ASIAN J. MATH. (© 2007 by the author. All rights reserved
Vol. 11, No. 2, pp. 277-304, June 2007 005

MEAN VALUE THEOREMS ON MANIFOLDS*

LEI NIt

Abstract. We derive several mean value formulae on manifolds, generalizing the classical one
for harmonic functions on Euclidean spaces as well as the results of Schoen-Yau, Michael-Simon,
etc, on curved Riemannian manifolds. For the heat equation a mean value theorem with respect to
‘heat spheres’ is proved for heat equation with respect to evolving Riemannian metrics via a space-
time consideration. Some new monotonicity formulae are derived. As applications of the new local
monotonicity formulae, some local regularity theorems concerning Ricci flow are proved.

Key words. Green’s function, mean value theorem, heat spheres/balls, Ricci flow, local regu-
larity theorem
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1. Introduction. The mean value theorem for harmonic functions plays an cen-
tral role in the theory of harmonic functions. In this article we discuss its generaliza-
tion on manifolds and show how such generalizations lead to various monotonicity for-
mulae. The main focuses of this article are the corresponding results for the parabolic
equations, on which there have been many works, including [Fu, Wa, FG, GL1, E1],
and the application of the new monotonicity formula to the study of Ricci flow.

Let us start with the Watson’s mean value formula [Wa| for the heat equation.
Let U be a open subset of R™ (or a Riemannian manifold). Assume that u(x,t) is a
C? solution to the heat equation in a parabolic region Ur = U x (0,T). For any (x,t)
define the ‘heat ball’ by

z—y|2
e L(tfl) n
E(I,t,’r) = (y,8)|8§t,m ZT
Then
1 |z —yl”
u(zx,t) = — u(y, s)——= dyds
( ) rr E(x,t;r) ( )4(t - 8)2

for each E(x,¢;7) C Up. This result plays an important role in establishing the
Wiener’s criterion for heat equation on R™ [EG1].

In [FG], the above result was generalized to linear parabolic equations of diver-
gence form. In fact a mean value theorem in terms of ‘heat spheres’ OE(z,t;r) was
also derived. This was later applied in establishing the Wiener’s criterion for linear
parabolic equations of divergence form on R™ [GL1].

More recently, Ecker [E1] made the remarkable discovery that the similar mean
value property (in terms of ‘heat balls’) can be established for the heat equation
coupled with the (nonlinear) mean curvature flow equation. In particular, he dis-
covered a new local monotonicity formulae for the mean curvature flow through this
consideration.
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Since Perelman’s celebrated paper [P], it becomes more evident that new
monotonicity formulae (besides the maximum principle) also play important roles
in the study of Ricci flow (various monotonicity quantities, such as isoperimetric con-
stants, entropy like quantities, etc, were used in Hamilton’s work before). In a recent
joint work [EKNT], the authors proved a mean value theorem (in terms of ‘heat balls’)
for the heat equation coupled with rather arbitrary deformation equation on the Rie-
mannian metrics. This in particular gives a local monotonicity formula for Ricci flow,
thanks to the new ‘reduced distance’ ¢-function discovered by Perelman, which serves
a localization of Perelman’s ‘reduced volume’ monotonicity.

In view of the work of [FG], it is natural to look for mean value theorem in terms of
‘heat spheres’ under this general setting. This is one of the results of this paper. The
new mean value theorem in terms of ‘heat spheres’ also leads new local monotonicity
formulae. The new mean value theorem and monotonicity formula (in terms of ‘heat
spheres’) imply the previous results in terms of ‘heat balls’ via the integration, as
expected. The proof of the result is through a space-time consideration, namely via the
study of the geometry of U = U x (0, T) with the metric §(z,t) = g;;(z, t)dz'dz? +dt?,
where g(z,t) are evolving (by some parabolic equation, such as Ricci flow) metrics on
U. This space-time geometry is considered un-natural for the parabolic equations since
it is not compatible with parabolic scaling. (More involved space-time consideration
was taken earlier by Chow and Chu in [CC].) Nevertheless, it worked well here for
our purpose of proving the mean value theorem and the monotonicity formulae.

Another purpose of this paper is to derive general mean value theorem for har-
monic functions on Riemannian manifolds. Along this line there exist several known
results before, including the one due to Schoen and Yau [SY] on manifolds with non-
negative Ricci curvature, the one of Michael and Simon [MS] on minimal sub-manifolds
of Euclidean spaces, as well as the one on Cartan-Hadamard manifolds [GW]. Our
derivation here unifies them all, despite of its simplicity. This also serves the relative
easier model for the more involved parabolic case. Hence we treat it in Section 2
before the parabolic case in Section 3.

As an application of the new monotonicity formula of [EKNT], we formulate and
prove a local regularity result for the Ricci flow. The result and its proof, which
are presented in Section 4, are motivated by [E1], [W1] and [P]. This result gives
pointwise curvature estimates under assumption on integral quantities and hopefully
it can shed some lights on suitable formulation of weak solutions for Ricci flow. One
can refer to [Y2] for results in similar spirits.

It is interesting (also somewhat mysterious) that the quantity used by Li and Yau
in their fundamental paper [LY] on the gradient estimates of positive solutions to the
heat equation, also appears in the local monotonicity formulae derived in this article.
Recall that Li and Yau proved that if M is a complete Riemannian manifold with
n(;)n-negative Ricci curvature, for any positive solution u(x,7) to the heat equation
= — A
or

Qu) := |Vlogul|? — (logu), < 2£
-

Here we show two monotonicity formulae for Ricci flow, which all involve the expres-

sion Q. To state the result we need to introduce the notion of the ‘reduced distance’

(-function of Perelman. Let £(%0-%0) (3, 1) be the ‘reduced distance’ centered at (zo, to),

with 7 = ¢g — t. (See [P], as well as Section 4 of current paper, for a definition.) De-
o=y,

fine the ‘sub-heat kernel’ K(y,T;xo,to) =G E Let E’(mo, to; ) be the ‘heat balls’
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defined in terms of K instead. Also define the ‘reduced volume’ 6(7) := T K du(y).
Then we have the following result.

THEOREM 1.1. Let (U, g(t)) be a solution to Ricc flow. Define

j(?‘) = i/ AQ(K) N dA
9B (o to:r) \/|V10g K2+ |(log K), |2

and
. ' 1 /
T = a" JE (o, t0:m)\E(zo,t0:a)

Q(K) dpdr

for E(zo,to;r) C U. Here dA is the area element of OE(xo,t.7) with respect to §.
Then J(r) < I(a,r), both J(r) and I(a,r) are monotone non-increasing in r. I(a,r)
is also monotone non-increasing in a. If J(ry) = J(r1) for some ro > 11, then g(t)
is a gmdzent shrinking soliton in E(xo,to,rg) \ E(zo,to;m1) (in fact it satisfies that
Rij +lij — 5=9i5 =0). If I(a,r9) = I(a,r) then g(t) is a gradient shrinking soliton
on E(xo,to,rg) \ E(:vo,to, a). Moreover on a gradient shrinking soliton, if to is the
terminating time, then both I(a,r) and J(r) are constant and equal to the ‘reduced
volume’ 0(T).

The quantity Q(K ) can also be expressed in terms of the trace LYH expression
(also called the trace of the matrix differential Harnack) [P], modeling the gradient
shrinking solitons. Please see (5.12) for details. The part on I(a,r) of the above result,
in the special case a = 0, has been established earlier in [EKNT]. (Here our discussion
focuses on the smooth situation while [EKNT] allows the Lipschitz functions.) The
similar result holds for the mean curvature flow and the monotonicity of J-quantity
in terms of ‘heat spheres’ gives a new local monotone (non-decreasing) quantity for
the mean curvature flow. Please see Section 3 and 5 for details. There is a still open
question of ruling out the grim reaper (cf. [W2] for an affirmative answer in the
mean-convex case) as a possible singularity model for the finite singularity of mean
curvature flow of embedded hypersurfaces. It is interesting to find out whether or not
the new monotone quantities of this paper can play any role in understanding this
problem. One also expect that the new monotonicity formulae can give another proof
of the no local collapsing result of Perelman [P].

Acknowledgement. We would like to thank Reiner Schétzle, Jiaping Wang
for helpful discussions on two separate technical issues, Ben Chow for bringing our
attention to Schoen and Yau’s mean value inequality and asking for more general
formulations, Nicola Garofalo, Richard Hamilton for their interests. We are grateful
to Klaus Ecker for insisting that we publish the main result of Section 4 alone. It is a
great pleasure that we dedicate this article to Professor S. Baouendi on the occasion
of his seventieth birthday.

2. The mean value theorem for Laplace equation. In this section we shall
derive a mean value theorem for harmonic functions on a fairly large class of Rie-
mannian manifolds. Let (M,g) be a Riemannian manifold. Let £ be a bounded
domain in it. Denote by Gq(z,y) the Green’s function with Dirichlet boundary con-
dition on 9f2. By the definition

AyGa(z,y) = —62(y)-
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By the maximum principle Gq(x,y) > 0 for any z,y € . By Sard’s theorem we
know that for almost every r, the ‘Gg-sphere’

U= A{y|Galz,y) =7 "}
is a smooth hypersurface in Q. Let ¢,.(y) = Ga(z,y) —r~™ and let

Qr = {ylor(y) > 0}
be the ‘Gg-ball’. We have the following result.

PROPOSITION 2.1. Let v be a smooth function on Q. For every r >0

1 " d
(2.1) v(x) = —/ |V log Gol?vdu — i/ 77”/ pnAv d,u—n.
™ Ja ™ Jo Q, n

Qr

Proof. We first show that for almost every r > 0
(2.2) v(x) = / [VGalvdA, — / Gr AU dpy.

By Green’s second identity

[ (0Ge v
| (aGa)—Gaan) du= [ (%20 FGa) s
we have that

B 0Gq ov
(2.3) v(z) = —/% ( 5 U %GQ) dA — /QT Gao(Av)du

Notice that on W,

0Gq
(2.4) o = —|VGq]
and
ov 1 ov
2.5 —GqdA =— —dA
( ) [I’T 8 Q@ rn v, 81/
= —/ Avdu.
rn Q,

The equation (2.2) follows by combing (2.3), (2.4) and (2.5).
The equality (2.1) follows from (2.2) by the co-area formula. In deed, multiplying
7"~ ! on the both sides of (2.2), integrate on [0,7]. Then we have that

1 " " d
—r"v(x) :/ 77”*1/ [VGaqlv dAdn—I—/ n" dnAv d,u—77
n Gao=n—" 2y N

= / 2/ |VGQ|UdAda+/ 77"/ anAvd,u@
r—n Q7 JGo=a Q, n
|V10gGQ|2 /T / d’l]
= dAda + " OnAv dpu—
/ /G o VGal T e, T
= / |V log Gq| vdu—l—/ / gbnAvd,u—
n.Ja,
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In the last equation we have applied the co-area formula [EG2], for which we have
to verify that |V log Gql|? is integrable. This follows from the asymptotic behavior of
Gq(z,y) near z. It can also be seen, in the case of n > 3, from a known estimate
(cf. [L1] Theorem 6.1) of Cheng-Yau, which asserts that near z, |VlogGq|*(y) <

A(l+m).f0rsomez4>0.|]

It would be more convenient to apply the Proposition 2.1 if we can replace the
Green’s function G (x, y), which depends on € and usually hard to estimate/compute,
by a canonical positive Green’s function. To achieve this we need to assume that
the Riemannian manifold (M, g) is non-parabolic. Namely, there exists a minimum
positive Green’s function G(z,y) on M. However, on general non-parabolic manifolds,
it may happen that G(z,y) does not approach to 0 as y — oco. This would imply that
the integrals on the right hand side of (2.2) or (2.1) are over a noncompact domain
(a unbounded hyper-surface). Certain requirements or justifications on v are needed
to make sense of the integral. It certainly works for the case that v has compact
support. If we want to confine ourself with the situation that Q, = {y|G(z,y) > r~"}
is compact we have to impose further that

(2.6) lim G(z,y) = 0.

y—oo
DEFINITION 2.2. We call the Riemannian manifold (M,g) is strongly non-
parabolic if (2.6) holds for the minimal positive Green’s function.

Now similarly we can define the ‘G-sphere’ ¥,., the ‘G-ball’ €2,., and the function
¢, as before. By verbatim repeating the proof of Proposition 2.1 we have the following
global result.

THEOREM 2.3. Assume that (M, g) is a strongly non-parabolic Riemannian man-
ifold. Let v be a smooth function. Then for every r >0

1 T

(2.7) v(z) = —n/ |V log G|*vdpu —/ nLH/ Y Av dpdn.
™ Ja, o 7 Q,

Here ¢, = log(Gr™). Also for almost every r > 0

(2.8) v(x):/ |VG|vdAy—/Q Gr AU dpty.

r

Proof. The only thing we need to verify is that

" n n (" dn
— U Av dudn = —/ n" OnAv dp—
/0 nnt /Q,7 ! ™ Jo Q, ! U]

which can be checked directly. Please see also (2.14) for a more general equality. O

REMARK 2.4. a) If (M, g) = R™ with n > 3, then

1

2—n
n(n_2)wnd (:T,y),

G(l‘,y) =
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with w,, being the volume of unit Euclidean ball and d(x, y) being the distance between
x and y. Clearly M is strongly non-parabolic. If v is a harmonic function, a routine
exercise shows that Theorem 2.3 implies the classical mean value theorem

1
v(x) = nR T /83(1,3) v(y) dA.

b) The regularity on v can be weaken to, say being Lipschitz. Now we have to
understand Av in the sense of distribution and the integral fﬂr ¢-Av via a certain
suitable approximation [E1, EKNT, N2].

¢) Li and Yau [LY] proved that if (M g) has nonnegative Ricci curvature, then
(M, g) is non-parabolic if and only if f A (T) dr < 00, where V(1) is the volume of
ball B(z, 7). Moreover, there exists C' = C(n) such that

“ / e

This shows that any non-parabolic (M, g) is strongly non-parabolic. In this case by
the gradient estimate of Yau [L1] we have that there exists C(n) such that if Av >0
and v >0

(2.9) v(x) < Ol(n)/ dv( y) dA,.

e Jy, d(z,y)

dT<G(:Cy <C/ dr.

One would expect that this should imply the well-known mean value theorem of Li-
Schoen [LS].

d) An example class of strongly non-parabolic Riemannian manifolds are those
manifolds with the Sobolev inequality:

(2.10) (/ = 2du> ’ <A/ IV f[2du

for some v > 2, A > 0, for any smooth f with compact support. In deed, by [Da] and
[Gr], the Sobolev inequality (2.10) implies that there exist B and D > 0 such that

v d?
H(z,y,t) < Bt™ 2 exp (—%) .

This implies the estimate
G(z,y) < C(B,v,D)d"""*(z,y)

for some C. Therefore (M, g) is strongly non-parabolic.

e) Another set of examples are the Riemannian manifolds with positive lower
bound on the spectrum with respect to the Laplace operator [LW]. On this type of
manifolds we usually assume that the Ricci curvature Ric > —(n — 1)g. Since the
manifold may contain ends with finite volume (as examples in [LW] show), on which
the Green’s function certainly does not tend to zero at infinity, further assumptions
are needed to ensure the strongly non-parabolicity. If we assume further that there
exists a § > 0 such that V(1) > J, we can show that it is strongly non-parabolic
(shown in the proposition below). Note that the assumption holds for the universal
covers of compact Riemannian manifolds with Ric > —(n — 1)g.
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PROPOSITION 2.5. Assume that (M™,g) is a complete Riemannian manifold
with positive lower bound on the spectrum of the Laplace operator. Suppose that
Ric > —(n — 1)g and that there exists a 6 > 0 such that Vy(1) > 6 for all z € M.
Then (M, g) is strongly non-parabolic.

Proof. First we have the following upper bound of the heat kernel

(2.11) H(z,y,t) < Cy exp(—)\t)Vx_%(\/Z)Vy_%(\/g) exp <—% + OQ\/Z)

for some absolute constant D > 4, Cy = C3(n) and Cy = C1(D,n). Please see [L2] for
a proof. Here A > 0 denotes the greatest lower bound on the spectrum of the Laplace
operator. The assumption on the lower bound of the curvature implies that

*(Vt) < h(t)

-

where

1 .
h(t) _{ O3 ift<1’

By some elementary computation and estimates we have that

G(z,y) = /000 H(x,y,t)dt

3 Baen)

2
+C(6,n,D)e%d7"+2(a@,y)/ exp(—T)T%72 dr

d2(z,y)
D

which goes to 0 as d(z,y) — oco. In fact one can have the upper bound G(z,y) <

C exp (—\/%d(:v,y)). O

There exist monotonicity formulae related to Proposition 2.1 and Theorem 2.3,
which we shall illustrate below. For simplicity we just denote by G for both Gg(z, y),
in the discussion concerning a bounded domain 2, and G(z,y), when it is on the
strongly non-parabolic manifolds.

For any smooth (or Lipschitz) v we define

1
Iy(r) := / |V log G|*vdpu
Q.

==
and

Jy (1) ::/ IVG|v dA.

r

They are related through the relation "I, (r) = n [ 7" ~*.J (1) dn, which can be shown
by using Tonelli’s theorem and the co-area formula.

COROLLARY 2.6. Let v, = log(Gr™), which is nonnegative on .. We have that
for almost every r >0

d
(212) 1) = = [ (@0 ds

r
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d n

In particular, I,(r) and J,(r) are monotone non-increasing (non-decreasing) in r,
provided that v is super-harmonic (sub-harmonic).

Proof. Differentiate (2.7) with respect to r. Then

I(r) = Z+1/ /%Avdu— /@Avdu

On the other hand, Tonelli’s theorem gives

/ n"/ anAvd,u@ :/ / . (Gn"‘l —1) Avdpdn
0 Q, n G>r—nJG™w n
r’ n 1
=0 [ @oG - yda- o [ (@0 d
n Q, n Q.

From the above two equations, we have the claimed (2.12), observing that ¢, =
G — r~™. The proof of (2.13) is very similar. O

A by-product of the above proof is that for any f(y) (regular enough to makes
sense the integrals)

(2.14) “f] 5 roant = [ | oy,

In fact let F'(r) be the left hand side, the above proof shows that

F) = o [ S d

In [SY], Schoen and Yau proved a mean value inequality for sup-harmonic func-
tions with respect to sufficiently small geodesic balls, when (M, g) is a complete
Riemannian manifold (or just a piece of) with nonnegative Ricci curvature. More
precisely, they showed that if « € M and B(z, R) lies inside a normal coordinate
centered at . Let f > 0 be a Lipschitz function satisfying that Af < 0 then

(2.15) fa)> —L /8 o T4

nwy R—1

We shall see that a consequence of Theorem 2.3 implies a global version of the above
result. First recall the following fact. If (M, g) is a Riemannian manifold such that
its Ricci curvature satisfies Ric > —(n — 1)k?g, then

(2.16) A,G(d(z,y)) = —6.(y)-

We call such G a sub-Green’s function. Here G(d(z,y)) is the Green’s function of the
space form (M, g) with constant curvature —k?, where d is the distance function of
M. One can refer to Chapter 3 of [SY] for a proof of the corresponding parabolic
result (which is originally proved in [CY]). The key facts used for the proof are
the standard Laplace comparison theorem [SY] and G’ < 0 (which follows from the
maximum principle). Now we can define

Q. ={ylG>rT), V,={y|G=r""}
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and let giA)T =G —rm.
The virtue of the proof of Proposition 2.1 gives the following general result.

PROPOSITION 2.7. Let (M,g) be a complete Riemannian manifold with Ric >
—(n—1)k%g. In the case k = 0 we assume further that n > 3. Letv > 0 be a Lipschitz
function. Then

(2.17) v(x)zf |vé|vdAy_/ brAv dpiy.
v, Q.

For every r > 0
1 fro n [T - dn
(2.18) v(r) > — |Viog GI*vdp— — [ n dnAvdp—.
™ Ja, r Jo U Ja, 7

By some straight forward computations one can verify that (2.17), in the case of
k = 0, implies a global version of (2.15).

Moreover, in this non-exact case there are still monotonicity formulae related to
Proposition 2.7.

COROLLARY 2.8. Let
~ 1 N ~ N
L,(r) = —n/ |Vlog G|2vdu, J,(r) :/ |VG|v dA.
™ Ja, 0,

If v > 0, then for almost every r,

d . n R
(219) S0 < e [ (B
where 1, = log(Gr™), and
d - n
. —Jy(r) < .
(2.20) er (r) o /QT Avdu

In particular, if Av <0, I, (r) and jv(r) are monotone non-increasing in r. Moreover,
if the equality holds in the inequality (2.19) (or (2.20)) for some v > 0 and some r > 0
then B(z, R), the biggest ball contained in QT, is isometric to the corresponding ball
in the space form.

Proof. Here we adapt a different scheme from that of Corollary 2.6. For the
convenience we let ¢ = log G. Differentiate I, (r) we have

n

~ n ~ ~
2.21 I'(r) = ——— 2ud dA.
(2.21) = AV P+ / Vi

Using that 8%1/; = —|V1/A)| on ¥, we have that

AT |ViplvdA = —A (%1&) vdA
_ /S ((a0)i — (adyo) du—/% (a%v) b dA

:/Q ((Av)iﬁ—(Aiﬁ)v) Cl,u—i-logr”/Q Avdp.
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Using (2.16), and the fact that é — 0 as y — x, we have that

- [ @dodus [ [wiRvdp
Q.-

r

Therefore

[ ivilaas [ 19iPodat [ (B0)b du
G, . Q.
Together with (2.21) we have the claimed inequality (2.19). The equality case follows
from the equality in the Laplace comparison theorem.
To prove (2.20), for any ro > r1, the Green’s second identity implies that

oG oG
Jp(r2) — Jy(r1) —/‘PT2 (—E> vdA+[i/r1 EvdA

_ /Q o ((a)o — (A0)G) dp

Ov Ov
- —dA —dA
[@Tz Gau + [i/rl Gau
< / Av(G —ry™) — / Av(G — ™) dp.
Qry Qry

Dividing by (r2 — 71), the claimed result follows by co-area formula and taking limit
(7‘2 — 7‘1) — 0. |:|

The general result can also be applied to a somewhat opposite situation, namely
to Cartan-Hardamard manifolds and minimal sub-manifolds in such manifolds. Recall
that (M™, g) is called a Cartan-Hardamard manifold if it is simply-connected with the
sectional curvature Ky, < 0. Let G(z,y) = mdz*n(iﬂ,y) (n > 3). Then we
have that [GW]

(2.22) A,G(z,y) < =0(y).

Similarly we call such G a sup-Green’s function. Let N* (k > 3) be a minimal
(immersed) submanifold in M™ (where M is the Cartan-Hardamard manifold as the
above. Let A be the Laplace operator of N*. It is easy to check that

(2.23) AG < —6.(y)

where G(z,y) = i L —d?>7*(z,y). Here d(x,y) is the extrinsic distance function of

n(n—2)wg
M. Similarly we can define 2, C M for the first case and Q, C N for the minimum
submanifold case.

PROPOSITION 2.9. Let (M,g) be Cartan-Hardamard manifold. Let v > 0 be a
Lipschitz function. Then

(2.24) v(x)g[ |Vé|UdAy—/ brAv dypy,.
v, Q.

For every r > 0

(2.25) v(z) < ri"/

_ T - d
|V log G?vdu — ﬁn/ n" [ ¢nAv d,u—n.
Q. ™™ Jo Ui

Q.
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We state the result only for G since the exactly same result holds G. The mean
value inequality (2.24) of G recovers the well-known result of Michael and Simon [MS)]
if N is a minimal sub-manifold in the Euclidean spaces. See also [CLY] for another
proof of Michael-Simon’s result via a heat kernel comparison theorem.

COROLLARY 2.10. Let
I(r) = in/ |Viog G2 vdp, J,(r) :/ |VG|v dA.
™ Ja, v,

If v > 0, then for almost every r,

(2.26)

where ), = log(Gr™), and

d n

dr

In particular, if Av > 0, I,(r) and J,(r) are monotone non-decreasing in . Moreover,
if the equality holds in the inequality (2.26) (or (2.27)) for some v > 0 at some r > 0
then B(z, R), the biggest ball contained in Q,., is isometric to the corresponding ball
in the Euclidean space.

3. Spherical mean value theorem for heat equation with changing met-
rics. In [EKNT], mean value theorems in terms of ‘heat balls’ were proved for heat
equations with respect to evolving metrics. A mean value theorem in terms of ‘heat
spheres’ was also established for the heat equation with respect to a fixed Riemannian
metric. Since the mean value theorems in terms of ‘heat balls’ are usually consequences
of the ones in terms of ‘heat spheres’ it is desirable to have the mean value theorem
in terms of ‘heat spheres’ for the heat equation with respect to evolving metrics too.
Deriving such a mean value theorem is the main result of this section. The proof is an
adaption of the argument of [FG] for operators of divergence form on Euclidean case
(see also [Fu]) to the evolving metrics case. The key is the Green’s second identity
applied to the space-time.

Let (M, g(t)) be a family of metrics evolved by the equation

0

(31) agij

= —QTij.

We start by setting up some basic space-time notions. First we fix a point (zo, o)
in the space time. For the simplicity we assume that ¢o = 0. Assume that g(t) is a
solution to (3.1) on M X (o, 8) with o < 0 < . Denote M x («, 3) by ]T/[/, over which
we define the metric §(z,t) = g;;(z, t)dz'dz? 4 dt?, where ¢ is the global coordinate of
(o, B). We consider the heat operator (% — A) with respect to the changing metric
g(t). Now the conjugate heat operator is % +A— R(y,t), where R(y,t) = g Y;;. We
need some elementary space-time computations for (]Tj ,§). In [CC] (see also [P]), a
similar consideration was originated, but for some degenerate metrics satisfying the
generalized Ricci flow equation instead. In the following indices ¢, j, k are between 1
and n, A, B, C are between 0 and n. The index 0 denotes the ¢ direction.
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LEMMA 3.1. Let Ffj be the Christoffel symbols of g;;, and let ng be the ones
forg. Then

(3.2) Iy =17y,

(3 3) ].—‘87k = fgo =0,

(3-4) Fi‘gj = Pfja

(3.5) Tl = —g' Ty = =i

Proof. 1t follows from straight forward computations. O

LEMMA 3.2. Let X be a time dependent vector field on M (namely for each t,
X(t) is a vector field of M ). Let X=X+ XO - for some function X° on M. Let

div be the divergence operator with respect to g, and let div be the divergence operator
with respect to g (on M x {t}). Then

(3.6) divX = div(X) — X°R + %XO.

Proof. Follows from Lemma 3.1 and routine computations. O

Let H(y, t; xo, 0) be a fundamental solution to the conjugate heat operator centered
at (zg,0). Let 7 = —t. By the abuse of the notation we sometime also write the
fundamental solution as H(y, T;x,0), by which we mean the fundamental solution
with respect to the operator % — A+ R. Now we define the ‘heat ball’ by E, =
{(y,7) | H(y, T;20,0) > r~"}. By the asymptotics of the fundamental solution [GL2]
we know that E, is compact for r sufficiently small. Following [FG] we define E? =
{(y,7) € Er, t < s} and two portions of its boundary P = {(y,7) | H(y, 7; x0,0) =
r7 " t < s}and P = {(y,7) € E5,t = s}. P = OF, is the ‘heat sphere’, which
is the boundary of the ‘heat ball’. Let ¢, = H(y, ;xo,0) — r~". We then have the
following spherical mean value theorem.

THEOREM 3.3. Let v be a smooth function on M. Then

H|? - 1
v(x0,0) = deA—i-—/ Rvdpdt
|VH|? + |Hy|? ™ Jg,

(3.7) /(br (_ A>vdudt.

Here dA is the n-dimensional measure induced from §.

Proof. This follows as in, for instance, Fabes-Garofalo [FG], by applying a di-

vergence theorem in M and the above Lemma 3.6 for the changing metrics. More
precisely, let X =oVH — HVv + Hv2 51~ Applying the divergence theorem to X on
E? we have that

/ < (§t+A R)H+H(§ A)v) dudt:/scifv()?)dudt

4

(3.8) = /aE (X,0)dA.

s
"
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Here 7 is the normal 0F; with respect to (M, g). On P§ it is given by

PR VH B H;
VIVHP +H 2 JIVHP+H,? )
On P55 it is just %. Compute

/ (X,0)dA = (—U<VH, 7y — H(Vv,7) + HU<£, 17>) dA
EYor P ot
+/ vH dpg
P;

H 2
- / P \ L]
Py VIVH|? + |H|?

+Hv<%,ﬁ>> d21+/ vH dyug
P;

2
(3.9) :/ Ly IVHE d21+/ vH dyug
Py VIVH? + |H|? Ps
+r_"/ (—<V’U,I;>+’U<2,ﬂ>> dA.

Similarly, applying the divergence theorem to Y = —Vo+ ’U% gives that

v . 0 . ~
/Eﬁ (—AU—RU—i— 5) dpdt = /Pf (—(Vu,u> —l—v(E,u)) dA
(3.10) +/ vdps.
P;

By (3.8)—(3.10) we have that

/ o(H —r~™) dps :/ O (% —Av) d,udt—l—r_"/ Rududt
Pg Es Es

2
[ () ad
p \ VIVHP +[HP

Letting s — 0, the claimed result follows from the asymptotics

(3.11) hr% v(H —r~ ") dps = v(xo,0)
S— st

which can be checked directly using the asymptotics of H, or simply the definition of
H.O

REMARK 3.4. Theorem 3.3 is the parabolic analogue of (2.2) and (2.8). In the
spacial case of the metrics being fixed, namely T = 0, Theorem 3.3 gives a manifold
version of the spherical mean value theorem for solutions to the heat equation. Please
see [Fu] and [FG] for earlier results when M = R™.
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As a corollary of Theorem 3.3 one can obtain the ‘heat ball’ mean value theorem
proved in [EKNT] by integrating (3.7) for r and applying the co-area formula and
Tonelli’s theorem. Indeed multiplying n"~* on both sides of (3.7), then integrating
from 0 to r as in Proposition 2.1, we have that

(3.12) v(20,0) = i/ (IVlog H|? + Rip,) v dudt
rm

d
/ / én <— > dpdt =L,
n
By an argument similar to the proof of (2.14) we have that
d
Lo o3 s)ebat
n
/ n+1/ 1/177< )Ud,udtdn

Therefore (3.12) is the same as the formula in [EKNT]. Similar to Corollary 2.6, we
can recover the monotonicity formulae of [EKNT] from (3.12). Moreover, from (3.7)

we have

d n 0

L) = -2 L A)vdudt

er (r) prt+l /ET <8t )v o
where

H|? - 1
Ju(r) = ’UL dA + —/ Rvdpdt.
|VH|? + |H:|? " JE,

When T;; = R;;, namely we are in the situation of the Ricci flow, thanks to [P],
there exists a ‘sub-heat kernel’ to the conjugate heat equation constructed using the
reduced distance function discovered by Perelman [P]. For fixed point (x0,0), 7 = —t
as above, recall that

L(y,7) = igf L(7)

where the infimum is taken for all arcs v(7) joining xo = v(0) to y = v(7), and
(3.13) L) = [ VAP + RO, D) dr
0

called the L-length of . The ‘reduced distance’ is defined by £(y,7) = LQL\;) The
—£(y, 7')

(4 % . One can similarly define the ‘pseudo heat

ball’ E,. An important result of [P] asserts that

‘sub-heat kernel’ is K(y, T;20,0) =

<2—A+R>KSO.
or

Restricted in a sufficiently small parabolic neighborhood of (z¢,0), we know that
K (y, T; o, 0) is smooth, and for small r one can check the compactness of the pseudo-
heat ball (cf. [EKNT], also the next section). A corollary of Theorem 3.3 is the
following result.
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COROLLARY 3.5. Let v > 0 be a smooth function on M. Let QZ)T = K—7r—". Then

- )
v(xo,O)Z/A v%d/l—l—in[ Rududt
Yol VK2 + | K2 ™ JE,.
~ (0
(3.14) + | o |5 —A)vdudt.
2R ot

A related new monotonicity quantity is

- )
Jv(r):/A v%d/l—l—in[ Rudpdt.
OE, VK2 + | K2 ™ JE,

The virtue of the proof of Corollary 2.8 as well as that of Theorem 3.3 proves the
following

COROLLARY 3.6.
d - 1 0
. —J(r) L ——1 = - .
(3.15) er (r) o /ET (815 A) vdpdt

This, in the case v = 1 (or more generally any v with (% — A) v > 0), gives a
new monotonicity quanity /formula for the Ricci flow. In [EKNT], the monotonicity
was proved for the quantity

~ 1 N “
Iy(r) == r_n/}; (|v1ogK|2 + RwT) v dpdt

where 1) = log(Kr™).  I,(r) is related to J,(r) by the relation Iy (r) =
n [y 0" Ju(n)dn. The previous known property that I,(r) is monotone non-
increasing does follows from that of .J,(r). In fact, we can rewrite

_ Jomr M umydy

fv (T) T
fO nnfl dT]
Then the result follows from the elementary fact that fa: ;EZ;ZZ is monotone non-
1G] )

increasing for any a € [0, ], provided that o) is non-increasing. In fact, we have the
monotonicity (non-increasing in both r and a) of a more general quantity

~ 1 “ R
I(a,r) = [E\E (|V10gK|2+R1/JT)vdudt.

Tn_an

Concerning the spherical mean value theorem, it seems more natural to consider
the fundamental solution of the backward heat equation % + A and a solution to the
forward conjugate heat equation % — A — R, since if H(y, T;xo,0) is the fundamental
solution to 8% — A and we define the ‘heat ball’, ‘heat sphere’, ¢, and 9, in the same
way as before we can have the following cleaner result.

THEOREM 3.7. Let v be a smooth function on M. Then
[VH|?

3.16 U:C,O:/ VT
(3.16)  v(@o,0) op, JVH]? + [H,]?

dA+ [ &, (Q —A—R)vdudt.
B\ Ot
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This looks nicer if v is a solution to the forward conjugate heat equation. We also
have the following related result.

COROLLARY 3.8. Let

H|? - \ 1
JI(r) = v IVHE II(r) = —/ |V log H[>v dy dt.
OB, |VH|? + |H:|? ™ JE,
Then
d n v
=g — -z _
(3.17) o JI(r) ] [ET (815 Av Rv) dp dt
and
d n v
1 —Il(r)= ——— | = — Av — dp dt.
(3.18) o 2(r) o] /ET1/) <(9t v Rv> m

In particular, I (r) and JI(r) are monotone non-increasing if v is a sup-solution to
the forward conjugate heat equation.

Since most of the above discussion works for any family of metrics satisfying (3.1)
we can also apply it to the mean curvature flow setting. The mean value theorem and
related monotonicity formulae, with respect to the ‘heat balls’, have been studied in
[E1]. Here we just outline the result with respect to the ‘heat spheres’. First recall
that a family (M;)e(a,5) of a n-dimensional submanifolds of R"™* moves by mean
curvature if there exist immersions y; = y(-,¢) : M™ — R"*F of an n-dimensional
manifold M™ with images M; = y;(M™) satisfying the equation

oy =~

Here H (p,t) denotes the mean curvature vector of My at y(p,t). (We shall still use H
to denote the fundamental solutions.) It was known (see for example [Hu, E1]) that
the induced metric g;;(p,t) = (V;y, V;y) on M satisfying the equation

7796 = —2HHj;

where H;j(p,t) is the second fundamental form of M, at y(p,t). (In this case R =
|H|2.) By the virtue of [H1] (see also [E1]) we know that the ‘sup-heat kernel’

% 1 |zo — yI?
( ) (ya 750, ) (47’(7’)5 exp < Ar

viewed as a function on M via the immersion y;, satisfies that

2

e
VK > 0.

o S N
(3.21) (E—A+|H|)K_K‘H— =

Here |z —y| denotes the Euclidean distance of R"**. The proof of Theorem 3.3 gives
the following corollary.
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COROLLARY 3.9. Let v > 0 be a smooth function on R x (a, ). Assume that
My meets yo(xo). Let ¢ = K —r~™. Then

K|? 1 =
v(zg,0) = ’UL dA—l——n/ |H|?v dp dt
OE, VK2 + |K¢|? ™ JE,
. | ViR
(3.22) —|—/ or 9 A vdudt —/ vK |H — V_ dudt.
ET 5t E'r‘ K

Here we denote by the same symbols on the functions on R"k x (a,8) and their
pull-backs on M X («, 3).

Integrating (3.22) one can recover the mean value formula in [E1], noticing, along
with (2.14), that for any function f (regular enough)

n

- 77"’1/ I_{fdudtdn:/ nLH/ Fdydt dn.
™ Jo E, o 7 E,
If we let
- K|? 1 _
Jp(r) = de + — |H|?v dy dt
OE, IVK|? + | K¢ |? " Ja,

we have that

d - n 0 oK |~ VIK]? -

Here VK = (VK, %—I;‘f). The equation (3.23) gives a new monotonicity formula in case
that v is a nonnegative sub-solution to the heat equation. Note that it was previously
proved in [E1] that

_ 1 _ .
I(r) = _n/ (19 10g K12 + |F [, ) dpdt
™ Jg,
is monotone non-decreasing. As the above Ricci flow case, the monotonicity on I(r)
follows from the monotonicity of J,(r) for v = 1. In fact we also have that

I(a,r) = 1

/ . (1108 K2 + A4, ) dpedt
EN\E,

rm o gn

is monotone non-decreasing in both r and a.

4. Local regularity theorems. The monotonicity formula proved in [EKNT)]
(as well as the one proved in Proposition 5.4 of [N2]), together with Hamilton’s com-
pactness theorem [H2] and the arguments in Section 10 of [P], allows us to formulate a
e-regularity theorem for Ricci flow Theorem 4.4 (Theorem 4.5). The closest results of
this sort are the ones for mean curvature flow [E2, W1]. The result here is influenced
by [E2].

We first recall some elementary properties of the so-called ‘reduced geometry’
(namely the geometry related to the functional £(v)). Let (M, g(t)) be a solution to
Ricei flow on M x [0, T]. Let (zo,to) be a fixed point with £ <t < T. We can define
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the L-length functional for any path originated from (zg,t). Let £(*0:%)(y 7) be the
‘reduced distance’ with respect to (xo, to).

Here we mainly follow [N2] (Appendix), where the simpler case for a fixed Rie-
mannian metric was detailed. It seems more natural to consider M = M x [0, to].
Perelman defined the L-exponential map as follows. First one defines the £-geodesic
to be the critical point of the above L-length functional in (3.13). The geodesic
equation

1 1
VxX - -VR+ —X +2Ric(X,-) =0,
2 2T

where X = Z—’Y is derived in [P], which has (regular) singularity at 7 = 0. It is

T
o2

desirable to change the variable to o = 2/7. Now we can define g(o) = g(7) = g(%).
It is easy to see that %g = oRic. The L-length has the form

E(W)Z/Oa< 2+UI2R> do.

The L-geodesic has the form

dry

do

2
VX 4 oRic(X, ) — %VR =0

where X = g—z. By the theory of ODE we know that for any v € T,,, M there exists a
L-geodesic y(o) such % (7(0)) |o=0 = v, where 0 = 24/7. Then as in [P] one defines
the L-exponential map as
Lexp,(7) := 7(7)
where 7,(0) is a L-geodesic satisfying that lim, .o £ (7,(¢)) = v. The space-time
exponential map exp : Ty, M X [0,2+/To] — M is defined as
exp(0”) = (L expaa (@), a),

where * = (v% a). (Here we abuse the notation M since in terms of o, M =
M x [0,2+/%].) Denote - simply by v! and (v*,1) by &'. Also let J¢ (1) = exp(ni®).
It is easy to see that

(4.1) Yoa (1) = o1 (na).

This implies the following lemma.

LEMMA 4.1.
dexp|(o,0) = identity.

In particular, there exists a neighborhood U C TyoM X [0,2+/%] near (z9,0) so that
restricted on U N (TzOM x (0, 2\/%]), exp is a diffeomorphism.

Proof. The first part follows from taking derivative on (4.1). Tracing the proof of
the implicit function theorem (see for example [Ho]) gives the second part. O

Based on this fact we can show the following result analogous to the Guass lemma.
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COROLLARY 4.2. The L-geodesic v,(0) from (x0,0) to (y,&) is L-length min-
imizing for (y,d) close to (x9,0), with respect to metric §(z,o) on M, where
§(z,0) = g(x,0) + do? (or any other compatible topology).

Proof. We adapt the parameter 7 for this matter. By the above lemma we can
define function L(y,7) to be the length of the L-geodesic jointing from (xg,0) to

(y, 7). For (y,7) close to (z0,0) it is a smooth function. It can be shown by simple
calculation as in [P] that

(4.2) VL(y,7)=2yn1X

where V is the spatial gradient with respect to g(7), X = ~/(7) with v(7) being the
L-geodesic joining (x0,0) to (y,7), and

(13) oLy 7) = V(R |XP)

Now for any curve (n(7), 7) joining (z¢,0) to some (y,71), we have that

L(n(n),n) = /Tl % dr

0 dr

T oL
— / J—
_/O (VL") + 5 dr

= [ ovree) + AR - X dr

0
S/IT(R+|7’]1|2) dr
0
= L(n).

This shows that the L£-geodesic is the £-length minimizing path joining (zo,0) with
(yu Tl)' a

Lemma 4.1 particularly implies that £exp,(7) (which is defined as v,(7) with
v = lim, 0 24/77/(7)) is a diffeomorphism if |v| < 1, for 7 < ¢, provided that € is small
enough. Here we identify T,,M with the Euclidean space using the metric g(zo, to).
One can similarly define the cut point (locus) and the first conjugate point (locus)
with respect to the £-length functional. For example, y = «,(5) (with ¢ < 24/fg) is
a cut point if the £-geodesic 7, (o) is minimizing up to & and fails to be so for any
o > & (the case that & = 24/fy needs a different definition which shall be addressed
later). Similarly one defines the first £-conjugate point. Now we let

D(5) C ToyM

to be the collection of vectors v such that (Lexp,(0), o) is a L-geodesic along which
there is no conjugate for all ¢ < . Similarly we let

%(5) C Ty M

to be the collection of vectors v such that (£,(0), o) is a minimizing £-geodesic up to
. One can see easily that ¥(0) C D(0), and both D(0) and (o) decrease (as sets)
as o increases. For any measurable subset A C T,,; M we can define

Da(c)=AND(o) and X4(0) = ANX(0).
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It is exactly the same argument as the classical case to show that for a cut point (y, )
with & < 2+/to, either it is a conjugate point (namely (y,a) is a critical value of exp)
or there are two minimizing £-geodesics 7,, (o) and 7,,(c) joining xy with y at 7.
For & = 24/ty, we can use this property to define the cut points. Namely (y, 2v/to) is
called a cut point if either it is a critical value of exp or there exists two minimizing
L-geodesics joining (xg,0) with (y,21/%y). For a fixed v € T,,, M we can define 5(v) to
be the first 7, if it is smaller than 2+/%y, such that 7, (o) is £-minimizing for all ¢ < &
and no longer so or not defined for o > &. If the original solution to the Ricci flow
g(t) is an ancient solution, then M = M x [0, 00). We define 6 = oo if 7, (0) is always
L-minimizing, in which case we call Y (o), with % = (v, 1), a L-geodesic ray in M.
For the case M = M x [0,2v/%5] with finite ¢y, define &(v) = 2/To+ (slightly bigger
than 24/%g) if 7, (o) is minimizing up to 2+/fy and it is the unique £-geodesic joining
to (70(2v/10), 2v/10) from (zg,0). One can show that &(v) is a continuous function on
Ty, M. Define

% = {(00,0)|v € TuyM,0 < 0 < 5(v)}.

It can also be shown that X is open (relatively in Ty, M x [0,2y/F]) and can be checked
that expls is a diffeomorphism. The cut locus (in the tangent half space T, M x R,
or more precisely Ty, M X [0,2+/t0])

C = {(5(v)v,5(v)) € Ty M x [0,2vF] C T M x Ry}

It is easy to show, by Fubini’s theorem, that C has zero (n + 1-dimensional) measure.
Asin the classical case é?(f)(iUC )= M. Here comparing with the classical Riemannian
geometry, T, M which can be identified with T,,M x {1} C T,,,M x R4, plays the
same role as the unit sphere of the tangent space in the Riemannian geometry.

However, there are finer properties on the cut locus. Let C(op) be the cut points at
oo and C(og) the corresponding vectors in Ty, M. Namely C(og) = {v|d(v) = 00} and
C(00) = LexPe(oy)(00). Then &xp ((im (T M x {a})) U (0C(0) x {a})) = M x
{o}. More importantly, for any o < 2/%y , C(c)x{c} C M x{c} has (n-dimensional)
measure zero, provided that the metrics g(z,0) are sufficiently smooth on M. By
Sard’s theorem, we know that the set of the conjugate points in C'(o) has zero measure.
Hence to prove our claim we only need to show the second type cut points (the ones
having more than one minimizing £-geodesics ending at) in C(c) has measure zero in
M x {o}. These exactly are the points on which VL(-, o) is not well-defined. (Namely
L(-,0) fails to be differentiable.) Let L = oL. It was proved in [Y1] (see also [CLN])
that L(y, o) is locally Lipschitz on M x [0,5]. In particular, for every o > 0, £(y, o)
is locally Lipschitz as a function of y. The claimed result that C(o) has measure
zero follows from Rademacher’s theorem on the almost everywhere smoothness of a
Lipschitz function. Once we have this fact, if defining that

S(0) = {v]|(ov,0) € B},

for any integrable function f(y, o) we have that
[ 100 due = [ 7(0.0) 70,0) e
M 3(o)

where y is a function of v through the relation v = (Lexp.)(0)) ™' (y), J(v,0) is the
Jacobian of Lexp.y(0) and dpeyc is the volume form of Ty, M = R™ (via the metric

of g(tg)). It is clear that %(0) C (o) and X(0) decreases as o increases.
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The above discussion can be translated in terms of 7. Let

. 1
. — _ y(zo,to)
(4.4) Ry 7300,10) = (v e (07 (5,7))

It was proved in [P] that if y lies in Eexpi(T)(T),

d /-
= : <
o (K(y,T,:CO,tO)J(U,T)) <0

where y = Lexp, (1), which further implies that the ‘reduced volume’
9(7-) = / K(va;'rOvtO) d,u"l'
M
is monotone non-increasing in 7. Let E, be the ‘pseudo heat ball” and

R 1 % 7
I(w())to) (,r) = —/ (|V10g K|2 + Rd%“) d,udt
E,

/r-’ll

where z/AJT = log(f( ™). The following result, which can be viewed as a localized version
of Perelman’s above monotonicity of 8(7), was proved in [EKNT]. (This also follows
from Corollary 3.5).

THEOREM 4.3. a) Let (M,g(t)) be a solution to the Ricci flow as above. Let
(@0t (y ), K and I#0:%) (r) be defined as above. Then LIoto)(r) < 0. If the
equality holds for some r, it implies that (M, g(t)) is a gradient shrinking Ricci soliton
on E,.

b) If (M,g) be a complete Riemannian manifold with Ric > —(n — 1)k%g. Let
H(z,y,7) = H(d(z,y),7) be the fundamental solution of backward heat equation 2 —
A on the space form M with constant curvature —k?, where d(-,-) is the distance
function of M. Define f(mo’to)(r) similarly using the ‘sub heat kernel’ fl(y,T;xo, 0) =
H(d(z,y), 7). Then d%f(m“’to)(r) < 0. The equality for some r implies that (M, g) is

isometric to M on FE,.

In [EKNT], it was shown that for a solution g(z,t) to Ricci flow defined on
M x[0,T], I@)(r, g) is well-defined if ¢ > 37T and r is sufficiently small. We adapt the
notation of [P] by denoting the parabolic neighborhood By (x, ) x [t+At, ¢] (in the case
At < 0) of (z,t) by P(z,t,r,At). Let U = U x [t1, 0] be a parabolic neighborhood of
(w0, t0). Let rg and pg are sufficient small so that P(zo,tg, 0, —75) C U and f(z*t)(p)
is defined for all p < pg and (z,t) € P(zo,t0,70,—75). Motivated by Perelman’s
pseudo-locality theorem, we prove the following local curvature estimate result for
the Ricci flow.

THEOREM 4.4. There exist positive €y and Cy such that that if g(t) is a solution
of Ricci flow on a parabolic neighborhood U of (xg,to) and if

(4.5) 19 (pg) > 1 — e,
for (x,t) € P(xo,to, 70, —72) then

(4.6) |Rml(y,t) < —5

Effe
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for any (y,t) € P(xo, to, %To, —%r%).

Proof. We prove the result by contradiction argument via Hamilton’s compactness
theorem [H2]. Notice that both the assumptions and the conclusion are scaling invari-
ant. So we can assume 19 = 1 without the loss of the generality. Assume the conclusion
is not true. We then have a sequence of counter-examples to the theorem. Namely
there exist (Uj,g;(t)), parabolic neighborhood of (zf,t)) and P} = P(x},t},1,-1)
with

. 1
I(Lt)(Povgj) >1—--
J

for all (x,t) € P/ (here we write I explicitly on its dependence of the metric) but

Qj := sup|Rm(g;)|(y, 1) = j — o0
Py
2

J _ pi(.d 301 1
whereP%—P(xo,t0,§, 1)

By the argument in Section 10 of [P] we can find (Z;,%;) € Pj such that
4

|Rm|(y,t) < 4le for any (y,t) € P; := P(g’cj,fj,HjQ;%, —Hf@;l), with H; — o0
as j — oo. Here Q; = |Rm|(Z;,t;). This process can be done through two steps as in
Claim 1 and 2 of Section 10 of [P]. Let g;(t) :== Q;g(t; + th;) Now we consider two
cases. B

Case 1: The injectivity radius of (Uj,g;(0)) is bounded from below uniformly
at Z;. In this case by Hamilton’s compactness theorem [H2] we can conclude
that (Pj,Z;,3;) converges to (Mo, Too, goo), an ancient solution to Ricci flow with
|Rm|(zx,0) = 1. On the other hand, for any p < pp, by the monotonicity

Ao T 1
1> 100 (p,g;) > 1 - =
J
which then implies that for any p < poQ;,
(@0 () 5 1
1> 1% (pugj)zl__-'
J

This would imply that for any p > 0,
1@ (p, go) = 1.

By Theorem 4.3, it then implies that there exists a function f such that
Rij + fi; + ! i =0
17 (%] 2tgw — U.

Namely, (Mo, goo) is a non-flat gradient shrinking soliton, which become singular at
t = 0. This is a contradiction to |Rm|(zs,0) = 1.

Case 2: The injectivity radius of (U;, §;(0)) is not bounded from below uniformly
at T;. By passing to a subsequence, we can assume that the injectivity radius of
(U;,3;(0)) at Z;, which we denote by \;, goes to zero. In this case we re-scale the
metric g;(t) further by letting g7 (t) = A%gj (A3t). The new sequence (P, T, g;) will

have the required injectivity radius lower bound, therefore converges to a flat limit
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(M3, 7%, 95 (t)) with the injectivity radius at 2%, being equal to one. On the other
hand, by the monotonicity of 1(%i-9)(p, g;) and the similar argument as in Case 1 we

can conclude that [(#%-0) (p,g%,) = 1 for any p > 0. Therefore, by Theorem 4.3, we
conclude that that (MZ , g% ) must be isometric to R™. This is a contradiction! O

If to is singular time we may define the ‘density function’ at (zo,to) by

f(wmto)(p) = lim inf j(w,t)(p)

(z,t)—(z0,t0)

Then we may conclude that (z9,%) is a smooth point if I(#0:%)(p) > 1 — ¢, for some
po > 0.

Same result can be formulated for the localized entropy. Recall that in [P], for
any (zg,to) one can look at u the fundamental solution to the backward conjugate
heat equation (2 — A+ R) u(z,7) = 0 centered at (z,to), one has that

0 o Lo
(E_A_FR)( )—27’|R”—|—f”—z| U

where 7 = to—t,v = [7 (2Af — [Vf|?+ R) + f — n] uand f is defined by u =
In particular, when M is compact one has the entropy formula

4
dt

(4777')% ’

1
M M T

~ In [N2] we observed that the above entropy formula can be localized. In deed, let
LEGt) (y t) = 4(ty — )00 (y, ¢ —t) and let

pELt) (2,1) = (1 B LEnt) (g 1) + 2n(t — t2))
ta.p = 02 :
Jr

It is easy to see that

6 Z1,l1
(at )w‘g”’t( n=0

The Proposition 5.5 of [N2] asserts that

d x1,t1 T1,l1
(4.7) p (/ —v¢t2 t) 4 ) < —2/ <|RU + ViV, f - gu|2> u¢§2 pt )dut-
M

One can then define
Voo, 7,9) = [ oty 0 1) e o),
M

The similar argument as in the Section 10 of [P] (or the above proof of Theorem 4.4)
shows the following result. First we assume that g(¢) is a solution of Ricci flow on
U x [0,T). Fix a space-time point (xg,%o) with to < T. Let pg > 0 79 and rg be
positive constants which are small enough such that v**)(p, 7, g), with p < py and
7 < 79, is defined for all (z,t) in P(zo,to, 70, —75)-

THEOREM 4.5. There exist positive constants eg and Cy such that for (U,g(t)) a
solution to the Ricci flow, (xo,t0) and P(zo,to, 0, —72) as above, if

(48) (w t)(p077—07g) S €0,
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for (x,t) € P(xg,to, 70, —72) then

0

|2

(4.9) |Rm|(y,t) <

T

oN

for any (y,t) € P(xo,to, %ro, —irQ).

In the proof one needs to replace Theorem 4.3 by a similar rigidity type result
(Corollary 1.3 of [N1] on page 371), formulated in terms of the entropy, to obtain the
contradiction for the collapsing case.

In the view of the works [E2, W1], one can think both 1 — I8 (p,g) and
V@8 (p,7,g) as local ‘densities’ for Ricci flow.

5. Further discussions. First we show briefly that if J(r;) = J(rs) for some
o > 71, it implies that g(t) is a gradient shrinking soliton in E,, \ E,,. By the proof
of Theorem 3.3, the equality implies that on E,, \ E,,, (£ -A+ R)K = 0, which is
equivalent to

(5.1) eT—M+|W|2—R+2£ ~0.
T

By Proposition 9.1 of [P] we have that

2

1
Rij +tij — 593

(5.2) (a% —A+ R) v=—-2r

where
v=(TQAL— |VI? +R)+{—n) K.
On the other hand, (7.5) and (7.6) of [P] implies that ¢ satisfies the first order PDE:

(5.3) —20, — |V{?+ R — Li—o.
T

This together with (5.1) implies that v = 0 on E,., \ E,,. The result now follows from
(5.2).

The space-time divergence theorem from Section 3, Lemma 3.2, allows us to write
monotonic quantities J,,(r), I,(r) (J(r), I,(r) as well), defined in Section 3 and 4, in
a nicer form when v = 1. .

Applying the space time divergence theorem to X = % we have that

(5.4) /Rdudt:_/ <Q,g>d;1:/ I Y|
om, O 0B, \/|VH|? + |H?

o

Therefore we have that (J(r) := Ji(r))

2 _ ~
(5.5) J(r) = \VH]" - HH: 5
om, \/|VH|? + |H;|?

Now the quantity is expressed solely in terms of the surface integral on 9F,. For the
Ricci flow case we then have that

~ A 2 _ K ~
(5.6) Jr) = / IVEP - KR 4
on, VK] + |K,|?




MEAN VALUE THEOREMS ON MANIFOLDS 301

is monotone non-increasing, where K is the ‘sub-heat kernel’ defined in (4.4). For the
mean curvature flow case we have that

(5.7) ) = VE] - KE.

[VE]? + K2

is monotone non-decreasing, where K is ‘sup-heat kernel’ defined by (3.20). Notice
that the numerator |VH|? — HH,, after dividing H?, is the expression of Li-Yau in
their celebrated gradient estimate [LY].

Applying Lemma 3.2 to the vector field X = 1/’r% we have that

(5.8) / Ry, dpdt = / Or gt / 9 \og H dp dt.
. op, Ot op, O

Here we have used that v, = 0 on 0E, and

lim Y dus = 0.
s—0 P2

This was also observed in [EKNT]. Hence

1 (IVlog H|? + Ripy) dpdt

n
T E.

1
= —/ (|Viog H> — (log H).) dpdt.
rm E.

(5.9) I(r)

In particular, for the Ricci flow we have the non-increasing monotonicity of

(5.10) I(r) = ri”/E (|V10gf(|2 - (logK)T) dpdt

and for the mean curvature flow there exists the monotone non-decreasing

(5.11) () = Tin /E (Vlog K — (log K),) dudr,

.

which is just a different appearance of Ecker’s quantity [E1]. Remarkably, the inte-
grands in the above monotonic quantities are again the Li-Yau’s expression. Notice
that (5.9)-(5.11) also follow from (5.5) and its cousins by the integrations. In the case
of Ricci flow, it was shown by Perelman in [P] that

n n 1

=3~ gk

(5.12) [Vlog K|? — (log K), = |V/)? + {, +

where K(y,7) = fof T%H(Z—Z) dr with v being the minimizing £-geodesic joining to
(y,7) (assuming that (y,7) lies out of cut locus), H(X) = —2% — & _2(X VR) +

2Ric(X, X). In the case of the mean curvature flow (see [E1]) we have that
(5.13) |Vieg K|* — (log K), = 2£ + (H,V*1og K) — |[V* log K.
T

When g¢(t) become singular or degenerate at (zg,0), special cares are needed in
justifying the above identities. Interesting cases are the gradient shrinking solitons for
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the Ricci flow/homothetically shrinking solutions for mean curvature flow respectively,
which have singularity at 7 = 0. For the case of the mean curvature flow, one can
work in terms of the image of y:(-). A homothetically shrinking solution satisfies that

—

H(y,7)= —W. As in [E1] denote the space time track of (M;) by
M = Ute(a,ﬁ)Mt X {t} C Rn+k x R.

It can be checked (cf. [E1]) that on a shrinking soliton

9 A
(E —A+|H|2> K(y,T;20,0) = 0.

For homothetically shrinking solutions, it was shown in [E1] that

Ir)= [ K(y,1;20,0)dp.
My

Apply the space-time divergence theorem to X =VK+K %. We can check that

lims_o [ psam s = 0, if the shrinking soliton is properly embedded near(zo, 0), by
2

Proposition 3.25 of [E2]. By the virtue of Theorem 3.3 we have that

J(r) = lim K(y, s;20,0) dps.
520/ psnm

Using the scaling invariance of M one can show that

lim K(y,s;20,0)dps = [ K(y,1;0,0) dps.
5=0 /psam M

Here, with a little abuse of the notation, we denote M; = M N {7 = 1}. Summarizing
we have that both I(r) and J(r) are equal to the the so-called Gaussian density
O(M,20,0) = [, K dps.

The Ricci flow case is similar. Assume that (M, g(t)) is a gradient shrinking soliton
(see for example [CLN] for a precise definition, and [FIK] for the new examples of
noncompact shrinkers). In particular, there exists a smooth function f(x,7) (1 = —t)
so that

1
Rij + fij — 5791 = 0

Moreover, the metric g(7) = 7¢*(7)g(1), where ¢(7) is a one parameter family of
diffeomorphisms, generated by —%Vg(l) f(z,1). We further assume that there exists
a ‘attracting’ sub-manifold S such that (Vf)(xo,7) = 0 (which is equivalent to that
(Vf)(xo,1) = 0), for every zo € S, f is constant on S and the integral curve o(7) of
the vector field V f flows into S as 7 — 0. (All known examples of gradient shrinking
Ricci soliton seem to satisfy the above assumptions). In this case for any zyp € S
we can define the reduce distance as before. However, we require that the competing
curves (1) satisfies that lim,_o~'(7)/7T exists (this is the case if (x¢,0) is a regular
time and /() is a L-geodesic. We may define £(y,7) = infz,es % (y, 7). Under
this assumptions, after suitable normalization on f (by adding a constant), we can
show that f(y,7) = £(y,T) (see for example, [CHI] and [CLN]). It can also be easily
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checked that K is a solution to the conjugate heat equation. Then the very similar
argument as above shows that

J(r) = lim K(y, s;20,0) dpss
§— P2s

which then implies that J (r) = f M, K dupy, a constant independent of r. Using the

2~ r n—17%F
relation that I(r) = %
0

volume’ of Perelman 600 (g, 7) = [, K du, (cf. [EKNT)).

, we have that I(r) also equals to the ‘reduced
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