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ON THE THOM-BOARDMAN SYMBOLS FOR POLYNOMIAL
MULTIPLICATION MAPS*

JIAYUAN LINT AND JANICE WETHINGTON?

Abstract. The Thom-Boardman symbol was first introduced by Thom in 1956 to classify
singularities of differentiable maps. It was later generalized by Boardman to a more general set-
ting. Although the Thom-Boardman symbol is realized by a sequence of non-increasing, nonnegative
integers, to compute those numbers is, in general, extremely difficult. In the case of polynomial
multiplication maps, Robert Varley conjectured that computing the Thom-Boardman symbol for
polynomial multiplication reduces to computing the successive quotients and remainders for the Eu-
clidean algorithm applied to the degrees of the two polynomials. In this paper, we confirm Varley’s
conjecture.

Key words. Thom-Boardman symbols, polynomial multiplication maps, Toeplitz matrices.

AMS subject classifications. 58K40, 58 K20, 32510, 14J17.

1. Introduction. This paper proves Robert Varley’s conjecture on the Thom-
Boardman symbols for polynomial multiplication maps.

In 1956, R. Thom developed a method to classify singularities of differentiable
maps according to the rank of the first differential of the map and the ranks of its
restrictions to submanifolds of singularities. His theory depended upon the manifold
structure of the singular locus of each restriction of the map. Eleven years later, J.M.
Boardman [3] generalized Thom’s work to include maps whose singular loci may fail
to be manifolds, or whose successive restrictions may fail to be manifolds. In effect,
Boardman expanded Thom’s work to almost all differential maps on manifolds. The
Thom-Boardman classification is realized by an infinite, non-increasing sequence of
nonnegative integers referred to as the Thom-Boardman symbol. When the number
of nonzero terms is finite, the sequence for the symbol is usually truncated after the
last nonzero entry.

Joint work concerning invariants of Gauss maps of theta divisors by M. Adams,
C. McCrory, T. Shifrin and R. Varley [1] revealed a fundamental connection between
these Gauss maps and secant maps. Continued work by R. Varley (see [5] or Chapter 3
in [7]) indicated a strong potential connection between secant maps and maps defined
by the multiplication of two monic single-variable polynomials. The Claim 3.1.2
in [7] is unconditionally true and the transversality hypothesis in Conjecture 3.1.3
in the same paper is also very natural since the geometry of a curve will depend
on how “generic” it is embedded. James MKernan [4] proved that for a generic
curve of genus ¢ in its canonical embedding, the transversality hypothesis of Janice’s
conjecture 3.1.3 does hold. Janice and I are still working on a proof of her conjecture
3.1.3. If we succeed, the Thom-Boardman symbol for the secant map of a generic
canonically embedded curve and hence the Thom-Boardman symbol for the Gauss
map at all smooth points on the theta divisor of a generic Jacobian will be known.
So the classification by singularities of these polynomial multiplication maps would
result in the classification of the secant maps and hence Gauss maps. However, the
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Thom-Boardman symbol is usually difficult to compute. Even in the case of the
polynomial multiplication maps the computation becomes extremely difficult in all but
a small number of cases. A conversation with V. Goryunov led R. Varley to conjecture
that computing the Thom-Boardman symbol for polynomial multiplication reduces
to computing the successive quotients and remainders for the Euclidean algorithm
applied to the degrees of the two polynomials.

In her Ph.D. dissertation [7], Janice Wethington revealed many fundamental
structures in the Jacobian matrices. She proved Varley’s Conjecture in several special
cases and obtained upper bounds for the Thom-Boardman symbols. In this paper,
we completely prove Varley’s Conjecture. Recently, using Theorem 1.2 below, Y.
Wang et al. [6] proved that for any non-increasing sequence of nonnegative integers,
there is a map-germ with the prescribed sequence as its Thom-Boardman symbol.
This result provides a complete list of representatives of map-germs classified by their
Thom-Boardman symbols.

For the reader’s convenience, let us first recall the definition of Thom-Boardman
symbol from [2] and then state Robert Varley’s conjecture.

Let x1,-- -, z,, be local coordinates on a differential manifold M of dimension m.
Denote A the local ring of germs of differentiable functions at a point € M. For
any ideal B in A, the Jacobian extension, Ay B, is the ideal spanned by B and all the
minors of order k of the Jacobian matriz (0¢;/0x;), denoted 0B, formed from partial
derivatives of functions ¢; in B. Since the determinant of this matrix is multilinear
and since (0¢/0x') = d¢/0x - dx:/0x’, the Jacobian extension is independent of the
coordinate system chosen, hence is an invariant of the ideal. We say that A;B is
critical if A;B # A but A;—1B = A (just A1B # A when ¢ = 1). That is, the
critical extension of B is B adjoined with the least order minors of the Jacobian
matrix of B for which the extension does not coincide with the whole algebra. If
every size minor of 6 B is a unit in A, then the map was of full rank at the given point
already and the critical extension is the ideal B itself. Note that B C A;B.

Suppose that IV is another differential manifold of dimension n and y;, - - ,y, be
local coordinates on it. For a differential map F : M — N, F = (f1, fa, -+, fn), We
denote J the ideal generated by fi1,---, fn, in A. Then ApJ is spanned by J and all
the minors of order k of the Jacobian matriz §J = (0f;/0x;).

Now we shift the lower indices to upper indices of the critical extensions by the
rule A'J = A,,_;11.J. We repeat the process described above with the resulting ideals
until we have a sequence of critical extensions of J,

JCAMWJCARPAN T C .- CA®RAWR1... AN J=m

where m is the maximal ideal of .A. Then the Thom-Boardman symbol, TB(J), is
given by (i1,42, - ,ir). The purpose of switching the indices is that doing so allows
us to express T'B(J) as follows:

iy = corank(.J), i = corank(A®.J), -+ i} = corank(A%~1 ... A"J)

where the rank of ideal is defined to be the maximal number of independent coordi-
nates from the ideal and the corank is the number of variables minus the rank. For
concrete examples of computing Thom-Boardman symbols, we refer the interested
reader to [7].

Let M, be the set of monic complex polynomials in one variable of degree n.
M, = C" by the map sending f(z) = 2" + a,_12" > + .-+ + ap to the n-tuple
(a(Ja ag, - - 7an71) e Cm.



THOM-BOARDMAN SYMBOLS FOR POLYNOMIAL MULTIPLICATION MAPS 369

If we take f(x) of degree n as above and g(z) = a" + b._12" "1 + -+ + by of
degree 7, then the product h(x) = f(x)g(x) is a monic polynomial of the form h(x) =
2™ 12" o 4 g, where the ¢;’s are polynomials in the coefficients of
f and g. We can also assume that n > r. The ¢;’s are as shown below:

Cntr—1 = OGp—1 + br—1
Cntr—2 = Ap—2 + brf2 + anflbrfl
and
Cngr—j =Gn—j +br—j+ > aiby, forj<r
i+k=n+r—j .
Cngr—j = Op—j + Y. aiby, forr<j<n
i+k=n+r—j
Crtr—j = > aiby, forj>n
i+k=n+r—j

This gives us maps

pn,r : C" x C" — crtr

defined by

(ag, -+ ,an—1,b0,- - ybr_1) = (Cpngr—1,- -+ ,Co0)-

Consider the Euclidean algorithm applied to n and r:

n=qr+r, 0<r<r
r=gqor1+12, 0<r2 <1

Th—1 = Qr1Tk, 0 <Tp <Tp_1

Let I(n,r) be the tuple given by the Euclidean algorithm on n and r:

I(Tl,?"):(T’,"' s Ty 3Ty 3 TRy ark)

where r is repeated ¢; times, and r; is repeated g¢;41 times.

Let I(pin,r) be the ideal in the algebra A of germs at origin generated by ¢;’s in
the map i, : C" x C" — C"*". Denote T B(I(n,,)) the Thom-Boardman symbol
of this ideal, Robert Varley conjectured that

CONJECTURE 1.1. (Varley’s Conjecture) TB(I(fin,r)) = I(n,r) for any n > r.
In this paper, we prove Varley’s Conjecture, that is, we have
THEOREM 1.2. TB(I(tn,r)) = I(n,r) is true for any n > r.

One of the difficulties in computing Thom-Boardman symbol is that if we simply
add all (n+r—¢; + 1) minors into the ideal representing the j-th critical extension of
I(pn, ) the number of generators grows exponentially. In her dissertation, Wethington
confirmed Varley’s Conjecture for all cases n 4+ r < 10 by computer. The memory
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demands grew exponentially for those calculations. In this paper, we overcome this
difficulty by carefully choosing the generators at each step of the critical extensions.
Specifically, we find a group of polynomials such that at each step of the critical
extensions we only need to add the same number of polynomials indexed by the
corresponding entry in I(n,r). We construct these polynomials explicitly and prove
that they have the desired property.

This paper is organized as follows: in section 2 we discuss the first critical exten-
sion of Iy ) and prove Varley’s Conjecture in the special case n = r. In section 3, we
first prove some properties of lower Toeplitz matrices and then construct (¢17 + 1)
polynomials g, , Vg r—1; Vgirs -+ Vgir+r—1 explicitly. We show that the s-th
critical extension of I(u, ) is exactly obtained from the previous one by adjoining
Y(s—1)r» -+ »Ysr—1 for 1 < s < g1 and the (g1 + 1)-th critical extension is the g;-th
one adjoining g, r41, -+, Ygr+rm—1. Denote fo(z) = f(x), fr(z) = g(x), r-1 =n
and ro = r. Starting from fo(z) and fi1(x), we construct a sequence of polynomials
fa(x), -+, fr+1(z) inductively such that the degree of f;(z) is r;—1 and the multipli-
cation of f;(z) and f;y1(x) gives a map g, ., : C"=1 x C" — C"i-11"i, Following
the same idea we can produce (g;1+17; + 7i4+1) polynomials with the property that at
each of the next (gi+1 + 1) steps of the critical extensions of I(y,) we only need
to add the same number of polynomials indexed by the entries (r;,---,7;,74+1) in
I(n,r). After adding all such polynomials into I(n,r), we reach the maximal ideal
m. Therefore the rest of the entries in TB(I(un,r)) are zeros and Varley’s Conjecture
follows.

Acknowledgment. We appreciate Professor Robert Varley for his detailed ex-
planation about the motivation to compute Thom-Boardman symbols of polynomial
multiplication maps. We also thank the referee for a number of helpful comments and
suggestions.

2. The first critical extension of I(uy, ). Let I(pn, ) be the ideal generated
by ¢ntr—1,Cntr—2, - ,co defined by the multiplication map iy . There is an in-
teresting fact that becomes obvious when taking the Jacobian 6I(uy,). Taking the
derivatives of ¢;’s in descending order from n + r — 1 to 0 with respect to the a;’s
and b;’s in descending order from n — 1 to 0 and r — 1 to 0 respectively, we get the
following:

1 0 0 cee e 0 1 0 0
br—1 1 0 EEET 0 Gn—1 1 0
br_s br_i 1 e et Gpes Gnel 0

Bpeo  bpoi  cee e e : Gno 1
Bpog oee - 1 ce
b1 e Qp_2
(2.1)  0I(pn,r) bo b
0 bo 0
0 0 bo ao
0 ao
0 0 0 b.o 0 0 ao
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This is the Sylvester matrix for f and g. The rank of the Sylvester matrix for
two polynomials when evaluated at the origin is the larger of the two degrees and
thus the corank is the smaller. This gives the first entry of T'B(uy,,) for any n > r;
i1 = corank(01 (pn,r)) = 1.

Let dp—1 = apn—1 — br—1, dnej = Gn—j — bp—j — > dp—ibr—y, for j < r and

i+k=j
dpnj=0n—j— Y, dnibr—g, forr < j <n. The following is true.
i+k=j

PROPOSITION 2.1. A"I(nr) = I(tn,r) + (do,- -+ ,dr—1)

Proof. By the definition of critical extension, A"I(uy, ) is the sum of I(u, ) and
the ideal spanned by all the (n + 1) x (n + 1) minors of 0 (fy,). The later one is
unchanged under elementary row operations on 61 (). We can do row operations
on 61 (jin,r) as follows (in the next section, we will describe these operations in matrix
language).

Multiply the first row by —b,_; and add it to the (i + 1)-th row for i = 1,--- ,r.
After that, multiply the second row by —b,_; and add it to the (i + 2)-th row for
i=1,---,r. Continue this process until all the bg, --- ,b,._; disappear from the first
n columns. After that, multiply the (n + 1)-th row by —b,_; and add it to the
(n+i+1)-throw fori=1,---,7— 1. For each j = 2,--- ,r — 1, starting from j = 2,
we can multiply the (n + j)-th row by —b,_; and add it to the (n + j + 7)-th row for

i=1,---,r—j. At the end, we get a matrix with the following form:
1 0 O 0 1 0 0
01 0 «+ 0 dox - -0
00 1 oo oo dyo
0 : 1
(2.2) T
0 ° - o 0 do o dey
* T ey
0 0 --- - 0 * * * do

The elements in the position marked with “*” in matrix (2.2) can be generated

by do,- - ,dr—1. Now it is easy to see that the ideal of all the (n+1) x (n+ 1) minors
of the matrix (2.2) is generated by do,- - ,dy_1, so is that of §I(py, ). Proposition
2.1 follows. O

As an easy consequence of Proposition 2.1, we have the following corollary.
COROLLARY 2.2. TB(I(tin,n)) = (n) = I(n,n) for any positive integer n.

Proof. From the discussion on the first Jacobian, we know the first entry in
TB(I(tin,n)) is n.

To show that TB(I(unn)) = (n), we only need to prove that the corank of
SA™I(in,n) evaluated at origin is 0.
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By Proposition 2.1, A" I (finn) = I(fin,n) + (do, - -+, dn—1), $0 SA™I(fin, ) has the
following form when evaluated at origin.

I, I
(2.3) 0 0
I, —I,

whose corank is obviously equal to 0, hence TB(I(fin,n)) = (n). O
3. Proof of Theorem 1.2.

3.1. Toeplitz matrices. Before we give a proof of Theorem 1.2, let us discuss
some properties on certain class of matrices called Toeplitz matrices.

A n x n Toeplitz matrix is a matrix in which each descending diagonal from left
to right is constant. The lower shift matrix L,, is a n X n binary matrix with ones only
on the subdiagonal and zeros elsewhere. It is obvious that L,, is Toeplitz. Moreover,
it is nilpotent.

A matrix V is called a lower Toeplitz matrix if V = vl, + vy_1L, + vm,gL% +
-+ oL for some m(m < n), where I,, is the identity matrix and v, v, - , Um—1
are variables or constants.

The following lemma is true.

LEMMA 3.1. Let V =1, + vp_1Ly, + ’Um_gLi + -+ vl and W = I, +
wi—1 Ly +wy—o L2 + - + wOLln be two n x n lower Toeplitz matrices. Then
1. VW is a lower Toeplitz matrix and VW = WV.
2. V=1 is a lower Toeplitz matriz and each entry below the diagonal is a poly-
nomial in variables vy, -+ ,Vm_1.

Proof. Tt is easy to see that VW = (I, + vyy—1Lyn + Um—oL? + -+ + voL™)(I,, +
wi—1Ly +w_oL? 4+ -+ woLl) = WV and VW is a lower Toeplitz matrix.

Using long division to R e 5wy ATIR the formal power series ring

W, we immediately have that V! is a lower Toeplitz matrix and each
entry below the diagonal is a polynomial in variables vg, -« ,vy,_1. O
3.2. Proof of Theorem 1.2. Let An+7‘+1 = In+7‘+1 + an_an+,.+1 +

an72L%+7-+1 + -+ aOL:lH_',-_i_l and Bn+r+1 = In+r+1 + brfanJrrJrl + br72L%+7-+1 +
- +boLy .1 , where a;,b; are the coefficients of f(x) and g(x) respectively. The
first Jacobian matrix is

(3.1) 51 (i) = <([n+r,0) Brtrt1 (I(;) s (Intr, 0) Angrn (%))

Let Dyyri1 = (Bnirs1) *Anirs1. It is easy to see that the row operations
we did in section 2 on 01 (uy ) is exactly multiplying 61 () by (Bpir)~! on the

0

dpoLl? 1+ +doLly,y+d LY+ +d LI for somed_q, - ,d_,.
n+j

Loyr
left, where BnJrT = (In-i-ra O) Bn+r+1 ( n+7>' So Dn+r+1 = In+r+1 + dnfanJrrJrl +

Comparing the corresponding coefficients L, 15, | for j = 1,--- ,r on both sides of the

equation By 4r+1Dn4r41 = Angrs1, we have that d_; +b,_1d_j 41+ -+ bodr—; =0,

which imply that d_;,j =1,--- ,r are generated by do, - - - ,dr—1. This coincides with

what we said about the elements in the position marked with “*” in matrix (2.2).
From A, 441 = Bngry1Dngry1, it is easy to get the following equations:
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an—-1 = dn—l + br—l
an—2 =dn—2+br_o+br_1dn—1

and

n—j = dn—j +br—j+ 3 broidn—i, for j<r
it+k=j

Gng = s+ 3 brodns, for < j <n

i+k=j
Taking derivatives with respect to a;’s and b;’s in descending order from n — 1 to 0
and 7 — 1 to 0 respectively in the above equations and using the Chain Rule, we have
that

(3.2) (In, 0)= (B, D) (g%) (2%)
0

where B = (I, 0)Bnyrit1 <16’) and D = (In,0)Dpiri1 (IOT) This gives that

(3.3)
B (§) +D=0.
I. I
Let A = (In, O)An+r+1 < ) y then A = ([n7 O)An+r+1 (0) =

D
(In; 0)Batri1 Dnr 1 < ) = (B,0) <) ~ BD.
Using Equation (3.3) and A = BD, we can prove the following lemma.

9%d; 9°d
LEMMA 3.2. (m) =—5 (m) D fors=1,---,q1.

o =

Proof. Tt is easy to see that B = (I,,,0) B yr11 (I(;L) =1, +b_1Lyp+---+boL]

is a lower Toeplitz matrix. Its derivative with respect to bg is again a lower Toeplitz

matrix, in fact, gTB =1L;. So BgTB = gTBB by Lemma 3.1 or direct verification.
0 0 0
The equation g—lf) = L; implies that any higher derivatives of B with respect to

by is zero. From B (gz]) = I, in Equation (3.3), we have

ad; -
(3.4) (%) =B L.
Taking derivatives with respect to by repeatedly on both sides of Equation (3.4)
gives
(3.5)

(555 ) = (-)(-2)- - (~s + 1B (g—i)s_l — (—) M- B (g_b'z)s_l

for any positive integer s.
From B (gg;) + D =0 and A= BD, we have

(3.6) (gg) =B 'D=-B"2%4
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Taking derivatives with respect to by repeatedly on both sides of Equation (3.6)
and using the commutativity B g—lﬁ = g—f}B give that

(3.7) y B
() = o2 o (52) a= v (B2) o

Now our lemma follows immediately from Equations (3.5) and (3.7). O

We also need the following lemma.

LEMMA 3.3. The n x r matriz (ggj) in Equation (3.3) is the first r columns in

a n X n lower Toeplitz matriz; moreover, the elements gg? fori=0,---,r—1 and
J

3 =0,---,r—1 can be generated by angl,j:0,~~~ ,r—1landdy, - ,dr_1 if 1 > 2.
J

Proof. From B (gzl;) + D = 0 in Equation (3.3), we have that (gfjﬁ') =—-B~!D.
Let D = I, +dy_1L, + -+ dlLffl, which is a lower Toeplitz matrix. Then D =

D <Ig) By Lemma 3.1, —B7'D is a lower Toeplitz matrix. So (gff;) =-B'D=

~B~D (I(),) is the first r columns in the n x n lower Toeplitz matrix —B~1D.

Denote B~'D as I, +tn_1Ly+---+ tlLZ_l, we have that

ILi+dy1Ly+--+d L' " =D=BB'D=

(3.8) 1
(In+br—1Lp+---4+boL])(In +tp_1Lpn+---+t1 L7 7).

Comparing the coefficients of LX for k =n —r +1,--- ,n — 1 in Equation (3.8),
we have that

(39) di=1t;+br_1tiy1+---+ bOtr-i-i for i=1,---,r—1.

From Equation (3.9), it is easy to see that t1,---,t.—1 are generated by
tr,-++ ,tor—1 and dy, -+ ,d-_1. From the equation (gz;) = -B7'D (I,., O) we see
that ¢, = —gbd? fork=r—j+i, wherei =0,---,r—1and j =0,---,7r — 1.

J
Hence the elements gg; fori=0,---,r—1and j=0,--- ,r — 1 can be generated by

Odr_1 -
t27-_1_j = gbjl,j :O,"' ,7“—1 and dl,'-- ,d.,-_l. ad

As an easy consequence of Lemma 3.2 and Lemma 3.3, we have

PROPOSITION 3.4. A"(A™I(pinr)) = I(ptn,r) + (do, - -+, dr_1, ?,‘Z:: R agz:) if

q1 > 2.

Proof. By Proposition 2.1, we have that A™I(pn,r) = I(fnr) + (do,- -+ ,dr_1).
To prove this proposition, we only need to show that the corank of &(I(pn.,r) +
(do, -+ ,dr—1)) evaluated at origin is r and

8dr—1 8dr—1)
r—1, 8bT,1’ ’ 8b0

(3.10)  A"(I(pn,r) + (dos - -+, dr—1)) = I(ptn,r) + (do, - -~ ,d
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Because  0(I(tn,r) + (do,---,dr—1)) = ((gg)(ﬁjn(g)d)l)) =

aaj abj

I, I,
BnJrr AnJrT
0 071, left multiplying 6(I(gnr) + (do,-++,dr1)) by
ad; ad;
(5%) (%
I, 0 0 B
P o) (e Y e
I, D
(3.11) 0 *
- ()0 (1)
where elements in the position marked by “*” can be generated by dg,--- ,d,_1.

By Lemma 3.2 (the case s = 1), we can rewrite the above matrix as

I, D

(3.12) 0 *
od;
2 (5%)

The * part is given by (O,I,.) (Bpir) Y Anir <1;)T>, which evaluated at origin

is (O,I,.) Ig = 0 because ¢ > 2. The same argument gives that (gi) =
_ (O,Ir) B-'D (Ig) evaluated at origin is also equal to (O,IT) (Ig) = 0. There-
for the corank of §(I(tn, ) + (do, - -+ ,dr—1)) evaluated at origin is r.

By Lemma 3.3, any element in the r X r matrix (gg?) can be generated by
J
9d— j=0,---,r—landdy, -+ ,dr-—1. Soany (n+1) x (n+ 1) minor of the matrix

ab;
in (3.12) can be generated by 6‘;’};1 ,j=0,---,r—1anddg,---,d.—1 because it must

have at least one row whose elements are from * or 2 (gfj?). This implies that
J

adrfl adrfl

(313) AT(I(Mn,7)+(dO7 adT—l)) gI(Mn,7)+(d07 adT—la s T Ty )
Oby_1 Obo
: . L, # :
Foreachj =0,---,r—1, the (n+1)x(n+1) minor 0 90d-s has determinant
ab;

26‘;};1, so the C in Equation (3.13) is actually an equality. This proves Proposition
J
3.4. 0
Let ¢y =d; fort =0, --- ,;r—1 and ¥gp4; = % fori=0,---,7—1and
s=1,---,q1 —1. We have the following lemma.

LEMMA 3.5. (%T*) =—(s+1) (%) D fors=0,---,q — 1.
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Proof. Equation (3.3) implies that (gg;) = B~! and (ggj) = —-B7!'D. So
(g%;) =— (g%j_) D. Lemma 3.5 is true in the case s = 0.

Odr—1  __ 9d; o %dyr_1 _
For s > 1, by Lemma 3.3 we have that 56, = oo SO Vsrti = T

g° 1 Od,_1 95t od; \ _ 9°d;
05— 1bg Ob,_1_; — 95— 1pg dbg  0%bg "

By Lemma 3.2 we have that (8%2;“) = (aibj SZZ;) = 8%0 (%ﬁi"@bj) =
8%0 <75%D) = —s (6%3_ gszlo) D —s %) g—lf). Our lemma follows if
we can show that —s (85%5?8%) g—f} =— (% g:;fg) D. This can be done as follows.
From the equation A = BD, we have that g—lf)DJng—lg =0. So g_b?) = fB_lg—lf)D.
Applying Equation (3.5) to both indices s and s+1, we have that —s (85%“?8%) g_lf) =

9°d; - _ s5— —(s 5 _ 9 0°d; :
s (Wg)aai) B lg—f)D = (=1)*"ts!B~(s+D) (g—f)) D=— (673_ 65170) D. This com-
pletes the proof of Lemma 3.5. O

ks K
THEOREM 3.6. A"+ - A"I(tnr) = I(tnr) + (Yo, -+ s Psr—1) for s=1,--- ,q1.

Proof. The case s = 1 has been proved in Proposition 2.1. If g = 1, we are done.
So we may assume that ¢; > 2.

Suppose that Theorem 3.6 is true for s = 1,--- ,p. By Proposition 2.1 and
Proposition 3.4, we may assume p > 2. If p = ¢q1, we are done. Otherwise we may
assume that p < ¢q; — 1.

By the inductive assumption, we have that

/—L
A" ATI(/’[/TL,’!‘) = I(Mn,'r‘) + (¢07 e ;wp'r'—l)-

We need to prove that the corank of 6(I(pn,r) + (Yo, ,¥pr—1)) evaluated at
origin is r and

(3.15)

(3.14)

P

—_——~—
AT(AT e ATI(/"‘"J‘)) = AT([(AU‘W«»T) + (1/’0: e 71[]?”“*1)) = [(Hn,'r) + (1/’07 o 7w(p+1)7‘71)-

_ (1 (ptn,r))
It is easy to see that (I (tn,r) + (Yo, -+, Ypr—1)) = | [ 0verss awsrﬂ) , Where s
6aj ) 6bj
varies from 0 to p — 1 and ¢ from 0 to r — 1 respectively. Left multiplying 6 (I (g ) +
I, O
(0 IT) 0 - 0} /(Burr)™h 0 - 0
_ 81111') I s 0 0 I, :
(wo;"' 7w;m“—1)) by (aaj T . , We
: P ' 0
B 6w(%;;>r+i 0 - I, 0 e 0 I,
get the following matrix
I, D
0 *

awsr v 8wsr i
7( 5a; )D+( b, )
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“*¥” can be generated by dg,--- ,d,_1 and

where elements in the position marked by
s varies from 0 to p — 1.

By Lemma 3.5 and induction assumption, it is equal to

I, D
(3.16) 0 ;w
1 p—Dr+i
0 (441 (P
“*7 can be generated by ¢, , ¥pr—_1.
L,
0
show that the corank of §(I(tn,r) + (Yo, -, ¥pr—1)) evaluated at origin is r, it is

. OY(p—1)rti
sufficient to prove (%

where elements in the position marked by

By induction assumption, the corank of evaluated at origin is . To

: Op—1yr+i) _ ) P td, 4 _ o (_oP~2 9d,._, _
The matrix ( b, = aTj(apf%oab,,,l,i) = 8_bj(apf2b0 W) =

(3(87#2 a—dt)) = (ﬂ(%)). By Equation (3.6), we have that

B8b; \ 9P—2bg Bbg 9P—T1hy \ Bb;

p—1 ) p—1 _ —p— —
(agflbo(g_g;)) = = (0,[7.) (62*150 (B 2)) A = (-1)*p! (07]7“) B=r l(g_(f))p A =
(=1)Pp! (0, I, B P 1LP"U" A which evaluated at origin is zero because

0

B_p_nglp*l)TA evaluated at origin has the form | I, | and the bottom 0 con-
0

) is zero when evaluated at origin.

sists of (g1 — p)r > r rows.

sp 8w(p71)7'+i _ o P~ 1d,_4 _ o 9P~2  Odr_1 _
By the definition —a, = o5 787),%0%“1%) = 8_@(—61’*%0 8br—1—i) =

i
i( or—2 8d7,) _ 9 or2 (8d7,)

6bj OP—2bg Obg - Obg OP—2bg 6bj

O (p_yrps Oy 1yris )

71&(%;) L can be generated by vo, - - , (p—1)r4r—1 and 71[)(%1);) *ofori=0,---,r—1.

J

By the definition 20esires — 0 (-~ 00 iy ) 0oy
any (n+1) x (n+1) minor of matrix (3.16) and hence (I (tinr)+ (¥o, -+, ¥pr—1)) can
be generated by (10, - - - , Y (pt1)r—1), this implies that A" (I (pn )+ (0o, -+, pr—1)) C
I(pn,r) + (Yo, -+ ,¥(p+1)r—1). Actually the inequality is an equality because each
Ypr+i is only different from a (n + 1) x (n + 1) minor of 6(I(tn,r) + (Yo, -+, Ypr—1))

by a nonzero constant. Theorem 3.6 follows. O

OV (p_2yrti

- 0 i i i
= b a0, By induction assumption

= Ypr4;. Therefore

As an easy corollary of Theorem 3.6 and its proof, we have
COROLLARY 3.7. The first q1 entries in TB(I(pn,r)) are (r,--- ,7).
Our next goal is to prove that

PROPOSITION 3.8. The (g1 + 1)-th entry in TB(I () is 1.

Proof. By Theorem 3.6, it is sufficient to prove that the rank of §(I(un,,) +
(%0, ,¥qr—1)) evaluated at origin is n +r — r1. By the proof of Theorem 3.6, we
(g —1yr+i )

ab;

only need to prove that the rank of ( evaluated at origin is r — r1, where

1=0,---,r—land j=0,---,r—1.
When ¢; = 1, we have that (W) = (gi) By Equation (3.6) and that

B~ is equal to I,, when evaluated at origin, we have that (gg;) evaluated at origin
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I

has the same rank as that of — (O I,.) (O

), the latter one has rank r — r; because

n = ri+r and (O I,.) (IT) represents the first r columns in the r x n matrix (O I,.).

0
(g —1)rti a1 —1q,
When ¢ > 1, we have that (%) = (%W) =
§ 9n—2 9dd._ 9 912 ad;i\ _ 9d; :
(a—l,jaqlfzbo 6b7-71ii) = (a_bj 91—Zhy 6b0) = <8q171b08bj). By Equation (3.7), we
q1—1
have that (%) = (0 IT) (=1)71qy !B~ @ (g_lf)) D, which evaluated at
I,
origin has the same rank as (0 0 IT) L%‘“*”T 0 |, where the first zero in
0
the r x n matrix (0 0 IT) represents the first (g1 — 1)r columns and the sec-
0O 0 O
ond zero represents the next r; columns. Because leql_m =1L, 0 0}, so
0 I, O

(O 0 I,.) L;‘“‘”" = (O I, 0), where the first zero in (O I, O) occupies the
first 1 columns and the second one occupies the last (¢1 — 1)r columns. It is easy to

I I
see that (0 0 L)LY V" [0 ] =(0 I 0)[ 0| hasrankr—r.0O
0 0

q1

/_‘H
In order to obtain the (g1 +1)-th critical extension A™ (A" - -+ A"I(pp ), we need
a key lemma. R
Denote B~ D = I,, + ap—1Ly + -+ a1 L1, We have that

aqn‘ Ay —1 1 0
. e Ce Q1 . :
Qgy—1)r+1 """ On—p Qp_pi1 0 Ogp

It is easy to see that
(0 I,-) LS{“*”B—qlﬁ (I(;> < 0 > = (I, + an1L, + - +

I/I"—T'l
1 LT7Y) (Iraﬁ)

The matrix (I + a1 Ly + -+ o rpa I7—1)=1 (0, 1) L@~V =0 p (1) has
+ T 0

* I’r‘—rl
K 0

where K = (0,1,,) (Ir + an—1Ly + -+ + @n—pr LLH 71 (0, 1,) L V"B~ D (IO) (161)

the form

is a 1 X r1 matrix.
We have the following lemma.

LEMMA 3.9. The elements in the first row of K and g, - ,%¢r—1 generate all
elements in K.
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Proof. Denote ® = I, + ap_1Ly + -+ + ap_pr1 L7 and (I, + ap_1Ly + -+ +
ar L) =1, + Bp_1Lp + -+ B L. Using the partition (r1,r, (g1 — 1)r) of n,
we can split I,, + B 1Lp + -+ B L% tand I, + a1 Ly + -+ L7 1 into 3 x 3
block matrices. Comparing the (2,1) block in (I, + Bn—1Lyn + -+ + B L 1)(I, +
Qn-1Ly + -+ a1 L") = I, we have that

Barr oo Baa 1 o0 gy e ams
: et Lo =0
Bus—tyrsr - Bar) \Gnmar oo 1 Qgr—tyri1 o+ Ons
So
Qg1 et Q1 Bqlr o B
K =(0,1,) " : L == 00) :
Ugr—1yrt1 - Cnr Bi—tyrsr ++ Baor
1 - 0 B(qlfl)aurrl t B(qlfl)TJrerfl 1 - 0
Qp—pyy1 =+ 1 6(q171)r+1 T B(qlfl)r+rl Op—py41 -0 1

Because each row in K can be generated by the corresponding row

B(qlfl)aurrl T B(qlfl)TJrerfl
in and vice versa, to prove Lemma 3.9, it is suf-
. ﬂ(fh—l)?“-i-l T ﬂ(ql—l)r-i-rl
ficient to show that B, —1yr4ris 5 Bigi—1)r+2rm—1 and o, -+, g, r—1 generate all

Bigi—1yr4i for 1 <i < — 1.

Denote B—(@-VD = B9 4 as Ly +v1Lln+ -+ fyng’l, where A = BD.

. 8111, .
From Equation (3.7), we have that vy, —1)r4; m = P(gi—1)r4i for i =
0,---,r—1.

From the equation (I, + ap—1Ly + - + a L7171 = B@ D! we have that
B~@-UD(I, +an 1L, +---+a; L""1)~! = B, that is,

(3.17)
(In +yn1Ln+ - MLy Y In+ BoaLn+--+ piLy ) =TIy + by 1Ln+ -+ boLy,

Comparing the coefficients of L¥ for k = r +1,--- ,7 + 71 — 1 in both sides of
Equation (3.17), we have that

(3.18) Bigi—1)yr+i T Bgr—D)yr+it1Vn—1 + * + Bno1V(q—1)r+i+1 + Vgr—1)r4+i = 0
fori=ry—1,---,1.

For each term By, in the equation Bg, —1)r4ri—1 + Bgi—1)r+rmYn-1 + -
Brn-1Y(g—1)r+m + Vg —-1)yr4m—-1 = 0, we have either (¢g — 1)r +r < k
(G —r+2n—-—T1Tor (g —Ur+r <l =n+@-r+rmn-1-%k
n+(@g-1)yr+rm—-1—(@-1)r—2rn=qr—-1=( —1)r+r—1
B(qlfl)rJrrlfl can be generated by 6(q171)r+r17 e aﬁ(qlfl)r+2rlfl and V(g1 —1)r+r1
Ygr—1)r+r> > Ngr—1)r+r—1 = V(g —1)r+r—1. Using Equation (3.18) and induc-
tion on i in descend order, we can prove that Bg, —1)r4rs *»Bgi—1)r42r—1 and

I LIAIA +
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Y(g1—1)r+1 = w(q171)r+1, Vg —D)rdr—1 = "p(qlfl)aurrfl generate all 6(111*1)r+i for
1<1<r; — 1.

This completes the proof of Lemma 3.9. 00

Let gy r+i = Bigr—1)yr4ri4i for i =0,--+ ,r; — 1. We have

q1
T T
THEOREM 3.10. A" (A"---A"I(tnyr)) = I(tny) + @Wo, - s Ugr—1, Vgirs
: 7¢Q1r+r171)'

Proof. By Lemma 3.5, Theorem 3.6 and Proposition 3.8, we only need to prove
that any (r —r; + 1) x (r — 7y + 1) minor of (%) can be generated by
w07 T 71/)1117"71 and wara T 71/)q1r+r171~

It is easy to deduce that (M(‘%ib’j”“) = (%) =
_ a1 _ =r A (I
0 v (@)D = 0w cwasenrp(h)
(O I,.) B"“Lgh_l)rﬁ (I(;> So we only need to prove that any
(r—ri+1) x (r —ry + 1) minor of (0 Ir) B_Q1L51q171)rﬁ (I(;«)’ and hence
“Vr e A (Ir * I,
(I +an_1Lp+--+an_p 1 LY~ (0, 1) LY B0 D o) =(5 Ty ) can
be generated by ¢y, - -- ’wthT*l and wlhh T 711)‘11’1“"1"1“1*1' Any (7’*7’1 +]—) X (7"77"1 + 1)
minor of I*( Irarl must contain a row with elements either in K or equal to zero.

Expanding this minor along that row gives that elements in K generate the minor.
By the proof of Lemma 3.9, each element in K can be generated by o, - ,¥g,r—1
and B(g, —1)r4ri> * » Blgi—1)r+2r—1- By the definition of (¢g,r,- -+ ,¥gr4r—1), We
have that o, - -+, ¥q,r—1 and ¥g,r, -+ , Vg1 r4r —1 generate all (r—r1+1) X (r—ri+1)

OP(qy —1yr+i

minors of ( ) This completes the proof of Theorem 3.10. O

Denote fo(z) = f(z), fi(z) = g(z), ho(z) = h(x), r—1 = n and ro = r. We will
show that a sequence of monic polynomials fo(z), fi(x), f2(x), -+, fr+1(x) can be
produced inductively starting from fo(z) and fi(«) such that the degree of f;(x) is r;—1
and each product of h;(z) = fi(z) fi+1(x) gives amap puy, , 5, : C"i=1 xC" — Cri-1+7i
with the property that the polynomials generated at each of the first (g;41 + 1) steps
of the critical extensions of Iy, ,.r,) can be added into the corresponding steps to
form the critical extensions of I(gn, ).

Recall that B-% A = I, + 1Ly + - - Ay L Let fo(z) = 2™ 1™ 1+
ot Yn—r Then the product hy (Z) =h (m)fQ (1’) = g(l’)fg(l‘) =z" +O—r+r171xn71 +
-+- 4 0g gives a map p, -, : C" x C™ — C"*". Taking derivatives of the coefficients
of hy(z) with respect t0 byr—1, -+ ,bo, Yn—1,"** y Yn—r, gives its first Jacobian

I, I,
(3-19) 51(#7‘,7“1) = ((IrJrth) F7‘+7'1+1 (0) ) (IrJrh ) 0) B7‘+7'1+1 ( 0 ))

where Iy 41 = Irgr 41+ -1 Legrit1+ -+ Yn—r Lyl g and Brgry 41 = Lgry 1+
br1Llryri1 4+ + b0L1:+7-1+1-

Repeating the same process as we did for I(pn,.), we get polynomials
P05 Pri—1 " 5 Pge—1)r1y " Pgari—1 and Paariy s Paari+ra—1 which satisty
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(3.20)

sry i sry i - I
(68@7%) =—(s+1) (6@8#) (L“v 0) Fr-&m (IT+T170) Byyri+1 ( 01) fors=0,---,

. . I,
¢z—1,4=0,---,rp —landj =1, ri,where Tppr; = (Irgry; 0) Trpry 1 ( 76“)

and
(3.21)
T . I
A" AT T (g ) = T () F (005 5 Psry—1) for s =1, go
q2
) ™1 T1
AT (A™ A I(th)) = I(th) + (o0, » Paari—15Paarys - a‘Pq2m+r2—1)-

We will prove that adding these polynomials correspondingly into the generator
q1

. oy . #ﬁ
sets gives the critical extensions of A" -+ A"T(jip r).
The following lemma is true.

LEMMA 3.11.  For any s(1 < s < q), the coefficients of L% .., in

B, i1 Angrgr fori=n—sr+1,--- n+41r are zeros mod(vo, -+, Ysr—1)-

Proof. The case s = 1 was proved at the beginning of this subsection.
Suppose that we proved Lemma 3.11 for s < p. If p = g1, we are done. Otherwise,
we may assume that 1 < p < ¢;. We will show that the coefficients of sz+7.+1 in

B;_i(f;:ll)An_H._H fori=n—(p+1)r+1,---,n+4r are zeros mod(¢o, - - , ¥(py1)r—1)-

Denote B;_f.fill) An+r+1 = In+r+1 + )\n—an+r+1 +-- AOLZ+T+1 + A—lLZi}“-i-l +
s 4 )\,TLZI;JFI and B,’:f,r+1An+rr+1 = In+r+1 + K’nfan+’l“+1 + -+ HOLZ+7‘+1 +
“—ILZI}«H"" . -+/@_TLZI;+1. By inductive assumption ky,—; = 0mod(¢o, - - - , ¥pr—1)
fore=n—pr+1,--- ,n+r.

By Equation (3.7), we have (I,,0) (—1)pp!B;_£€_ill)L§Lp;Tﬂ)_TlAn+,.+1 (IT) =

0
(fl)Pp!B*P*ILglp—l)rA = (%). Left multiplying this equation by en—_;41
gives that \p,.4; o % =pryifori=0,--- ,r—1, where e,_,41isalxn

vector with 1 in the (n—r+1) position and zero elsewhere. Comparing the coefficients
; . . . — 1 —

of Ly, in both sides of the equation (BnJ(r’;il)AnHH)BnHH = anr+1An+r+1

fori=n—pr+1,---,n+r, we have that

An—i+ An—igibr_1 4 4 A_igrbo = 0mod(vo, - - -, Y(pr1)r—1)

(3.22) )
fore=n—pr+1,--- ,n+r

Using Equation (3.22) and Apr4i X Ypr4; for ¢ = 0,--- ,7 — 1, we immediately
have that A,_; = 0mod(¢o, - ,¥py1)yr—1) fori = n—pr+1,--- ,n+r. Because
Aprai = Ap—(nepr—s) for i =0,--- ;7 — 1,80 Ap—; = 0mod(vo, - - - ,¥(py1yr—1) for i =
n—(p+1)r+1,---,n— pr as well. This completes the proof of Lemma 3.11. O

From Lemma 3.11, we have the following proposition.
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PROPOSITION 3.12. ¢; = g, r+i mod (o, - -+ ,Pqr—1) fori=0,---,r3 — 1.

Proof.  From the first Jacobian 6I(u,.,,), we have that T,l. 61(prr,)

r4+7r1

<<Ig) W <161>), where W = I‘;}Tl (IH_,«UO) Byl (Ir'6”>. Denote W as

Ly + wraLygpy 4 -+ wolly, +woaLyEL 4+ w"“l“L:ﬂrl' We have
that w; = ¢; for i =0,--- ,r — 1.

—a Iy
By Lemma 3.11, (ITJFTI,O) Bn£r+1An+7‘+1 ( 6 1) =ILyr, +Yn-1Lrgr, + -+

Yn—r1 L:}H“l = lpgry +’7’n71LT<‘rT1 +---+ fy”*TL:-i-ﬁ mOd(l/Jm e awq1T71)~ Compa'ring
the coefficients of L% in both sides of Equation (3.17) and L¥,  in both sides of

(Lrry Y1 Ly 4 'JF’YnfTLi-H«l)(ITJrh +wp_1Lpgpy +- ~+w0L:+7.1 +w*1L:i71~1 +

_ 1
o '+w7T1+1L;I:1 1) = FT+T1W = (Ir-i-rl ) O) BT+T1+1 ( T6T1> = dr4ry +b’l“71L’l“+’l“1 +

-+ boLy,, mod(o,- -+ g r1) for k=1,--- 7, we have that

(3.23)
ﬁnfk + ﬂnkarlf)/nfl + -+ ﬁnflf}/nkarl + Yn—k = brfk = Wp—k + wr7k+1’)/n71+
cee Wr—-1Yn—k+1 + Yn—k mOd(l/Jm T awarfl) fOT k= ]-a e, T

Let k = 1 in Equation (3.23), we have 8,_14+vn—1 = Wr—1+7Yn—1, 90 Bn-1 = Wy_1.
Let k =2,---,r in Equation (3.23) and use induction, we have S, = w,_j for each
k=1, ,r, 80 ¢; =w; = PBpn—pti = 6(q171)r+r1+i = Vgyr+i mOd(¢07 T 7wq1r—1) for
i=0,---,71—1. 0

As an immediate corollary of Theorem 3.10 and Proposition 3.12, we have

q1
——
COROLLARY 3.13. A (AT e 'ATI(,U'n,T)) = I(,U'n,r) + (?/fo, te awthrfla ©0,
: 7907“1*1)‘

Now we can prove the following theorem.

s q1
e N N
THEOREM 3.14. A™ .- A"A" - A"(pn,r) = I(pn,r) + (Yo, Ygrr—1, P0,
q2 q1
——N———
' 7()087'1—1) fO’f’ s = 17 » 42 and A’m(Arl '”ATlAT”'ATI(MTL,T) = I(:u’nﬂ“) +
(wOa e 7¢Q17‘—17§007 oty Paari—15Paarys T aSDQ2T1+T2—1)'

We need the following two lemmas.

LEMMA 3.15. (Y0, s ®quir—1,Vn—r1>" " »Yn—1,00, - ,br—1) forms a new local
coordinate system around zero on C™ x C".
L,
P?”OOf. Let An+1 = (InJrla 0) An+7‘+1 ( Jl) and Bn—i—l =

I
(In+1, O) Bpiria ( Jl) Then we have that A,,41 = Iny1+ap—1Lpy1+-- +aoly 1,

Bn+1 == In+1 + brfanJrl + -+ bOL:lJrl and B»;lelAnJrl = In41 + f}/nfanJrl + -+
YoLj ;. By Lemma 3.1(2) and the equation A, 41 = (B, {1 Any1) B, it is easy to
see that o, -+ ,Yn—1,b0, - ,br—1 form a new local coordinate system around zero
on C" x C".
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By Lemma 3.11, v; = O0mod(¢o, -+ ,%gr-1) for i = 0,--- , a7 — 1. So to

prove Lemma 3.15, it is sufficient to prove that g, - ,1q,»—1 are polynomials in
Y0, s Yn—1,00,+ ,bp—1. This follows directly from the fact that ;s are polyno-
mials in ag, -+ ,@n_1,b0," - ,br_1 while ag,- -+ ,an_1,bo, - ,b-_1 are polynomials in

Yo, - ;f}/nflabOa e 7bT71- O
Denote hy(z)g(x) = 2™ + 712" 4+ .o + 79, We have
LEMMA 3.16. ¢; = 7, mod(to, - -+ , g r—1) fori=0,--- ,n+r—1.

Proof. Let Cpirr1 = Inirs1 + Cnaor—1Lpars1 + -+ + cOLZﬂH, where ¢;s
are the coefficients of h(z). Then Chir11 = Aptr+1Bnirt1. By Lemma 3.11,

B;J(erJrlAnJrrJrl = L1 + mo1lngrir + 00 + ’YnfﬁL:zlJrrJrl mod (o, Pgyr—1)-
S0 Cniri1 = Anprp1Bairn = BibiAeir)BESL = (Trn +
n-1Llniry1 + o + ’YnfrlL:zlJrrJrl)BglthlJrl = ILuyr+1 + Tnpr—1Llngre1r + 00 +
ToLZi:H mod(vo, - -+ ,¥gr—1). Therefore ¢; = 7,mod (o, ,¢qr—1) for i =

0,---,n+r—1.10

Proof of Theorem 8.14. The case s =1 is Corollary 3.13.

Suppose we have proved that

S q1

AT ATIAT. "A7I(,Ltn,r) — I(,Ufn,r) + (1/}0’ - ’waril’wo’ - ;Sasrlfl) for s =
1,-.- 7p.

If p = q2, we have done the first part of Theorem 3.14. Otherwise, we may assume
p < q2. We will show that

p+1 Q1
—_—N—
AT ATIAT .. ATI(,LLn,r) = I(,Ltn,r) + (1/}0’ R ’q/Jqlrih 00, 790(;0_’_1)“_1)_
p q1
e N e N
By Lemma 3.16, A™ - A"™A" - A"I(pnr) = I(pnr) + (0, s Ygrr—1, o,
' 790PT1*1) = (anrT*lv s, Co, l/foa v aqu“fla ®o, - 7‘)0?7”1*1) = (TnJrT*la © 5 T0,
p q1
—N———
¢07 T 7¢(]17‘—1) $o, " 901)7‘1—1)' Considering SA™ - ATEAT - ATI(:“”!I,T) =
(Tadgr—1,",70,%0,** , Vgrr—1, 90, "+, Ppri—1) With derivatives taken with respect
to the new coordinate system in the order vn_1, -, Yn—ri, Ygir—1," %0, br_1,
-+ ,bg, we have that it is given by the following matrix
I I,
+1 1
gt () 0 s ()
(3.24) 0 Ip,» 0
(8<P57~1+i) 0 (6@57'1+i)
Ovn—j 9b;
where I'yyr = Inyr + Yn—1Lnir + - 4+ Yn—r, Ly}, and s varies from 0 to p — 1.
—aq1
Left multiplying matrix (3.24) by Brtr 0 , we have
Iqw+pm
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I, I
Bn+7‘ ( 01) 0 ((J1 + 1)Fn+r (0)

0 Iyr 0

OPsry+i 0 OPsry+i
OVn—j b

(3.25) I, I,
(I'r+'r1 5 0) Br+r1+1 ( 01) 0 ((J1 + 1)Fr+r1 (0)
_ 0 0 0
0 ITgir 0
OPsry +i OPsry 4i
( Ovn—j ) 0 ( ob; )
Left multiplying (3.25) by
Iir 0 0
1 —1 1

(Q1+1FT+T1 0 ) 0 Iqur 0

O IQ 1 1 —1 64;057‘1 i —1
nrer q1+1 ( 6bj+ ) (IT’ 0) FTJrTl 0 Iim“l

and using Equation (3.20), we have that

—1 Ir IT
q1—{|-1rr+r1 (17'+7'1’O) B < 01 0 0

(3.26) 0 0
0 Iy, 0

1 OPsry +i
(1+ <s+1>(q1+1>)< v ) 0 0

By induction and the construction of ¢;s, the matrix (3.26) is equal to

_ I,
¢I11+1 (IT’ 0) FTJ&M (ITJFTI ) 0) B ( 01) 0 I,
(3.27) 0 0 0 | mod(epo,--- 790(p+1)r171)-
0 I‘h"‘ 0
0 0 0

p q1

e N N
So the corank of dA™ .- - A™A" - A"I(p, ) is r1 and any (n +7r —r1 + 1)
minor is generated by (@o, -+, ¥ (p41)r,—1). Because each ; is only different from a
p q1

—tN——
(n+r—ry+ 1) minor of JA™ --- A™A" ... A"I(py, ) by a nonzero constant, so

p+1 q1
—_—N—
AT ATEAT ATI(,Un,r) = I(Nn,r) + (11)0, T 7l¢)q1r717 ©o, s Sa(p+1)7'1—1)~
This completes the proof of the first part of Theorem 3.14.
q2 q1

e N N
Using the same idea, we can prove that 6A™ - - A™ A" ... A"](uy, ) is equivalent
to
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I 1
i 0T (0 5 () 01
0 0 0
(328) 0 LllT 0 mOd(CPOa e 790!127"1*1)'
0 0 0
OP(gy—1)ry +i
(1+ q2(q1+1)) ( 32’Yn—jl ) 0 0

q2

. . * . . .
By comparison with 6A™ --- A™I(u, ) which is equivalent to

I‘l
e ot e 5 () 1
(3.29) 0 0 | mod(po, ", Pgri—1)

1 8@@ —1)rq+i
(1 + Q2) ( 82’771,—]'1 ) O

the matrices (3.28) and (3.29) have the same corank. By induction, the latter one has
corank 7, so does the matrix (3.28). All the (n +r — r2 + 1) minors of matrix (3.28)
and the (r +r; — ro + 1) minors of matrix (3.29) generate the same idea, so

q2 q1
A'rz(Am CCATTAT . ATI(MTL,"') = ]('un’r) + (Qbo’ .. ,¢qlr_1, 0Oy s Paari—1,
Paaryy aSDqu1+r2—1)- 0

As a consequence of Theorem 3.14, we have that

COROLLARY 3.17. The first (@ + g2 + 1) entries in TB(I(fin,r)) is
(rye -+ ,7ry11,- -+ ,r1,T2) with r repeating g1 times and r1 repeating qo times.

Replacing fo(z), fi(z) with fi(x), f2(x) and repeating the same process, we
can produce f3(z) of degree ry and a map iy, ., : C* x C2 — C*t"2. Us-
ing the first (g3 + 1) critical extensions of I(fi, r,), We can generate polynomials
Paaris " 3 Paaritqsra—1 Paari+qsras " 5 Paari+gsra+rs—1 such that they can be added
correspondingly into the generator set to form the next (g3 + 1) critical exten-
sions of I(pn,r). Repeating the same procedure over and over, we can produce
fa(x), -, fr41(z) and use them to prove TB(I(un,)) = I(n,r). Due to the heavy
notations, we will not do so here. Instead, we mention a key observation that explains
why we can add polynomials at each step to obtain the corresponding critical exten-
sion of I(tn,r). At the (q1 + -+ gp + s)-th step of the critical extension of I(un, )
for some 1 < 5 < gp41, the Jacobian matrix is equivalent to a matrix with the form

Irpf1 0 uA
0 0 0
(3.30) 0 Igrtgerittaprpey 0 | mOd(Pgntobaps s Paotortap+srp—1)
0 0 0
0 0 vO

for some nonzero constant pu and v.
S

——
The matrix JA™=* .- A"~ [(p,, _, r,) is equivalent to
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I,, A
(331) 0 0 mod(goq2+...+qp, s 7@Q2+~~~+qp+s'fp—1)
0 Ve

for some nonzero constant v’.

It is obvious that the matrices (3.30) and (3.31) have the same corank and the
corresponding minors generate the same ideal. So we can add the polynomials gen-
erated by the first (g, 41 + 1) critical extensions of I(j,, , ,,) into the corresponding
generator sets to form the critical extensions of I(g, ). Hence Theorem 1.2 is true.
This completes the proof of Varley’s Conjecture.
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