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DISCRETIZATION OF VECTOR BUNDLES
AND ROUGH LAPLACIAN*

TATIANA MANTUANOT

Abstract. Let M(m, k,70) be the set of all compact connected m-dimensional manifolds (M, g)
such that Ricci(M,g) > —(m — 1)kg and Inj(M,g) > ro > 0. Let £(n,ki1,k2) be the set of
all Riemannian vector bundles (E,V) of real rank n with |R¥| < ki and |d*RF| < ko. For any
vector bundle E € &(n, k1, k2) with harmonic curvature or with complex rank one, over any M €
M(m, k,70) and for any discretization X of M of mesh 0 < ¢ < %ro, we construct a canonical
twisted Laplacian A 4 and a potential V' depending only on the local geometry of E and M such that
we can compare uniformly the spectrum of the rough Laplacian A associated to the connection of E
and the spectrum of A4 + V. We show that there exist constants ¢, ¢’ > 0 depending only on the
parameters of M(m, k,70) and E(n, k1, k2) such that ¢/ Ax (X, A, V) < A\ (E) < cAp(X, A, V), where
Ak () denotes the k" eigenvalue of the considered operators (k < m|X|). For flat vector bundles,
we show that the potential is zero, A4 turns out to be a discrete magnetic Laplacian and we relate
A1 (E) to the holonomy of E.
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values, discretization, holonomy
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1. Introduction. In [22], we have shown that for a family of compact connected
manifolds M(m, k,ro) with injectivity radius and Ricci curvature bounded below
(i,e. (M,g) € M(m,k,r9) if M is a compact connected m-dimensional Riemannian
manifold with Ricci(M,g) > —(m — 1)kg and Inj(M,g) > ro), we can compare
uniformly the spectrum of the Laplacian acting on functions with the spectrum of
the combinatorial Laplacian acting on a graph with fixed mesh constructed on the
manifolds. Indeed, we show that there exist positive constants ¢, ¢’ depending on the
parameters of the problem such that for any M € M(m, k,r¢) and any discretization
X of M (with mesh & < £r), the following holds

(X)) < A(M) < eAp(X) (1.1)

for k < |X/|, where \x(-) stands for the k' eigenvalue of the considered Laplacian.
This result generalizes in a natural way different works like [5], [6], [9] and [19] that
were motivated either by the study of the relation between the fundamental group of
a manifold and the spectrum of its finite coverings ([5], [6]) or by the relation between
the spectrum of a manifold and its Cheeger isoperimetric constant ([9]) or by the
existence of harmonic functions ([19]). More generally, the aim of the discretization
is to have an understanding of the spectrum (a global invariant on the manifold) with
a minimum of informations about the local geometry of the manifold.

Of course, the problem is interesting for differential operators other than the
Laplacian and we may address the following question: does the same kind of compar-
ison hold for other geometric differential operators such that the Laplacian acting on
p-forms or the Dirac operator? Most of these operators may be expressed in terms of
a connection Laplacian added with a curvature term. In this article, we investigate
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the case of such a connection (or rough) Laplacian A associated to a connection V
on a vector bundle. More precisely, the purpose is to establish a uniform compari-
son of spectra between rough Laplacians on vector bundles and twisted Laplacians
on graphs that generalize combinatorial or discrete magnetic Laplacians. The Rie-
mannian vector bundles we are interested in have curvature and exterior coderivative
of curvature bounded i.e. we study Riemannian vector bundles E with fiber of real
rank n such that |RF| < k; and |d*RF| < ks (denote by E(n, ki, k2) the set of such
vector bundles). The main result (Theorem 3.1) states that there exist positive con-
stants ¢, ¢’ (depending only on the given parameters) such that for any vector bundle
E € E(n, ki, ko) over any M € M(m, k,ro) satisfying one of the following assumptions

I) the curvature of E is harmonic i.e. d*RE =0,

IT) FE is of complex (or quaternionic) rank one
and for any discretization X of F, we can construct a canonical twisted Laplacian A 4
and a potential V' depending only on the local geometry of E such that

(X, A, V) < Me(B) < ehe(X, A, V) (1.2)

for any k < n|X|, where A\, (FE) denotes the k' eigenvalue of the rough Laplacian A
and (X, A, V) the k" eigenvalue of As + V.

The case of flat vector bundles is especially enlightening. Indeed, if E is flat,
we show that the potential V is zero and that A 4 is a discrete magnetic Laplacian.
This particular case shows how the construction of A, is strongly related to the
holonomy of E. This fact is emphasized by Theorem 4.1 which relates the holonomy
(in the sense of [2]) to the first eigenvalue of Ay and therefore of A. In order to
understand the problem of non-flat vector bundles, go back to the case of functions.
Recall that for functions we needed to establish correspondances between functions on
the manifold and functions on the graph. To that aim and in particular to associate
smooth functions to functions on the graph, we had to extend locally such a function
in a constant way and then smooth it (with a partition of unity). The question of
extending locally is a central problem for the case of vector bundles. It turns out
that extending by parallel transport is really efficient for flat vector bundles as it
produces parallel sections. But, as soon as the curvature comes in, parallel transport
is not convenient anymore and we need to construct a finer way to extend locally
a section. In fact, the obstruction to extend in a parallel manner is double: the
holonomy plays the role of a global obstruction to extend as parallel as possible and
locally the curvature plays the same role. The twisted Laplacian will precisely render
the holonomy of the vector bundle, while the potential will take into account the local
non-flat geometry.

The paper is organized as follows. In Section 2, we introduce the notations,
we define the general notion of twisted Laplacian on a graph and recall the main
properties of the discretization of a manifold (that will coincide with the notion of
discretization of vector bundles). Section 3 is devoted to the proof of the main result
(Theorem 3.1). The main difficulty is to construct a suitable twisted Laplacian (see
Section 3.1). From a geometric point of view, the problem is the dependence on the
local geometry of the Laplacian and the potential to have enough informations to
estimate the spectrum of the vector bundle. Technically, we need fine analysis on
vector bundles like Sobolev inequalities for sections to achieve the construction. The
particular case of flat vector bundles can be kept in mind as the ground example
during the reading. In this case, the proofs can be done easier (we can avoid the
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technical tools described in Section 3.1). Nevertheless, this case already contains the
essential information for A4 as it shows how the holonomy is related to Ay (see
Section 4). For non-flat vector bundles, A4 does not suffice anymore to control the
rough Laplacian, so that we have to introduce a potential V' which takes care of the
curvature locally. The generalization of the flat case is then done for two different
cases (see assumptions I) and II)), for rank one vector bundles and for vector bundles
with harmonic curvature. These two cases are really of different nature. This appears
all along Section 3 and this begins with the construction of A4 + V (in Section 3.2)
which differs according to the assumptions I) or II). In Section 4, we establish the
relationship between the holonomy and the first eigenvalue of the rough Laplacian
for flat vector bundles. The part of Theorem 4.1 that bounds from below the first
eigenvalue in terms of the holonomy can be generalized easily to vector bundles with
harmonic curvature. But this will not be done here. This result is in fact due to
Ballmann, Briining and Carron in a more general setting (see [2]). Finally, we collect
some more technical proofs in the appendix to make easier the reading, even if the
results are not of minor importance for the paper.

2. Settings.

2.1. Rough Laplacian. In this section, we recall basic facts on the rough Lapla-
cian (for a general reference see [3], [24] or [25] for instance). Let (M, g) be a compact
connected m-dimensional Riemannian manifold without boundary and with volume
form denoted by dV. Moreover, let (E, V) be a Riemannian vector bundle with n-
dimensional fiber over M i.e. FE is a vector bundle over M endowed with a smooth
metric (-,-) and a compatible connection V. On the set I'(E) of smooth sections
of E, denote by (-,-) the L-inner product endowed by (-,-) and g. Recall that the
connection extends to p-tensors on M with values in F and that we define V* to
be the adjoint of V with respect to the L?-inner product. The rough Laplacian (or
connection Laplacian) acting on I'(E) is then defined by A = V*V. The spectrum of
A is discrete and non-negative and will be denoted

Spec(E) = {M(E) < X(E) <...< (E)<...}3

2
The Rayleigh quotient of a non-zero section s is defined by R(s) = ”HZﬁ! , where || - ||

denotes the L2-norm associated to the L2-inner product defined above. Later we will
need the following variational characterizations of Spec(E) known as min-max and
max-min theorems. For any k£ > 1,

Ae(E) = nglziknmax{R(s) 15 € QF\ {0}}

= max min{R(s) : s € Q* 1\ {0}, s LQ" ! wrt ()}

where QF (resp. QF~1) ranges over all k-dimensional (resp. (k — 1)-dim.) subspaces
of T'(E).

2.2. Twisted Laplacian. Let I' = (X, E(X)) be a finite connected graph en-
dowed with the path metric. For p € X denote by N(p) the set of vertices at distance
1 from p and by m(p) the number of such vertices. In order to generalize the combi-
natorial Laplacian (see [21] for a definition) and the discrete magnetic Laplacian (see
[23] for a definition), let us consider the set of functions on X with values in R i.e.
F(X) ={f: X — R"}, provided with the inner product (f,g9) = >_,cx f(p) - 9(p).
where - denotes the Euclidean inner product of R".



674 T. MANTUANO

DEFINITION 2.1. For any p € X and q € N(p) assume that A(p,q) : R" — R" is
a given linear transformation. The twisted Laplacian associated to A is the operator

Ay F(X) — F(X) defined by

AAf(p):% > (14 Ap,9)Alp,9) f(p) — (Alg,p) + A'(p,q)) f(q)-

gE€N(p)

REMARK 2.2. If for any p, q, the operator A(p,q) is the identity, then A, is the
combinatorial Laplacian.

REMARK 2.3. If A(p,q) belongs to O(n) and A'(p,q) = A(q,p), then

Aaf(p) = mp)f(P) = Xyenp) A@p)f(q). In this case the twisted Laplacian is
usually called discrete magnetic Laplacian or Laplacian associated to the Harper

operator A.

Let us introduce the space of functions F(X x X) = {F : X x X — R"} and

provide it with the inner product given by (F,G) = % > > F(p,q) - G(p,q).
peX qeX

LEMMA 2.4. Let A(p,q) be as in Definition 2.1 and A4 the twisted Laplacian
associated to A. Let Dy : F(X) — F(X x X) be defined by

Daf(p.q) :{ fla) = Alp,a)f(p) if p€ N(q),

0 otherwise.

Then, for any f,g € F(X), we have (Aaf,g) = (Daf,Dag).
Proof. Let f, g € F(X). Then, we have

(Aaf9) Z > (f) = Alg,p)f(a) - 9(p)
pEX qEN(p)
—= Z > p.a)f(p)) - A(p,q)g(p)
pGX qEN(p)
:—Z > Daf(a.p)-g ZZDAf P,4) - Dag(p,q)
peX qe X pEX qgeX
5 3 Y Dafra)-9la) = (Daf, Dag). 0
peEX geX

A direct consequence of this lemma is that A4 is symmetric and non-negative, so it
admits a non-negative spectrum. If V : F(X) — F(X) is a non-negative potential,
then the spectrum of A4 + V is characterized by min-max theorem as follows

V1 <k<n|X|, M(X,A,V)=minmax{R(f): feW"\{0}}
Wk

where W* ranges over all k-dimensional vector subspaces of F(X) and R(f) is the

Rayleigh quotient of f defined by R(f) = W
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2.3. Discretization of vector bundles. In this section, we define the notion
of discretization of a vector bundle.

DEFINITION 2.5. Let (E,V) be a Riemannian vector bundle over (M,g) a com-
pact connected Riemannian manifold with OM = (). An e-discretization of E is a
discretization of M of mesh € > 0.

The discretization of a manifold (of mesh ¢) is defined as in [10] (Section V.3.2).
Let us recall the definition and the properties of such a discretization. Let (M, g) be
a compact connected m-dimensional Riemannian manifold. A discretization of M, of
mesh € > 0, is a maximal e-separated subset X of M provided with a graph structure
given by the sets N(p) = {qg € X | 0 < d(p,q) < 3¢}, for any p € X. In other words, X
is such that for any distinct p, ¢ € X, d(p,q) > € and U, x B(p,e) = M. Moreover,
pq is an edge if and only if 0 < d(p, ¢) < 3. Denote by m(p) the number of elements
of N(p).

REMARK 2.6. Let us remark that if B(p,p) is a ball in M with radius p <
$Inj(M), then the volume V (p, p) of the ball B(p, p) is bounded below by a constant
depending only on p and m (this is Croke’s Inequality, see for instance in [10] p.136).
Moreover, if M has Ricci curvature bounded below by —(m — 1)k then the volume
of a ball of radius R is bounded above by a constant depending only on m, k and R
(this follows from Bishop’s comparison theorem, see for instance [10], p.126). These
bounds will be used frequently in the sequel.

Choose ¢ smaller than %Inj(M). Denote by « > 0 a constant such that
Ricci(M,g) > —(m — 1)kg. Then, using Remark 2.6 we can show that m(p)
is bounded above by a constant vx depending only on m, x and ¢ and that
ﬁ(s)Vol(M) < |X] < EMQC—Tm)Vol(M), where V_,(g) denotes the volume of the
ball of radius ¢ in the simply connected space of constant sectional curvature —x and
of dimension m.

3. Spectra comparison for rough Laplacian and twisted Laplacian. In
this section, we will establish the comparison between the spectra of the rough Lapla-
cian and a twisted Laplacian. Let us state the main result.

THEOREM 3.1. Let m, n be positive integers, k, ki, ko > 0 and ro > 20e > 0.
There exist positive constants c, ¢’ depending only on m, n, k, k1, ko and & such that
for any M € M(m,k,rg), any vector bundle E € E(n, ki, k) over M satisfying one
of the following condition

I) the curvature of E is harmonic i.e. d*R¥ =0,

II) E is of complex (or quaternionic) rank one
and for any e-discretization X of E, we can construct a canonical twisted Laplacian
A4 and a potential V' depending only on the local geometry of E such that, for 1 <
k <n|X|

C//\k(X,A,V) S )\k(E) S C)\k(X,A,V).

In particular, if the vector bundle is flat, the potential is zero and A4 is a discrete
magnetic Laplacian.

Roughly speaking, the basic idea of the proof is the same as to prove the the-
orem of comparison of spectra between the Laplacian acting on functions and the
combinatorial Laplacian ([22], Theorem 3.7). But a first fundamental difference be-
tween the functions and the vector bundles cases is the construction of the twisted
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Laplacian. Indeed, in [22] the combinatorial Laplacian appearing in Theorem 3.7 is
canonically associated to the graph that discretizes the manifold. For vector bundles,
such a canonical Laplacian on graphs does not obviously exist. Hence, a first step
of the proof consists in constructing a suitable twisted Laplacian A4 and a potential
V' (Section 3.2) that will depend only on the local geometry. The construction of
A4 + V differs according to the assumptions I) and II). We will work with balls
centered on X and for both cases the construction of A 4 relies essentially on changes
of bases from a ball to a neighboring ball, but for vector bundles satisfying II) the
definition of A 4 is slightly harder. A more significant difference is the construction of
the potential V. For rank one vector bundles, V involves only the first eigenvalue of
balls (with Neumann boundary condition), while in the other case, we will distinguish
"small" eigenvalues of balls from "large" eigenvalues. In rank one vector bundles the
n first eigenvalues (of such a ball) are the same and correspond to the minimum of
the energy, so that it will make easier the estimating of V.

After defining the twisted Laplacian and the potential, we follow the same way
of proof as for the case of functions, but the underlying analysis is much more dif-
ficult. For instance, we need to establish some Sobolev inequalities for sections that
requires fine tools of analysis as Moser’s iteration and Sobolev inequalities for func-
tions (Lemma A.l in Appendix). The definition of the smoothing operator S and
the discretizing operator D generalizes in some sense the similar operators defined
by Chavel in [10] (Sections VI.5.1 and VI.5.2). Similarly, we establish norms estima-
tions for these operators & and D (Propositions 3.18 and 3.21) in order to compare
Rayleigh quotients of sections with Rayleigh quotients of functions on the discretiza-
tion. Then, min-max theorem leads to the result for "small" eigenvalues. It suffices
moreover to have upper bounds on the respective spectra (Lemma 3.23) to compare
"large" eigenvalues and conclude the proof of Theorem 3.1 (Section 3.6).

3.1. Local extension. In this section we define a way to extend a section as
parallel as possible. In the case of flat vector bundles parallel transport is the suitable
tool, because of the lemma below. Let 7, , denotes the parallel transport from E, to
E, along the minimizing geodesic joining p to x (for d(p,z) < %I?’Lj(M))

LEMMA 3.2. Let (E,V) be a flat Riemannian vector bundle over a Riemannian
manifold (M, g). Let p € M and B(p,r) the ball centered at p of radius r < %Inj(M).
Then for any v € E,, the section o over B(p,r) defined by o(x) = 7, pv is parallel.

Proof. See [12] Section 2.2.1. O

In the non-flat case, extending by parallel transport is not strong enough for our
purpose, because we need to control the covariant derivative of such extended sections.
More precisely, we want to extend in an energy minimizing way. This means that we
have to take into account local small eigenvalues. Hence, we introduce eigensections
of the Neumann problem on balls which give an obstruction to extension in a parallel
way. Such eigensections on balls associated to small eigenvalues are almost parallel
(Lemma 3.3) and will provide a good way to extend sections. Nevertheless, it may
happen that there are no (or only a few) small eigensections on a ball. In this case,
parallel transport will be good enough to extend as we will see.

LEMMA 3.3. Let (E,V) € E(n, k1, ka) over (M, g) € M(m,k,79). For 0 <r <
%ro and p € M, let 0 : B(p,7) — E be a section such that Ao = \o for a constant
A>0. Let 0 < § < 1. Then there exist 0 < ¢(m) < s <1 and ¢, ¢ > 0 depending on
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an upper bound for X and on m, n, K, v, k1, ko and 0 such that

lollcc.or < cllollz.r,
IVollo.or < lIVall3,

where || - ||q,p denotes the LY-norm on the ball centered at p of radius p (¢’ depends on
cllollz,r too).

Moreover, there exists ¢’ > 0 depending on ¢, ¢ and r such that
lo(z) — Tapo(p)| < Va3,

for all x € B(p,0r). If ka = 0 i.e. if E is of harmonic curvature, then s = 1 in the
previous inequalities.

Proof. The idea is to use a Moser iteration to prove the statement. The more
technical part of the argument is carried out in the appendix (see Lemma A.1). In
order to use Lemma A.1, let 6 > 0 and us : B(p,r) — R defined by us = /|o|? + 9.
Then in one hand A(u?) = 2usAus—2|dus|? and in the other hand A(u?) = 2(0, Ac)—
2|Vo|? which implies that

usAus < (0, A0 ) = Mo|* < M.

We can then apply Lemma A.1 to us and we get that |us||ec,6r < c|lusl|2,. Then let
0 — 0 to obtain the first claim.

For the second inequality, let 6 > 0 and vs : B(p,r) — R defined by vs(x) =

\/W. Then
A(v3) = 2v5Avs — 2|dvs|* = 2(Va, A(Va)) — 2|VVa|?.
But we have that [VVo|? — |dvs|? > 0 and therefore
vsAvs < (Vo,A(Vo)) = (Vo,A(Vo) — V(Ao)) + A\ Vo[

By a commuting argument (see [1], Lemma 2.3) we have for a local orthonormal frame
{Xi}izl)m’m Of M

(Vo,A(Vo) — V(Ao)) =

/\|VU|2 - <VRic(»)o'a VU> - 2Z<RE(X17 ')inUa VU> + <(d*RE)Ua VO’>

i=1
and as Ricci(M, g) > —(m — 1)xg, |RF| < k; and |d* RE| < ky we then get
(Vo,A(Vo) — V(Ao)) < (A+ (m — 1)k + 2n°ky ) |Vo|* + n’ka|o||Vo].
By the first part of the proof, we obtain that on B(p, 0r)
(Vo,A(Vo) — V(Ao)) < (A+ (m — 1)k + 2n°k1) [Vo|* + n’kac| 0|2, Vol
and this implies (on B(p, 6r))

Avs < (A + (m = 1)k + 2n%ky) vs + n’kac|o |2,
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If ' < 6 we can apply Lemma A.1 to vs and let 6 — 0 to obtain
IVolls,orr < VOl < IVall3,,- (3.1)

Note that if k; = 0, then s = 1 and ¢’ does not depend on ¢|o||2,-. The two first
inequalities in the statement are then true for any 6’ such that 0 < 8’ < 6 < 1. So
rename 6’ by 6 to obtain the statement.

Finally, recall that if v is the minimizing geodesic joining p to x € B(p,0r) of
length [ (< 6r), then |o(x) — 7 po(p)] < fol |Vimo(y(t)|dt < U|Vols,or. Using
(3.1) leads to the result. O

From now on, let E € £(n, k1, ks) over M € M(m, k,79) and fix ¢ < %ro. Let X
be an e-discretization of E. Let oy : B(p,10e) — E be the eigensection associated to
the k" eigenvalue \x(p) of A on B(p,10¢) with Neumann boundary condition such
that [, 100 (0%, 07)dV = 61V (p, 10¢).

REMARK 3.4. If E is flat A\i(p) = ... = Ay(p) = 0 and the o} ’s give a local
orthonormal frame over B(p,10¢g).

REMARK 3.5. Ifn = 2 (resp. n = 4) and E is of complex (resp.
quaternionic) rank one, then Ai(p) = An(p).  Indeed, the section ic?
(resp. ioY, job, kol where i, j, k are the quaternions with i* = j*> = k* =
—1) satisfies V(io}) = iVol which implies that io} is a A\ (p)-eigensection or-
thogonal to of. Hence, we can choose o such that for any x in B(p,10¢),

(¥ (x),07(x)) =0 for any 1 <k <n,1<1<n, k#IL

LEMMA 3.6. Let 0 < a < n+r1 There exists § > 0 depending only on «, m,
n, ki, ko, k, € such that if A\y(p) < § then V1 < i, j < k and Yz € B(p,8¢)
(o7 (2), 0% (x)) = di5| < . In particular, if \e(p) < 6, then {07 (x),...,00(x)} spans
a k-dimensional vector subspace of E,, for any x € B(p,8¢).

To prove this lemma, let us recall a basic fact of linear algebra (the proof of
the fact is left to the reader). Let V be an n-dimensional vector space provided
with an inner product (-,-). If {v1,...,v,} C V is such that [(v;,v;) —d;;] < a <
%H, then {v1,...,v,} is a basis of V. Moreover for any v = > ., a;v;, we have
(1—an+1) 3" a2 <|v||> < (1+a(n+1)) >, a?. Such a basis will be referred
as an almost orthonormal basis.

Proof of Lemma 3.6. Let f;j(z) = (0} (x), 0% (z)) and denote by m;; its mean over
B(p, 10¢), then

07 ),
—_ fi;dV = 0;;.
V(p, 10¢) B(p,10¢) ! !

A result of Kanai ensuring the existence of cx > 0 depending only on ¢ and « (see
[10], Lemma VI.5.5) and the assumption Ax(p) < ¢ imply

mi; =

0< / fis — Oisldv < CK/ \dfis|dV < exV(p, 1016, (3.2)
B(p,10¢) B(p,10¢)
Moreover,

inf ij _51’]’ 1% ,E < ij —61']‘ dVv
int {|s(@) — 551}V (p.5) /B@,%)'f () — 83|V (x)

z€B(p,5)

< eV (p,10e)V4. (3.3)



DISCRETIZATION OF VECTOR BUNDLES AND ROUGH LAPLACIAN 679

The last inequality follows from (3.2). Hence (3.3) implies that there exists p’ €

M, d(p,p’) < §, such that

(o (1), 2 ()} — b35] < 205 LPLE) /5 < /5.

B Vip,5)
We conclude then as follows
(o7 (), 0F () — bi| <
|07 (x), 0% (x)) —

e 01 (D) Tapr 0 ()| + [(0F (0), 07 (0)) — 045
’ P (x), 07 () — <Tz,p'0f(P) T oh ()] +eV5. (3.4)

(.
< ot

For any = € B(p, 8¢) the minimizing geodesic xp’ stays in B(p,9¢), so we can write

(o} (),0% () = (o7 (0"), 0% ()| < 9elld(o?, o)l co,0c
<9 (”vaf”oo,%”U;)”oo,Qs + ||Uf||oo,9€||va§j||oo,9a)

< 9ec’ (IVorll3 106107 12,102 + llo7 ll2,10¢ IV [15 10c)

where we used Lemma 3.3 in the last inequality. By definition of the ¢f’s and by
assumption on A;(p) we get

{07 (), 07 (2)) — (o7 ("), o5 (P))] < "V o°. (3.5)

Finally, (3.4) and (3.5) imply that for a sufficiently small § we have

1
|<Uf(x),a§’(a:)> — ;5] < (C\/S—I— c’ 55) <a< i ]

and this ends the proof. O

DEFINITION 3.7. Fiz once and for all 0 < a < n+-1 Let 6 be given by Lemma

3.6. For p € X, define then u(p) as the largest integer such that A, (p) < 9.

REMARK 3.8. If the vector bundle is flat, u(p) = n, for any p € X.

For p € X, we want to extend a section in a neighborhood of p as paral-
lel as possible and taking care of local small eigenvalues as said before. So let
us define the local extension that associates to a vector in E, a local section
over B(p,10¢). Consider E,,(,) the pu(p)-dimensional vector subspace of E, spanned
by {Uf(p),...,gz(p) (p)}. Let Ei-(p) be the orthogonal complement of E,,) in

E, and choose {e} . ;...

{e} = dl(p),... 762(1)) = Uz(p) (p), eZ(p)H’ ...,€P} is an almost orthonormal basis of
E,. We extend this basis on B(p, 10¢) by

eP(z) == { of(z) ifi < p(p),

i Tep€h  otherwise

» . 1 .
,eP} an orthonormal basis of Eu(p)' By construction,

and we define the local extension of v =Y | v;e! by Y7 | viel ().

REMARK 3.9. If E is flat, the local extension corresponds to the extension by
parallel transport along radial geodesics. In this case, it suffices to choose any ortho-
normal basis {€Y,... . el} of E, and extend it radially to obtain {ef(z),...,eP(x)}.
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LEMMA 3.10. For any x € B(p,8¢), {e{(z),...,el(x)} is an almost orthonormal
basis of E,.

Proof. If u(p) = 0 the claim is clearly true. If p(p) = n the claim fol-
lows from Lemma 3.6. Hence suppose 1 < pu(p) < n — 1. By Lemma 3.6
(el (x),..., ez ) (2)) is p(p)-dimensional and as parallel translation preserves the inner
product <€Z(p)+1(w)7 ...,eP(x)) is (n — u(p))-dimensional. So we have to show that
there exists ¢ > 0 such that

Vi<i<up(p) <j<n.

(eh @) @) e < — . <

K2

Let us prove this estimate. As e/ (p) and o7 (p) are orthogonal, we have

(€5 (@), €} ()] = (e} (p), Tp.a07 (2) = 0 (D))
< |ej ()| - 1oF (2) = 7w pot (p)] = |07 () = Tapof (p)] -
By Lemma 3.3 |o¥(z) — 7,07 (p)] < ¢V6%. Hence (€] (x), e} (2))] < V65, Then,
readjust d if necessary to obtain ’(e?(m), ()| <e< . 0

REMARK 3.11. For the sequel, let &' denote a constant, 0 < &' < 1, such that
(1=0) X, 02 < X0 viel (@) < (1+8") iy 02, for any x € B(p, 82).

LEMMA 3.12. There exists a positive constant ¢ depending only on n, k1, € such
that for any p € X and any u(p) < i <n, ||Ve?| w0 < c.

Proof. Let x € B(p,9¢) and consider v the minimizing geodesic from p to x
of length | (I < 9¢) and {X1 = 4(¢), X2,...,X,,} an orthonormal basis of E, with
Vx,X; =0. Then

n n 1 2
2
v =Sl <3 [ 19veola)
j=1 j=1 \’0
but [RE(4(t), X;)e?| = |Viu)Vx,el| < ki. Therefore |Ve! (z)]? < kfl?n and this
concludes the proof. O
3.2. Construction of the twisted Laplacian. The construction of A4 differs
according to the assumptions done on E. However, the basic idea is the same in all

cases and relies on the fact that A has to express the holonomy. So let us consider
p,g € X, p € N(q) and let € B(p,8) N B(q, 8). Then define a(p, ¢)i;(x) by

n

(@) =D alp,q)iy@)el(x)  Vi=1,...n
=1

where e}, €] are defined in Section 3.1. We define A(p,¢) : R” — R™ on the canonical

basis {e1,...e,} of R™ by A(p,q)e; = > i, A(p,q)ije;, where A(p,q);; is defined as
follows.

If E is of harmonic curvature then define A(p, ¢);; by

Alp,q)ij = alp, 0)ij (q)-
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If E is of complex (or quaternionic) rank one then define A(p, ¢);; by

A<p,q>ij_i [ atpa)y@avia)

where B, is the ball centered at the mid-point of p and ¢ of radius 5¢ and V,,; denotes
its volume. Note that B,, 2 B(p,3¢) U B(g, 3¢).

REMARK 3.13. In the canonical basis of R™, we can write

n n

Daf(p,q) ZDAf (pr@)ies = Y | file) =D AW )i () | e

i=1 i=1 j=1

REMARK 3.14. If E is of harmonic curvature, we have by definition
ef(q) = 212 Alp, 9)ijel (@), Vi = 1,.

REMARK 3.15. If E is flat, a(p,q)ij(z) is constant and so for j = 1,...,n
and for any x € B(p,82) N B(q,8¢), e¥'(x) = Y1, A(p, q)ijel(x). Moreover, in this
case A(p,q)A(p,q)t = Id and A(p,q)t = A(q,p). So that Ay, is a discrete magnetic
Laplacian.

If E is of harmonic curvature let V : F(X) — F(X) be defined by

= > AN@fipe+ Y filp)e

i<pu(p) i>pu(p)

m@“

If E is of complex (or quaternionic) rank one let V' : F(X) — F(X) be
defined by

VHE) =M@+ > M) ] f). (3.6)

g€EN(p)

REMARK 3.16. If the vector bundle is flat, then we have V = 0.

3.3. Smoothing operator.

DEFINITION 3.17. Let {¢p}pex be a partition of unity subordinate to the cover
{B(p,2¢)}pex. Define the smoothing operator S : F(X) — I'(E) by

2) = Y dy(a) (Z ﬁ(p)ef(:c))

peX

where f(p) = 3212, fi(p)es-

ProPOSITION 3.18. There exist constants cgy, c1, ca and A > 0 depending only
onm, n, ki, ko, k and € such that
0 Vi € F(X), [SFI? < coll I,
i) ¥ € FX), V(S < o1 (IDafIP+ (V1. 1),
iii) Vf € F(X) with [Daf|l* + (V£ f) < AlfIP ISFI? = c2ll fII? holds.
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Proof. For the first inequality note that {B(p,¢)}pex covers M. Hence

2

IsiP<Y [ | Y w@ Y sede] ave)

leB(q,a) pEB(q,3e)NX

SA+E)Y Vige) Y, F®F < @+)elf)*

qeX pEB(q,3e)NX

In order to prove i) fix ¢ € X and let z € B(q, ). Then as {¢,},ex is a partition of

unity, we have Zpe x dp = 0, so that we can write

n

VEH@ = > @ (X sV @) +

pEB(q,3e)NX =1
> (e (Zfz )= Y f@el@). 37
PEN(q) i=1

Then, Lemma 3.12 implies

J

(g,¢) pEB(g,36)NX i=1

nooy (Zf /( )|Ve(|2dV )+e > filp) )

pEB(q,3e)NX \i<pu(p) i>u(p)

<d > (VHp)-fp). (38

pEB(q,3e)NX

To estimate the second term of (3.7), we need the following lemma.

LEMMA 3.19. There exists a positive constant ¢ depending only on m, n, ki, ko,
Kk and € such that

n n

/ S L)@ = fila)el ()| <
B(q:¢) | =1 i

c([Daf(ap)I> +(VHp) - fp) + (V) (@) f(a))-
Proof. See Appendix A.1. O

Hence by (3.8), (3.7) and Lemma 3.19 we get

[, VENEraVE <
N (IPaf@p)P + (VH®) - F) + (V@) - ()

pEB(q,35)NX

Then summing on ¢ € X implies the claim.
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To prove the third part of Proposition 3.18, define (S, f)(z)
x in B(g, 5). Then, by Lemma 3.19 we get

| Isp@ ~ St avie) -

ol

fi(q)el(x) for

K3

1

2

Yo @)Y (fipe(@) - fila)e](x))| aV(x) <

J
-~
B(g.5) | PEN() g

PEN(q)

¢ > (IPaf@p)P + (VHG) - F0) + (V)@ - F@) . (39)

As the balls of radius

(][}

centered on X are disjoint, we can write

ISFIP = / (@) = Sf (@) = Sof (x)]” dV (2)

1% B(q,5)

=Y [ sd@P v

qEXB(,2)

Y [ IS @IISHE) - Sif @)]dV (@)
15XB(g.5)

By construction, (1 —4)|f(q)]? < |S,f(x)]* < (1+6)|f(q)|?> and by Cauchy-Schwarz
inequality combined with (3.9), we get

> / 1S f (@) [Sf(x) = Sof (x)|dV () < ¢ (1+ &) FINVIIDaf]?
€XB(q,5)

+ (V)

Hence, [[SF2 > (1~ )¢ |72 — 2¢/(1 + )| flly/TOAFIE + (VF. 7). Choose A > 0
sufficiently small so that if f satisfies [|[Daf||? + (V £, f) < Al|f]|?, then

ISFI22 1712 (- ) — 21+ 8)WA) > L0

ILF112.
This concludes the proof of Proposition 3.18. O

3.4. Discretizing operator.

DEFINITION 3.20. Define the discretizing operator D : T'(E) — F(X) by
=~ 1
PN =3 o [ St@aviae
; V(pu 3‘5) B(p,3¢)
where s(x) =Y | s¥(z)e?

i1 S5 (x)ey (x) for x in B(p,3e).

PROPOSITION 3.21. There exist constants ¢, ¢}, ¢4 and A" > 0 depending only
onm, n, K, k1, ko and € such that
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i) Vs € T(E), ||Ds||* < chlls|?,
ii) Vs € D(E), [[Da(Ds)||” + (V(Ds), Ds) < c1[|Vs|?,
iti) Vs € T(E) such that |[Vs||* < N||s||?, | Ds||? > cb]|s||? holds.

Proof. The first point follows directly from the following inequality

PP <ef S @PVE <ci-5)" [ wfav)

i=1

To prove the second point, we first prove that

|DADs) |2 + (V(Ds), Ds) < c | V]2 + 3 (Vs) (o) (3.10)
peX

where if E is of harmonic curvature then
(Fs) o= X ww) [ JsPav e 3 / 7 2av
i<u(p) B(p.32) i>p(p) ’ BP:3e)

and if E is of complex (or quaternionic) rank one

(‘78) @)= M@+ > M) /B(p38)|s|2dv

g€EN(p)

and s is written locally as s(z) = Y., sf(z)el(z) for z € B(p,8c). First,

=11 [

(Ds)(p);1° < ¢ [3(p.30) 55 (@)[2dV () implies obviously
(V(Ds),Ds) < > ¢ (173) (»). (3.11)
peX

Secondly, for p and ¢ € N(p) let us introduce B,, C B(p,3¢) N B(g,3¢) the ball
centered at the mid-point of p and ¢ of radius ¢ and V;fq its volume. Then

|Da(Ds)(q,p)|* =

2
; é /;q ;A 4,p)i; Ds(q);| AV (y)
< 32 <é/ Ds(p)i — Sf(y)ldV(y)> (3.12)
Z; Pq ) .
+3Z} i/ Z}A(‘Lp)ij (57(v) = Ds(q);) | dV (1) (3.13)
+32 é/, Zlquw J y)aviy) | - (3.14)

We estimate each of the three terms separately.
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By a result of Kanai (see [10], Lemma VI.5.5), there exists cx > 0 depending
only on ¢ and k such that

1
o [ s - Wl < e [ st avi)
pq 7 By, B(p,3¢)
Moreover
VI=3lds} (y)] < | D ds(y)ef ()] = [Vs(y) = D s W)Vej ()| (3.15)
j=1 j=1
Therefore

N /B WV <

p,3¢€)
<v<p,3a> /B . |Vs<y>|2dv<y>>

so that we obtain by Lemma 3.12 and by construction of e?

3 n
1Y Vel |l a5 12,5

j=1

n

2
> ( /B ) Idsf(y>|dV(y)> <c /B e [Vs(y)[2dV (y) + ¢V s(p).

=1

We have then the following upper bound for (3.12)

< e ( / o [T F @)+ (75) <p>> - (3.16)

By the same kind of arguments as for (3.12) and using that Y 7., |A(q,p)i|* is
bounded above by a uniform constant, we can bound (3.13) as follows

2
n 1 n
T Alg,p)ij (s(y) = Ds(q);)|dV(y) | <
> 77, [ a0m (50 =) v

¢ < / IVs(y)|2dV (y) + (Vs) (q)> . (3.17)
B(q,3¢)

The last term (3.14) is then bounded by the following lemma
LEMMA 3.22. There exists a positive constant ¢ depending only on m, n, ki, ko,
K and € such that

2
n n

S [t -3 aenusio) v | <e((77) @1+ (76) @)

i=1 Bhq j=1
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Proof. See Appendix A.2. O
Finally, (3.16), (3.17) and Lemma 3.22 imply that

Dasaf < | [ 1VswPave+ [ vswlave

B (p,3¢) B(q,3¢)

co (7004 (7))

Taking the sum over p and ¢ leads to

DA <" | IVsl2+ 3 (Vs) ) (3.18)
peX

so that (3.18),(3.11) imply (3.10). In order to conclude the proof of point i) of this
lemma, we have to show that there exists ¢ > 0 such that

> (Vs) ) < el vs)® (3.19)
peX
Fix ¢ € X, let B = B(q,10¢), V(B) its volume. Let (-,-)p and | - || 5 the L%-inner

product respectively the L2-norm on E restricted to B. We are going to show that
there exists ¢ > 0 such that

(Vs)@<e > IVslbgaon: (3.20)

pEB(q,38)NX

Then (3.19) is a direct consequence of (3.20). To prove (3.20) we have to consider
separately the cases E is of complex (or quaternionic) rank one and F is of harmonic
curvature.

Assume E is of rank one. The proof of (3.20) in this case is much easier than
in the other case as the potential involves only the first eigenvalue of the ball. Recall

that A\ (q) < H”vsig‘% for any non-zero s. Therefore and as B(q, 3¢) C B(p, 10¢) for any
B
p € N(g)

. 19513510
(V) @ < lslban Y o= < X Vsl

2
pEB(q,3e)NX HS”B(pleE) pEB(q,3e)NX

and this concludes the first case.
Assume E is of harmonic curvature. If y € B, write s(y) as a sum
of orthogonal sections (with respect to (-,-)g) s(y) = 3(y) + st (y) with 3(y) =

di< (0) (S‘/’?—%))Be?(y). We have the following properties of the decomposition.

(SJ_ae_;I‘)B =0 ) v‘] < /L(q)a (VSva,‘é})B = Oa
Il = 12112 + 113113, Vsl = Vst B +q|\2V’§HQB,
B (s,eh)% ~2 (s,e])B _
1513 = V(jB) , Vsl = | VB) Ai(q)
i<u(q) J<p(q)
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Consider then two cases. First assume [[st]|3 = 0. Then s(y) = 3(y) which
means that if y € B(p, 10¢)

") (2 . if j > u(q),
S = s,ed .
Y V(JB) if j < N(Q)'

Therefore

[sPdV + ) / |s9|2dV

J<M(q) B(q738) jop(q) ) Bla:3e)
(5,¢7)5 .
=V(q,3¢) V(é) Ai(q) < ||V3||E.
i<u(q)
Moreover as s* is zero ||V3]|% = || Vs||% and so in this case (3.20) is verified.

For the second case, assume |[s1||% # 0. Then apply max-min theorem to s* to

IVs* %

obtain A, g)+1(q) < TSIz, and by definition of p(q) this implies that

SllsHlIE < Vsl (3.21)
Moreover, let us rewrite s+ as follows, for y € B(q, 8¢)

sty) = Y (8?@) - f}fgﬁ) e(y) + Z s1(y)ed (y)-

J<p(q)

As {ef(y)} is an almost orthonormal basis, we obtain for y € B(q, 8¢)

>

J<p(q)

si(y) — 7‘ Y iy =) st ).

J>u(q)

In particular, this implies

> [ WP =00 3:22

J>w(q)

a0 et s

i<u(q) a3¢)
2
s, ed s,e1)2
23 N / s —(V(jg)f dVy)+2 D %AJ—@
J<u(a) B(a;3¢) J<p(a)

20 ~
T 5HSLH%’ +2| V5|5 (3.23)

Then (3.22) and (3.23) imply that (Vs) (@) < c(lls*% +[IV5]%). Use (3.21) to-
gether with this inequality to obtain (3.20) and therefore (3.19). Finally (3.10) to-
gether with (3.19) imply 7).
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To prove iii) consider the following sum. By the work of Buser (Lemma 5.1 in
[8]), there exists cg > 0 depending only on m,  and ¢ such that

n

> [ st - @ avi <cBZ [ e av

=1B(p,3e) =1B(p,3¢)

Moreover, using (3.15) we obtain

Z / Ds(p); — st dV (z) <

B(p,3¢)

2ncp

Vs dV(y)+n Vep st 2 . (3.24
AU S IR s 0 s | 620

Therefore, from (3.24) we obtain

e 2 [ 31 Dt~ 0 V)

B(sz)
/Z|s (2)[2dV () —2C/Z|s [ Ds(p);s — 52 ()|dV ()
B(p,Bs) B(p,Bs)
. 3
/ 2 i 2 P12 P2
> |51 pae) — I8l Beae) | 1Vslbpa + DIV 2 slls?l3s. | - (3.25)

J=1

Assume E is of harmonic curvature and combine Lemma 3.3 and Lemma
3.12 with (3.25) to obtain

D) = 510 — I3 503 (19100 + (V) @)

Moreover, by (3.20) (‘N/s) (p) is bounded above by ¢ > |‘VSH2B(q,lOa)' Then,
g€B(p,3e)NX
taking the sum over p € X produces new ¢’, ¢’ > 0 such that

IDs[|* > [Is1* = " [|sl[[|Vs]I-

Finally, if | Vs|? < A’|s]|?, we get || Ds||? > ||s]|?(¢’ —¢”v/A’). Choose then A’ suitably
to conclude the proof of the proposition in this case.

Assume E is of rank one. If \;(p) < J, by Lemma 3.3, [|[Vel[|Z, 5. < eAj(p).
If \i(p) > 6, by Lemma 3.12 ||Vep|| < ¢ < ed7 A (p). Therefore, (3.25) can be

oo, 38 =
changed in (Wlth new counstants ¢, ¢, ')

, (€ =eA? O)Is15 50y = 151 Bp3e) | Vs 5paey  if Ar(p) <0,
|Ds(p)|

sl 30y =< 51 Bp.36) 1 V51 B(p.106) otherwise.
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By choosing § smaller, we can assume that if A\;(p) < J, ¢/ —cAi(p)2 > ¢ > 0. This
implies that (for any values of A1 (p))

2
IDs)I” = " [lsllBp.32) — <" IVsll Bep30) 5] B 100)-

Then, take the sum over p € X to obtain for ||Vs|| < A/||s]]
IDsl|* > " [lsl1* = " [Vslllsll > lIs|*(c” = ¢"VA)
and conclude choosing A’ suitably. O

3.5. Upper bounds.

LEMMA 3.23. Let m, n, ki1, ko, &, 1o, € be as before. Then there exist positive
constants cz and ¢ depending only on m, n, ki1, ka, K, € so that for any vector bundle
E € E(n, k1, ko) over any M € M(m,k,10), for any X e-discretization of E and for
A4+ V constructed in Section 3.2, we have

i) Me(E) < es, Vk < n|X],

i) \e(X, A, V) <, Yk < n|X]|.

Proof. i) Let p; be a vertex of X and consider f; : M — R the first eigenfunction
of the Dirichlet problem for the ball centered at p; of radius § extended by zero.
By Cheng’s comparison theorem I}I%‘iilllj <)\ (%, I<L) (where A\ (%, Ii) denotes the first
non-zero eigenvalue of the Dirichlet problem on the ball of radius § in the simply
connected space of constant sectional curvature —x and of same dimension as M).
Define then the sections of(z) = fi(x)el (x) for 1 < i < |X|, and 1 < j < n. Then
{o! |1 <i<|X[|,1<j<mn} spans a vector subset W of I'(E) of dimension n|X| as

{e?i }j=1,...n is an almost orthonormal frame. Moreover

Voi(a) = dfi(@)e? (2) + fi(2) Vel ()

Di

and Lemma 3.3 and Lemma 3.12, we have
IVasl1? < e (lldfill* + 11 £:01%)
so that by definition of the f;’s
- €
1912 < ellfill® (142 (55)) -

By min-max theorem we get then

i Vas])? £
< g %ij < = )
)\k(E)_cmax{ > WHWHQ _cc(l—i—)\l (2,#;))

This concludes the first part of the lemma.

hence by construction of e;

i) Let f € F(X). As A(p, q) is a change of almost orthonormal bases we have

IDASI?+ (VS f) Z St @+ (VA

ZDGXqGN( peX
<ed 0 Y (If®P +1f(@))?) + max{s, 1} |
pEX g€N(p)

< (2cvx +max{s,1}) || £

Therefore, R(f) < 2cvx +max{d, 1}, Vf € F(X)\ {0} and this implies Ay (X, A, V) <
2cvx + max{4,1}, Vk <n|X|. O
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3.6. Conclusion. Proof of Theorem 3.1: by symmetry of the results concern-
ing the smoothing and the discretizing, it suffices to deduce A\;(E) < eAp(X, A, V).
The proof proceeds in two steps.

First, assume that k is such that A\g (X, A, V) > A, for A given by Proposition 3.18
iii). Then, Lemma 3.23 i) leads to A\x(E) < cgA™'A\x(X, A, V).This is the required
inequality.

Secondly, assume that k is such that Ay (X, A4,V) < A. Let Wy be the k-
dimensional vector subspace of F(X) spanned by f; : X — R", i = 1,...,k,
Ai(X, A, V)-eigenfunction of A4 chosen so that (f;, f;) = d;;|X|. By min-max theo-
rem, A\p(X, A, V) = max{R(f) : f € W\ {0}}. Let then SW}, be the vector subspace
of T'(F) spanned by the Sf;’s i.e. SWy, = (Sf1,...,Sfx) ={Sf | f € Wi \{0}}. As
A (X, A, V) < A, for any non-zero function f in Wy, we have |Daf||* + (Vf, f) <
Al|f||?. Hence, by Proposition 3.18 iii), for any f in Wy, [|Sf||* > cz||f||* holds. In
particular, Sf is the zero function if and only if f is zero which means that SWj, is
k-dimensional. So we can apply min-max theorem to SWj and obtain

Ae(E) < max{R(Sf) | f € Wi\ {0}}.

Moreover, by Proposition 3.18 ii) and iii) we obtain that R(Sf) < £ R(f) for any
non-zero f in Wy, which leads to

M(B) < Lmax{R(f) | f € Wi\ {0}} = j—;mx,A, V).

C2
This concludes the proof. O

4. Estimation of the first non-zero eigenvalue for a flat vector bundle.
Let (E™, V) be a flat Riemannian vector bundle with irreducible holonomy over M €
M(m, K, r9). We recall the definition of the constant related to the holonomy given
by Ballmann, Briining and Carron in [2]. If ¢ is a unit speed loop, denote by H. its
holonomy. Then there exists o > 0 such that Va € M, Vv € E, there exists a smooth
unit speed loop ¢, ,, of length less than two diameters of M such that

|He, ., (v) = v| = afv]. (4.1)

The following theorem shows that if £ has significant holonomy, then the first eigen-
value of A can not be too small. Conversely, if there exists v in F, which has a small
holonomy, then the first eigenvalue is not too large.

THEOREM 4.1. Let (E™, V) be a flat Riemannian vector bundle over M €
M(m, k,ro) with irreducible holonomy. Then there exist ¢, ¢ > 0 depending only
onm, n, Kk, ro such that

2

/
M(E) = ¢ A(M) 20T

where d(M) denotes the diameter of M.

Moreover, if there exist po € M, vo € E,, and o such that for any loop ¢ at po
of length less than Td(M), |H.(vo) — vo| < |vg| then, there exists ¢ > 0 depending
only on n, m, Kk and ro such that

M (E) < "o
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The first part of the theorem is in fact due to Ballmann, Briining and Carron (see
[2]). We present here a more conceptual proof that relies on the fact that the discrete
magnetic Laplacian associated to a discretization of a flat bundle is strongly related
to the holonomy of the vector bundle.

Proof. Let € = 100 ro and let X be an e-discretization of £. Then by Theorem 3.1
there exist A 4 a discrete magnetic Laplacian and ¢ > 0 such that A1 (E) > cA1 (X, A).
So it suffices to prove the statement for Ay (X, A). Let f € F(X) such that A, f = \f.
Let po € X and vy = Y ., fi(po)e!® € Ep,. By (4.1), there exists a smooth unit
speed loop ¢y : [0,1]] — M at pg of length | < 2d(M) and |H,(vo) — vo| > a|vo].
Let N € N such that N§ <1 < (N + 1)5 and consider a partition of [0,], 0 =
to <t1 <...<ty-1 <ty =Isuchthat § <t; —t;_ 1 <e. By definition of X,
Vji=1,...,N —1, 3p; € X such that d(p;, co(t;)) < e. Moreover, let pxy = py € X.
Note that d(pj—1,p;) < 3e. Consider then the piecewise geodesic loop € at py passing
through all p;, j =1,...N —1 (i.e G joins pj_1 to p; via the minimizing geodesic
pj—1p;). Note that T is of length less than 3Ne < 12d(M). Moreover, as F is flat, the
holonomy of ¢y is the same as the holonomy of ¢3. More precisely, parallel translation
from co(t;—1) to co(t;) along ¢y is the same as parallel translation along minimizing
geodesics from co(tj,l) to pj—1, then from p;_1 to p; and finally from p; to co(¢;).
Hence H,,(v) = Hg,(v) for any v € E,,. So that we obtain

| Hz, (vo) — vol > alvo| = af(po)]-

Consider then v; = Y7 | fi(pj)efj € E,,. By triangle inequality and as parallel
transport is an isometry, we obtain easily the following inequality

N
alf(po)| < Z 1Tp;,p5-1 V-1 — V5.

j=1

Moreover, by construction of D4 we have
n
n

. .| = pJ 1 PJ
|ijxpj71v]_1 v;| = (pj—1 prpg 164 E fi(pj)e

f
( A(pj—1,p5)ik fr(pj-1) — fi(pj)> e’
af(

pj— 1apj

This implies that a|f(po)| < |Daf(po,p1)| + ...+ |Daf(pn—1,pn)|- We have shown
that for any pg € X, there exists a piecewise geodesic loop ¢y = {po,p1,...,pn} of
length less than 12d(M) such that

0?11 o)l” < 422D (1D f (00, p)P + -+ IDAF (o1, 8 P)

and d(pj_1,p;) < 3¢. The goal is to apply this last inequality to || f||*. To that end,
we need to find an upper bound for the number of loops of the kind {p,q,...,p}
that can pass through p € X and ¢ € N(p) and of length less than 12d(M). This
upper bound on the length of the loop implies that such a loop can pass through at
most P < 12=— (M) points of X. Therefore, there are at most ¥ ! loops of the kind
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{p,q,...,p} and each of these loops is suitable for P points in X. Hence, we obtain

d(M)

21 112 P-1 2
7 < Prim 8= Daf|
d(M)? | a0
<2222 g2
This leads then to the conclusion of the first part 042% <\
72d(M)20v*? "<
To prove the second part of the theorem let € = ﬁro and X be an e-discretization

of E such that pg € X. Recall that X is the set of vertices of a finite connected graph
G. Then construct a spanning tree S of G (see [4], Section 1.2) as follows. Let
X;={p€ X | da(p,po) =i} where dg denotes the path metric on G. Note that if ¢
is in X; then there exists ¢’ in X;_1 which is joined by an edge to gq. Let then S be
the subgraph of G with vertices set X and edges set E(S) = {qq’ | ¢ # po}. We have
constructed a spanning tree S of G.

By construction of S, for any p in X there exists a unique curve ¢, in S joining p to
po (i-e. ¢p is a piecewise geodesic curve {p, ..., po} such that two consecutive points of
X in ¢, are joined in S). Moreover the length of such a ¢, is bounded above by 3d(M).
Now, choose in E,, an orthonormal basis {e[°,... e} and define an orthonormal
basis B, of E, by B, = {e!' = Tcpefo}izl),,,7n, where 7., denotes parallel transport
along ¢, from pg to p. Then e¥(z) = 7, e gives a local orthonormal frame made of
parallel sections. Hence, consider the discrete magnetic Laplacian A4 associated to
this choice of bases (constructed as in Section 3.2) which satisfies A\ (E) < cA1(X, A)
by Theorem 3.1. So that it suffices to prove the result for the first eigenvalue of A 4.
By min-max theorem A; (X, A) < R(f) for any non-zero function on X. So consider
[+ X — R" defined by f(p) = >, v;e; where the v;’s are the coordinates of vy in
the basis B,,. If p and ¢ are neighboring points in X such that d(p,po) < d(g,po)
and p € c¢g, then we have 7, % = ef. Hence in this case A(p,q)i; = di; and so
Daf(p,q) = 0. In the other case i.e. if p € N(q), d(p,po) < d(¢,po) and p is not on
cq, consider the loop c at xp going from x¢ to p via ¢p, from p to g via the minimizing
geodesic pg and from ¢ to xg via cq_l. Then c is of length less than 7d(M) and by
assumption

|Hc(vo) — vo| < a'|vo]. (4.2)

— 1
But, we have Hc(vo) = 7., ' 7q,pTe,vo and

(He(vo), €}°) = <Z Tq,pefa€3> = A(p,q)ijv;.
=1 =

Combining this last equality with (4.2) we obtain o/|vg| > |Daf(p, q)|- Finally, com-
puting ||[Daf|? leads to

1
IDAfI? < Savl£]%

So that the second part of the theorem follows. O

Appendix A. Technical tools. The following lemma is a generalization of
Lemma 11.1 in [20] and a local version of Lemma 0.1 of [27].
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LEMMA A.1. Let M € M(m,k,ro) and u a non-negative function on the ball
B(p, R), with R < %To, such that Au < au+ (. Let 0 < 0 < 1. Then there exist ¢y,
a2, ¢3 > 0 (depending only on m, n, k, R, a and 3) and 0 < ¢(m) < s <1 such that

1 c3 s
lullwor < (e + crpgs )l )

where |[ulloc,or = sup{u(z) | z € B(p,0R)}, and ||ull} p = fB(%R) u?(x)dV (z).
Note that, if =0 then s =1 (see [20], Lemma 11.1).

Proof. The proof combines the proof given in [20] (Lemma 11.1) and Lemma 0.1
of [27] . Let u: B(p, R) — R, u > 0 such that Au < au+ . Let v = 3 if m > 3 and
v = 2 otherwise. Let p be such that % + % =1 For0<p<p+o<R,let ¢,, be
the Lipschitz cut-off function depending only on the distance to p given by

0 on B(p,R)\ B(p,p + o),
Gpo(r) = p(r) = ¢ L2 on B(p,p+0)\ B(p,p),
1 on B(p,p).

Then for an arbitrary constant a > 1, we have

[l < ll$uc|3,.-
As the injectivity radius of M is bounded below (Inj(M) > ro > 0) and the Ricci
curvature too (Ricci(M, g) > —(m—1)kg) Sobolev embeddings for complete manifolds
are valid and we can apply the Sobolev inequalities to |[¢u®|]3, (see [16], Theorem

3.3). More precisely, there exists a constant ¢; > 0 depending only on m, k£ and rg
such that

lpu?ll3,, < s (ld(du®)[3 + llou]3) -
Replacing ¢, by CR2, we can rewrite the inequality as
lou® (3, < CR* ([ld(¢u®)3 + llou?(3) -
Therefore,
[u*®lp < CR? (ld(du®) 3 + [lpu®]l3) -

However
/ |d(¢u®)2dV < a/ H*u? AudV +/ |do|2u?*dV
M M M
(see [20], p.81). Hence using the assumption on Ay and u > 0 we obtain
u?*||,., < CR? pur*dV +aa | P*urdV
1P
M M

+ap / P*u”* AV + / |d¢|2u2“dV)
M M
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and by construction of ¢, we obtain

1
||u2a||,u-,p < CR2 (CLO& + — + 1) / u2adv + OR2CL6/ u2a71dv
7 B(p,p+o) B(p,p+o)

1 1 _
< CR? (aoz + =2 + 1) Hqug,erU + CR*apV (p,p+ o) ||u||§2p}|>a'
Finally, we have shown that for any a > 1, 0 < p < p+ 0 < R, we have

1 1
2 2 2 2 Lo 2a—1
0l < O (a4 g +1 ) 0l + CRBV (oo ) a1
This was the first step of the proof. Now, we will proceed with a Moser iteration. To
that aim, let
m .
aw=1,a1=——=p,...,a; = ', ...
m—2

1-46 1-46 1-46
O'QZTR, UlzTR,...,Ui:F goae

i
po = R — oo, P1:R—UO—Uh--wPi:R—ZUJ‘,---
j=0
and p_; = R. Observe that p; > 6R for any ¢ and p; — 6R as © — co. Moreover, for
any Ai, B; >0

(4; + B;) min{[ul| 35! lullag: piso } <

2a;,pi+0i? 2ai,pi+0;
2a, 2a;— b;
A’i|‘uH2Z:,pi+a’i + B’i|‘u|‘2z;pli+cri S (AZ + B’i)||u||221i,pi+a'i

where b; is suitably chosen (b; € {2a;-1,2a;}). Now replace above a, p, o by a;
respectively p;, 0; to obtain

g;

1
1 2\ % e
il < (08 (et 41+ 0V ) ) )™l
Then iterate this inequality to obtain (using Bishop-Gromov comparison theorem,
Croke’s inequality and a; > 1)

b
1

72 =25
(o] R2 Za; be J j
ellocon < ¢ (H (R (@ + wcs+ 1)+ 2 ) ||u||;,R> .

i=0 o7
By the same argument as in [27], []72, % converges to s € [e_("_Q)%, 1]. It
J

_1
remains then to show that [[;°, (CR2 (@i + a; B+ 1) + Cf—;) ' converges t0o.

But we have that [[2°, B = Bi-1 (as > 1) and .2 iu ™" is finite, therefore

o0 1

% —1 4‘i 2t

e i 4 2ut
Hmax{,u,él}?ui CR*(a+dB+1)+Cr—rs
=0 (1-0)

< c(p) (OR2 (a+cB+1)+ Cﬁ) o
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This implies the claim. 0

A.1. Proof of Lemma 3.19. The proof differs according to the assumptions
made on F.

Assume E is of harmonic curvature. By Remark 3.13 and Remark 3.14, we
have

Zfi(p) (€7 (x) = 72 pe; (P)) + Daf (¢, 0)iTe p€] (P) + fil) (Tapei (p) — €] (2)) -

By Lemma 3.3 and as d*RF = 0, |ef(z) — 7 pel|? < eXi(p) for 1 < i < p(p) and
|72 ped(p) — el (x)]? < chi(q) for 1 < i < u(q). Moreover if u(q) < i < n, |1z pel(p) —
el(z)|* < 4. Therefore

n n

> fip)el (@) =Y filg)el ()

i=1 =1

¢ (1Das @) + (VI 0) - F) + (V) (@) (@)

which implies the lemma in this case.

Assume E is of rank one, then

ZDAf (,p): +ng Z z) (Alg,p)ij — alg, p)ij () -

i=1 i=1

By definition of A(g,p);; and by the work of Buser (Lemma 5.1 in [8]) there exists
cg > 0 depending only on m, k and € such that

/ A(g, p)iy — ala,p)s; @2 dV (@) < cp / da(g, p)i; (@)]? dV (@),
B

pq qu

Moreover

-4 Z \da(q, p)ij(z)]> <

n

> da(q, p)ij(x)e? (x)

i=1

2 2

n
Za q, p 1] (I)
1=1

<c (‘Ve?(w)f + Z |Vef(:v)|2> :
=1
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As the bundle is of rank one, A;(p) = ... = A,(p). Therefore A;(p) < § im-
plies [ |VeP(x)]?dV(z) < chi(p). Otherwise [ |VeP(z)|*dV(z) < ¢ <
B(p,10¢) B(p,10¢e)

cd~t\1(p) by Lemma 3.12, which implies

/B A(g, p)is — ala. )i @2 AV () < ¢ (M(p) + M (9)) - (A1)
Hence
n n 2
[ s -3 o) <
B(g:¢) [ =1 i=1

¢ (IDaf @) + 1@ M) + A(a)))

This concludes the proof of Lemma 3.19. O

A.2. Proof of Lemma 3.22. The proof differs according to the assumptions
made on F.

Assume E is of harmonic curvature. As {7, ,¢e’(p)}"; is an almost ortho-
normal basis and by Remark 3.14

2
Z S ZA q, p ij ] <
1732 0 () = 20) + D0 (€0 ~ )

Integrate then over B;q and apply Lemma 3.3 to obtain

2

zn:/B s7(y) — zn:A(q,p)ijS?(y) dVi(y) <c ((‘78) (p) + (175) (Q)) :
i=1 " Bpq j=1
Assume E is of rank one. Recall that s} (y) = >7_, a(q,p)i;(y)s](y). Hence

sP(y) = > Alg.p)igst(y) =Y (alq, p)ij (y) — Alg, p)ij) s2(y).
J=1

j=1

Therefore

[ =S anustw)| ave) <

>(/,

Jj=1 pq

1
2

la(q,p)i; (y) — A(q,p)ijf) dV (y).
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Finally, as B),, C B, inequality (A.1) implies

2
n

(A

i=1

sP(y) = Alg.p)isi)|dViy) | <c (178) (p)
j=1

’
Pq

and this concludes the proof of Lemma 3.22. O
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