¢. The pair I'; and ¢ will be addressed as a compatible
pair. Together, they have to satisfy a set of constraints as given in Definition 1.
The main result in Section 3 is Theorem 2, which states essentially that compatible
pairs are always integrable. Therefore, answers to Question 1 above are reduced to
infinitesimal level.

In identity (2), we see that there are three special kinds of deformations to analyze.
Those from H!(M,T1?) are due to classical complex deformation theory. Those from
H?(M,O) are due to B-field transformations if the underlying complex structure
is Kihlerian [17]. Therefore, we focus on those in the component H9(M, A2T1Y).
As we will explain later, this class of deformation is due to holomorphic Poisson
structures, objects under investigation from various perspectives [13] [15] [19] [20]. If
the holomorphic Poisson structure has full rank everywhere, it leads to a deformation
from a classical complex structure J to a symplectic structure 2. If the induced
differential Gerstenhaber algebras along this deformation is rigid, then DGA(J) and
DGA(R) are quasi-isomorphic. It presents the complex manifold (M,J) and the
symplectic manifold (M, ) as a weak mirror pair in the sense of Merkulov [24]. An
investigation on such possibility also motivates this paper. Therefore, in Section 4 we
refine our analysis in Section 3 to holomorphic Poisson manifolds, and illustrate our
theory with a computation on a Hopf surface.

For nilmanifolds, i.e. the compact quotient of simply connected nilpotent Lie
groups, it is known for a very long time that the de Rham cohomology is given
by invariant elements [25]. From our current perspective, the invariant DGA with
an invariant symplectic structure on a nilmanifold is quasi-isomorphic to the full
DGA of the symplectic structure. For a large class of nilmanifolds examples, we
also know that the invariant DGA theory for invariant complex structures is quasi-
isomorphic to the DGA of the corresponding nilmanifolds [10] [16] [26] [28]. Therefore,
we reduce the theory in the previous sections in terms of invariant objects on Lie
algebras and develop a method to construct compatible pairs on a class of holomorphic
Poisson algebras in Section 5. Finally, in Section 6 we analyze all non-trivial real four-
dimensional examples. Among other observations, we conclude that the differential
Gerstenhaber algebra structures are rigid when one deforms the complex structure on
a Kodaira surface by a holomorphic Poisson structure. It extends the results in [26] on
weak Frobenius structures, at least along the degree-2 direction of the extended moduli
space. On the other hand, we also discover an example of holomorphic symplectic
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algebra on which there is no compatible pair. Therefore, a solution to Question 1 is
non-trivial.

In this notes, we assume that readers are familiar with the concepts of Lie alge-
broids and Lie bialgebroids. Otherwise, [21] and [22] are our references. On Differ-
ential Gerstenhaber algebras, we rely on [22] and [26] for their formal aspects. For
generalized complex structures, our references are [18] and [17]. Much of the computa-
tion in Section 5 and Section 6 could be found in the third author’s thesis. Therefore,
our presentation will be relatively sketchy.

2. Generalized complex structures. Let M be a smooth connected manifold
without boundary. Denote its tangent and cotangent bundle respectively by T" and
T*. If V is a vector bundle on M, we denote its space of sections by C>°(V'). Generic
vector fields will be denoted by X and Y. One-forms are denoted by « and 8. On
the bundle T' & T, there is a natural pairing defined by

3) (X +a,Y + ) =5 (aY) + B(X)).

N =

As this pairing is non-degenerate, it identifies the bundle T"® T* to its dual. We
choose the identification to be

(4) c:TeT - (TeT"), o X+a)(Y+8)=2(X+a,Y +0).

The Courant bracket [21] is the real bilinear map on C*°(T & T™*) defined by

(5) [[X—l—a,Y—i—B]]:[X,Y]—l—EXB—Eya—%d(axﬁ—bya).

The Courant bracket, the non-degenerate pairing above, together with the natural
projection on the tangent component make T'® T™* a standard example of a Courant
algebroid [11] [21].

An almost generalized complex structure is a real bundle map J : TdT* — THT™
such that J o J = —identify and J* = —J. Let L be the bundle of +i-eigenvectors
with respect to J and over the complex numbers. With respect to the non-degenerate
pairing, L is maximal isotropic. So is its conjugate bundle L. The choice of the
tensorial object J with the given prescription is equivalent to the choice of maximal
isotropic subbundle L such that L N L is trivial [17].

An almost generalized complex structure is said to be integrable if and only if
the space C°°(L) is closed under the Courant bracket. By complex conjugation, it
is of course equivalent to C°°(L) being closed. In such case, the structure .J, or
equivalently, either the bundle L or the bundle L is said to be a generalized complex
structure. It is now well known that complex structures in the classical sense are
generalized complex. So are symplectic structures. For classical complex structure,
the complexified tangent bundle splits into the direct sum of type (1,0) and type (0, 1)
vectors. Their related bundles are denoted by T9 and T%! respectively. Their dual
bundles are denoted by T*(1:9) and T*(©1 . Then the corresponding bundles L and
L* are

L = Tl,O @ 7“1*(0,1)7 L* o Z — T071 @ T*(l,o).
If w is a symplectic form on the manifold M, then the pair

L={X—-ixw:XeT}, L*2L={X+ixw:XeT}
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represents an example of a generalized complex structure.

Since L is isotropic, the restriction of the Courant bracket on L makes it a Lie
algebroid whenever the generalized complex structure is integrable. As such, it has a
Lie algebroid differential acting on the exterior algebra of the dual bundle [22].

(6) 9 : C®(A"L*) — C>®(A"TLL*).
Using the identification as given in (4), we identify L = L*. Then
(7) d:C®(A"L) — C>®(A"TT).

Similarly, L 22 L* is also a Lie algebroid. Its Lie algebroid differential is precisely the
conjugation of the above operator:

8) 31 C®(A"L) — C®(A"HLL).

As noted in [21, Theorem 2.6], (L, L) forms a Lie bialgebroid. It means that for any
sections ¢1 and ¢5 of the bundle L,

9) O[ty, 2] = [0ty L2] — [t1,002].

Making use of [22, Theorem 7.5.2], we deduce that the space of sections of the ex-
terior algebra generated by L, C°°(A®L) carries the structure of a differential Gersten-
haber algebra structure, with the Courant bracket, exterior product and Lie algebroid
differential of L =2 L*. We denote it by

(10) DGA(J) == (C=(A°L), [~ -], A, D).

In this context, the bracket on C*°(A®L) is known as Schouten bracket [22].

The integrability implies that the restriction of the Courant bracket on C°°(L*)
satisfies the Jacobi identity. In terms of the operator 9, it is equivalent to 9 0 9 = 0.
Therefore, 0 : C*°(A"L) — C°°(A"*1L) determines a differential complex, and hence
generates cohomology spaces. i.e. for all k > 1,

& ker 0 : AFL — AFFLL

7 Image 0 : AF=1L — AKL'

Given the identity (9), the cohomology spaces inherit a Gerstenhaber algebra struc-
ture.

When the generalized complex structure is a classical complex structure, one
could verify that if @ is a type (0, k)-form, then 0w is the classical d-operator in
complex analysis on C” [28]. On the other hand, if Z is a (1,0)-vector field and X is
a (0, 1)-vector field, then

(11) 0xZ = [2,X]"°.

This is precisely the Cauchy-Riemann operator [14] [27]. The cohomology of degree-k
in this case is

(12) Hl} = Bprq=kH* (M, /\pTLO)-

Using Dolbeault theory, the elements in these cohomology spaces are represented by
O-closed (0, g)-forms with coefficients in holomorphic (p, 0)-vector fields.



DGA OF GENERALIZED COMPLEX STRUCTURES 195

On the other hand, if a generalized complex structure is defined by a symplectic
form w, then

(13) (X —itx0) = —2idix0

for all X in C*°(T¢) [27]. In particular, the k-th cohomology of this complex is the
k-th complexified de Rham cohomology of the manifold M.

As a subbundle of (T' ® T*)¢, the bundle L has a natural projection p onto the
direct summand T¢. The type of a generalized complex structure at a point of the
manifold M is defined to be the complex co-dimension of the projection of L in T¢
over the concerned point [17]. From the description above, one sees that the type
of a classical complex structure on a real 2n-dimensional manifold is equal to n. All
symplectic structures are type-0 generalized complex structures.

3. Deformation of generalized complex structures. A deformation of a
generalized complex structure is given by a section I' of A2L [21] [17]. To be more
precise,

(14) Ls={(+TW):¢€ L}, and Lr={{+T{):f€L}.

LzN Lr = {0} if and only if T' o T’ does not have non-trivial fixed points [27]. The
deformed generalized complex structure (L, Lr) is integrable if and only if I' satisfies
the Maurer-Cartan equation [21, Theorem 6.1]:

(15) or + %[[1“,1“]] =0.

The infinitesimal version of the Maurer-Cartan equation is simply OI'y = 0.
Therefore, it represents an element in the second cohomology H? of the differential
Gerstenhaber algebra of the unperturbed generalized complex structure .J.

_3.1. Deformation of associated DGA. Let 0 be the Lie algebroid differential
of Lr. Due to our natural pairing (3), it acts on the conjugate bundle Ly. Therefore,
we have the new differential Gerstenhaber algebra

(16) DGA(Jr) = (A Lg, [—, =], A, 6).

Meanwhile, for I' sufficiently close to zero, L and Lr are also transversal in (T ©
T*)c. By [21, Theorem 2.6], L and Lr form a Lie bialgebroid. We could denote
the Lie algebroid differential of the Lie algebroid Ly acting on L by dr. Since Ly is
simply the graph of the map I', there is a natural map from L to Ly. It enables one to
identify the differential Or. The computation below is a consequence of [21, Theorem
2.6] and [21, Theorem 6.1]. It should be well known to experts. We outline a proof
here for completeness. A complete proof for a case most relevant to this paper could
be found in [27].

PROPOSITION 1. The pair L and Lr forms a Lie bialgebroid. The Lie algebroid
differential Or for the deformed Lie algebroid Lr acting on L is given by 0 + [T, —].
i.e. for any section ¢ of L,

Orl = o + [T, 1].
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Proof. By definition, the vector bundle L is maximally isotropic in the Courant
algebroid (T @ T*)c. Since I satisfies the Maurer-Cartan equation, it follows that the
space of sections of Lr is closed with respect to the Courant bracket. To find a more
precise description, we follow the computation in [21].

For o € C*°(L), {1,0; € C*°(L), define a Lie derivative by
(Le,7)la = p(6r)(@(L2)) — 7([€1, £2]),

where p is the natural projection from (T @® T*)¢ onto Tg. The property of the Lie
derivative in algebroid theory could be found in [22]. Follow [21, Identity (23)], for
any 1,0, € C°°(L) define

(17) [[Zl,ZQ]]F = ﬁFZIZQ — ﬁF@ZQ + 5(?1 (1—‘22))

As noted in the proof of [21, Theorem 6.1], T" satisfies the Maurer-Cartan equation if
and only if

[61 + Tty by + Tlo] = [, 6] + [b1, C2]r + T ([€1, L2] + [61, C]r) -

Now we are ready to compute the Lie algebroid differential of Lt with L as its
dual. For every ¢ € C°°(L) and {1,ls € C*°(L),
(grf) (Zl + I‘Zl,ZQ + I‘Zz)
= p(f1 +Tl1)(€(l2)) — p(ly + Tle)(£(£1)) — £([01 4 Ty, b3 + T'ls])
= p(l1 +Tl)(E(E2)) — p(l2 + Tl2)(£(C1))
—C ([01, 2] + [€1, bo]r + T ([€1, C2] + [1, L2]r)) -
Since the image of a section in L under T is a section of L and L isotropic, the above
is equal to
= p(by +T0)(0(E2)) = p(lz + Tla)(£(01)) — £ (([61, L] + [1, La]r))
= (1) (01,02) + p(Tl1)(£(E2)) — p(Tl2)(C(r)) — £ ([6r, La]r) -

The proof of this proposition is completed if we could show that
[T, £)(€1, £2) = p(TE1) (£(C2)) — p(TEo)(E(Er)) — € ([E1, E2]r) -

It is now a matter of definition of Lie derivative to show that the right hand side of
the above is equal to

b2 ([Tl1,4]) — £ ([T22, €]) = p(0) ((1(TE2)) -

Finally, the following identity always hold for any section I of A2L, £ of L and /1, f5
of L.

(18) [T, (01, €2) = O2 ([T41, £]) — €1 ([T0a,€]) — p(£) (1 (T22))

See [27] for a detailed proof for (18). Therefore, the proof of the proposition is
completed. O

As far as analyzing the deformation of associated differential Gerstenhaber alge-
bras is concerned, the above observation reduces an analysis to one on deformation
of differentials. As the bundle structure could remain constant, we now focus on the
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variation from O to Or, and hence denote the respective differential Gerstenhaber
algebras by DGA(9) and DGA (dr).

To compare DGA(dr) with DGA(9), we identify the constraints for them to be
homomorphic. If the homomorphism induces an isomorphism at cohomology level,
these two DGAs are said to be quasi-isomorphic. In such case, the generalized complex
structure J and the deformed one are also said to form a weak mirror pair [24], [6],
[7]. Let

®:L =L

be a vector bundle homomorphism depending on I'. It induces a homomorphism of
the exterior algebra generated by L. That is

(19) B(A A B) := B(A) A B(B)

for any A, B € C>®°(A°L).
It is a homomorphism of graded Lie algebras if for any A, B in C*°(A®L),

(20) [2(A),2(B)] = ©([A, B]).

If in addition, when the following diagram is commutative for all 0 < k < n,
AL 2 Ak

(21) ® | IR
AL 2 AR

we have a homomorphism of differential Gerstenhaber algebras

®: (AL, [—,—],A,0r) = (AL, [—, ], A, D).

In general, if the bundle homomorphism intertwines the differentials as in (21)
and satisfies (19), then the map ® is an exterior differential algebra homomorphism.
If the bundle homomorphism intertwines the differentials as in (21) and satisfies (20),
the map @ is a graded differential algebra homomorphism.

The diagram (21) above is equivalent to

(22) ®odr=000.
By Proposition 3.1, that means for any section A of the bundle A®L,
(23) D(OA + [T, A]) = 0(DA).
Suppose that €2 is a closed 2-form and L is a generalized complex structure, then
Lo={X+4+a+xQ: X +a€L}

is again a generalized complex structure. This is because the closedness of €2 and its
skew-symmetry imply that the map

X+a=mX+a+tx0

is an automorphism of the Courant bracket [—, —] in (5) and the non-degenerate
bilinear pairing (—, —) in (3). This map is known as a B-field transformation by the
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closed 2-form . It naturally defines an isomorphism between the DGA of the bundle
L and the DGA of the B-field transformation of L.

On infinitesimal level, deformation theory of generalized complex structures is
elliptic and a copy of Kuranishi theory follows [17]. In the spirit of Kuranishi theory,
let ¢ be the infinitesimal version of ®. It is now an endomorphism from the vector
bundle L to L. The infinitesimal version of (23) becomes

(24) $(A) + [T, A] = 0(9A),

where I'; is the infinitesimal deformation, representing an element in the second co-
homology H?2. The infinitesimal version of (20) is

(25) [¢A, B] + [A, ¢B] = ¢[A, B].

In these expressions, the map ¢ is an infinitesimal version of a homomorphism of
exterior algebras. Therefore, it is an endomorphism with following property.

(26) #(A A B) = (pA) A B+ AN (¢B).

Now we treat ¢ as an element in L* ® L = End(L). More generally, it is a section
of End(A™L). On the other hand, I'; is a section of A%L.

Now we summarize the above discussion with a concept and its implication to
variation of the structure of associated differential Gerstenhaber algebras.

DEFINITION 1. Suppose that M is a manifold with a generalized complex structure
J, whose +i-eigenbundle is L. A sectionT; € C*°(A’L) and a section ¢ € C=(L*®L)
form a compatible pair if 0T'1 = 0 and

(27) A(pA) — ¢(9A) = [I'y, A];
(28) [¢A, B] + [A, ¢B] = ¢[A, B];
(29) #(A A B) = (pA) A B+ AN (¢B).

Note that if I'; is in the center of the Gerstenhaber algebra, i.e. [I'1, A] = 0 for
all A € C*°(A®L), then ¢ = 0 is an obvious solution for the above three identities.
For future reference, we note the following

PROPOSITION 2. Suppose that M is a manifold with a generalized complex struc-
ture J, whose +i-eigenbundle is L. Let T'y € C™(A2L) be a closed section: 0T = 0.
Then (T'1,¢ = 0) form a compatible pair if and only if Ty is central: [T'1, A] =0 for
all A e C>®(AN°L).

THEOREM 1. Suppose that M is a manifold with a generalized complex structure
J, whose +i-eigenbundle is L. Suppose that T’ is an integrable deformation with
infinitesimal deformation T'y. If there is a homomorphism ® of the bundle L to itself
such that it generates a homomorphism from the differential Gerstenhaber algebra
of the deformation generalized complex structure to the un-perturbed one, then there
exists a compatible pair 'y and ¢ such that 0T, = 0, and up to first order, T is equal
to I'y and ® is equal to 1 + ¢.
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3.2. Integrability of compatible pairs. Given a compatible pair I'y and ¢,
an immediate issue is whether they actually come from a deformation I' and a homo-
morphism of DGAs. In this section, we apply the principles of Kuranishi’s recursive
method to prove that this is the case. We will divide the proof of the following theorem
in several steps.

THEOREM 2. Suppose that M is a manifold with a generalized complex structure
J, whose +i-eigenbundle is L. LetT'y € C*°(A%L) and ¢ € C*°(L*®L) be a compatible

pair. Let t be a real variable. Define

(30) F(t):i(—l)"—l%t%"—lrl, d(t) = i t"¢"
n=1 ’ n= 1

Then T'(t) satisfies the Maurer-Cartan equation. Moveover, if DGA(I'(t)) represents
the Differential Gerstenhaber algebra (A\*L,[—, =], \,Or@)), then ®(t) is a homomor-
phism from DGA(T'(t)) to DGA(T(0)).

_ The Maurer-Cartan equation at degree-1 with respect to the variable ¢ is simply

o'y =0. For n > 2, it is

(B1) ()BT g Y (D (1 g T = 0
Yo k! b 5! e

jt+k=n

Let the binomial coefficients be

Then the above equation is equivalent to

Colo* 1Ty, " F 1T ].

N~

(32) (¢ ') =

E
Il
—

Similarly, ®(t) is a homomorphism of [—, —] and A if and only if for degree n, and
for any sections A and B of L,

1 1 1 1 .
(33) —o"[4,B] = Y I ,¢’“A ¢JB]] —¢"(ANB) = Y (58" AN=¢B).
n! iy k! n! i k! 7!
It is equivalent to
(34)  ¢"[A,B] =) Cp[¢"A.¢" "B, ¢"(AAB)=) Ci(¢"AN¢"*B).
k=1 k=1

Finally, ®(¢) intertwines gr‘(t) if and only if they satisfy the identity (23). Assum-
ing that ®(¢) is a homomorphism of the Courant bracket on A®L, we need to show
that for any section A of A®L,

(35) O(t)(0A) + [2(1)T (1), (1) A] = D(D(1)A).
Consider the infinite product ®(¢)I'(¢). Its degree-n term is equal to

1 11 e
Z k 1 (bk 1:[\1 Z (_1)k 1ﬁ (b 1:[\1'

k+j= n’ k+j=n
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On the other hand, consider the power series

o0

1
g= Z(—l)kyack_l and €% =
k=1 ’

1 k
E.’II .
1

[M]8

=
Il

We have 1 — xg = e~ *. Therefore, e* — ze®g = 1. i.e. €
n-th order terms for n > 1, we find that

1 1
k-1 _
P )
Therefore, ®(t)I'(t) = 3,5, Ltn¢n=1T. Then the identity (35) at degree n becomes

—

xg) = e” — 1. Equating the

1= Loep g a_ g,
n!¢ 8A+k§_n[[k!¢ Fl’j!d) Al = n!a(b A.

Equivalently, it is

(36) 9¢"A—¢"0A =3 CPl¢"T1,¢" " A].
k=1

To complete a proof of Theorem 2, we need to prove that the identities (32), (34)
and (36) hold.

LEMMA 1. Suppose that Ty and ¢ form a compatible pair, then identity (32)
holds.

Proof. Using the fact that OI'y = 0 and equation (27), we get a telescopic sum
"Iy = B(¢" ') — ¢dg" 7T
+ 99" Ty — ¢* 9" °T1 + ¢*9¢"°T1 — ¢°0¢" T
) R ) Y

n—2
= Z ¢"[T1,¢" 27" "]
h=0

Since ¢ satisfies (28) and the Schouten bracket is commutative when restricted to
section of A2L, we rewrite the above identity as

n—2 h n—1 h
T =D CR[¢'T1, 0" 2] = Y Y Crol[¢h T, ¢ ]

h=0 k=0 h=1k=1
n—1 /n—1

=> (Z cg:f) [6" 1Ty, ¢" 17 ]
k=1 \h=k
n—1

— Z C]?flll(bk—ll—\lj¢n—l—kl—\l]]'
k=1

Performing the index substitution & — n — k and using the commutativity of the
Schouten bracket again, we get
1 n—1

g(bnfll—wl _ 5 ; (C;?_l + Ol?—_ll) [[d)kflrh(bnflfkl—wl]]

n—1
1 IR
=§§ Cple*~'Tr,¢" ' 7*1]. O
k=1
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LEMMA 2. Suppose that 'y and ¢ form a compatible pair, then the two identities
in (34) hold.

Proof. Tt is an elementary induction. The proof for both cases are identical. We
work only through the case with Schouten bracket. When n = 1, the equation (34)
is precisely the equation (28), which is satisfied by assumption. Assuming that the
equation (34) holds for all k < n. We next compute ¢""1[A, B], which we take as
¢(¢"[A, B]). By induction hypothesis, it is equal to

n

> Cro(le" " A ¢ BI)

k=0

= Ci(lo™ 7 A, "Bl + [¢" " 4,¢" "1 B])

k=0

=[¢"" A Bl + Y _Cilo" T A, 6" B]

k=1
n—1
+> Cpl¢" A ¢M B + [A, " B]
k=0

=[¢"" A, B+ ) (CF + Cp_)[6" A, ¢* B] + [A, ¢" "' B]

k=1
n+1
=Y Cite" A, ¢" B].
k=0

O

LEMMA 3. Suppose that Ty and ¢ form a compatible pair, then identity (36) holds
for alln > 1.

Proof. Since 0I'y = 0, we substitute A by 'y in (27) to see that identity (36)
holds when n = 1. Assume that (36) holds for all £ < n. We next prove that it holds
for n + 1. Since

DA — p"H1DA
= 09" (¢A) — ¢"(00A) + ¢" ((99A) — ¢04) ,

by induction hypothesis, the above is equal to

D CRI¢P Ty, " R AL + 67Ty, Al

k=1

n

By Lemma 2, it is equal to

CrleF'T1, ¢" ' F A + > CRl¢FTy, 6" FA]
k=0

=
HM:
I

I
[M]=

(Cp+Cp_y) [0 1Ty, " T R Al + [¢"T1, A

b
Il
—
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By Pascal Identity, it is equal to

n n+1

ZCI?Jrl[[(bk—ll—\l’(bn-i-l—kA]] + [[¢nF1,A]] _ Z C£+1[[¢k—11—\1,¢n+1—k14]]'
k=1 k=1

O

4. Holomorphic Poisson manifolds. On a complex manifold (M, J), L =
T @ 70D and T = L* = T9' @ T*(19), Therefore, the exterior bundle has a
decomposition

AL = (@p—i-q:k AP THO & /\qT*(O)l)) '

We will use the notations TP0 = APT10 and T*©:9) = A9T*(O:1) " Sections of TP are
addressed as (p, 0)-vectors, more generally polyvector fields.

4.1. Type decomposition of deformations. The cohomology of DGA(J) de-
composes into the direct sum of classical Dolbeault cohomology with the sheaf of
exterior product of the holomorphic tangent bundle as coeflicients.

(37) Hl} = Bprq=rH (M, Tp’o)'
If I'; is in H? it has three components:
(38) [ =A+T,+Qe H (M, T*%) & H' (M, T"°) & H*>(M,0),

where A is a (2,0)-bivector field, Q is a (0,2)-form, and T'; is a classical infinitesimal
complex deformation. Similarly,

L*® L =End(L,L)
= End(7"°,7"%) @ End (71, 7*(O:)
@ End(T"0, 77 Y) @ End(T**V, T10).

If ¢ is a section of L*® L, we represent its decomposition by ¢ = ¢1 + @2+ @3+ ¢4
such that

$1 € C®°(End(TH°, T10)), ¢ € OOO(End(T*(Ovl),T*(Oxl)))7
Bs € CX(End(TV, T*OD), g, € C=(Bnd(T*OD, T1))

PROPOSITION 3. A pair 'y € C*°(M,A%L) and ¢ € C°(M, L*® L) is compatible
if and only if the pairs (A, ¢4), (2, ¢3) and (L1, ¢1 + ¢2) are compatible.

Proof. This proposition is an inspection of type decompositions. For example,
ary = 9A + ary + Q.

Since JA € C®(M,T?° @ T*OV), Ty, € C=(M, T ® T*(02), and 9Q €
C>® (M, T*(©3), each component has to vanish individually if 0T; = 0. i.e.

OA=0, 01 =0, 0Q=0.
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Next, for all Z € C(M,T"°) and @ € C>°(M,T*(V),

[A, Z] € C(T?9), [A,@] € C(TH) @ T*OV);
[Ty, 2] € C=(T*?), [[1,3] = 0;

[, 2] € C*(TH° @ TV, [Q,3] € C=(T*?).

On the other hand,
3(¢1(2)) = $1(02) € (T @ T*OY), 9($1(@)) — $1(Iw) = 0,
3(¢2(2)) = $2(97) = =¢2(92) € C= (T @ T V), 3(¢2(®)) — ¢2(0w) € C=(T**?),
3(93(2)) — ¢5(02) € C=(T"Y), 3(3(@)) — ¢3(0@) = 0,
3(64(2)) — 64(07) = =44(0Z) € CZ(T*°),  (¢4(®)) — $4(Iw) € C=(T* @ T**V).
By equating the types, we arrive at the conclusion of this proposition. O
In view of the last proposition and the decomposition of H%, one should focus an

initial analysis of deformations on the simple types, namely those whose infinitesimal
deformations are contained in a unique summand of the decomposition of H 3

(
)

Infinitesimal deformations given by a O-closed section fl of TH0 @ T*(0:1) could
always be represented and analyzed as classical complex deformation theory.

If one considers a d-closed 2-form representing an element in H?(M, ©), then by
definition of Courant bracket [2,Q] = 0. Therefore, ) satisfies the Maurer-Cartan
equation, and

Ls={X4+a+:xQ: X+aclL}

is a generalized complex structure. The issue of integrability is trivial. However, this
deformation does not change the type of the generalized complex structure. It is still
type-n where n is the complex dimension of the manifold M. If the (0,2)-form Q is
not only d-closed but also closed, then this deformation is trivial within the realm of
generalized complex structures because the deformation is only the result of a B-field
transformation [17].

4.2. Holomorphic bivector fields. Suppose that I' is a deformation whose
first order term is a bivector field A with OA = 0. Let I'y be its second order term.
As T satisfies the Maurer-Cartan equation, up to second order term, we have

O(tA + t°T2) + %[[tA + 2T, tA + t°T3] = 0.
It yields
o'y + %[[A, A] =0.

Since A is a bivector, [A,A] is a (3,0)-vector field. On the other hand, o'y must
have a components with (0, 1)-forms. Therefore, the only solution is when [A, A] = 0.
It follows immediately that A is a solution of the Maurer-Cartan equation and I's
could be chosen to be zero. Therefore, a bivector field A representing an element in

HO(M, T%*Y) is an infinitesimal deformation of an integrable deformation if and only
if [A, A] = 0.

DEFINITION 2. A (2,0)-vector field is a holomorphic Poisson structure on a
complex manifold if OA = 0 and [A,A] = 0. In such case, we call A a holomorphic
Poisson vector field.
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Given such a A, suppose that ¢ € C*(End(T*(*V T19)) is compatible with A.
By Theorem 2, & = %qﬁ" is a DGA homomorphism. However, as an endomorphism
from the bundle L to L, its kernel contains at least T*Y. Therefore, ¢pA = 0 and
¢ o ¢ = 0. Therefore, we could conclude that the homomorphism & is simply 1+ ¢.
Furthermore, given a section X +@ of T*0@ TN &(X +a) = X +¢(a)+a. As the
vector part is X 4+ ¢(@) and the form part is @, X + @ is in the kernel of ® if and only
if it is identically zero. Therefore, ® as a bundle map from L to L is an isomorphism.
It is extended to an isomorphism from the exterior bundle A®L to A®*L. Therefore,
® is not only a DGA homomorphism, but also an isomorphism. We summarize our
observation below.

THEOREM 3. Let M be a complex manifold with a holomorphic Poisson vector
field A. Suppose that ¢ is a section of End(T*1) T10) compatible with the A in the
sense of Definition 1. Then A defines a family of generalized complex deformation of
the complex structure on M with tA. Moreover, if DGA(tA) represents the DGA of the
deformed complex structure, then they are all isomorphic to DGA(0), the differential
Gerstenhaber algebra of the complex structure on the manifold M.

Although from the viewpoint of deformation of DGAs, the presence of a compat-
ible pair on a holomorphic Poisson manifold makes the deformation of DGAs trivial,
on the geometric level, it is non-trivial. Recall that

Li={X+a+wh: X +acT 0o OV}

As iz is a (0,1)-vector, the type of the generalized complex structure Ly is different
from the un-deformed one L. If A as a bundle map from 7%V to 710 is everywhere
non-degenerate, then Ly is a type-0 generalized complex structure. By a Gualtieri’s
lemma [17], there exists a symplectic structure §2 on the manifold M such that the
complexified DGA of w is isomorphic to that of DGA(A) via a B-field transformation.
Since DGA(A) is isomorphic to DGA(0). We obtain the following result.

THEOREM 4. Let M be a manifold with complex structure J. Denote its associated
DGA by DGA(J). Suppose that A is a non-degenerate holomorphic Poisson structure.
If there exists a section of TH? @ T compatible with A in the sense of Definition
1, then there exists a symplectic structure Q) in the deformation family of J such that

DGA(R) is isomorphic to DGA(J).

In the sense of Merkulov, the pair (M, J) and (M, Q) form a weak mirror pair [6]
(7] [24].

4.3. Rational surfaces. In this section, we compute the first cohomology of
some well known holomorphic Poisson manifolds to demonstrate that for many holo-
morphic Poisson structures, Theorem 3 does not have solution.

Assume that we have a compact holomorphic Poisson manifold. Denote the Pois-
son bivector field by A. Consider Z a section of T*° and @ a section of 7*(1), Then
Z 4w is a section of L =T"0 @ 7+0.1) By Proposition 1, it represents an element of
the first cohomology of DGA (94 ) if and only if 04 (Z + @) = 0. That is

ONZ +w)=0Z+ [\, Z] + 0w + [A,w]
=[A,Z] +0Z + [A,w] + 0w = 0.

The terms above are sections of A2L = T2 @ TH0 @ 701 @ 7+ As each
component in this decomposition has to vanish, we conclude that

(39) [A,Z] =0, 0Z+[Aw]=0, 0Jw=0.
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In particular the (0,1)-form @ is O-closed. To push this computation further, assume
that the Dolbeault cohomology H'(M, ) vanishes. It follows that the (0,1)-form
is 0-exact, and there is a smooth function f on the manifold M such that @ = 9f.
Consider the vector field V = [A, f]. Since A = 0,

v = BIA, f] = [PA, £1 - [A,97] = —[A,5].

With (39) above, we conclude that d(Z — V) = 0. Therefore, Z — V is a holomorphic
vector field on the manifold M. By Jacobi identity of Gerstenhaber algebras,

[A I8 AT+ [AS If AlD + [, TAS A]] = 0.
Since [A, A] = 0, the above is reduced to
[A V] =[A[A, 1T = 0.
Combined with the first identity in (39), we conclude that
[A,Z-V]=0.

Let W=Z2—V,then Z=W +V =W + [A, f] such that 9W = 0 and [A, W] = 0.
Moreover, the section

Z4+w=W+][A, f]+0f =W + 0prf.
Since O f is Op-exact, W and Z + @ represent the same cohomology class in H%A.

PROPOSITION 4. Suppose that M is a holomorphic Poisson manifold with Poisson
vector field A. If H*(M, O) vanishes, then

Hy ={W e H°(M,T"°): [A,W] = 0}.

On the other hand, the first cohomology of DGA(9) is equal to
H(M,T%) @ H* (M, O).

Given the assumption of Proposition 4, it is equal to H°(M,T%°). Tt is easy to find
example on which there exists non-trivial holomorphic Poisson structures but it does
not admit compatible pairs due to the difference between H?(M,T*°%) and H%A. For
instance, there is a classification of compact complex surfaces admitting holomorphic
Poisson structures [3]. Among them, the minimal rational surfaces are all holomorphic
Poisson manifolds with vanishing irregularity. Except when the surface is a complex
projective plane, they are rational ruled surfaces.

For the complex projective plane A is an element in H°(CP?,O(3)). It could be
identified to a homogeneous polynomial of degree-3 in the homogeneous coordinates
of the complex projective plane. Meanwhile the space of holomorphic vector fields
H°(CP?,T%9%) is the complex algebra s[(3,C), treated as the set of 3 x 3-matrices
acting on of C3 by natural matrix multiplications. From this perspective, for any W
in H(CP?,T%9), the action [W, —] on H°(CP?,0(3)) is the induced representation
of s1(3,C) on the third symmetric product S3C3. Then for each A # 0, one could
find a W such that [W,A] # 0. Therefore, for each holomorphic Poisson structure
on the complex projective plane, H%A is strictly smaller then H% = H(CP2,T*Y) =

sl(3,C). It shows that DGA(CP?, 9) and DGA(CP?,d,) for any holomorphic Poisson
structure could never be quasi-isomorphic.
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4.4. Hopf surfaces. In this section, we compute H 1 when the underlying man-
ifold M is the Hopf surface, and demonstrates that it does admit compatible pairs.

Consider C? with coordinates z = (z1,22). Let A > 1 be a real number. It
generates a one-parameter group of automorphism on C2. The quotient of C%\{0}
with respect this group is diffeomorphic to the Lie group M = U(1) x SU(2). The
complex structure on C? descends onto M to define an integrable complex structure,
invariant of the left-action of the Lie group. In this section, by Hopf surface, we mean
this particular complex structure. The classical complex deformation theory of this
complex structure was analyzed by Dabrowski [12]. We focus on the deformations
generated by its holomorphic Poisson structures. Consider

1 0 0 i 0 0
X0—5(218—h+z28—22), X1—§(2’18—21—2’28—22)

i 5} 0 1 0 0
N =glag, tagyh B =g Ty

and
z21dZ1 + zodZo
|21]2 + |22

The cohomology spaces for the DGA(J) are given below. The computation of these
cohomology spaces are not new. We do not present any details.

40
41
42
43

HY(M,0) = (@), H(M,T"") = (X, X1, X2, X3) 2 u(1) @ sl(2),
HY M, T"%) = (Xo AT, X1 AT, X2 AT, X3 AT),
HO(M,T%%) = (Xo A X1, X0 A Xo, Xo A X3),

)
)
)
) HY (M, T*%) = (Xo A X1 AT, Xo A Xo AT, Xog A X3 AT).

(
(
(
(
In addition,

(44) [Xo,X1] =0, [Xo,X2] =0, [Xo,X3]=0,
(45) [X1, Xo] = —X3, [Xo,X3]=-X1, [X3Xi]=-X

Set f =1In|z|?, then Lx, f = % For j = 1,2,3, define f; = Lx, f, then

i ~ i, ~ !
W(zlm —2%2), [f2= FE (2021 + 21%2), f3= e

fi=

(—2251 —+ 2152).

The functions fi, fa, f3 are invariant of the group of actions generated by (Az1, Aza),
and hence they are globally defined on the quotient space M. Then we have

(46) IIXQ,E]] =0, [[Xl,E]] = 5f17 HXQ,E]] = gfg, [[Xg,ﬁ]] = 5f3

Whenever A = a1 X1 + a2 X2 + a3 X3 is a holomorphic vector field in the s[(2) compo-
nent of HO(M,THY),

[A,5] = a1[X1,5] + a2[X2,5] + a3[X3,0] = O(a1 f1 + azf2 + asf3).
We use the notation f4 to denote the function a; f1 + aafo + asf3. By (46),

(47) [4,5] = 9fa.
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Since Xo commutes with X; for j =1,2,3, Lx, fj = Lx,Lx,f = EXJ.% = 0. Then for
all A

(48) Lx,fa=0.

Given the above preparation, we begin to compute the first cohomology of
DGA@A) where A is any holomorphic Poisson structure on M. Let A = a1 X7 +
a9 X9+ a3 X3 be a holomorphic vector field, then A = Xy A A is a holomorphic Poisson
structure. As noted in (42), by choosing the complex numbers (a1, ag, a3), we exhaust
all holomorphic Poisson structure.

Now we calculate the first cohomology with respect to 9y = 9+ [A, —]. Suppose
that Z is a smooth (1,0)-vector field and @ is a smooth (0,1)-form. 9 (Z + @) = 0 if
and only if Z and @ satisfy the constraints (39). Once again, they are

(49) 0w=0, [A,Z]=0, 0Z+][\w]=0.

Since the cohomology H'(X, ) is spanned by @, there exists a function 1 and a
unique complex number a such that

W= az + 0.
Let V be the vector field [A,]. Since A =0,

oV =9[N, y] = [9A, 9] — [A, 0¢] = —[A, 0Y]
= —[A,w — ag] = —[A, @] + a[A,T].
By definition of A, (46) and (47), this is equal to
—[A,®] + aXo A [A,7] = —[A, @] + aXo ADfa = —[A,©] — ad(faXo).
It follows from (49) that
(50) OV —Z+afaXo) =0.
Next, consider the Schouten bracket. By (49),

[A,V — Z + afaXo]
=[A[A 9] = [A Z] + [Xo A A afaXo]
= [A A Y]] + aXo A A, faXo] — aA A [Xo, faXo]
= [A [A Y]] + aXo A TA, fa] Xo + afaXo A A, Xo] — aA A [Xo, fa] Xo.

Due to (44) and (48), this is equal to [A, [A,1]]. By the Jacobi identity for Gersten-
haber algebra and the fact that [A,A] =0, [A,V — Z 4+ afaXo] = 0. Define

(51) W=-V+Z—-afsaXg= —[[Xo/\A,’lb]]'i‘Z—afAXo.
Then [A, W] = 0. However, by (49) and the identity above,
(52) [A, W] =[XoNA W] =X A[A W].

As OW = 0, it is a linear combination of X, X1, Xa, X3. Therefore, [A, W] is equal
to zero if and only if there exist constants b and ¢ such that W = 06X+ cA. Therefore,

(53) Z=V4+W+afaXo=[Av]+bXo+cA+afsXo.
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As we have already resolved the first two constraints in (49), we could now substitute
Z in the last constraint to check that it does not generate additional conditions. So,
Z 4@ is Op-closed for A = X A A if and only if there exist a function v and constants
a, b, ¢ such that

@ = av + O,
Z =[MN9Y]+bXo+cA+afaXo=[AyY]+W +afaXo.
Since
Z4+w=[A] +bXo+cA+afaXo+ad+ 0 =bXg+ cA+afaXo+ az + Oath,

Z+w and bXo+cA+afaXo+ao represent the same element in the first cohomology
space HY(M,dx,n4). Therefore, we have

(54) Hl(Xv 3)(()/\A) = <XO; A7 fAXO + E> = (CS-

On the other hand, it is noted in (40) that the first cohomology of DGA(J) is a
five-dimensional space.

HY(M,9) = H' (M,0)® H*(M,T"°) = (7) & (X0, X1, X2, X3).

Therefore, along the deformation given by holomorphic Poisson vector field A = Xy A
A, the first cohomology jumps and hence A could not be part of any compatible pair.

5. Holomorphic symplectic algebras. In an explicit computation in [26],
part of the result in Theorem 4 has been observed on the Kodaira-Thurston surface.
It was possible to do an explicit computation due to the fact that the manifold is a
low-dimension nilmanifold.

If H is a simply-connected nilpotent Lie group and K is a co-compact subgroup,
then the quotient manifold M = H/K is said to be a nilmanifold. Let § be the Lie
algebra of the group H, the Chevalley-Eilenberg differential d determines a complex

d: Ap* =AM

It is known for a long time that the inclusion h* as invariant section of 7 induces an
isomorphism on the cohomology level [25]. If the nilmanifold has an invariant sym-
plectic structure €2, one could therefore consider this inclusion as a quasi-isomorphism
from the differential Gerstenhaber algebra with invariant objects DGA(h, Q) to the
manifold level DGA(H/K, Q).

There were a series of attempt to attain a similar result for Dolbeault cohomology
[8] [9] [10] [28]. This body of research generates a collection of examples of nilmanifolds
for which the inclusion of invariant sections in the space of sections of the bundle
L =T"9¢7*0D induces a quasi-isomorphism of DGAs. Kodaira-Thurston surfaces
is a prominent example with small dimension. To illustrate the theory of the past few
chapters, we now focus on DGA(h, J) for some Lie algebra b.

In our subsequent computation, we do not restrict h to being nilpotent, but will
construct algebras on which there is a good collection of geometric objects as in [7].

5.1. Pseudo-Kéhler structures. Let (g,w) denote a real Lie algebra equipped
with a symplectic structure w. Let V denote the underlying vector space of g. We
seek a linear map v : g — End(V) such that for all z,y, z € g,

(55) @)y —v(y)z = [2,y];
(56) w(y(2)y, 2) + w(y,v(x)z) = 0;
(57) ([, y]) = v(@)v(y) — v(y)v(z).
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The last condition requires v to be a representation. The second condition means
that it is a symplectic representation.

If one uses 7 as a operator of vector fields on the Lie group of the algebra g, the
last condition is equivalent to require 7 to be a flat connection. Condition in (56) is
to require the connection to be symplectic. The condition in (55) is to require the
connection to be torsion-free.

Given the representation 7y, one obtains a semi-direct product Lie algebra b :=
g x V with a Lie bracket defined by

(58) [(z,0), (y,0)] = ([z,4],0) [(,0),(0,v)] = (0,~(z)v),

for all z,y € g and v € V. Here we denote a generic element in g x V in terms of the
decomposition (z,u) € gd V.
On the semi-direct product, consider the linear map.

This is an almost complex structure. The (1,0) vectors are given by
(60) b0 = {(z,—iz) € (g®V)c : z € g}.

J is an integrable complex structure due to (55) because

[z —iJz,y —iJy] = [(z, —iz), (y, —iy)] = ([z, 9], —i(v(2)y =~ (y)x)).

The symplectic structure w induces three different symplectic forms on the semi-direct
product b.

(61) Q1 ((z, u), (y,v)) = —w(z,v) — w(u,y),
(62) QQ((IE,U), (y,’U)) = w(:z:,y) _w(uav)a
(63) Qg((;v,u),(y,v)) = W(xvy) +w(u7v)'

With respect to the complex structure J, Q. = Q1 + i3 is a closed (2,0)-form. It is
non-degenerate in the sense that the contraction map

Vs Q(V, ), Qo:pb0 — g0

is non-degenerate. The pair (£, J) is called a complex symplectic structure on the
algebra h. Let A be the inverse mapping of Q..

A h*(l,o) N hl,O'

It is a matter of definition that A € A2h10 = h20. Therefore, it could play the role of
an invariant holomorphic Poisson structure. Indeed we have the following

LEMMA 4. Let A be the inverse of Q., then it satisfies the following.
o Forany o, € 5*00), Afa, B) = —2.(2; }(a), 2 1 (8)).
o [A,A] =0.
e OA=0.

Proof. Beyond tracing definitions, the first identity is an elementary application
of the algebraic properties of Gerstenhaber algebra. The second identity is equivalent
to df). = 0. The last is another application of the algebraic properties of Gerstenhaber
algebra combined with a type decomposition argument. O
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The last lemma leads to the next.

LEMMA 5. Given a symplectic algebra (g,w) with a flat torsion-free symplectic
connection on the underlying vector space V' of g, then the semi-direct product b =
g X V has a holomorphic Poisson structure (J,A = Q;1).

Given the above holomorphic Poisson structure, we consider the generalized de-
formation generated by the holomorphic Poisson vector field A. It yields

(64) Ly =0 @ {{+Al: (e p @V}
Since A : h*(©1) — §10 is an isomorphism with Q. as its inverse,
Ly =000 {Q.V)+Y:Y eV},

Since Q. is a (0,2)-form, for any (1,0)-vector X, Q.(X) = 0. Therefore, the above is
equal to

={X+Q.(X)+Y +Q.Y): X €p' Y € p>'}
={V+Q.(V):Vep b} ={V+Q(V)-iQ(V):Vcb}
=V —iQa (V) : V € b}

The last equality means that the deformed generalized complex structure Ly is the
B-field transformation by the closed 2-form €2; of the generalized complex structure
defined by the symplectic form €25. In conclusion, we have

PROPOSITION 5. Given a symplectic algebra (g,w) with a flat torsion-free sym-
plectic connection on the underlying vector space V' of g, then up to the B-field trans-
formation with respect to the closed 2-form Qi, the generalized deformation of the
classical complex structure by holomorphic Poisson structure A = (Q1 +iQ2) ™t is the
the symplectic structure Qy. In particular, DGA(Ly) is isomorphic to DGA(Q2).

5.2. Compatible pairs. A different perspective in understanding DGA(Ly) is
in terms of compatible pair. That is to identify an element ¢ in h%' @ h10 so that
(A, ¢) forms a compatible pair.

As Q3 is a (1,1)-form and its contraction map is non-degenerate

Q3 . hl,O N h*(O,l),
its inverse map
le . h*(O,l) N hl,O

is a natural candidate to form a compatible pair with A.
On the other hand, if ¢g is a non-degenerate symmetric bilinear form the algebra
g, it induces a non-degenerate form on g x V' by

A((:E,’U,), (y,’U)) = g(x,y) + g(u,v).

Then its fundamental form is a (1,1)-form:

94((:17’ u)v (ya 1))) = A(J(Ia u)v (ya 1))) = A((_ua I)a (y,’U)) = g(x,v) - g(ya u)
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Therefore, le is also a candidate to match with A as a compatible pair. It is a
natural question to ask when 4 is closed. It amounts to asking the pair J and A to
form a pseudo-Kahler structure.

LEMMA 6. The pair (J,A) on b forms a pseudo-Kdhler structure if and only if
g(v(@)y, w) = g(v(y)z, w) — g(z, 7 (y)w) + g(y,y(x)w) =0

for all x,y,w € g.

Proof. For any (z,u), (y,v), (z,w) € gxV, expand dQ4((z,u), (y,v), (z,w)). Since
v is torsion-free, it is equal to

—g(v(2)y, w) + g(v(y)z, w) + g(x, y(y)w) — g(y, v(x)w)
—g(v(2)z,v) + g(v(2)2,v) + g(z,7(x)v) — g(=,7(2)v)
—9(v(y)z,uw) + g(v(2)y, u) + g(y, v(2)u) — g(z,7(y)u).

Since the last three lines are cyclic permutations of (x,u), (y,v) and (z,w), if one of
these lines is equal to zero, all three equal to zero and therefore d{24 = 0. Conversely,
if dQ4 =0, set 2z =wu = v = 0. Then the last two lines equal to zero, and the lemma
follows. O

Suppose that (€, J) is a holomorphic symplectic structure on the semi-direct
product h = g x V as above. Let Q3 and A be the natural symplectic and pseudo-
metric structure on h. Assume that (A, J) is pseudo-Kéhler. Both le and Q' are
candidates to be compatible with A = Q_!, so are their linear combinations. Below
is a key technical result in this section.

PROPOSITION 6. Suppose that (Q,J) is a holomorphic symplectic structure on
the semi-direct product h = g x V as above. Let Q3 and A be the natural symplectic
and (pseudo-)metric structure on b. Assume that (A, J) is pseudo-Kdhler structure.
If there is a real number p such that

(65) (97 w)(v(@)b) = =4y (g™ w) (@) (9™ w) (b))

for all a,b € g, then
i . _
(66) 6= 205"+ 0y

and A = Q' forms a compatible pair.

In the expression (65), we consider the contractions with w and g as maps from
the underlying vector space V of g to its dual. Therefore, y = g~'w is a map from V
to V. The following are used frequently in our proof of Proposition 6 above.

LEMMA 7. Recall that h1° = {(a, —ia) € (g ® V)c : a € g}.
As (0,1)-forms, Qs3((a,—ia),—) = —iQ4((3(a), —iy(a)), —).

As (1,0)-forms, Qs3((a,ia), —) = iQ4((y(a),iy(a)), —).

As (1,0)-forms, Q.((a, —ia),—) = —2Q4((y(a),i5(a)), —).

[(a, —ia), (b,ib)]"* = (—y(b)a,iv(D)a).

[(a, —ia), (b,ib)]>" = (v(a)b, iv(a)b).

To prove Proposition 6, we consider a generic linear combination of Q3 Land le,
=231+ put
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Note that we first extend both Q3' and Q; ' by zeroes on h'°. Then they are
extended as endomorphisms defined on h'°? @ §*(®1 to endomorphisms defined on
the exterior product A®(h>0 @ h*(®1)) through the identity (29), by linearity ¢ also
satisfies (29). Therefore, we will determine the coefficients A and p by solving the
non-trivial constraints in (27) and (28).

In the current context, the constraint (27) is equivalent to requiring that for all
el,£2 c bl,O o) h*(o’l),

(67) o([lr, €2]) = [@la, L] + [la, PL2].

Since h1:¥ is annihilated by ¢, and it is closed with respect to Schouten bracket, if
both ¢; and £y are in h1:, then the identity (67) is trivially satisfied, and hence does
not pose any constraint on A and u.
If ¢1 € h0, then there exists a € g such that ¢, = (a, —ia). If {5 € h*©OD | then
there exists (b, —ib) € h1:0 such that 5 = Q3((b, —ib), —). By Lemma 7,
ly = QS((bv _ib)v _) = 94((_ij(b)7 _](b))v _)'

Since ¢f; = 0, the constraint in (67) is reduced to @[¢1, 2] = [¢1, @¢2]. Since both
sides of this identity are (1,0)-vectors, to verify that they are identical, it suffices to
show that the evaluation of any (1,0)-forms on these two vectors are identical. Since
3 is non-degenerate, any (1,0)-form has the form Q3((n,in), —) for some (0, 1)-vector
(n,in). Then a proof of (67) is reduced to check whether the following holds:

Qg((’n, in), (b[[fl N fg]]) — Q3((7’L, in), [[fl, (Z%Q]]) =0.

Making use of various definitions and Lemma 7, we reduce the above identity to
)\QB((bv _ib)v (’7(@)](”), _V(G)](n))) - )\QS((nv in)v ([a7 b]? _i[av b]))
+1Q24((=23(b), =3(b)), (i75(n), =v(a)s(n)))

—p8((ig(n), —5(n)), (ila, 2(b)], =la, 5(b)])) = 0.
Using definition of Q23 and {24 in terms of w, the above is reduced to
—Aw(y(0)n, a) +ipng(v(3(b))s(n), a) = 0.

It is equivalent to

(68) A (v(b)n) = ipy(3(b))(3(n))

for all b,n € g. This identity is the first preliminary constraint on g and A.
Similarly, if £1, ¢ € h*(®1) choose (a, —ia) and (b, —ib) such that

(69) él = Qg((&, _ia)v _)7 62 = 93((175 _ib)v _)
Since [¢1,42] = 0, (67) is reduced to
(70) [[¢€1,£2]] + [[fl, (2%2]] =0.

As both terms in the above sum are (0,1)-forms, then its evaluation on any (0,1)-vector
(n,in) is equal to zero. Substitute (69) into identity (70), evaluate on a (0,1)-vector
(n,in), and make use of Lemma 7, we get

—AQ3((b, —ib), (v(a)n, iv(a)n)) + AQs((a, —ia), (v(b)n, iv(b)n))
—pu((=iz(b), —3(b)), (=iv(s(a))n,v(5(a))n))
+1Qu((—ig(a), —3(a)), (—=iv(3(b))n,v(3(b))n)) = 0.
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Using definitions of Q3 and 4, together with Lemma 7, The above identity is
reduced to

Aw([a,b],n) —ipg([s(a), 1(b)],n)
for all n € g. That is
(71) A([a, 0]) = iply(a), 3(b)].

Since y(a)b — y(b)a = [a, b] for all a,b, the above is equivalent to

A(v(a)b) — M(v(b)a) = —pvy(3(a))s(b) + py(3(b))s(a).

This identity holds for all a,b € g so long as (68) holds. Therefore, (68) is the only
constraint for solving (67).

Next, we need to find the constraints on A and p to satisfy the identify (28). This
is equivalent to requiring

(72) MO (0) — Q3700) + (09,1 (0) — Q7 10¢) = [A, (]

for all £ € H10 @ h*(O:1),
Since le and QZl are extended by zero on h'?, when ¢ is an element in 10,
the constraint (72) is reduced to

(73) —AQ MO0 — Qo0 = A, 1]

Let A, B be elements in b9 with identity (18) and the fact that d). = 0, one
could check that

[A, €] (A, Q.B) = Q. (¢, [A, B]).

If we set £ = (z, —ix), A = (a, —ia), B = (b, —ib) with z,a,b € g, recall the definitions
of . in terms of w, then the above is further simplified to

(74) A, ] (Q:A,Q.B) = diw(x, [a, b]).

In view of (11), the first term on the left-hand-side of the identity in (73) evaluated
on the ordered pair Q2. A, Q.B is simplified to

—Q3100(0.A,Q.B)

= —=2i (QB([(z, —iz), (a,ia)]) — QA([(z, —iz), (b,b)])

= —2i (Q((b, —ib), [(z, —iz), (a,ia)]"?) — Qc((a, —ia), [(z, —iz), (b,ib)]"°)) .
With Lemma 7 and various definitions, one could show that
(75) —Q3190(Q.A,Q.B) = —8w(z, [a,b]).
Similarly,

—0,; 1000, A,Q.B)
= —2(2A(— ()2, 17 (gb)x) — Qe B(=v(ja)z, iy (ga)x))

By Lemma 7, it is equal to

2 (Qu((—29a, —2iga), (—y(9b)z,iv(sb)z)) — Qa((—29b, —2igb), (=7 (ya)x, iv(ya)z))) .
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By definition of 24, we have
—Q,100(Q.A, Q.B) = 8¢(ilya, 3], ).
Since (68) is satisfied, (71) holds. Therefore,
—uQ 1oL A, Q.B) = 8)\g(5]a, b, x) = —8w(x, [a, b]).
Combined the above identity with (75) and (74), we obtain
—16dw(z, [a,b]) = diw(x, [a, b])

for all z,a,b € g. Therefore, \ = —%. Further and similar calculations demonstrate
that this is the only constraint [27].

Substitute this constraint into (68), we find that p is a real number and for all
a,b € g,

J(v(a)b) = —4pry(ga)(3b).

It concludes the proof of Proposition 6.

Let us analyze Proposition 6 further. If p = 0, constraint (65) implies that
~v(a)b =0 for all a,b € g. Therefore, v = 0. However, the connection + is torsion-free.
This implies that [a,b] = 0. Therefore, the algebra h = g x V' is trivial. In particular,
A is central in the Gerstenhaber algebra (A*h, A, [—, —]), and hence (A, ¢ = 0) forms
a compatible pair.

Therefore, whenever § is non-abelian, we may assume that p # 0. In such case,
if one multiplies the non-degenerate bilinear form g on g by the constant —4u, then
the inhomogeneity in equation (65) allows us to simplify this identity to

(76) (97 'w)(v(@)b) = (g w) (@) (g™ w)(b))-
Now we could apply Proposition 6 and Theorem 2 to conclude the following.

THEOREM 5. Let g be a Lie algebra with an invariant symplectic structure w and
non-degenerate bilinear form g. Let V be its underlying vector space. Let v : g —
End(V') be a torsion-free flat connection and b = g x., V the associated semi-direct
product. Then § has a natural complex structure J, a symplectic structure Q) and a
pseudo-metric A. If this triple forms a pseudo-Kdhler structure and if

(97 w)(v(@)b) = (g7 w)(a)) (g7 w)(b)).

then there exists a deformation from the complex structure J to a symplectic structure
Oy such that DGA(J) is isomorphic to DGA(Qg).

6. Low-dimension examples. According to Andranda [1], there are three non-
trivial four-dimensional complex symplectic algebras. Let e, es be a basis of g and
v1, V2 be a basis for V' such that

(77) J€1:1}1, J€2:U2.

Let e', e? and v',v? be the dual bases. We choose the symplectic structure w and the
pseudo-metric g on the algebra g to be

w:el/\ez, g:el®e2+62®el.
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It follows that

j:gilw:€1®61—62®62.

The natural symplectic form and metric on g X V are respectively

Q=ct A+ A2, A=el®e?+e2@e 40 @+ 02l

Moreover, let z; = %(el —v1) and z9 = %(62 —ivg), 2t = el +ivt, and 2% = €% +iv?,
then

(78) le—el/\vz—vl/\e2:%(zl/\zz—il/\iz)

(79) 92261A62—01A02:%(zl/\22+21/\22)

(80) Qg:el/\e2+vl/\v2:%(zl/\22+21/\z2)

(81) Q4:el/\v2—vl/\e2=%(zl/\22—21/\22) .

In particular,

chﬂl—l—iQQ:izl/\zQ, A:lezizl/\z%
(82) Q' =2 Az +Z2A21), Q' =2i(22AZ1 —Z2 A 21).

6.1. Example 1. When the two-dimensional Lie algebra g is abelian, the only
non-trivial object in constructing a four-dimensional semi-direct product in this case
is the torsion-free flat connection ~y. It is determined by the identities,

Y(er)vr =va, y(er)v2 =0, 7(e2) =0.

Equivalently, the only non-trivial structure equation for h = g x V is

[[61, ’Ul]] = V3.

The dual structure equation is dv? = —e' A v!. Therefore, it is apparent that €y is
closed, and hence h has a natural pseudo-Kéhler metric.
As je; = e; and jes = —eo, Proposition 6 is solved when p = %. By the expres-

sions in (82),

1

)
= _——_QO;t
(b 4 3 +4

Q' = 3(94—1 — i3 ") =iz A Za.

Therefore by Theorem 5, for the complex structure J in (77) and the symplectic
structure Qs in (79), DGA(Q2) and DGA(J) are isomorphic and they exist in one
generalized deformation class.

Indeed, for this particular example, the algebraic b is the covering space of the
Kodaira-Thurston surface. It is known that all the concerned cohomology spaces are
given by invariant objects. Therefore, we may also apply Theorem 4 on manifold
level, and recovers a key result obtained by ad hoc computation in [26].
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6.2. Example 2. In this example, the algebra g is solvable, with structure equa-
tion [e1, e2] = e2. The connection v is given by

y(er)vy = —v1, vy(er)va = w2, y(e2) = 0.

The structure equations for the semi-direct product h are equivalently given by

de? = —e' Ne?,  dvt =el Av?, dv® = —e! A2
It follows that 4 is closed. Further, pu = —% solves the constraint in Proposition 6,
and ¢ = —izo A Z1. Therefore, by Theorem 5 the complex structure J is deformed to

5 via a holomorphic Poisson structure, and DGA(J) is isomorphic to DGA(Q3).

6.3. Example 3. In this example, the algebra g is solvable: [e1,e2] = e2. The
connection v is given by

1

1 1
y(er)vr = 30 y(er)ve = 302 y(e2)vr = —502, v(e2)vz2 = 0.

On the semi-direct product the non-trivial structure equations become

1
(83) [e1,e2] = e2, [er,v1] = —cv1, [e1,v2] = sv2, ez, v1] = —sva.
2 2 2
The dual equations are

1 1 1
—ert Aot dvt=—=et At 4 =2 Avl.

2_ 1,2 1_
(84) de* = —e" Ne”, dv 5 5 5

It follows that df2y = 2v' A e! A €2. In particular, Proposition 6 and Theorem 5 are
not applicable. In terms of complex frames, we have

1 1 1 1
—z9, dzt= —Zzl ANZL d2? = _Z(ZI —|—El) Az%— Zzl A (22 —0—22).

[[Zla 22]] == 2

From the differentials, we further obtain that

1 1 1
(85) [[21721]] - ZEI, ”“21752]] = _1527 IIZ2722]] - ZEI

Taking the complex conjugation, and then the dual expression is
= 1 1 = 1
Oz1 = —=Z' Nz1 — =22 A 020 = -Z' A 2.
z1 42’ z1 42 Z2, Z9 42 Z9

As an intermediate step, we put together the structure equation of DGA(J) on this
particular algebra:

1 1 1 1
(86) [[21,22]] = 522, [[21751]] = 151, [[21,22]] = —122, [[22752]] = ZEI
S 1 4 = 1
(87) 0z = 42 A 21 42 Azg, Ozg = 42 A 29,
On the other hand,

Q2(61) = 62, 92(62) = —61, Q2(1)1) = —U27 Q2(“2) =
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Then the linear isomorphism Qo take the Lie bracket on vectors in (83) to a Lie

bracket on forms.
12 1 2 2 L, 2 1 Ly 1,2 L,
[et,e’] = —e, [[e,v]]:iv, [e“,v ] = v, [e,v]=—zv.

2 2

With respect to these Lie algebra structures, the first derived subalgebra h1:0 @ h*(0:1)
is the three-dimensional Heisenberg algebra spanned by e!,v!,v? with v! being its
center. In view of the exterior differential as given in (84), v' is not closed in the
differential Gerstenhaber algebra of the symplectic structure 5.

On the other hand, from (86), we find that the first derived subalgebra in DGA(.J)
is the three-dimensional Heisenberg algebra spanned by zo,z!,%z? with z! being its
center. In view of (87), Z! is O-closed.

Since the center of the derived subalgebra of DGA(J) is d-closed and that of
DGA(£2) is not d-closed, these two DGAs could not be quasi-isomorphic

REMARK. Given the definition of €; in (78), it is apparent that g and V are
Lagrangian with respect to £2;. As Jg =V and JV = g, the complex structure J and
the complex symplectic structure is special Lagrangian in the sense of [7, Definition].

Let o* be the dual representation of ~, then one obtains the dual semi-direct
product h = g x« V*. Through this space as an intermediate object, it is provided
in [7, Theorem 5.2] that there is a natural isomorphism from DGA(J) to DGA(£4).
See also [4]. Therefore, we have

DGA(Q) = DGA(J) = DGA ().
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