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Abstract

Let G be a finite group. It is known that if a homotopy sphere X has a one-fixed-point smooth
G-action then the dimension of X is greater than or equal to 6. It is also known that there is an
effective 2-pseudofree one-fixed-point smooth G-action on the sphere S” of dimension # if and
only if n is equal to 6 and G is isomorphic to the alternating group As on five letters. E. Stein
proved that for the group G = SL(2, 5) X Z,, such that m is prime to 30, there is a 3-pseudofree
one-fixed-point smooth G-action on S7, where Z,, is a cyclic group of order m. In this article,
we determine the finite groups G possessing 3-pseudofree one-fixed-point smooth G-actions on
S°. In addition, for an arbitrary finite group G isomorphic to As, As X Z,, or SL(2,5) X Z,, such
that m is prime to 30, we prove that there is a 3-pseudofree one-fixed-point smooth G-action on
s7.

1. Introduction

In this paper, G is a finite group and we read a G-manifold as a smooth manifold with
a smooth G-action. Let S(G) denote the set of all subgroups of G and E the trivial group.
The set S(G) is an ordered set (possibly not a totally ordered set), i.e. for H, K € S(G),
we say H < K if H is a proper subgroup of K. For a subset A of S(G), let max(A) denote
the set of maximal elements of A with respect to the order on A inherited from S(G). A
real G-representation V is called free if dim V# = 0 for all H € S(G) \ {E}. Let m be a
non-negative integer. We call a G-action on a manifold X m-pseudofree if dim X" < m for
all H € S(G) \ {E}. We call an m-pseudofree G-action on X properly m-pseudofree if there
is a subgroup H € S(G) \ {E} such that dim X = m. We call a G-action on X a one-fixed-
point action if X© consists of exactly one point. It is known that the Poincaré sphere (a
homology sphere of dimension 3) admits a one-fixed-point action of the alternating group
As on five letters. However the works M. Furuta [12], S. Demichelis [9] and N. Buchdahl-
S. Kwasik-R. Schultz [7] together show that any homotopy sphere of dimension < 5 does
not admit a one-fixed-point action of finite group. Therefore a homotopy sphere X possessing
a one-fixed-point action of finite group satisfies dimX > 6. The existence of one-fixed-point
G-action on a homotopy sphere makes it look like there exists a one-fixed-point G-action on
the same dimensional sphere.

2020 Mathematics Subject Classification. Primary 57S17; Secondary 57R67, 57R85.
This research was partially supported by JSPS KAKENHI Grant Number 18K03278.



494 M. MORIMOTO

Our present study was motivated by the following results of E. Laitinen—P. Traczyk [17].
Unless otherwise stated, let X be a homotopy sphere of dimension > 5 equipped with a G-
action and let xy be a G-fixed point of X. For a G-fixed point x of X, let 7,(X) denote the
tangential G-representation of X at x. The trivial real G-representation of dimension 1 will
be denoted by R.

Laitinen-Traczyk Theorem 1. Suppose the G-action on T, () is 2-pseudofree. If the G-
fixed-point set £ contains at least 2 points then £ is diffeomorphic to the k-dimensional
sphere, where k is 0, 1, or 2, for any H € S(G) \ {E}.

They obtain the next result as a corollary to the theorem above from S. Illman [13, Theo-
rem 5].

Laitinen-Traczyk Theorem 2. Suppose the G-action on T,,(X) is 2-pseudofree. Then
for any x € O, the tangential G-representation T(X) is G-homeomorphic to T,,(). In
addition, X is G-homeomorphic to the unit sphere of R® V, where V = T, (2).

They obtained a necessary condition on 2-pseudofree one-fixed-point G-actions on ho-
motopy spheres.
Laitinen-Traczyk Theorem 3. IfX° = {xo} and T,,(2) is a 2-pseudofree G-representation
then dimX = 6, the group G is isomorphic to As, and T,,(X) is the direct sum of two
irreducible real G-representations of dimension 3.

We recall the following facts concerning the existence of one-fixed-point actions of finite
group on spheres. Let " denote the sphere of dimension 7.

(F1) In [32, Proposition 4.3], E. Stein showed the existence of 3-pseudofree one-fixed-
point actions on S7 of the group SL(2, 5) X Z,, satisfying (m, 30) = 1.

(F2) In [19, Theorem A], [22, Theorem A], we showed the existence of 2-pseudofree
one-fixed-point actions on S°® of As.

(F3) In [3, Theorem 7], A. Bak and the author showed the existence of 3-pseudofree
one-fixed-point actions on S of As.

Therefore, putting Laitinen—Traczyk Theorem 3 and (F2) together, we see that a homotopy
sphere X admits a 2-pseudofree one-fixed-point action of finite group if and only if dimX =
6.

In the present paper, we will obtain the following two theorems from Laitinen—Traczyk
Theorems 1-3.

Theorem 1.1. Suppose that X is of even dimension > 6 and the G-action on T, (X) is
3-pseudofree. If the G-fixed-point set contains at least 2 points then X% is a Z,-homology
sphere of dimension < 3, and for any x € X, T(X) is (g)-homeomorphic to T,(X) for any
g €G.

Theorem 1.2. If X is of even dimension > 6, T, /(X) is a properly 3-pseudofree G-
representation, and X6 = {xy}, then dim X = 6 and either (1) or (2) below holds.

(1) G isisomorphic to the symmetric group Ss on five letters, and T (X) is an irreducible
real G-representation.

(2) G is isomorphic to As X Z such that Z is a group of order 2, and the real G-
representations VZ and V; are irreducible and 3-dimensional, where V = T,,(2),
VZ is the Z-fixed-point set of V, and V is the orthogonal complement of VZ in V.
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In addition, S. Tamura and the author [27] showed that S5 does not admit a one-fixed-
point action on §7, and P. Mizerka [18] showed that TL(2, 5) (the GAP ID is 240(89)) does
not admit an effective one-fixed-point action on S” for any n < 13.

In the present paper, we will also prove the next existence result of one-fixed-point actions
of finite group on spheres.

Theorem 1.3. For the integer n, the finite group G, and the real G-representation V
described below, there is an effective one-fixed-point G-action on the sphere S of dimension
n such that T (S) is isomorphic to 'V as real G-representations, where x is the G-fixed point
of S.

(1) n==6:

(i) G = As and V is a direct sum of two irreducible real G-representations of
dimension 3. In this case, the G-action on V is properly 2-pseudofree.

(i) G = Ss and V is an irreducible real G-representation of dimension 6. In this
case, the G-action on 'V is properly 3-pseudofree.

(iii) G = As X Z, where Z is a group of order 2, and V has the form'V = V2 ® V,
such that VZ and V; are irreducible real G-representations of dimension 3. In
this case, the G-action on 'V is properly 3-pseudofree.

2)n=71:

(iv) G = Asand V is a direct sum of irreducible real G-representations of dimension
3 and 4. In this case, the G-action on 'V is properly 3-pseudofree.

(V) G = As X Z, where Z is a group of order 2, and V has the form'V = VZ @V,
such that VZ is an irreducible real G-representation of dimension 3 and V; is
an irreducible real G-representation of dimension 4. In this case, the G-action
on 'V is properly 3-pseudofree.

(3) n=3+4kwithk € N:

(vi) G = SL(2,5) X Z,,, where Z,, is a cyclic group of order m satisfying (m,30) =
1, and V has the form V. = V?%n @ W, where Z = Center(SL(2,5)), such
that V¥*?%n is an irreducible real G-representation of dimension 3 and W is a
free real G-representation of dimension 4k. In this case, the G-action on V is
properly 3-pseudofree.

(4) n=6+ 8k withk € N:

(vil) G = TL(2,5) X Z,,, where TL(2,5) is the double cover of Ss of minus type (the
GAP ID is 240(89)) with Z = Center(TL(2,5)), Z,, is a cyclic group of order
m satisfying (m,30) = 1, and V has the form V = V?%n @ W such that V?*%n
is an irreducible real G-representation of dimension 6 and W is a free real
G-representation of dimension 8k. In this case, the G-action on V is properly
6-pseudofree.

Concerning this result, we note that there exist a free real G-representation of dimension 4
for G = SL(2,5) X Z,, and a free real G-representation of dimension 8 for G = TL(2,5) X Z,,
whenever (m,30) = 1. We remark that Theorem 1.3 implies the facts (F1)—(F3) mentioned
above.

Next note that the sphere S of dimension n admits a properly 3-pseudofree one-fixed-
point action of finite group if n = 6 or 3 +4k with k € N. There arises a question: we wonder
whether the sphere $" of dimension n = 5 + 4k with k € N admits a properly 3-pseudofree
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one-fixed-point action of finite group.

2. Proof of Theorems 1.1 and 1.2

Let X be a Z-homology sphere of even dimension > 6 equipped with a 3-pseudofree G-
action and with a G-fixed point xy, let V denote the tangential G-representation 7', (X) of
at xo, and let Gy denote the subgroup

{g € G| the transformation g : V — V preserves an orientation of V}
of G. Therefore |G/Gy| = 1 or 2.

Proposition 2.1. Let H be a subgroup of G. If dim V¥ = 3 then the order of H is 2, the
generator o of H acts on 'V as the scalar —1, and o ¢ G,.

Proof. We have the decomposition V = V¥ @ Vy; as real H-representations. Since the
G-action on V is 3-pseudofree and dim V¥ = 3, V}; is a free H-representation. Since dim V
is even and dim V# = 3, dim V} is odd. Therefore |H| = 2 and the generator of H acts on
V as the scalar —1. Since dim Vy is odd, the action of the generator reverses orientations of
Vg and V. O

Proposition 2.2. The Gy-action on 'V is 2-pseudofree.

Proof. Let H € S(Gy) \ {E}. Proposition 2.1 says dim V7 < 2. O

Proposition 2.3. Suppose X is a homotopy sphere. Then the following holds.
(1) If|Z%| > 2 then for any H € S(Go)N{E}, ¥ is diffeomorphic to S¥, where 0 < k < 2.
(2) IfI£°°| = 1 then Gy is isomorphic to As, X is diffeomorphic to S, and rengV is a
direct sum of two irreducible real Gy-representations of dimension 3.

Proof. This follows from Proposition 2.2 and Laitinen-Traczyk Theorems 1-3. O

Proof of Theorem 1.1. If G = G then the G-action on V is 2-pseudofree and the theorem
is clear from Laitinen—Traczyk Theorems 1 and 2. Thus it suffices to prove the theorem in
the case |G/Gy| = 2. We suppose |G /Gyl = 2.

If Gy # E then % = S¥ where 0 < k < 2, we obtain ¢ = (X00)¢/C0 =~ (§k)0/00 =~ gh
for h = 0, 1, or 2. If Gy = E then G is a group of order 2, and hence X is a Z,-homology
sphere.

Let x € 26 \ {xp} and set W = T (). If dimZ¢ > 1 then ¢ is connected and hence W is
isomorphic to V as real G-representations.

Suppose dimX = 0. Since XY is a Z,-homology sphere, we have ¢ = {xq, x}. Let
g € G. If g belongs to Gy or dim VY < 2 then Laitinen—Traczyk Theorem 2 implies that W
is {(g)-homeomorphic to V. Finally we suppose dim V¥ = 3. Proposition 2.1 says that g is of
order 2. Since 27 is a Z,-homology sphere, we get dim W¢ = dim V¢ = 3. Clearly we have
dim W = dim V = dim Z. Therefore W is isomorphic to V as real (g)-representations. |

Proof of Theorem 1.2. Recall that if [£9°| > 2 then Laitinen-Traczyk Theorem 1 implies
that X% is diffeomorphic to Sk for k = 0, 1, or 2. In this case X¢ is also diffeomorphic to
S" for h = 0, 1, or 2, which is a contradiction. Therefore we get X% = X¢ = {xq}, which
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implies dimX = 6, Gy is isomorphic to As, and resgoV is a direct sum of two irreducible
real Gy-representations V; and V, of dimension 3. Since V is properly 3-pseudofree, there
is an element g € G such that dim VY = 3. Then the order of g is 2 and g ¢ G(. Therefore
G is isomorphic to Ss or As X Z with Z = (g). In the case G = Ss, the irreducibility of V
follows from the property reSgOV =V, ®V,. In the case G = A5 X Z, V is isomorphic to
(Vie W) @ (V, ® W), where W) and W, are real Z-representations of dimension 1. Since
V is 3-pseudofree, one of W) or W, has a nontrivial Z-action and the other has the trivial
Z-action. |

3. The element B¢ of the Burnside ring of G

Let G be a finite group and let Q(G) denote the Burnside ring of G. Each element of
Q(G) is an equivalence class [F] — [F>] of a pair (F, F) consisting of finite G-sets F'; and
F5. A subgroup H gives the homomorphism yp : Q(G) — Z defined by yy([F] — [F2]) =
FY| = |FJ.

Suppose that G is nonsolvable. Let S(G)y, be the set of all solvable subgroups of G and
set S(G)nonsol = S(G) \ S(G)so1. Then by [8, (1.3.2), (1.3.3), Proposition 1.3.5], there is a
unique element S (= B¢) of (G) such that

0 forHe S(G)nonsol

3.1 -
3.1 xXu(p) {1 for H € S(G)so1.

For a subgroup H of G, we denote by (H)¢ the G-conjugacy class of H, i.e.
(H) = {gHg™" |g € G} < S(G).

For H, K € S(G), we say that H is subconjugate (or G-subconjugate) to K and write (H)g <
(K)g if gHg™" is a subgroup of K for some element g € G. There is a unique subset Iso(G, 3)
of S(G) which is closed under conjugations of elements in G and satisfies

(3.2) B = Z am[G/H] for some integers ayy, # 0.
(H)GCIso(G.B)

It immediately follows that Iso(G,5) C S(G)sol, max(S(G)so1) C 1s0(G, B), and agy, = 1
holds for each H € max(S(G)so1). By (3.1), 8 is an idempotent of Q(G).

The subgroup lattice of As up to conjugations is as in Figure 1.
In Figure 1, C,, and D, denote a cyclic group of order m and a dihedral group of order n,
respectively, and A4 denote the alternating group on four letters. There a real line between
two subgroups H and K indicates that gHg~' < K holds for some ¢g € G, and a dotted line
indicates that gHg~' < K holds for some g € G and gHg~' < K does not hold for any g € G.

Proposition 3.1. Let G be As. Then the idempotent Bg in Q(G) has the form
(3.3) Bc = [G/A4] +[G/D1ol + [G/Ds] - [G/C3] = 2[G/C2] + [G/E],
and therefore

(3.4) Iso(G, B6) = (A4)c U (D10)G U (De)g U (C3)6 U (Ca)g U (E)g.
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Proof. We tabulate the data |(G/H)X| necessary to determine 3 in Table 1. The proposi-

tion is readily follows from Table 1. O
Table 1.
K G |Ay | Dy | Dg | Cs | Dy |Cs|Cy| E
G/G 1] 1 1 1 1 1 1 1 1
G/As || 0| 1 0 OO0 1|2 |1]5
G/Dyp || 0| O 1 Ol 1]0]0|2]6
G/Dg | 0| O 0 170101 |2]10
G/Cs ||O] 0] O 012]0]0]|0]12
G/Ds | 0| O 0 0]013 0] 3]15
G/C; |0 0] O 010]0]2]|01]20
G/C, ||O] 0] O 0]0]0]07] 2130
G/E |0] 0] O 0]0] 0] 0] 0|60

The subgroup lattice of S5 up to conjugations is as in Figure 2.
There €, and D, are a cyclic subgroup and a dihedral subgroup (not of As but) of S5 of
order m and n, respectively, &, is a subgroup of order 20, S3 is a subgroup isomorphic to
the symmetric group on 3 letters, S3C, is a subgroup of order 12 isomorphic to S5 X €,,
where S; is a subgroup conjugate to S3 in Ss.

Proposition 3.2. Let G be Ss. Then the idempotent Bg in Q(G) has the form
(3.5) B = [G/S4] +[G/F20] + [G/S3C2] = [G/S3] = [G/Du] = [G/C4] + [G/E5]
and hence
(3.6) Is0(G, Bg) = (S4)g U (§20)6 U (G/S382)6 U (S3)6 U (Da)g U (C4)g U (E2)g.

Proof. The proposition is easily obtained from Table 2 of the numbers |(G/H)X|. |
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Remark 3.1.
(1) For the case G = A5 x Z with |Z]| = 2, 5 is obtained as f*f4,, where f : G — As is
the canonical projection.
(2) Forthe case G = SL(2,5)XZ,, B is obtained as g*B4,, where g : SL(2,5)XZ,, — As
is an epimorphism.
(3) Forthe case G = TL(2,5)XZ,,, B¢ is obtained as h*Bs,, where h : TL(2,5)xZ,, = Ss
is an epimorphism.

Let V be a real G-representation. For the connected-sum operation on G-framed maps
with the target manifold D(V) or S(R & V), we need the next property for V.

DeriniTion 3.1. We say that V is ample for B¢ if 1so(G, Bg) \ max(Ss(G)) is contained
in Iso(G, V \ {0}).

Proposition 3.3. In the following cases, V is ample for Bg.

(1) Case G = As and V containing an irreducible real G-representation of dimension 3.

(2) Case G = S5 and V containing an irreducible real G-representation of dimension 6.

(3) Case G = As x Z, where |Z| = 2, and V such that V* contains an irreducible real
G-representation of dimension 3.

(4) Case G = SL(2,5) X Z,,, where (m,30) = 1, and V such that V***» contains an
irreducible real G-representation of dimension 3, where Z is the center of SL(2, 5).

(5) G = TL(2,5)XZ,,, where (m,30) = 1, and V such that VZ*%» contains an irreducible



M. MorimMoTo

500

oct[ofololoJololoJoloJolololo] o [olololo] a/m
099 191701010 0]0]0]0]01]0O0 0 0 0 0 0 01010 /D
w|olvlolololololo[lolololo ol o [o]ololol] 2/mn
or |OJ] O] ¥ 10 0]0]0]0]01]0O0 0 0 0 0 0 01010 /D
oclolololololololololololo ol o [o]ololo] *a/m
ot 191 C10 0 10101010710 0 0 0 0 0 01010 'g/D
oclolzlolololzlololololololol o [olololol ™o
vz olololololo[r|ololololo ol o [o]ololo] /m
oc|ololzlololololzlololololo]l o [olololol %/
oc|zlolzlolololololzlolol o o] o [olololol %o
oc|lolv|zlololololololzlolo ol o [ofololo] %amo
si [elelolelrl1lololololrlolol o olololo] %o
alolv]lololololzlololololzlol[ o [ofololol “a/o
ol lolz|vlzlololololololololz][ o [o]ololo] *vio
ot [vlzltlolz]lololtlrlt]lololol 1 [olololol%»%m
9o lolzlolololz[1]olololol 1 o[ o [1]ololol "o
S € 1 [ ! 1 ! 012100 ! 0 I 0 0 11010 vS/D
clolelelzlololzclololzlol ezl o [o]olzclo] svin
1 I ! 1 I 1 ! I ! 1 I ! I I ! ! 1 I 11 D/H
A 19D 'a || |[D]|S]|D|°%A | |%q|V]|D|%Q ||V D Pl
T AIqeL




ONE-FIXED-POINT ACTIONS ON SPHERES | 501

real G-representation of dimension 6, where Z is the center of TL(2,5).
Proof. First we consider the case G = As. Clearly we have
max(S(G)so) = (A1) Y (D1o)G U (De)g-

Let W be an irreducible real G-representation of dimension 3. Then the H-fixed-point set
WH H e S(G), has the dimension as in Table 3.

Table 3.
H Cs | C3 | C, | E | Non Cyclic
dim W 1 1 113 0
Table 3 shows
(3.7) Iso(G, W N {0}) = (E)g U (C2)G U (C3)6 U (Cs)g.

It follows from (3.4) and (3.7) that W is ample for ;.
Second we consider the case G = Ss. It follows readily that

max(S(G)so) = (S1)6 U (F20)6 U (S3&,)6.

Let W be an irreducible real G-representation of dimension 6. Then the H-fixed-point set
WH H e S(G), has the dimension as in Table 4.

Table 4.

H S3 6:6 C5 34 64 C3 6:2 C2 E|HeK
dmwH || 1] 1] 2 1 1123|216 0

where K = {G, A5, S4, 63@2, %20,.44, Dl(), @g, D(,, D4}. Table 4 shows
Iso(G, W\ {0}) =(E)g U (C2)g U (&2)g U (C3)g
U (€4)G U (Dg)g U (Cs)G U () U (S3)6-

It follows from (3.6) and (3.8) that W is ample for B¢.
The ampleness of V for S in the cases (3), (4) and (5) follows from that in the cases (1)
and (2). O

(3.8)

4. Definition of G-framed maps

Let G be a finite nonsolvable group and let / denote the closed unit interval [0, 1]. For a
space A and amap g : P — Q, we denote by A X g the map idy X g : AX P — A X Q. For
a space A and a pair g = (g,c) of maps g : P — Qandc : S — T, we denote by A X g
the pair (A X g, A X ¢). In this paper, we mean by a G-framed map f a pair (f, b) consisting
of a G-map f : (X,0X) — (Y,0Y) between G-manifolds X and Y with boundaries dX and
0Y, respectively, where the case X = dY = 0 is possible, and a G-bundle isomorphism
b:1x — f*ty, where tx = ex(R) ® T(X) ® ex(RY) and 1y = &y(R) ® T(Y) @ sy(R’) and
we suppose £ > dim X + 2. In this situation, the equality dim X* = dim Y holds for all
H € S(G) such that X # 0, because dim X" is equal to the fiber dimension of the real
vector bundle T(X)" and it is true for X replaced by Y.



502 M. MORIMOTO

In this paper, unless otherwise stated, for G-framed maps f = (f,b), f' = (f',b"), f” =
(f”,b"), ..., the source manifolds of f, f/, f, ..., are (X, 0X), (X’,0X"), (X”,0X"),... and
the target manifolds of them are same (Y, 3Y), and we suppose that 0X = X’ = 9X" = --- =
0Y. A homotopy F from f to f’ means a pair (F, B) consisting of a G-map F : IXX — IXY
and a G-bundle isomorphism

B:T(UIXX)®enx(RY) = F'TUXY)® gxx(RY)

satisfying the following conditions.

(1) pi(F(t,x)) =tforallt € I and x € X, where p; is the projection I X ¥ — I.

(2) The restriction of F' to {0} X X coincides with {0} X f.

(3) The restriction of F' to {1} X X coincides with {1} x f".

(4) The restriction of F' to I X X coincides with I X f|sx, where f|sx is the restriction
of f to 0X.

A G-framed cobordism F' from f to f’ rel. boundary (or rel. 9) means a pair (F, B) consist-
ing of a G-map

4.1) F (W, 00W, 0 W, 001 W) — (Z,00Z,0,Z,0012),
and a G-bundle isomorphism
B:T(W)@®ew(R") > F'T(Z) ® ew(R"),

where 0gW, 0, W, and 9y W are G-manifolds canonically identified with X, X’, and I X 9Y,
respectively, and Z = I X Y, 00Z = {0} X Y, 0,Z = {1} X Y and 0y, Z = I X JY, satisfying the
following conditions.
(1) OW = 0gW U I WU W, 0o0WNIW =0, 00WNIyW = (dgW), i WNoy W =
(0 W), and 00 W) = d(0oW) L1 0(0 W).
(2) The restriction of F' to doW coincides with f up to homotopies of G-framed maps
rel. 0.
(3) The restriction of F' to 9; W coincides with f’ up to homotopies of G-framed maps
rel. 0.
(4) The restriction of F' to dy; W coincides with I X idy|sy (= I X 1dx|sx), where idy|sy
is the restriction of ¢dy to 9Y.

Here the G-cobordism W from X and X’ is not necessarily diffeomorphic to / x X. For a
subset of A of X, if I Xx A C W and the restriction of F' to I X A coincides with I X f|4 up
to G-homotopies of G-framed maps then we call F' a G-framed cobordism rel. A. Let F be
a G-conjugation-invariant set of subgroups of G, i.e. if H € F then (H)s Cc F. If Fisa
G-framed map rel. a G-regular neighborhood of | Jgcr XX, we say that F' is a G-framed map
rel. F. For a G-framed map F' = (F, B), the map F in (4.1) will be writtenas F : W — I XY
for simplicity of notation when the context is clear.

Let M be a subgroup of G. Hereafter ), = (Fy, By), Fy, = (F},, B))), F;; = (F},, B})),

.., are M-framed cobordisms with M-maps Fy, : Wy — I XY, F}, : W}, — [ XY,

Fy Wy — IXY, ..., respectively.

Let V be a real G-representation being S(G)yonso-free, i.e.

dim V# = 0 for all H € S(G)ponsol-
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Hereafter, unless otherwise stated, Y will be the unit disk D(V) of V with respect to a G-
invariant inner product. Clearly, the boundary of Y is obviously the unit sphere S(V). Re-
mark that if V is faithful then the G-action Y is effective and therefore the G-action on X is
also effective. We assume that a G-framed map f = (f,b), where [ : (X,0X) — (Y, 9Y),
satisfies the boundary condition that X = dY and there is a G-collar neighborhood C of 0X
in X such that the restriction f|c = (flc, blc) of f to C is the identity G-framed map on C.
This clearly requires that C is also a G-collar neighborhood of dY in Y.

5. G-connected sums of G-framed maps

Let f = (f, b) be a G-framed map with target Y = D(V). We have the canonical G-bundle
isomorphisms f*ey(R) — &x(R), frey(RH — ex(RY, T(Y) = &y(V), and f*T(Y) —
ex(V). Let o' and o’ be the canonical orientations of R and R, respectively. For a subgroup
H of G, we get the induced orientations 0;,,,, oi,,,, o;(,,, of(H, of eyn(R), eyn(RY), exu(R),
exn(RY), respectively. Note that T(Y?) = T(Y)? = gyu(VH), (FFTY)H! = fH*T(YH). Let
Tf{ = exn(R) ® T(X") ® exn(R"). There are two possibilities in choice of an orientation of
sVH = R @ V7 @ R even if dim V¥ = 0. Fix an orientation o,y# of sV, This induces the
orientation o, of ™ = ey (R)OT (Y )Deyn(RY), and o of 74 via b”. In this paper we refer
to o.x and 0.4 as orientations of Y# and X*, respectively. Without loss of any generality, we
can assume that the restriction DT7|yO of 0 to Yo = 0 € Y coincides with o! U o’ for some
orientation o’ of V¥ @ R’.

Let 2(X, Y) denote the union X Uy Y of X and Y glued along the boundary 0Y = 0X. Here
2(X, Y) is a G-manifold. We have the G-map X(f, idy) : 2(X,Y) — Y such that the restric-
tions X(f, idy)|x and X(f,idy)|y are f and idy, respectively. We call (X, Y) and Z(f, idy)
the quasisphericalizations of X and f, respectively. For a while let Z be the quasispher-
icalization of X. The stable tangent bundle Tg = gm(R) ® T(Z") & en(RY) of ZH has
the orientation 0.4 extending 0.1 such that the restriction nglyo of 0.4 10 Yo coincides with
(-0') U o’. The restriction of X(f, idy)" to a small disk-neighborhood of yq in Z(X, V) is
orientation reversing.

Let Dx(x) and Dy(yy) be small H- and G-disk-neighborhoods of x and yy in X and Y,

respectively. For a subset A of X or Y, the interior of A in X or Y is denoted by A. Suppose
that the isotropy subgroup of G at x is H and the restriction f|p, () : Dx(x) = Dy(yo) of f
is an H-diffeomorphism such that fX : XX — YX is locally orientation preserving at x for
any K < H. Then ¢ = flg.pyw @ G- Dx(x) = G Xy Dy(yo) is a G-diffeomorphism. The
G-manifold

X #6 Hxy (GXg Z(X,Y)) = (XN G- Dx(x)U,G Xy (X(X, Y) \ Dy(yo)),
where
¢ : G Xy 0Dy(yo) — G - dDx(x)

is the restriction of !, is called the G-connected sum of X and (X, Y) of isotropy type (H)g
with respect to points x and yo. For any subgroup K of G, the manifold (X#¢ p,,(G Xg
(X, Y)))X has the orientation of which the restriction to (X \ G - Dx(x))X coincides with
the restriction of 0.k tO (X \ G - Dx(x))X. We get the G-map SH#6.Hx,G Xu Z(f, idy) glu-
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ing the restriction of f to X\ G - Bx(x) and the restriction of G Xy X(f,idy) to G Xy
Z(X,Y) \ Dy(yo)). We mean by ((G/G] + [G/H])X and ([G/G] + [G/H])f the G-manifold
X #6104, (G Xg Z(X, Y)) and the G-map f #6 p,xy, (G Xy Z(f, idy)), respectively.

On the other hand, the G-manifold

X #ohxx (GXpy —2(X,Y) =(X\NG- Bx(X))ULG X (E(X,Y) N lo)x(X)),
where
t:G Xy an(x) - G- an(x)

is the canonical map, is called the G-connected sum of X and —2(X, Y) of isotropy type (H)g
with respect to points x (¢ X) and x (€ —Z(X, Y)). For any subgroup K of G, the manifold

(X#eaax(G Xy —2(X, Y )))X has the orientation of which the restriction to (X \ G - Dx(x))X
coincides with the restriction of 0.k tO (X \ G - Dx(x))X. We get the G-map JHe.nxxG Xy

—2(f, idy) gluing the restriction of f to X \ G - Bx(x) and the restriction of G Xy Z(f, idy)
to Z(X,Y) N\ Bx(x). We mean by ([G/G] — [G/H])X and ([G/G] — [G/H])f the G-manifold
X #c.1xx (G Xp —2(X,Y)) and the G-map f #¢ my.xx (G Xy —2(f, idy)), respectively.

Letyp andy = yo+ [G/H] (resp. ¥ = yo—[G/H]) be elements of the Burnside ring Q(G).
Suppose that Iso(G, yp) U Iso(G,y) C Iso(G,V \ {0}). As an inductive step, we assume
that we have obtained yy X and y, f. Suppose there is x € (yo f)~'(yo) with G, = H such
that y, f is transverse regular to {yo} in ¥ and (yo f K s locally orientation preserving at
x for every K < H. Then similarly to the construction above of ([G/G] + [G/H])X and
([G/G] = [G/H])f, we can obtain the equivariant connected sums

(51) 7X = po #G,H,)C,yo (G ><1‘1 Z(X9 Y))’

7f =% f #G,H,x,yo (G XH Z(f, ldY)),
(resp. Y X = yo X #6.1xx (G Xy —Z(X, 1)),

Y = Y0 f #6.mxx (G Xy =2(f, idy))) .

6. Basic lemmas on the reflection method

Let M € S(G)so1, f = (f,b) a G-framed map and F); = (Fy, B) a G-framed cobordism
from resf/[f to resglidy rel. 0. Here we recall that Y = D(V), f : (X,0X) — (¥,0Y), and
Fy : Wy — I X Y. For a submanifold Z of X and an embedding ¥ : I X Z — Wy, we call
Y a product embedding if

(1) Y(t,x) =(t,x)in dy Wy forallxe ZNnoX and r € I,
(2) Y(t,x) = (t,x) in a collar neighborhood Cy = [0, 6] X X of {0} X X in W), for all
t€[0,6] and x € Z, and
3) Y1 —t,x) = (1 —t,¥(x)) in a collar neighborhood Cy = [1 — 9, 1] X Y of {1} X Y in
Wy for all ¢ € [0, 6] and x € Z, for some embedding ¢ : Z — Y.
Here ¢ is a small positive real number and [0, 6] and [1 — 6, 1] are the closed intervals C R.
For K € S(G) and a K-subcomplex Z of X with respect to a smooth G-triangulation of X, let
Nk(Z, X) denote a K-regular neighborhood of Z in X. Therefore for H € S(G), Ng(X", X)
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is a K-tubular neighborhood of X", where K = Ng(H). By virtue of the G-isomorphism b,
the restriction f# : X — Y# of f is K-homotopic to a diffeomorphism if and only if the
restriction fly,x#.x) @ Nk(X¥?,X) = Ng(YH,Y) of f is K-homotopic to a diffeomorphism,
where K = Ng(H). For a subgroup H of G, we denote by Ui (H) the set of subgroups K of
G satisfying H < K. For H € S(M), we call the set

the G-singular set of X at H.

DermiTion 6.1. Let H be a subgroup of G satistfying Ng(H) C M. We say that (X, Y, Wy,)
has the (G, M)-tame singular set at H (or X> is (G, M)-tame in (X, Wy,)) if there is a product
M-embedding Wy, : I X Ny(M - X1 X) — Wy, such that Im(¥,,)> = W, >,

For a subgroup K € S(G), let
6.1) V6(K) = S(G) \ U S(L), and
Le(K)o
VoK) = S(M) U S(MNL).
Le(K)o

We remark that if H € S(M), Ng(H) ¢ M, and (H)g N S(M) = (H)y, then
(6.2) {geG|gHg™ ' c M}c M.

The modification of G-framed maps by following Lemmas 6.1, 6.2, and 6.4 is called the
reflection method in G-surgery theory.

Lemma 6.1. Let M € S(G);, and H € S(M) satisfying Nc(H) C M. Suppose the
following.
(1) (X,Y,Wy) has the (G, M)-tame singular set at H with respect to a product M-
embedding Wy, : I x Nyy(M - X1 X) — Wy,
(i1) There is an M-homotopy

Hy 1 (W, 00Wa, 01 Wi, 001 W) X I — (Z,00Z,01Z, 001 2)

rel. 01Wyr U 0o1 Wiy such that Hylw,,xo) coincides with Fy and Hylimew,)x(1) IS a
diffeomorphism.

Then there are

a G-framed map f’ rel. 0, where f' = (f',b") and [’ . (X’,0X’) — (Y, 9Y),

a G-framed cobordism Fg from f to f’ rel. 0 and Vg(H),

an M-framed cobordism Fy; from resf/IFG Urest 5 Fur to Fy, rel. 8 and Vy(H), where

F;, = (F),, B}, is an M-framed cobordism from resz I to reszidy rel. 0 and
Yuc(H), and

Fy: (Wyy, 00Wyy, 00 W 3y, 00 Wyy) = (Z,00Z,01Z, 001 Z),

a product M-embedding @), : I X Ny (M - x x) - W, with Im(®},) = Nyy(M -
w; " W), and
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e an M-homotopy
H;VI : (W]’W,c?OW]’W,&W]’W,BmW]’w) X1 — (Z, 502,(91Z, 601Z)

rel. 0, WIIM U 801W1’w
possessing the following properties.
(1) Ny(M - X7 X') = Nyg(M - XX, Ny(M - W, 7 W) = Nu(M - W™, W),
and ), |y = Yulixy for N = Ny(M - X' X") 0 Ny(M - X7, X).
(2) Hylw; xi0y coincides with F), H)| Nu (MW, 2w (1) 18 @ diffeomorphism, and
H;Vlllbjw(lxN)Xl coincides with HMI‘PM(IXN)foor N above.
In particular, X'" is Ng(H)-diffeomorphic rel. 8 to Y" and ' : X' — Y" is Ng(H)-
homotopic rel. 0 to a diffeomorphism.

Remark 6.1. If (H)gly = (H)y, where (H)gly = (H)g N S(M), then the properties (1)
and (2) in Lemma 6.1 are true for H replaced by arbitrary H’ € (H)g|uy.

Proof. By virtue of ¥, we can regard Wy, is an Ng(H)-cobordism from X” to Y rel.
X>H U 9XH. Let Wy"* be a copy of Wy, and let Y#* and Wy, ({1} X Ny (M - X>H | X))H*
be the copies of Y and Wy ({1} x Ny (M - X>H, X)), respectively, in Wy/*. Then the
union U = Wy, Uy Wy," of Wy, and Wy, attached along X” can be regarded as an
Ng(H)-cobordism rel. d and Wy, ({1} X Ny (M - X1, X))?* from Y#* to Y.

- rel. area
/

YH* — - YH

WMH* WMH
XH
U
In addition, the associated map f7* : Y#* — Y is a copy of the identity map on Y#. Let
F; = (Fg, Bg), where Fg : W — I X Y, be the G-framed cobordism from f to f’ rel. 0
obtained by G-surgeries on X of isotropy type (H)¢ such that Wg? = Wy, *. Then f’ is a
desired G-framed map.
Let us observe Fi above. Set Wy = Wg Uy Wy and Fy; = (F)),, B},), where F}, =
Fg Uy Fy and B, = Bg Uy, By. The following two pictures
[—1,0] x XH
/

X/H s - YH

~ n H
- M
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[—1,0] x XH
r”/
X/H o~ yH \ YH
[—1,0] x YH

show that WI’V/,H = W Uy Wyt is Ny (H)-cobordant rel. 9 to the product cobordism Ix Y*.
Therefore F; is M-framed cobordant rel. 4 to an M-framed cobordism Fy, = (F),, B},),
where F), : W) — [ XY, such that W,’WH is Ng(H)-diffeomorphic rel. d to I x Y# and
F ]’WH : W]’VIH — I x Y is Ng(H)-homotopic to a diffeomorphism. We can formalize the
above observation to Lemma 6.1. O

Lemma 6.2. Let M, H and Z be as in Lemma 6.1. Invoke the following hypotheses
(1)—(iii).
@) (resf,lX, resgIY, W) has the (M, M)-tame singular set at H with respect to a product
M-embedding Wy : I X Ny (M - (res$ X)™ res§ X) — Wy
(i1) There is an M-homotopy

Har : (War, 00Wa, 01 Wi, 001 W) X I — (Z,00Z,01Z, 001Z)

rel. 01Wy U 601WM such that HM|WM><{0] coincides with Fy; and HMllm(‘l’M)x{l} isa
diffeomorphism.
(iii) There is K € Up(H) such that dim Y = dim YX > 0 and X># = XX,
Then the conclusion same as Lemma 6.1 holds. In particular, x'H = xk = xK f’H =
% = fK and WI’WH = WI’VIK = Wflfor some K € Uy (H).

Proof. If K; and K; both satisfy the conditions required for K in (iii) then so does K| N K.
Let K be the smallest subgroup satisfying the conditions in (iii). Then we have X>/ = XK
and X = XX 11 X=H_ In addition W), = W, 1 wy,~ = w,,X 11 Wy, follows from
(1) and (iii). Let W}, be a copy of Wy, Then WI*WH Uyrn W' is Ny (H)-cobordant rel. 9
to W;,,K Uxn Wy X by M-surgeries of isotropy type (H)y. Therefore, we can remove X~
and Wy~ by G-surgeries on f and M-surgeries on F}; of isotropy types (H)g and (H)y,
respectively. O

Define Y(G, M, H) by

(6.3) VG, M, H) = (K € Us(H) | KN M = H).

Let Z be a G-manifold. We say that Z satisfies the primitive gap condition for (G, M, H) if
the following conditions are satisfied.

(1) dime > dimZé< for all K € Uy (H), a € no(Z7) and B € no(ZX) with Zg C Z,.

(2) dimZX = 0 for all K € Y(G, M, H).
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Lemma 6.3. Let M € S(G)soy and H € S(M) such that No(H) € M. Suppose the
following conditions are fulfilled.
(1) (resg[X, resgIY, W) has the (M, M)-tame singular set at H.
(2) X satisfies the primitive gap condition for (G, M, H).
(3) Wy is connected.
Then (X, Y, Wy) has the (G, M)-tame singular set at H.

Proof. The set X(V) = Ukeyc.mm XX is a finite set. Therefore it is easy to obtain a
product Ny (H)-embedding I X X(Y) — W'\ Wy~ and to obtain a product M-embedding
Wy I X Ny(M - X1 X) — W), such that Im(¥y, )" = W7, o

The next lemma follows from Lemmas 6.1 and 6.3.

Lemma 6.4. Let M, H, Z be as in Lemma 6.1. Suppose the following (i)—(iv).
@) (resf,lX, resg’;Y, W) has the (M, M)-tame singular set with respect to a product M-
embedding Wy = 1 X Ny (M - (res§, X)), X) — Wy
(i1) There is an M-homotopy

Hy 1 (Wi, 00War, 01 Wi, 001 W) X I — (Z,00Z,01Z, 001 2)

rel. 0\Wy U (9()1 Wy such that HM|WM><{0} coincides with Fy; and HMllm(‘l‘M)x{l} is a
diffeomorphism.

(iii) X satisfies the primitive gap condition for (G, M, H).

(iv) Wy is connected.

Then the conclusion same as Lemma 6.1 holds.

In the rest of this section we give a remark on the (G, M)-tame singularity. Let Z be a
G-manifold. We say that Z satisfies the gap condition at H if

(6.4) 2dimZ§ < dimZ!!

holds for all K € Ug(H), a € mo(ZH), B € no(ZX) with Zg C Zf, where Zf and Zg stand for
the underlying spaces of @ and 8. We say that Z satisfies the cobordism gap condition at H
if
(1) dimZé( + dimZ§ + 1 < dimZ holds for all K € Uz(H) \ Uy(H), L € Uy(H),
a € mo(ZM), B € my(ZX) with ZﬁK C Zf, y € mo(ZL) with Z)% C Zg, and
(2) 2dim Z’g + 1 < dim Z¥ holds for all K € Ug(H) \ Uy(H), a € no(Z1), B € no(ZX)
with Z[ ¢ Zj].

RemMArk 6.2. Suppose the following conditions are fulfilled.
(1) (res%X, res%Y, W) has the (M, M)-tame singular set at H.
(2) Y satisfies the cobordism gap condition at H.
3) fH:x" - YHand Fy' : Wy — I x YH are connected up to the middle dimen-
sions, respectively.
Then (X, Y, Wy,) has the (G, M)-tame singular set at H.
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7. Remarks on specific representations

Let 7 and H be sets of subgroups of G such that ¥ ¢ H. We call F upper closed in H if
K belongs to F whenever H € F, K € H,and H C K.

DeriniTion 7.1. Let F be a subset of S(G)yo which is G-conjugation invariant and upper
closed in S(G)yo. We say that F is G-simply organized (for equivariant surgeries) if there
are a complete set F* of representatives of F and a map pmax : F* — max(F)*, where
max(F)* = F* N max(F), satisfying the following conditions.

(1) H € Ng(H) C pmax(H) for any H € F*.

(2) pmax(K*) = pmax(H) for any H € F* and K € U}, )(H), where K* is the represen-
tative of (K)g in F*.

(3) (H)g N S(pmax(H)) = (H),,. ) for any H € F*.

We remark that if F is G-simply organized as above then by (6.2) we have

{g€GlgHg™" C pmax(H)} C prmax(H).

for all H € F*, and furthermore if 7’ is a subset of F such that 7’ is G-invariant and upper
closed in S(G)so1 then F’ is G-simply organized.

Let H be a subgroup of G and Z a G-manifold. We say that Z satisfies the weak gap
condition at H if

(7.1) 2dimZ{ < dimZ

holds for all y € mo(Z"), K € Ux(H), and 6 € mo(Z¥) with ZF c ZI. Fory € mo(Z™), let H,
denote the set of elements g of H = Ng(H)/H such that gy = v, and let II(H, y); /2 denote the
set of pairs (K, 8) of K € Ug(H) and 6 € mo(ZX) such that Zf C Zf and 2 dime = dime.
We say that Z satisfies the modified weak gap condition at H if the following conditions are
fulfilled.

(1) Z satisfies the weak gap condition at H.

(2) For all y € no(Z") with dim ZJ > 0 and (K, 6) € II(H, y)12,
(a) K ¢ Ng(H)and K/H c H,,
(b) (K/H)N ﬁ7(2)| < 1, where ﬁy(2) is the set of elements in Hy of order 2, and
(¢) dimZ5 + 1 < dim Zf for all L € Ug(K) and w € mo(Z*) with Z5 c Z¥.

(3) For all y € mo(2") with dim Z > 0 and (K}, 61), (K3, 6,) € II(H, y)1/2, the smallest
subgroup (K1, K») of G containing K; U Kj is solvable.

Let S5 (resp. As) denote the symmetric group (resp. the alternating group) on the five
letters 1, 2, ..., 5. We fix subgroups of Ss as follows.

Sy (resp. A4) the symmetric group (resp. the alternating group)
on the letters 2, 3, 4, 5.
S5 the symmetric group on the letters 1, 2, 3.
€ =(4,5)), €4 =((2,4,3,5)), and & = {(1,2,3)(4,5)) (cyclic groups).
S36, =((1,2), (1,2,3), (4,5)) (= 53 X €,).
Cy =((2,3)4,5)), C3 =((1,2,3)),and Cs = {(1,2,3,4,5)) (cyclic groups).
Dy =((2,3)4,5), (2,4)(3,5)), Ds =((1,2,3), (2,3)(4,5)), and
Do =¢((1,2,3,4,5), (2,5)(3,4)) (dihedral groups).
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Dy =4((2,3), (2,3)4,5)), and Dg = ((2,4,3,5), (2,3)) (dihedral groups).
The normalizers of subgroups H of G = As are as in Table 5.

Table 5.

H Ay | Do | Dg | Dy | C5 | C3 | Cy | E
Ng(H) || Ay | Dio | Dg | Ay | Do | Dg | Dy | G

We assign pmax(H) to H as in Table 6.
Table 6.

H Ay | Do | Dg | Dy | Cs | C3 | Co
Pmax(H) || Ay | D1o | D¢ | Ay | D1o | D | A4

We immediately obtain the proposition:

Proposition 7.1. Let G = As, F = S(As)so1 \ {E}, and F* = {A4, Do, D¢, D4, Cs, Cs,
C,}. Then F is G-simply organized with respect to pmax : F* — max(F)* given by Table 6.

The next result follows from Table 3.

Proposition 7.2. Let G = As. Let W3 and W} be irreducible real G-representations of
dimension 3 and let W = W3 & W7. Then
(1) dim W:,{{ = OfOI"H = A4, Dl(), D6, D4,
(2) dim Wf = 1, Wj satisfies the gap condition at H for H = Cs, C3, C»,
(3) dim W = 2 and W satisfies the primitive gap condition for (G, pmax(H), H) (as well
as the gap condition at H) for H = Cs, C3, C,, and
(4) W satisfies the gap condition at H = E.

Let G = As. Let W3 and W, be irreducible real G-representations of dimensions 3 and 4,
respectively, and let W = W3 & W,. Then the dimensions of the H-fixed-point sets W/ are
as in the next table.

Table 7.

H G|As [ Dol Ds|Cs | Ds|C |G| E
dmwE 0| 1] 0 |11 |13|3]|7

We immediately obtain the proposition:

Proposition 7.3. Let G = As. Let W3 and Wy be irreducible real G-representations of
dimensions 3 and 4, respectively, and let W = W3 & Wy. Then
(1) dim W# =0 for H = Dy,
(2) dimW¥ = 1 for H = A4, D¢, Cs, Dy, and W satisfies the gap condition at H for
H = Ay, D, Cs,
(3) dim W = 3 and W satisfies the gap condition at H for for H = Cs, C», and
(4) W satisfies the gap condition at H = E.
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Next we consider the case G = Ss. The normalizers of subgroups H of S5 are as in the
Table 8.

Table 8.

H As | Sq | B20 | S3C5 | Ay | Do | Dg | S3 Dg G
Ng(H) || G | S4 | T2 | ©3C | 84 | Foo | Dg | &3, | G356, | G368,

H Cs | D4 | Dy | Gy Cs €, Cy, | E
No(H) || 20 | Dg | Sa | Dg | G365 | G368, | Dg | G

We assign pmax(H) to H as Table 9.

Table 9.

H Sq | 820 | S3& | Ay | Do | Dg | 53 D Cs
Pmax(H) || Sa | T20 | S3&2 | 84 | Too | Sa | S36, | 36, | S36,

H Cs | D4 | Dy | Gy Cy C,
Pmax(H) || 20 | Sa | Sa | Sa | S3C, | 84

We immediately obtain the proposition.

Proposition 7.4. Let G = S5, F = S(G)so1 N {E} U (&,)), and F* the set of subgroups H
in Table 9. Then F is G-simply organized with respect to pmax : F* — max(S(G)so)* given
by Table 9.

The next result follows from Table 4.

Proposition 7.5. Let G = S5 and let W be an irreducible real G-representation of dimen-
sion 6. Then
(1) dim WH = OfO}"H = S4, %2(), 63@2, A4, Dl(), Dg, D6, D4,
(2) dim W# = 1 and W satisfies the gap condition at H for H = S3, Cs, Dy, €4,
3) dimW¥ = 2 and W satisfies the primitive gap condition for (G, pmax(H), H) for
H =Cs, C3, Cy,
(4) dim W = 3 and W satisfies the gap condition at H for H = €, and
(5) W satisfies the modified weak gap condition at H = E.

Now let G = As X Z, where Z is a group of order 2. We identify subgroups H € S(As)
with H x{e} € S(G), respectively, and Z with {e} xZ € S(G). Let C, be the subgroup of order
2 belonging to S(C»>2) \ {C,, Z}. Let D, be the dihedral subgroup of order 2n generated by
C, and C,. We tabulate subgroups H giving a complete set of representatives of conjugacy
classes of subgroups of G = A5 X Z and the normalizers of subgroups H in Table 10.

Table 10.

H |G| As|AZ | DioZ | DsZ| As | Do | Do | CsZ | DaZ | C5Z
No(H) |[G | G | AsZ | DiZ | D6Z | AsZ | D1oZ | D1oZ | D10Z | AsZ | DeZ

H D6 D6 C5 D4 C2Z D4 C3 C2 C2 Z | E
Ng(H) || D6Z | D¢Z | D1oZ | AuZ | DyZ | AuZ | D¢Z | D4Z | D4Z | G | G
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Table 11.

H AsZ | D10Z | DsZ | As | Dio | Dio | CsZ | DaZ | CoZ
omax(H) || AsZ | D1oZ | DeZ | AsZ | DioZ | D10Z | D1oZ | AsZ | DoZ

H D¢ | Ds Cs Dy |CyZ| Dy | C3 | C
Pmax(H) || DeZ | D6Z | D1oZ | AsZ | AsZ | AuZ | D6Z | AyZ

In the case G = As X Z above, we assign pn.x(H) to H as in Table 11.
We immediately obtain the next proposition.

Proposition 7.6. Let G = A5 X Z, where Z is a group of order 2, F = S(G)so1 \ {E,Z} U
(Cr)g), and F* the set of subgroups H in Table 11. Then F is G-simply organized with
respect t0 Pmax : F* — max(S(G)so)" given by Table 11.

Let W3 and W}, be irreducible real As-representations of dimension 3 and let R and R.. be
1-dimensional real Z-representations with trivial and nontrivial Z-actions, respectively. The
dimensions of the H-fixed-point sets W# of W = (W; ® R) @ (W} ® R.) are as in Table 12.

Table 12.

H Dy |CsZ|C3Z | D | C5 | Dy |C2Z | C3 |G | Cr | Z | E|HEK
dim W# 1 1 1 121 1 21312 13]|6

where K = {G, As, AyZ, D10Z, D¢Z, A4, Do, D4Z, D¢, D4}. The next proposition follows.

Proposition 7.7. Let G = As X Z, where Z is a group of order 2, and let W = (W3 Q@ R) &
(W} ® R.) be a real G-representation of dimension 6 described above. Then
(1) dim W¥ = 0 for H = A4Z, D1yZ, D¢Z, A4, Do, D4sZ, D¢, Dy,
(2) dimW¥ = 1 and W satisfies the gap condition at H for H = Dy, CsZ, C3Z, D,

D4, C2Z;
(3) dim W# = 2 and W satisfies the primitive gap condition for (G, pmax(H), H) for
H =Cs, G;, G,

4) dim W¥ = 3 and W satisfies the gap condition at H for H = C,, Z, and
(5) W satisfies the modified weak gap condition at H = E.

Next we consider the case where W = (W3 @ R) @ (W4 ® R..), where Wy is an irreducible
real As-representation of dimension 4. Then the dimensions of the H-fixed-point sets W/ of
W are as in the Table 13.

Table 13.

H Ay [CsZ [ C3Z | Dg | D | Cs | Dy Dy |CoZ | C5 |G |G |Z[E|HER
dmwWE| 1] 1 | 1 |1 |11 ] 1|11 ][3[3[3[3[7] 0

where K = {G, As, AyZ, D1oZ, D¢Z, D)o, D10, D4Z}. The next proposition follows.

Proposition 7.8. Let G = As X Z, where Z is a group of order 2, and let W = (W3 QR) &
(Wy ® R.) be a real G-representation of dimension T described above. Then

(1) dim WH = OfOI"H = A4Z, Dl()Z, D6Z, Dl(), DlO: D4Z,
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2) dimW# =1 and W satisfies the gap condition at H for H = A4, CsZ, Dg, D¢, C3Z,
Cs, Dy, CrZ,

3) dimW¥ =3 and W satisfies the gap condition at H for H = C3, Cy, Cy, Z,

(4) W satisfies the gap condition at H = E.

8. G-surgery obstructions of isotropy type (H)g

Let f = (f,b) be a G-framed map as in Section 6. Recall that f : (X,0X) — (¥,0Y),
Y=DWV),b:1x = f'ty,and df : 0X — Y is the identity map on dX = dY. Hence the
mapping degree of f7 : (X#,0X") — (Y¥,0Y™) is 1 whenever H € S(G) and dim V# > 0.

Let H be a subgroup and set H = Ng(H)/H. Let G(2) denote the set of elements of order
2 in G. Thus H(2) is the set of elements of order 2 in H. For a principal ideal domain R
satisfying a> = a in R/2R for all a € R, let Az = R[H] denote the group algebra of H over R.
Therefore A = Map(H, R). Let wy H — {1, -1} denote the orientation homomorphism
of V¥ with H-action. Set ny = dim V¥, let ky be the integer satisfying ny = 2ky or 2ky + 1,
and set Ay = (=1)k, Az has the involution — : Az — Ag; x = X, defined by

(8.1) D99 D E

where r, € R. Depending on ¢ € {1, -1}, we define the submodule min,(Az) of Az by
ming(Az) = {x —&x| x € Az} (see (8.1)).
Case ng = 2ky > 6. Let Q5 (resp. Sy) denote the set of elements g € H(2) satisfying
dim(V7)9 = ky — 1 (resp. dim(V7)9 = ky). Let
Aq = RISzl
FE = min,AH (Aﬁ) + R[Sﬁ],
Aﬁ = minAH(Aﬁ) + R[Qﬁ],
where R[S7] = Map(Sg, R) and R[QF] = Map(Qg, R). We call
Az = (A, (=, An),Tg, H, Ag o Ag s+ Agp)

the double parameter algebra of the H-manifold Y¥, see [6, Definition 2.5] and [6, p. 538].

Let Oy, be the set of all generators of Hy, (Y")X,(Y")*;Z,) = Z,, where K runs over
S(H) such that dim(Y")X = ky, and @E the set of all generators of Hy,, (Y?)X, (Y™K, Z) =
Z, where K runs over S(H) such that dim(Y*)¥ = k. The canonical map prg : ©7 — O,
is a double covering. We have the map pz; : O, — B(Sz), where B(S7) is the set of
subsets of Sz, defined by p7(r) = K N S for a generator 7 of Hy, (Y?)X,0(Y")X;Z,) with
dim(Y")K = ky. We call

@ﬁ = (prﬁ . 6ﬁ e ®E,2’ pﬁ . ®ﬁ,2 - sB(SE))

the positioning data of the H-manifold Y7, see [6, pp. 533, 538]. By the definition [6,
p. 545], we obtain the abelian group

["'V,H(R[H]) = WnH (R’ E7 Qﬁa Sﬁ’ Gﬁ)free-
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Case ny = 2ky + 1 > 3. Let Q5 denote the set of elements g with order 2 of H satisfying
dim(VH#)¢ = ky and

Az = min,, (A7) + R[Q5].
We call
Ag = (Ag. (= ), Agp)
the form algebra of the H-manifold Y”. By [20, Definition 1.5], we obtain the abelian group
Lyu(RIH) = W)" (A Ap).

Suppose V is S(G)nonsol-free, i.e. VX = {0} for all L € S(G)yonsol- Let H € S(G),o1. We ob-
tain the H-framed map f” = (f¥, b") from the G-framed map f, where f* : (X", 0X") —
(YH,aYH) and bH L TxH — fH*TyH.

We say that f is P-adjusted at H if fX : XX — YX is a Z,-homology equivalence for
every prime p and every K € Uy, m)(H) such that |K/H| is a power of p. We suppose that
Y satisfies the modified weak gap condition at H and f is P-adjusted at H. The G-framed
map f is G-framed cobordant rel. d by G-surgeries of isotropy type (H)g to f' = (f’,b’),
where ' : (X’,0X’) — (Y,0Y), such that f : X’ — Y is ky-connected, where dim Y = 2ky
or 2ky + 1. Suppose 7 : X — Y is ky-connected. We define the surgery kernel L(f"; R)
to be the H-module

(8.2)  Ker[f", : Hi,(X";R) — H,,(Y";R)] = H,,,(X";R) if dimY" = 2ky; > 6,
KkH+1(XH0, AHU)®z R ifdimY" = 2ky + 1 > 5, see [20, Diagram 4.2], and
KQ(XHO,aE U;R) ifdimY” =3, see [24, Diagram 3.1],

where U is a submanifold of H-manifold X* and X", = X¥ \ H lO] .

Lemma 8.1. Let R = Z or Zy) for a prime p. Suppose the following (i)—(iii).

(i) V satisfies the modified weak gap condition at H.
(i) f is P-adjusted at H.
(i) 7 : X" — Y is ky-connected.

If the surgery kernel L(f"; R) is stably free over R[H] then there is an element

oou(f) (= og(f™) of Lyu(RIH])
having the property: if cgu(f) = 0 then f is G-framed cobordant rel. 0 by G-surgeries of
isotropy type (H)g to f' = (f’,b"), where ' : (X’,0X") — (Y,dY), such that
(1) X" is 1-connected and R-acyclic if dim V¥ > 5, and
(2) X" is (connected and) R-acyclic if dim V7 = 3.
Proof. The lemma follows from the proofs of [6, Theorems 1.1 and 1.2], [20, Theorem A],
and [24, Theorem 1.1]. O
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9. Construction of G-framed maps

Let G be a nonsolvable group, 5 = ¢ the idempotent of Q(G) defined by (3.1), and V a
real G-representation of positive dimension being S(G)yonsoi-free and ample for S;. Recall
that VX = {0} for all L € S(G)ponsol- Let Z = S(R® V) and Z* = Z11{pt}. The sphere Z is the
union of the hemispheres S; = {(#,v) € S(R®V) |u>0}and S_ = {(u,v) € SRV) |u < 0},
where u €e Randv € V. Lety, = (1,0) €e SR& V) and y_ = (-1,0) € S(R & V), where
+1 € Rand 0 € V. We have the canonical G-diffeomorphism S, — D(V), which carries
y+ to yo = 0, and identify S, with D(V) via the diffeomorphism. Recall the generalized
cohomology

wl(Z) = lim [Z* A M®, M"]§,

where M* is the one-point compactification of M = R[G]". For @ = 1 — (3, the set § = {a} is
a multiplicatively closed subset of Q(G) and the restriction map

0.  STWi(Z) ——— 57wl (Z9)

l:

S wl({y ) @S wi({y-) —= $7'QG) 8 7' Q6)

is an isomorphism. The module Q(G) @ Q(G) contains the element («, 0). By the arguments
in [23] and [26, Section 4], originally due to T. Petrie [30, Sections 1 and 2], we obtain the
next lemma.

Lemma 9.1. There are a G-framed map f = (f,b), where Y = D(V), f : (X,0X) —
(Y,0Y) with 0f = idgy and b : vx — [*ty, and M-framed cobordisms Fy = (Fy, By)
from resﬁ}f to resf,lidy rel. 0, where Fy; : Wy — I X Y is an M-map and By : T(Wy) &
Ewy, (R = Fy*T(IXY) Sew, (RY) is an M-bundle isomorphism, for all M € max(S(G)so)),
satisfying the following conditions (C1)—(C3).

(C1) Xt =0 for any L € S(G)onsol-

(C2) fNyo)! consists of one point, say xg, f : X — Y is transverse regular at xg to yo
inY, and fX : XX — YX is locally an orientation-preserving diffeomorphism from a
neighborhood of xy in XX to a neighborhood of yo in YX, for any H € max(S(G)so1)
with dim V¥ = 0 and K € S(H).

(C3) fYyo)™™ = 0 for each H € S(G)s \ max(S(G)s) with dim VT = 0, where
Y (yo)™ is the subset of f~'(yo)"! consisting of points with isotropy subgroup H.

In the lemma above, it holds that

(C4) Iso(G, X) D Iso(G, Y \{yo}) Umax(S(G)so1) O Iso(G,p), and

(C5) deg[f™ : (X",0X") — (Y¥,0Y")] = 1 for any H € S(G) with dim V > 0.

Lemma 9.2. For the M-framed cobordism Fy;, where M € max(S(G)y), in Lemma 9.1,
we can adjust it so as to satisfy the following conditions.

(C6) XM is diffeomorphic to Y™ and Wy™ is a product cobordism, i.e. diffeomorphic to
I x Y™ and furthermore

Fu™ - (W™, 0oWi™, 0, W™, 0t W™ — (ZM,002M,0,2M, 001 2™),
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where Z = I X Y, is homotopic rel. I WM Uy Wy 1o a diffeomorphism. There-
fore fM . XM — YM is homotopic rel. 0 to a diffeomorphism.

(C7) IfH € S(M) and dim V¥ = 0 then Wy*' = Wy™ (and Wy is diffeomorphic to the
closed interval [0, 1]).

Proof. The properties in (C6) is readily achieved by the reflection method.

To show (C7), let H € S(M) with dimV# = 0. If X=¥ # 0 then we get H = M by
(C2) and (C3). In the case H = M, we get X* = {x);} and dim Wy = 1 and it holds that
one of the connected components of dim W' is diffeomorphic to [0, 1] and the others are
diffeomorphic to the circle. It is easy to convert Wy, by M-surgeries of isotropy type (H)y
(H = M) so that W),/ is diffeomorphic to [0, 1]. Therefore it suffices to consider the case
H < M. As an inductive assumption, suppose that Wy, X = Wy,M for all K € U (H). Then
each connected component of Wy, " \ Wy~ (Wy,># = Wy, M) is diffeomorphic to the circle.
We can readily remove those undesired connected components of Wy, by M-surgeries of
isotropy type (H)y; to obtain the property Wy, = W,,M. |

In the following sections, we assume that f and F), are adjusted by Lemma 9.2.

Proposition 9.3. Let H be a solvable subgroup of G. Suppose the G-framed map f =
(f, b) above satisfies the modified weak gap condition at H and the condition that

(G1) XX is Z-acyclic for all K € Ug(H) such that H <K and K/H is a hyper-elementary

group.

Set ny = dim V and let ky be the integer satisfying ny = 2ky or 2ky + 1. Suppose ny > 5
(resp. ny = 3) and X" is (ky — 1)-connected. Then (|G/G] — Bg) f is G-framed cobordant
rel. dto f' = (f',b"), where f' : (X',0X') > (Y,0Y) and b’ : vy — f"*ty, by G-surgeries
of isotropy type (H)g, such that X" is contractible (resp. Z-acyclic).

Here we remark that the equalities X* = 0 = X’* and dim X* = dim Y¥ = dim X"" hold
for L € S(G)nonsol and H € S(G)o1, respectively.

Proof. Note that X/ is 1-connected and ¥ : X — Y is ky-connected (resp. X" is
connected and f: : m(X") — m(YH) is surjective). Let L(f";Z) be the surgery kernel.
By the condition (G;) above, L(f";Z) is stably free over Z[H], where H = Ng(H)/H.
By Lemma 8.1, we obtain the obstruction o y(f;Z) in CV,H(Z[E]) to convert f so that
fH . X" — Y* would be a homotopy equivalence (resp. a Z-homology equivalence) by
G-surgeries rel. d of isotropy type (H)s. Note the property

o6u(([G/G] - Be) £;Z) = ((H/H] - Bc") o6 u(f; 2),

where B! is the element [X{{ ]1- [Xf ]e Q(ﬁ) if 8 = [X;] - [X>] for finite G-sets X; and X,.
Recall the induction theory of equivariant-surgery-obstruction groups, see [10, 11], [2], [14,
Corollary 1.4], and [25, Theorems 1.1 and 13.5]. If H < K € S(G) and K/H is solvable,
then K is solvable and

res? ,(1G/G] - fo)" = (resS(IG/G] - fe) = 0 in QUK/H).
It follows that

rest  (TH/H) - B6") c6.u(F32)) = 0
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for all K/H € S(H)so and

((H/H] - ™) o6.u(f;Z) = 0.

Therefore, ([G/G] — Bg) f is G-framed cobordant rel. d to f’ stated in the proposition by
G-surgeries of isotropy type (H)g. |

10. Simply organized families and G-surgeries
Let G be a nonsolvable group and V an S(G)ponsoi-free real G-representation. Set
(10.1) H(G,V,0) = {H € S(G)s | dim V' = 0}.

Let f = (f,b) and Fy = (Fy, By) be the G-framed map and the M-framed cobordisms,
where M € max(S(G)s1), obtained in Lemma 9.1. Let Z = IXY, 0oZ = {0}xY, 0,Z = {1}XY,
and 0y Z = I X dY. We suppose that f and F), are adjusted by Lemma 9.2. In this situation,
for every M € max(S(G)so1), WM is diffeomorphic to I x Y™, XM is diffeomorphic to Y,
M XM — YM is homotopic rel. d to a diffeomorphism, Wy," is diffeomorphic to I x Y,
and Fp M WM - I x Y™ is homotopic rel. WM U 8y WM to a diffeomorphism.
In addition, we have X= = 0 and W}/ = 0 for all H € H(G, V,0) \ max(S(G)s1) and
M € max(S(G)y,) such that H € M.

For a subset H of S(G), let X(H) denote the union of X, where H ranges over H. Let
M € max(S(G)so) and set Hy, = {M} U H(G, V,0). Let Ny (X(Hy), X) be an M-regular
neighborhood of X(H),) in X. In this section we set X0 = Xx, fO = £, Wg? = Wy,
F]f,?) = Fy, for M € max(5(G)y,), and Féo) = I X f. It is easy to obtain a product M-
embedding <I>§8) I X Ny(X(Hyp), X) — Wy and an M-homotopy

HO : (W, doWar, & War, 81 Wig) X I = (Z,00Z, 01 Z, 301 Z)

rel. 01Wy U 0g Wy such that Hﬁ)lex{o} = Fy and Hﬁ)hm(m;‘})x{l} is a diffeomorphism to
its image.

Now let 7 be a G-conjugation-invariant and upper-closed subset of S(G)so and suppose
F is G-simply organized with respect to ppax : F* — max(F)*, where max(F)* = F* N

max(F). By Definition 7.1, the equality
(10.2) X(Ug(H)) = X(Un(H)) U X(V(G, M, H))

holds for H € F* and M = pn.(H), where Y(G, M, H) is the set of subgroups K € Ug(H)
such that K N M = H. Here we note that X(Ug(H)) = X~ and X(Uy(H)) = (reszXYH.

Lemma 10.1. Suppose F contains F© = max(S(G)s ) UH(G, V,0). In addition suppose
the next condition is fulfilled.

(D1) dim VX = 0 for all H € (F* N1so(G, V ~ {0)) \ F© and K € Y(G, ppax(H), H).
Then there are a G-framed map f' rel. 0, a G-framed cobordism Fg from f to f' rel. 0
and S(M)nonsol, and an M-framed cobordism Fy, from resf/l [ to resﬁflidy rel. O for each
M € max(F)* having the following properties.

(1) X" js diffeomorphic to Y" and f’H cxH S oyH g Ng(H)-homotopic rel. 0 to a
diffeomorphism for all H € F.
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(2) For each M € max(F)*, there is an M-homotopy
H;VI : (W]’V[’ 60W]’V,, 61W1’W, 601W1,w) X1 — (Z, 502, (91Z, 601Z)

rel. 01W), U 001 W), such that HMWW{O} coincides with F', and H;M|W34”><{1} is a
diffeomorphism to its image for every H € F* with pmax(H) = M.

Proof. We can write F in the form
F=FOU(H)U(H)e -1 (Hy)g,

where H; € F* for 1 < i < m, satisfying the condition that if |H;| > |H;| then i < j.
Set M; = pmax(H;). Let H; be one of the subgroups above such that (H;); is a maximal
conjugacy class in F \ F©. For H = H; and M = py.(H), since X># c X(F©), we will
adopt a restriction of (Dﬁg) as a product M-embedding ‘I’gi) I X Ny(M - X2, X) = Wy,
For k = 1, ..., m, we inductively define F by FO = pEDIT (H)g. We prove the

lemma by induction on k = 1, ..., m. Recall that for integers i and j, we mean by [i..j] the
set of integers ¢ such that i < ¢ < j. Suppose that (for fixed k) we have obtained inductively,

e G-framed maps f rel. 9, where f : (X%, 0X%9) — (Y,9Y),

e G-framed cobordisms Fg) rel. 0 and Vg(H,), from £~V to £, where

FO o (W2, 00W2, W2, 80 W) = (2,002, 02,001 2),
e M-framed cobordisms FIS) rel. 0 from res$, f@ to res$ idy, where
F\) o (W), 00Wy, .01 Wy, 001 Wyy) = (Z,00Z.01Z,0012),

such that F 53 is obtained by M-surgeries rel. 0; W}(&_I)Uam W}(&_D onF ;:'4—1) of isotropy
types (K)y, where K runs over {L " M | L € (H;)g},
fori € [0..(k — 1)] and M € max(F)",

e product M;-embeddings ‘I’E.i) : I X Ny, (M - (resgle(i‘l)YH.f,X("‘l)) N Wj(‘zl) such
that ‘PE.") = ‘I’EH) whenever j <i -1,

e product M ;-embeddings Q)E.i) t I X Ny, (M - (XNHH; XDy — Wl(&)j such that GDE.i) =
d);i_l) whenever j < i — 1 and that ‘P;.i)>Hf = UL d)y)L, where L runs over U)y,(H)),
and

e M ;-homotopies

HY - (WD goW? 0, WD 9, WD) x T — (Z,00Z, 0, Z, 001Z)
J j M; M; M;

rel. 81W1(‘f1),_ U 801W1(‘2_ such that Hx;j|W](é[)_><{0}

J coincides with F XI),- and Hi-l)llm((b(ji))x (1 18

a diffeomorphism to its image,
forie[l..(k—1)]and j € [1..0].

Note that dim V7 > 0.

Case 1: Hy ¢ Iso(G, V). By (10.2), there is a subgroup K € Uy, (Hy) such that dim VK =
dim V& > 0. Tt follows that X>#« ¢ XX and X* = XX11X="x, By Lemma 6.2, we can obtain
FO,FY. 0P, and HY. Let M € max(F)* \ {M;} and set Fy = Fg Uz Fiy . Note
that Wg'l is a product cobordism for each j € [1..(k — 1)]. Therefore, for j € [1..(k — 1)],

by deforming ijf_)’, we can obtain desired Flff) R ‘P(jk), ®§.k), and Hgk), where W](f[) is Mj-
J J P J
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homeomorphic to Wék) Uxa-1 WI(V];:I). For t € [(k + 1)..m], we adopt Fj/lz), as FIE,]Z).

Case 2: H; € Iso(G, V). In this case we have dim VX < dim V¥ for all K € Ugz(Hy). By
performing G-surgeries of isotropy type (Hy)g on f* = (resp. M;-surgeries of isotropy type
(Hj)p, on Flg‘k_])), we can assume without any loss of generality that X*~DHx (resp. Wl(ék_]))
is connected. We can obtain an Mj-product embedding ‘I’,((k) 2 I X Ny (M - (ressz(k‘l)YHk,

resglkX("‘”) - W](lf;l) from (D;(/Z and (Dij) , where j runs over the set

Je ={j € [1..tk = D] | pmax(H}j) = My}
Recall the condition that dim VX = 0 for K € Y(G, My, H}) is fulfilled. By Lemma 6.4, we
can obtain f®, F,EZ), CDg‘), and H,(ck). Moreover we can obtain szdk) for M € max(F)* \ {My),
and ‘I’E.k) , CD;."), and Hi.k) for j € [1..(k — 1)] quite similarly to Case 1.
Putting Cases 1 and 2 together, we set f' = f™,

F; = Fél)Uf(l)Féz)Ufa) cee Uf(m—])F(m),

and F;, = FIE,;" ) and H), = H(jm), where M = M;. Then the conclusion of Lemma 10.1
follows. ' O

11. Construction theorems of one-fixed-point actions on spheres

In the present section, let G be a nonsolvable group, let 7 and H be G-conjugation-
invariant and upper-closed subsets of S(G) such that F is G-simply organized with respect
t0 Pmax : F* — max(F)*, where max(F)* = F* N max(F), and

(11.1) max(S(G)so)) UH(G,V,0) CF CH,

let B be the element of Q(G) defined in (3.1), and let V be an S(G)ponsol-free real G-
representation. Suppose V is ample for S and satisfy the condition (D1) in Lemma 10.1.
Let f and F); be a G-framed map and M-framed cobordisms, where M € max(S(G)so1)",
obtained in Lemma 9.1. In this section we suppose that f and F), are adjusted by Lem-
mas 9.2 and 10.1.

Theorem 11.1. Further suppose V satisfies
(D2) dimV# =3 ordimV” > 5 for H e H \ F, and
(D3) the modified weak gap condition at H, for H € H \ F.
Then there exists a G-framed map f' = (f',b’), where ' : (X',0X") — (Y,0Y), satisfying
the following conditions.
(1) f’ is G-framed cobordant rel. 0 and S(G)ponsol t0 fin, where f; = (IG/G] — Bg) fi-1
(i € [1..m]) and fo = f, for some m € N. Therefore X' is the empty set.
Q) 7 x"" = Y is Ng(H)-homotopic rel.  to a diffeomorphism for H € F.
3) 7 X" = Y is a homotopy equivalence rel. d for H € H with dim V7 # 3.
@) 1 x5 ¥ s a Z-homology equivalence rel. d for H € H with dim V¥ = 3,

Proof. Inductively applying Proposition 9.3 to H € H \ F, we obtain the theorem. |

Theorem 11.2. In the situation of Theorem 11.1, suppose H = S(G)yo1 and dimV > 5.
Then there exists a one-fixed-point G-action on the standard sphere S such that T, (S) = V
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as real G-representations, where xy is the G-fixed point of S.

Proof. Let X’ be the G-manifold obtained in Theorem 11.1 and set £ = D(V) Uy X’. It is
clear that X is a homotopy sphere with exactly one G-fixed point, say xo, and 7 (X) = V.
Let S be the G-connected sum ([G/G] — Bg)X with respect to the expression (3.2) of Sg.
Then S is the standard sphere with exactly one G-fixed point, cf. [16, Proposition 1.3]. O

Let G be an extension of G by a finite solvable group N, i.e. we have the exact sequence
E—>N—G-5G—E.
A subgroup H of G is solvable if and only if m(H) is solvable. It follows that
Bz =n"Bs and S(Gso = 1 (S(G)sa).
Let U be a free real G—representation and set
V=UenrV.

Let Y be the unit disk of V. There are a G-framed map ]7 fZ) rel. 0, where f (X, 0X) —
Y, 6Y) bty = fiy 7z = ez(R) © T(X) ® ex(R"), and 15 = = &7(R) ® T(Y) ® &5 (Rf’)

and M-framed cobordisms Fy; = (F B M) where M € max(S(G)so)), M = a Y(M), F =
W~ > IxY,and

By : T(Wy) @ ey (R) - F(TUxY))e & _(RY)
such that
fN = f and fMN = Fy.
Theorem 11.3. In the situation of Theorem 11.1, suppose H = S(G)so1. Let G and U be
as above. Suppose the condition that

(D4) dim U > dimV and dim U + dimV > 5

is fulﬁlled Then there exists a one-fixed-point G-action on the standard sphere S such that
TXO(S) = UV as real G- representations, where x is the G -fixed point of S.

Proof. Let f’ be the G-framed map rel. d stated in Theorem 11.1. There is a G-framed
map f = (f/,b') rel. d, where f : (X',0X’) — (Y,dY), such that f’N = f’. Then f'X is
a Z-homology equivalence for every K € S (5)501 \ {E}. By the condition (D4), X’ satisfies
the gap condition at E, because

2dim X’? = 2dim U" + 2 dim V" = 2dim V"™ <2dimV < dim U + dim V = dim X’

for H € S(G) \ {E} such that X' # 0. Without any loss of generality, we can suppose ]7’
is connected up to the middle dimension. We have the G-surgery obstruction 05 i f ") of
isotropy type (E)g in Ly, E(Z[é]) Recall Proposition 9.3. Performing G- surgeries rel. 0
of isotropy type (E)G on ([E/G] ,BG)f ’, we can obtain a G-framed map f” = f” b,
where f” : X” X”) - (Y 8Y) such that X"’ = @ for all L € S(G)nonsor and f” is a
homotopy equivalence. Then T = D(V) Ug X" is a homotopy sphere with exactly one G-
fixed pomt say xo. We have T, (2) = V as real G- -representations. Let S be the G-connected
sum ([G/G] /SG)Z with respect to the expression of Bz induced from the expression (3.2) of
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Bc. Then S is the standard sphere with exactly one G-fixed point, cf. [16, Proposition 1.3].
O

12. Proof of Theorem 1.3

In this section we prove Theorem 1.3 on a case-by-case basis. Before the proof, we
recall that the condition (D1) in Lemma 10.1 (concerning the primitive gap condition for
(G, pmax(H), H) ) will be requested for H € F \ (max(S(G)so) U H(G, V,0)), and that the
conditions (D2) and (D3) in Theorem 11.1 (concerning the modified weak gap condition at
H) will be requested for H € S(G)so1 \ F. We will give Figures 3—7 to help readers follow
the arguments. In the diagrams, we adopt the following conventions.

(1) For a subgroup H, H" indicates dim V¥ = m.
(2) For subgroups H and K of G, an arrow (resp. a dotted arrow) from H") to K™)
indicates pyax(H) = K and H < K (resp. pmax(H) = K and H AK).

Proof in Case n = 6 (i). Here G = As and V has the form V = V3 @ V] for irreducible
real G-representations V3 and V} of dimension 3. The element B¢ has the form (3.3). The
fixed-point-set dimensions of V for As are as in Figure 3.

DG(O) A4(0) Dm(o)
\ VAR /
\ / \ /
N | /
\ /7 /
N D4(O) |
/N I/
/ \ 1/
/ N
03(2) 02(2) 05(2)
E(6)
Fig.3.

By Proposition 3.3 (1), V is ample for 5. Let F = S(G)so N E} and H = S(G)so1. By Propo-
sition 7.1, F is G-simply organized. By Proposition 7.2, V satisfies (D1) in Lemma 10.1 and
(D2), (D3) in Theorem 11.1. The condition (11.1) is also fulfilled. Therefore Theorem 11.2
gives a desired one-fixed-point G-action on S°. |

Proof in Case n = 6 (ii). Here G = S5 and V is an irreducible real G-representation of
dimension 6. The element S has the form (3.5). The fixed-point-set dimensions of V for Ss
are as in Figure 4.

By Proposition 3.3 (2), V is ample for 5. Let F = S(G)so \ ({E} U (&)5) and H =
S(G)so1- By Proposition 7.4, F is G-simply organized. By Proposition 7.5, V satisfies (D1)
in Lemma 10.1 and (D2), (D3) in Theorem 11.1. The condition (11.1) is also fulfilled.
Therefore Theorem 11.2 gives a desired one-fixed-point G-action on S°. O

Proof in Case n = 6 (iii). Here G = As X Z, where |Z| = 2, and V has the form
V = V2@V, such that VZ and V, are irreducible real G-representations of dimension 3. The
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(0) D1o©

Fig.4.

element S has the form 8¢ = n*f, where L = As and 7 : G — L is an epimorphism. The
fixed-point-set dimensions of V for As X Z are as in Figure 5.

D2 7 A4 70 D102

© D1o©®

E©6)

Fig.5.

By Proposition 3.3 (3), V is ample for S;. Let F = S(G)so \ ({E,Z} U (Cr)g) and H =
S(G)so1- By Proposition 7.6, F is G-simply organized. By Proposition 7.7, V satisfies (D1)
in Lemma 10.1 and (D2), (D3) in Theorem 11.1. The condition (11.1) is also fulfilled.
Therefore Theorem 11.2 gives a desired one-fixed-point G-action on S°. |
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Proof in Case n = 7 (iv). Here G = A5 and V has the form V = V3 & V,, where V5 and V,
are irreducible real G-representations of dimension 3 and 4, respectively. The fixed-point-set
dimensions of V for A5 are as in Figure 6.

DG(l) A4(1) Dlo(O)
\ /1N /
\ / \ /
\ / \ /
\ 7/ /
A D4(1) |
/ N\ I/
/ \ 1/
/ N
-3 02(3) 05(1)
E
Fig.6.

By Proposition 3.3 (1), V is ample for Sg. Let F = S(G)so1 N\ ({E} U (C2)g U (C3)g) and
H = S(G)so1- By Proposition 7.1, F is G-simply organized. By Proposition 7.3, V satisfies
(D1) in Lemma 10.1 and (D2), (D3) in Theorem 11.1. The condition (11.1) is also fulfilled.
Therefore Theorem 11.2 gives a desired one-fixed-point G-action on S”. |

Proof in Case n = 7 (v). Here G = A5 X Z, where |Z] = 2, and V has the form
V = V2 @ V, such that VZ and V are irreducible real G-representations of dimension 3 and
4, respectively. The fixed-point-set dimensions of V for As X Z are as in Figure 7.

DeZ© Ay Z© D102
\ ™ /

EM

Fig.7.

By Proposition 3.3 (3), V is ample for 5. Let F = S(G)so1 N {E, Z}U(C2)6 U(C2)6 U (C3)g)
and H = S(G)s,. By Proposition 7.6, F is G-simply organized. By Proposition 7.8, V
satisfies (D1) in Lemma 10.1 and (D2), (D3) in Theorem 11.1. The condition (11.1) is also
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fulfilled. Therefore Theorem 11.2 gives a desired one-fixed-point G-action on §’. O

Proof in Case n = 3 + 4k (vi). Changing notation, let G = SL(2,5) X Z,, and G = As.
Let7 : G — G be an epimorphism. Changing notation, let V be an irreducible real G-
representation of dimension 3, let U be a free real G- -representation of dimension 4k, and set
V = Uen*V. The kernel N of 7 is Z X Z,,, where Z = Center(SL(2, 5)). The element B has
the form Sz = n*fs. By Proposition 3.3 (1), V is ample for Bg. Let F = S(G)so \ {E} and
H = S(G)so1- By Proposition 7.1, F is G-simply organized. By Proposition 7.2, V satisfies
(D1) in Lemma 10.1 and (D2), (D3) in Theorem 11.1. The condition (11.1) is also fulfilled.
Therefore Theorem 11.3 gives a desired one-fixed-point G-action on §3*4, |

Proof in Case n = 6 + 8k (vi). Changing notation, let G = TL(2,5) X Z,, and G = S5s.
Let7 : G — G be an epimorphism Changing notation, let V be an irreducible real G-
representatlon of dimension 6, let U be a free real G- -representation of dimension 8k, and set
V = Uaen*V. The kernel N of 7 is Z X Z,,, where Z = Center(TL(2, 5)). The element S has
the form Bz = n*fg. By Proposition 3.3 (2), V is ample for fg. Let F = S(G)so1 \ ({E} U
(€)¢) and H = S(G)yo1. By Proposition 7.4, F is G-simply organized. By Proposition 7.5,
V satisfies (D1) in Lemma 10.1 and (D2), (D3) in Theorem 11.1. The condition (11.1) is
also fulfilled. Therefore Theorem 11.3 gives a desired one-fixed-point G-action on S0+

O

We remark that the real G-representation V in Theorem 1.3 is faithful and therefore the
G-action on V is effective. Since T,,(S) = V, the G-action on S obtained in Theorem 1.3 is
effective.
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