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Abstract

We provide an account for the existence and uniqueness of solutions to rough differential
equations in infinite dimensions under the framework of controlled rough paths. The case
when the driving path is a-Holder continuous for @ > 1/3 is widely available in the literature.
In its extension to the case when o < 1/3, the main challenge and missing ingredient is to
show that controlled rough paths are closed under composition with Lipschitz transformations.
Establishing such a property precisely, which has a strong algebraic nature, is a main purpose
of the present article.

1. Introduction

Multidimensional stochastic differential equations (SDEs) of the form

d
(1.1) v, = Y vi(rydxl, Yo=y,
j=0

where Xt0 =1, (X,j );’:] is a d-dimensional Brownian motion, and (Vj)?:o are smooth vector
fields on R", has been frequently used for modelling in mathematical physics and finance (cf.
[13] and the references therein). The case when V; = 0 for all j > 0 corresponds to ordinary
differential equations (ODEs). The SDE (1.1) also has applications in pure mathematics.
For instance, the distribution of its solution can be used to study some second order linear
parabolic and elliptic differential equations, leading to probabilistic proofs of celebrated
results in PDE theory such as Hormander’s theorem (cf. Malliavin [11]).

When using Picard’s iteration to establish the existence and uniqueness of solutions to
(1.1), the convergence of the iteration is established under the L?-norm with respect to the
Wiener measure. Partly inspired by the conjectures of H. Folmer, Lyons [8] developed a
pathwise approach to construct the integral against the “dX,j ’s” and showed the pathwise
well-posedness of the SDE. Lyons’ pathwise estimates were performed through considering
the Brownian motion as an enhanced object by including the second order structure given
by an iterated integral process:

X5 = (X — X, f dX,, ® dX,,).
s<u<up<t

In fact, given any function (s, f) — X, satisfying certain algebraic and analytic conditions, a
unique solution Y to the equation (1.1) can be constructed in terms of X, so that the mapping
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X — Y is continuous. Such functions X are known as weakly geometric rough paths.
Lyons defined the solution for (1.1) effectively as

YSJ = (Yt - Y57f dYul ® dYuz)
s<uy<up<t

so that the solution path Y, like X, is also a weakly geometric rough path. Lyons’ rough
path theory has an analytic nature and goes way beyond the framework of Brownian motion.
Later on, Gubinelli [5] proposed an alternative way to interpret the solution Y as a controlled
path, which we will elaborate below. The monograph of Friz and Hairer [2] contains an
excellent exposition of this approach. In contrast to weakly geometric rough paths, the
set of controlled paths has a nice linear structure making it into a Banach space and some
algebraic considerations are simplified accordingly. Both [5, 2] contain the complete theory
for the case when the Holder exponent a of X is greater than 1/3.

While for most parts it is commonly believed that the extension to the case when @ < 1/3
is standard, the proofs and precise quantitative estimates under the framework of controlled
paths do not seem to be readily available in the literature. There is an essential ingredient
whose extension to the case when o < 1/3 is not obvious at all. To be more specific, when
formulating the differential equation

(1.2) dYy = F(Y)dX

in the sense of controlled paths, one needs to prove that if Y is controlled by X and F is a
suitably regular function, then F()’) is also controlled by X. In the case when a < 1/3, such
a stability property was first established by Gubinelli [6] and more recently by Friz-Zhang
[4] in the context of branched rough paths. Correspondingly, existence and uniqueness
of solutions to differential equations driven by branched rough paths was also established
in these works. Since all finite dimensional geometric rough paths can be considered as
branched rough paths, [6] and [4] provide a natural generalisation of the controlled rough
path theory which also allow arbitrary regularity. However, the theory of branched rough
path is essentially finite dimensional since branched rough paths are indexed by rooted trees
over a finite set of labels. The combinatorial analysis of branched rough paths also reflects
its finite dimensionality in a crucial way.

The main goal of the present article is to develop a generalisation of controlled rough
path theory to the case @ < 1/3 in infinite dimensions in an intrinsic way. In other words,
the underlying paths are assume to take values in Banach spaces and the current approach
does not rely on a choice of basis. As we will see, the main challenge in proving the afore-
mentioned stability property of controlled rough paths when @ < 1/3 has a strong algebraic
nature that is not similar to the usual Holder regularity estimates. The “geometric” feature
of X plays a critical role which is not needed in the case when @ > 1/3. A major effort of
the present article is to develop this algebraic component precisely based on tools from free
Lie algebras (cf. Section 4 below). For completeness, we have also included a full proof to-
wards the well-posedness (existence, uniqueness and continuity) of the equation (1.2) under
the framework of controlled paths (cf. Theorem 6.1 in Section 6.2). In our modest opinion,
having the controlled rough path framework properly set-up in full generality along with the
key quantitative estimates might also be beneficial and convenient for the broader commu-
nity. We remark that the consideration of infinite dimensional equations is needed in many
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applications. A notable example is the recent work of Ohashi-Russo-Shamarova [12], in
which the authors established the existence and smoothness of density for path-dependent
SDEs from the perspective of controlled differential equations in infinite dimensions.

Apart from Lyons’ original approach and Gubinelli’s controlled path approach, there
are several other approaches to study differential equations driven by rough paths, some
of which further develops the idea of controlled paths (see for instance Davie [1], Hairer [7],
Lyons-Yang [10]).

Organization. The present article is organized as follows. In Section 2, we recall the basic
notions of geometric rough paths and controlled rough paths. In Section 3, we derive a
Holder estimate for controlled rough paths in terms of the remainders. This estimate is
needed for later purposes. In Section 4, we prove the stability of controlled rough paths
under Lipschitz transformations. This part is a main ingredient of the present article. In
Sections 5 and 6, we study rough integration and rough differential equations.

2. Preliminary notions of rough paths

We begin by recapturing some notions of geometric and controlled rough paths over Ba-
nach spaces. This provides the framework on which the present article is based.

2.1. Geometric rough paths. Let U and V denote Banach spaces. The spaces U and
V will represent the space in which the paths ¥ and X in (1.1) take values respectively. A
family of admissible tensor norms on (V") (cf. Lyons-Qian [9]) is a family of norms,
one for each of V®", such that:

Forv € V® and w € V&,
llo ® wllyes < [Jollyen|lwllyer;
Given a permutation o~ of order n, let P, denote a linear transformation on V®" such that
Pr(01® - ®Up) = Vo) ® *** ® Ur(n)-
Then for all v € V®",

1Po@)llver = [lvllyen.

Throughout the rest, whenever working with Banach tensor products, we always assume
that a family of admissible tensor norms is given fixed. For simplicity, we always use | - | to
denote norms of tensors, and use || - || to denote Holder norms of paths.

Let L(U; V) denotes the space of bounded linear operators from U to V. We frequently
identify spaces L(U;L(U;V)) and L(U®%V), and similarly for more general cases
LU V).

Let0 < @ < 1/2 and set N £ [1/a] to be the largest integer that does not exceed 1/a.
The number « is fixed throughout this article, and all constants in the article will, without
further comment, depend on a.

A continuous mapping X’ : A7 £ {(s,1) : 0 < s <t < T} — V®is called a-Holder
continuous if
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X5

”Xi”ioz £ sup i
o<s<i<T (I — 5)'@

Let T™ (V) denote the truncated tensor algebra 1 ® V@ --- @ V®V. A mapping X : Ay —
TN (V) is called multiplicative if for any s < u < t,

Xs,u ® Xu,l = Xs,t'

The following algebraic structure will be used in Section 4 in a crucial way. For each
k > 1, consider the algebra

TV £ TV R - 1 TM(WV).
k

Here ® denotes the tensor product whose notation is used to distinguish from the one ®
defined over T™ (V). The product structure * over T™W )(V)®* is induced by

ER-RE)=(MmB-Bp) = (1 @M) R+ ® (€ @ 1mp)-

If fi, -, fo € LT™M(V); U), we denote

fimem fi: TVW - U™
as the mapping induced by

BB R RE) = [il§) B B fil&).
There is an algebra homomorphism

5 (T(V),8) = (TM(V)™, %)

induced by
o)z rvRlIR--- K1+ +1R---R1Rv, vEV,

where 1 £ (1,0, - - - , 0) denotes the unit element of 7™ (V). See [14], Section 1.4 for further
details about §;. Let & = vy ® ---Quv, € V¥. Given I = {iy, - , iy} withij < --- < i,,, we
define

iz, ® - ®u;,

and we adopt the convention that &|y is the scalar 1. One useful property of ¢y is that

@.1) (&) = vl m--mul,

(o)
where the above summation is taken over all partitions (/) of {1, - - - , r} into disjoint subsets
I, -+, I (some of them can be 0).

DeriNtTION 2.1, The free nilpotent group of order N is the subset of TV (V) defined by
22) "M== etV a@ = ), fmoemdh k2

o<l +++I <N
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Remark 2.1. The above characterization of the free nilpotent group of order N is equiv-
alent to a common definition in terms of the exponential of Lie series. Indeed, according
to [14], Theorem 3.2, an element & € T (V) (the algebra of infinite tensor series) is the
exponential of a formal Lie series if and only if

0(é) =¢mE,

where 6, is the canonical extension of &, onto T*(V). By a similar proof, this is also
equivalent to

(2.3) 5i(&) = &%, Yk = 2.
To see the equivalence between (2.3) and (2.2), given r and k let us introduce the projection

Pr . T(oo)(V)IZlk N @ V®l| K- X V®lk C T(N)(V)Ek,

L +~-~+lk:r

Ifé = (&0,&",€%,---) with & € V¥ then
PGuen= > &m-meh

L+-+l=r
As (2.1) implies that & sends V®" to (P, ,..,, _, V®" & - ® V&, we see that
SUE)=PBueN= Y &m-méh
L+ +l=r

Therefore, if (£2,&', -+, £V) is the exponential of a Lie series on 7Y)(V), we have

51(((‘50’... ,é:N)): Z é:ll x...xglk‘

O<ly++[, <N

ReMARK 2.2. Technically, we should assume that the algebraic tensor product 7™ (V)=
has been completed with respect to some admissible tensor norm (e.g. the projective tensor
norm). But this is not an essential point since we will only work with elements in the
algebraic tensor product (i.e. linear combinations of tensors of the form ¢ ® - - - ® &).

DermntTion 2.2, A a-Hélder geometric rough path X is a multiplicative functional
X=X, XV Ay » T™V(W)
such that X, eG™Y)(V) for any (s, 1) € A7 and X' is a-Holder continuous for each 1 <i < N.

RemaArk 2.3. Here we follow the convention in [2] and call such rough paths geometric.
In the earlier rough path literature (e.g. [3]), such paths are often called weakly geometric.

Given two a-Holder geometric rough paths X, X, we define their “distance” by

N
(2.4) PaX,X) £ 31X = X
i=1

We also denote [|X]|, = po(X,1).
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Remark 2.4. A typical way of constructing geometric rough paths is as follows. Let
{X" : m > 1} be a sequence of Lipschitz continuous paths in V. Then the limit

(2.5) X, = lim (1, f dxy, .- f dX" @ @ dX")
m—eo s<uy <t S<U)<--<Uy<t

yields a @-Holder geometric rough path provided that the convergence holds under the a-
Holder metric (2.4). When V is finite dimensional, the union over {@ : @ < &’} of all
functionals A7 — T¥)(V) that can be constructed through the procedure of (2.5) is precisely
the set of o’-Holder geometric rough paths (cf. [3], Corollary 8.24).

According to [8], when X is a geometric rough path, the solution to the differential equa-
tion (1.1) can be constructed in the sense of geometric rough paths.

2.2. Controlled rough paths. In this article, we take the perspective of controlled rough
paths introduced by Gubinelli [S]. A benefit of this viewpoint is that the underlying path
space is a Banach space which simplifies algebraic considerations to some extent. Heuristi-
cally, the solution to the rough differential equation dY; = F(Y;)dX, can be formulated as the
fixed point of the mapping M : Y. — fO' F (Y,)dX,, provided that M is a contraction on a
suitable space of controlled rough paths. We first define the notion of controlled rough paths
precisely.

DermiTion 2.3. A collection of continuous paths YV, = (Y,0 , Y,l, cee, YtN -1), where Y,0 eU
and Y/ € L(V®;U) for 1 < i< N -1, is called an a-Hélder controlled rough path over U
with respect to X, if the “remainder” defined by

RY = Yi-yi- ¥ vUX], if0<i<N-2,
st YtN_l _ Yé\/fl’ ifi=N— 1,

satisfies foreachO < i< N -1,

. IRV,
i A s
IRV IN-i)a = sup [r— s[V-be

0<s<t<T |

The space of controlled rough paths over U with respect to X is denoted as Dx.,(U). We
define a semi-norm || - [|x., on Dx.,(U) by

N-1

Vlxce 2 )" IRV -

i=0
RemARK 2.5. We often use the shorthanded notation Y., = ¥} — YL.

Let X, X be two a-Holder rough paths. To measure the distance between Y € Dx.,(U)
and Y € Dx.,(U), we define the functional

N-1

dx 5.0V, V) £ D IRV = RY -
i=0
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3. Holder estimates for controlled rough paths

The following lemma tells us how to estimate ||Y — ¥7||, in terms of dy £.,(), ) and the
difference of the initial data. This estimate is useful in the next section when we study the
stability of controlled paths under Lipschitz transformations. For simplicity, we introduce
the notation

X AX —X, oY 2Y - ¥, SR 2 RY - RY.

Lemma 3.1. For each 2 < i < N, there exists a universal function M; : [0, 00)’ — [0, o)
which is continuous and increasing in each variable, such that

N—i < N-j N-j
16Y" " llo < MA(T, Xllo» [Xle, max Y], max [[RY"7||;,)
Igj<i-1 Igj<i-1

i—1
X [0a (X, X) + RN g + D (16Yy 1+ [6RY]] )]
j=1

Remark 3.1. Ifi = 1, 6Y¥ = 6RV~! and hence
(3.1) 1YY Nl = I6RY .

Proof. We prove the lemma by induction. When i = 2, we have
YO - PN = (X - IR )+ (RYY - RYNT
=YV X, - X )+ (YT = YYDHR + (RYYTT-RINT).
It follows from (3.1) that
1YY 2l < (1 + T (VY + 1YV )X
+(1+ T [V T+ 1YY b)IX e + I6RYN 2 T?]
SUA+TH(T* + Xl + 17+ IRYY )
X [116X o + 16V + I6RY Nl + 1SRN 2|24 ].

Therefore, the claim holds in this case.
Suppose that the claim holds for 6YV=!, ...  §¥Y"~. Using that

i i
6YQI;(H1) — Z Y£V—JX;;1—.1 _ Z f/ﬁV—]X;j;l—] 4 5RN—(1'+1)’
j=1 j=1

we have

(3.2) YN0,

i
<+ T A+ 1YY NIOX ™ 1 e
j=1

+ 087 1+ 1YY IR o+ IRY Dl 1,0]
j=1
< (1 7O+ max (1Y + 1YY 1le) + 1K)
S YA
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oo (X, X) + > (16Yy 1+ 1YY ) + RN Dll1,0].
j=1

By the induction hypothesis with X = X and taking ¥ = 0, there is a universal function M f
that is continuous and increasing in every variable, such that

(3.3) 1YY, < M{(T,IXlo, max [YY™|, max |RY"|I,)
1<I<j-1 1<I<)j
and similarly for each 1 < j < i we have
(3.4) I6Y "l < MAT, Xllgs IXllo, max [¥)™], max [IRYN|I,)
I<Igj-1 I<igj-1
j-1

X [pa(X, ) + 1SRN o + > (675 ~!| + 1R )],
=1

The induction step follows by substituting (3.3) and (3.4) into (3.2). O

REmARK 3.2. An immediate consequence of Lemma 3.1 is that Dx.,(U) is a Banach space
under the norm

N-1
(3.5) 1Pl 2 IVllxca + ) 1Y)

i=0

4. Stability of controlled rough paths under Lipschitz transformations

Under the framework of controlled rough paths, an essential ingredient for solving an
RDE dY = F(Y)dX (with Lipschitz vector field F) is to show that F()’) is also a controlled
rough path. We would like to point out that the extension of this property from the case
of 1/3 < @ < 1/2 (which is the common setting in most of the literature) to the general
case of @ < 1/3 is non-trivial. As we will see, the main challenge has an algebraic nature
rather than just being standard regularity estimates. To point this out concisely, the Taylor
expansion of F for the O-th level function (i.e. equation (4.1) below when j = 0) allows us
to motivate the construction of F(Y) = (F(Y)°,---, F(Y)¥"!) as a controlled rough path
in one go. However, justifying the remainder regularity for all the derivative paths requires
deeper algebraic considerations and the geometric nature of X plays an essential role. For
this purpose, we take the viewpoint of Reutenauer [14] and rely on the coproduct structure
O introduced in Section 2.1 in a crucial way.

We begin by recalling the notion of Lipschitz functions in the sense to Stein [15]. Let
Esym(ng : W) denote the set of bounded linear operators 7 from V®/ to W such that for all
permutations o over {1,--- , j},

T(o()y R+ Bgny) = T(0) ® -+ R 0p,).
Derinition 4.1. Let W, U be two Banach spaces and let K be a closed subset of W. Sup-

pose that y € (N,N + 1] where N is a non-negative integer. A collection of functions
F=(F°F',... FN)is said to be y-Lipschitz over K, if:

(i) the functions F* : K - U and F/ : K — Esym(WEf; U) (1 < j < N) are bounded on K
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(ii) for each 0 < j < N, the following Taylor expansion holds:
Ny

@D F@@ =) 5P -0 88 + Ry@. xyeK.ée W,
=0

where the remainder R; : K X K — Lym(W®/; U) satisfies

IR;(x, Yl

- < oo forall0< j<N.
x#yeK |X - !/|7_J

The Lip-y norm of F, denoted as ||F||Lip-,, is defined to be the smallest number M > 0 such
that for all x,y € K,

I/l < M, IR;(x, )l < Mlx =y

for all 0 < j < N. The Banach space of all y-Lipschitz functions F = (F°,---,FN) is
denoted as Lip(y, K).

Now let X be a given a-Holder geometric rough path over a Banach space V. Our aim in
this section is to show that, if ) is an a-Ho6lder controlled rough path over W with respect
toXand if F = (F°,--- ,FN) is y-Lipschitz over W taking values in U, then F()) is an
a-Holder controlled rough path over U. In addition, given another controlled rough path
¥, we shall establish a quantitative continuity estimate of dy x.,(F(Y), F () in terms of
dx 3.0V, V).

In the first place, we need to elaborate the meaning of F()’) as a controlled rough path,
which consists of the actual path in U along with its N — 1 derivative paths. The actual path,
denoted as Z?, should apparently be given by Z° = FO(Y?). To motivate the derivative paths,
we use the Taylor expansion of F :

N-1
FOO) = FO(r)= ) =

=1

| —

ST )®),

~

where = means being equal up to a term of regularity |t — s|¥®. Note that a term of such
regularity is regarded as a remainder in the expansion of Z°. To proceed further, we adopt
the convention that Y/ € £L(V®; W) is extended to a linear mapping from 7™ (V) to T™"(W)
by setting Y/(¢) 2 0if & € V® with j # i. Using the expansion of Y°, we have

N-1 N-1
YR=(( Y YOX )™ = () ¥H¥(XE).
i=1 i=1
Since X is a geometric rough path, X, takes values in the free nilpotent group G™ (V).
By using (2.2), it is not hard to see that
5j(Xs,t)iXs,t K- K Xs,t-

As aresult, we have

N-1

. 1. &
FOr?) = " = FIrd(( ) YD (6,(X.0)))
i=1

=0 I
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._.

N-1N
1 i
SF+ Y Y S Y] (e Y60,

J!

r=1 j=1 ip+etij=r
where the summation Z,l +otij=r 18 takenover all 1 <y, ---,i; <N — 1. Itis then clear that
the derivative paths Z', ZN ! should be defined by
N-1 '
4.2) A Z =FIYD( D (Yrmem¥))o6lye).
j=1 ‘] ij+etij=r
Note that the requirement i1 +- - -+i; = r together with 7y, --- ,i; > 1 mean that the sum Zj-v: _11

is in reality a sum )" L=y as the terms from j=r+1to j= N — 1 are zero. We have left it as
Z?’Z _11 for the convenience of interchanging summations later on. Note that Z! € L(V®"; U).

To prove that Z = (ZO, s ZN ‘1) is controlled by X, by Definition 2.3 we need to show
that

(4.3) Z =2 e ZY IR

for each 1 < r < N—1, where in this case = means being equal up to a term of regularity |¢ —
s|¥="¢ The main challenge (and essence) of proving (4.3) is algebraic rather than analytic.
In particular, this relies on a key algebraic lemma which we now motivate.

First of all, there is nothing to prove when r = 0, since the definition of Z" guarantees the
desired regularity property in this case. For I <r < N —1,let £ € V® be a generic element.
To simplify the notation in the computation below, we set

(4.4) nl = Z (Y'®m---RY)od; (&) e WY
i1+~~~+ij:r

Then we can write
N-1

r 1 j j
4.5) ZI(¢) = Z‘ ﬁFf(Y?xn{)
]:
N-1 1 N—l—j1 '
=250 2 e @ ™ mm)
=17 =0
N-1 1 N-1 1
=2 5 D e PN mn))
= k:j( D!
N-1 k
k
= Z ,(k A ) am)
k=1 j= J
Let us define
(4.6) A= > (Y X EemyIX] )06 (@)
i1+---+i/:r 11>i1,"',lj>ij
and

N-1
@.7) 0= vexy,
m=1
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respectively. It follows that

N-1 &k

(4.8) AGE Z > : (k T A m )

=1

k
ka PO m ).
J=

1
N-1

=1

On the other hand, we have

Z+Z7' Xy + -+ 20T XN

N-
_ Z Z _Fk(YO YR = YE) o 6i(Xy, ®E)).

I=r k=1 ij+-+ix= l

M

Consequently, to prove Z is a controlled path, it boils down to showing that

N-1 k
(4.9) 2w A )
k=1 j=1 ‘]
() (i mYH 06X, ®8).
k=1 I=1 i +eetip=l

Here an important point is that F¥(Y?) is a symmetric functional over W=, To respect the
underlying symmetry, let Sy : W= — W= be the symmetrization operator on homogeneous
k-tensors, and let K be its kernel. We introduce the notation & =  to mean that & — n € K.
Using the symmetry of F¥(Y?), it remains to establish the following algebraic lemma.

Lemma 4.1. Foreach 1 < k<N -1, we have
1 50 \Bk=)
(10 2 =g ()

k‘ Z Z Yll xYlk)oék(Xst®§)+A3sza

I=r i1+-+i=l

where we recall that f]{ is defined in (4.6), IA/?’, is defined in (4.7) and

A 1 1 i
(.11 Motg D Vieari((Xum--mX) o).
1<iy, -, ix<N-1
i\ ++ig =N
Remark 4.1. The role of the term A’;gs’ . is to compensate the difference between 6;(X,)

and X'?’l‘ (cf. (2.2)), which arises from tensor truncation.

Proof. By the linearity for both sides of (4.10), it is enough to consider the case & =

v ®---®u, whenv; € V forall 1 < i< r. Recall that
(4.12) = > Z YiX e mY/X ) o s (v @),
i1+<--+ij:r l] Zil,"',ljZij

and
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(4.13) S @ ®v)= > fym-mé,
(o)

where the summation is taken over all disjoint subsets Iy, - - -, I; such that Ui
r}. Using the above formula for ¢, equation (4.12) becomes

o =A1,---,

(4.14) 2, C 2 vixmemyX") Y meme,
i+ +lj ro Lz, l?’ (Iy)
= > > Z YT ed)m e m YI(X] @),
iytetiz=r (ly) L2y, 1205

Since Y’ acts on V® and sends on all other elements to zero, we know that
YiX @d)=0 if 1| #i.

Therefore, the summation 3, ) in (4.14) becomes a summation over all partitions (I(,)i _, of
{1,---r} such that |I,| = i, for all @. As a result, we can write

22 =
i1+---+i,-:r (Ia)}i:l:llzvlziw Va (Ilt)i,:]:lI(Yl;l Va

where the right hand side denotes the summation over all partitions (I(,)i _,of{1,---,r}such
that |I,| > 1 for each . Moreover, as Y\(X?, ® £;) = O unless ¢ = [ — |I|, we have

Yi(X], ® €l = Yy(Xss ® €.
Note finally that as X;; ® £|; has degree at least |/|,
Yi(X, ®&)=0 ifl<|.

Therefore for each 1 < @ < j the summation }}; 5, | can be replaced by the unrestricted

sum Y NZ I 1
Taking into account the above considerations, equation (4.14) now becomes

N-1
A j l
77{ = Z Z Yél (Xs,z ®§|11) K---K YSJ(XSJ ®§|1i)'

U, _ 1,20 Ve lo =1

It follows that

k
1 . P
(4.15) Z W(Y?J)w Vai,
NI
= Y;nIXs,t XX Y;nkijxs,t
'(k '])' M- j:]

l.
I Z YI(Xo @) B R Y(X,, ®4),)
(o)) L#0 Ve 1
k

- P
Z '(k J)' Z Y X ®---®1Yo X,

=1
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N
B V(X @) - m YK, 84)).
(), 1, #0 Ve

As the next observation, let (Hl-)f.‘: | be a partition of {1,--- , r}. If there exist §; < --- < f3;
such that Hg, = I; for 1 <i< jand H; = 0 fori ¢ {8,---,5,}, then

Ng— R v
Z YIX o ® e B Y X B Y (X @) BB Y (X, 8 1)
]’lk |
N-1
S

D Y Xy @) BB YK, ® ).

hy, =1

There are a total of ( ) such partitions (H; )k for each given j-tuple (11,--- ,1;). As aresult,
we have
N-1
Y (X @) B 8 Y (X ® Ely)
Iy =1 (Hy):3B, <<Bj.Hp, =1 Vi
SNl
Y ( .)Yﬁ“xs,, BBV X Y (X @4
hl’...’hk:]
- X Y?k(Xs,t ®§|I_,-)~

Since the summation

>
=ay!

a=1

1,20 Vo (H):3B1<<B;,Hp,=I; Vi

is equivalent to summing over all partitions (H,-)]J‘.=1 of {1,---,r}, the expression in (4.15)
becomes (up to permutation symmetry with respect to X)

N-1

1
@16 = > Y (X, @ &lm) @ B YH(X,, ® €l )

" by e=1 (H-)’.‘ \-partition of {1,--,r}

Z Yimem Y (X @ mX,) 5 () Ely @ B Ely).

k
=1 (H)-,

By using the formula (4.13) for 6, again, the expression in (4.16) becomes

(4.17) Z YimemY(Xy, 8 8X,,) %60 @ ®0,))
hk 1

=5 Z Z Y mem V(X BB X ) 60 ® - ®0,)) + AL,
I=r hi+-+h=Il
where A’; " is defined to be the difference of the two expressions in (4.17).

Note that when /; + - -+ + I < N, the operator Yh®.om Y™ only acts non-trivially on
elements of @, .11, <n Vel ... 1 Ve, Since X,/ € G™M)(V), according to the shuffle product
formula (2.2), for such %;’s we have
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Y. m V(X =1 X)) * 00 ® -~ ®0,))
=Y m.om Y Z X @ mXE) (0 ® - ®v,))

L +-+[ <N

=Y R m YK ) * 001 © - @ y)).

Since ¢y is a *-homomorphism, the expression in (4.17) becomes

Z Z Y ® - m Y (X ® v @ @) + AL

I=r hy+-+h=1

which is precisely the right hand side of (4.10). O

Having the above algebraic considerations, we can now prove the main result of this
section. For the need in the study of RDEs in the next section, we also establish a continuity
estimate for Lipschitz transformations.

Theorem 4.1. (i) [Stability] Let Y be a controlled rough path over [0, T] with respect to
X. Let F = (F°,F',--- ,FN) be a y-Lipschitz function with y € (N,N + 1]. Then the path
Z = F(Y) as defined in (4.2) is a path controlled by X in the sense of Definition 2.3. In
addition, we have

(4.18) IF ) lxia < IFllzipy - M(T. max (Y], [ D]fxca 1Xl)

(i) [Continuity estimate] Let Y and Y be paths over [0, T] controlled by X and X respec-
tively, and let F be (N + 1)-Lipschitz. Then we have

(419) dX,X,a(F(y)’ F(J}))

<UFlzip-oveny - M(T, max (Yl max (T [V [V 50: 1Kl 1K)

X (0<lm<a]1vx |Y Yol + dx x..(Y, V) + po(X, X)).

In both parts, M(- - - ) denotes a universal function that is continuous and increasing in every
variable.

Proof. To ease our discussion, we use the notation “<” to denote an estimate up to a
continuous increasing function M in T, maxi<ey-1|Yil, maxicien—1 1T, IVlx:as 1P]l5:0
IXIles IXIle, which may differ from line to line. We closely follow the notation used earlier
in the algebraic considerations. In particular, in order to prove the theorem, essentially we
appearing earlier.

[N L]

need to keep track of the remainder from each of the notions
First of all, as seen before, we can write

N-1 N-1
AGE Z FROYCr+ A5 ) + Arss EZL(&) = ) RO = AL,
k=0

Here
EZ (&) 2 (Z,+Z]' Xy, + -+ ZV XN @),

Cy, Dy are defined by the left and right hand sides of the algebraic identity (4.10) respec-
tively. The remainders A.;,, A5, . are associated with the notions appearing earlier and

9

k
2.t
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A§ ;.. 18 defined by (4.11). To be precise, they are defined by the following equations.

(i) (cf. (4.5) and Taylor’s theorem with integral form remainder)

(1 _ H)N 1-j
@20) At Z [ P D m s,
0 —1-
where we recall that 3", = ?/:711.

(ii) (cf. (4.8))

—Z ,(k 52 (T E e m )

iy 4rij=r
— (VI YNNI m (EY m - m EYLL(66)),
where
EY,, Y +YPIX], 4+ YN IXY
According to Lemma 4.1, we have
FYY)(Cr) = FOY)(Dy).

It follows that
N-1

4.21) RZ;, = Y FR) (AL, + AL )+ Ary.
k=1

Similar definitions and identities hold for the tilde-quantities. We need to estimate the regu-
larity of the A’s.
As a standard way, we frequently use the simple inequality

(4.22) lab — ab| < |a —al - |b| + |al - |b - .

Also note that |F k(Y?)l < |[FlLip-n- As a consequence of Lemma 3.1 (without the presence
of ), we have

(4.23) YoIslt—s", ¥l <1, Vi1
From these considerations and the expression (4.20) of Ay; s, ¢, we see that
(4.24) Al S IFllip-y - I = sV

For the term A’; o

by forming a telescoping sum it boils down to estimating
4.25) (YN m (Y m-- = Y(6;&) - (VX! + - 4+ YN IxN-hEEeD
= (EY], 8- R EY/,(6;(£))))
=0, - YIX! 4 YN R (YO )R m Y m Y (6;()) + -
F (VXL 4 VX m (BY m - (Y] - EY)6,6).
Note that

1yl N—-1vyN-1 N
|YSOJ_YSXS,I+..'+YS Xs,t |S|l‘-S| “
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and
|Yv1Xit +oeet Yiv_lxé\,/t_l| = |Y?t - Ry?,t' <Sle— S|d~
In addition, for each i > 1 we have
|EY! | = [Yi+ YIIX) 4+ YYIXN T = Y - RYE 5 1,
and for each i < r we have
[Yi - EYi| <t — sV

Consequently, we see that

(4.26) A%, < le— sV
We now estimate
k 1 hy hye
AS;S,I = F Ys K- K Ys ((XSJ K- N XS,I) * 5/{(6))
: hy++h =N
1 N
= D, YrmemYN( ) XlmemX)«6().

: hy+-+h =N I, =1

Since hy +- -+ h, > N and & € V¥, the only non-zero terms are the ones when [; +-- -+ [; >
N — r. In this case, we see that

I 1 N-
Xy, & mXS < (=)
Therefore,

I S P D 4l PR 6 YR e (R Eai
hy+-+h =N
We particularly point out that the constant hidden within “<” is independent of Yg. This
will be important for RDE considerations later on. From (4.21), (4.24) and (4.26) we con-
clude that Z is controlled by X and the estimate (4.18) follows.
To prove the second part the theorem, we need to estimate
N-1
RZ;, - RZ;, = > (FA)(ak,,) - FAIO(AS,)
k=1
N-1

+ Z (Fk(Y?)(Ag;s,t) - Fk(Y?)(A];,s,t)) + (A1§SJ - A1§S,t)‘
k=1

For this purpose, let us introduce

N-1

DX, V5 X, D) £ po(X, X) + dy 5oV, ) + Y 1Yy = Fil.
i=0

Now it remains to establish the following set of estimates (for 1 < k < N — 1):

IFY(Y?) — F*¥O) < IFllLipy - DX, V3 X, D),
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(4.27) Atiss = Avisal S IFllLip-oven) - DXLV X D) - [ = 5|07,
(4.28) |A2 o A’g;sﬂ < DX, VX, 3) - |t — 5|V,
(4.29) A%, — A% | < DX VX, D) - Jr — sV,

To see the first inequality, first note that
1
) = PRI = | f FEIY) +0(r] = YY) - ¥{)do |
0
S W Fluip - (Y9 = 75| + Y = 79 ).

The inequality then follows from Lemma 3.1.
For the inequality (4.27), according to its expression (4.20), it suffices to estimate

FYQr) +0Y] )] = (V)= 7) = FY (T + 0701 m (¥, ),
Recall from the definition (4.4) of 77{ that

n -7 = Z Y'm---mY, -V'm---m¥)od; ().

Foreach 1 <i< N -1, we have
(4.30) |[Yi = ¥i| < |v§ - V3| +|(¥} - v}) - (¥ - V)|
<|Yi - Y| + 1Y = ¥, T
< DX, ¥;X, D).
Since IY;I <1, |f’f| < 1, it follows that
I/ - 77l] s DX, ¥: X, D).
On the other hand, according to Lemma 3.1 we have
Y0, = 72| <0 = POll, (¢ - 9" s DX, V: X, D) (1 - 9)".
Therefore, we see that
|[FN(Y? +0Y0) — FN(Y? + 02 )| < IIFllLip-van [Y2 + 6Y2, — (Y0 + 67|
< ||F||Lip-(N+1)|Yg +0Y), — (V) + 6Y01)|
< IFlip-ovan (Y5 = Fo + [0, = PO + Y0, - ¥5.))
< IFlip- v (Y5 = Fo| + 2070 = POl T)
S IFllLip-vay DX, ;X ).
The inequality (4.27) thus follows (the regularity |t — 5|V ="

in the summation (4.20)).

For the inequality (4.28), to estimate A%, — A% we write this difference in the form of
a telescoping sum that is similar to (4.25) but also with the tilde-quantities. We already have

the required estimates for Ygt - f’g, and Y/ — ¥/ when analyzing A.;,. We also have

comes from the fact that j < r

1y1 N—-1yN-1 vl N-1gvN-1 0 0 90
'(YsXs,t +-ot Ys Xs,t ) - (YsXx,t +--t Ys Xs,t )| < |Y§),t - Ys,t| + |Rys,t - Rys,t'
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a
s

S DX,V X, D)t - 5

and
|EY!, - EYi | <|v] - EY, - (¥ - EV. )| + |V - 7]
:'Ryé,t - Rj}é,t| + |Ytl - Ytl|
<sD(X, V; X, )).

As a result, the desired estimate for A’;gm - A’;N follows.
For the last inequality (4.29), we have

N
A 1 1 ]
My ~M=g 2 Yreomyk( ) XimomX)) o)
Iy, =1

Y hyj4+eety =N
N
—Phmem () KimemRE) e 6u().
l =1

Note that |Y]| < 1, |Vi] < 1 and |¥] - ¥/| < DX, ¥;X, ¥). We also have [X! | < (t — )",
X!l < (-5 and X!, - X! | < DX, Y; X, P)(t — 5)". Therefore, we obtain the desired
inequality (4.29).

Now the proof of the theorem is complete. |

5. Continuity of rough integrals

In this section, we study the integral f ZdX as a controlled rough path and establish a
continuity estimate. Recall that @ € (0,1/2] and N £ [a], so that ﬁ <a< % Given a
partition P : s =t <t <--- <1, =, we set

[Pl = max (fiy1 —t).
0<i<n-—1

All paths below are defined on [0, T'].

Proposition 5.1. (i) Let X be an a-Holder geometric rough path over V, and let Z be an
a-Holder controlled rough path over L(V; U) with respect to X. Then the following limit
exists:

!
o k=1 vk
(51) £ ZdX = \7131|TOZ ZZI,' Xt;,li+1'
In addition, if we define T = fo Zax =1, -, IN"Y by

!
(5.2) I?éfoz(ix, h2z0 ... Nt e ZN=2

then 1 is an a-Hdlder controlled rough path with respect to X and the following estimate
holds:

(5.3) IZlix:a < Ca(T (1 + IXINZ 0 + 125~ 11Xlla)-

(ii) (Continuity estimates) Let X,X be a-Holder geometric rough paths and let Z,Z be
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paths controlled by X, X respectively. We use T = fo. ZdX and T = fo. ZdX to denote the

controlled paths obtained by integrating Z and Z respectively. Then the following estimate
holds:

(54) dX,i;a(Iv I~) < C(I(Ta max(l + ||X”(I7 ”Z“X,Q) . (dX,X;a/(Z’ Z) + p(I(Xv X))
+ max (IXlle. |Z57]) - (120" = Z57'] + pa(X.X))).
Proof. Let s < ¢ be fixed. Given any partition P of [s, ], we denote

deX ZZZ’” xk,

teP k=1
Then

deX—f ZdX = sz Xt sz Ixk sz‘ ko
J=1 Jolj+1 j—1 -1t
P P\(t;)
N k
k 1 k k— 1 k 1 yk-1 l
tjl fjlt/+ZZ t/’ﬁl ZZ tJIXUlfJ ’/tj+1
k=

=0

N k

k—1 vk k—1 yk—1 1

th ij,tjn - Z Z le—] th—]ylj ® Xl‘j,ljn :
k=1 I=1

D= M

>~
Il

1

We claim that the last expression is equal to Y~ k=1 RZ, Ly ® Xf‘ ..~ Indeed, by writing

k—1 kl k+r—1yr
Z =7t Zz+ X, +RZEL

it is equivalent to seeing that

k

N
k— ] k+r—1yrr k 1 yk-1 l _
ZZIJ] ljl‘j+]+ZZZ ijll‘/ ljl‘ﬁr] ZZ ljlxtj]tj ljlj” _0
k=

k=1 r=1 =1

The above equation follows by interchanging the order of summation in the middle term.
Consequently, we arrive at

(55) deX - f ZdX Z RZt ll/ 17 [”1
P P\t

In the following argument, we directly consider the continuity estimate. The case of a
single 7 is easier and only requires minor modification in the argument. Using (5.5), we

have
|fzax-f ZdX—(def(—f ZdX)|
P\(t;} P P\(t;}

:|ZRZf/1f ®Xf, -RZ! X

tj,tj1

< (dx 5:0(Z D|X]|, + || 2] 500X X)) - (111 Ve

As Y0 (t,+1 t.,-_l) < 2(t — 5), we may choose a j such that
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2(t-s)

n—-1"

tiv1 —tj-1 <

It follows that

|fzax-f ZdX—(deX—f Zdx)|
P P\(1;) P P\(1;)

2 (NiDa N - . 5
< (M= 9N Ay 3,02 D) X, + ([ 2]l 00X X)),

By successively removing partition points from P, we arrive at

(5.6) |deX—f ZdX—(deX—f Zdx)|
P {s.1} P {s.1}

< Co (t = )N (dy 5,,(Z, 2) XLy + |2l 0 X, X)),
where

A S 2 [e3
Co = Z (n 1)(N+1) .

n=3 B

The version of the inequality (5.6) without the tilde-paths is easily seen to be
57) | [ zax- [ zax]| < ClZisalXlut - 9.
P {s.1)
We now use the inequality (5.7) to show that the limit

lim ZdX
Pl-0 Jp

exists. Let P and P be partitions over [s, t], and let PV P be the partition obtained by taking
a union of the partition points from P and P. For each pair (s, s;+1) of adjacent points in P,
by applying the estimate (5.7) to the partition PvPn [57, 51411, we obtain that

N+1
| f  zax- f 2dX| < Calster — )™ 1 2l X
PVPO[sy,s141] {s1,8141}

By summing over /, we have

|f ZdX—deX|<Z|f ZdX—f Zdx|
iJVi) f) I ﬁVﬁﬁ[S[,SH]J |S1,S1+1}
< Col PN D211 Z I X, (2 = 5.

A similar inequality holds with P replaced by P. Using the triangle inequality, we end up
with an estimate for fp ZdX — fp ZdX, from which we can deduce the convergence of (5.1)
using the Cauchy criterion.

Next, we establish the continuity estimate (5.4). By taking [P| — 0 in (5.6) and using the
definition of Z, T, we have

‘ N f N
|deX—ZZ’;1X§,—deX—ZZflfff,zl
§ k=1 § k=1
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S-S - Y TR - (XY - 2R
k=1 k=1
< Ca (= OV (dy 5,0(Z, DXl + || 2|5 00X, X))
In addition, note that
|27 = 237 ]+ 2 e - X
<|RZ¥ - RZY Xl (¢ = 9V T + |25 = Z 1K, (¢ — )M
+ |20 X) (2 = )Y T + |20 pu (X, X) (1 = )V

Therefore, we obtain that
N-1 N-1
0 =0 0 kyk 50 Sk
|R1s,t - 7?'Is,z‘| = |(Is,t - Z IsXs,t) - (Is,t - Z IsXs,t)|
k=1 k=1

<2C, (1 = OV T(dx 5:0(Z5 D) Xl + || 2|3 00X, X))
+ |27 = Zy [ IXl, (2 = 9N + |20 oo (X, X (£ — )M
In a similar way, the difference RT, - RT!, (1 <i <N —1) is estimated as
RLj, - RIS IRZ - RE |+ 1207 X0 = 207 X0
< (T + Xl dx x:0(Z, 2) + 12]g.000 X, X))
+ |20 = 20 IX e + |20 oo (X, X)) - |t = sV
The desired continuity estimate (5.4) thus follows. The estimate (5.3) is a special case with

Z = 0 and X = X, from which it is also clear that T is a controlled rough path (i.e. the
remainders all have the required regularity). |

6. Rough differential equations

We now proceed to establish existence, uniqueness and continuity of solutions for the
RDE

(6.1) dy, = F(Y)dX;

in the space of controlled rough paths. As a standard idea, the RDE (6.1) is formulated as a
fixed point problem for the transformation

M: Y Y0+fF(y)dX.

We first derive a continuity estimate for M. Using such continuity estimate, we then show
that M is a contraction on a small time interval. The general case follows from a patching
argument.

Throughout the rest, let 1~ < @ < + < § be fixed (N = [1/a]). Let F = (F°,--- , FV) be
a given (N + 1)-Lipschitz function defined on U and taking values in L(V; U). We always
use M(- - -) to denote a universal function that is continuous and increasing in every variable.
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6.1. Composition of Lipschitz transformation and rough integration. The following
lemma is a direct application of Proposition 5.1 and Theorem 4.1. All paths are assumed to
be defined on [0, 7] with 7 > 0 given fixed.

Lemma 6.1. Let X and X be a-Hélder geometric rough paths over V. Let Y and Y
be U-valued paths controlled by X and X respectively. Define the controlled rough path
T =0, -, V"N with respect to X in the following way

(6.2) J2 YY)+ ( fo | F(Y)dX), Ji = ( fo F (V) dX). foriz 1.
Define J controlled by X in a similar way. Then the following estimates hold true:
(6.3) 1T lIx:e < Co(T*M(T, 1FllLip-n, IXlo  max Yol IPlxca) + [FQY |- 1Xlla)
and

dx x:0(T > T) < CoM (T, |FllLip-vs+1)s Klrgﬁ}v)(_l(lYél VAZED, 1Vlxcas 1Pl Xl
(6.4) IXlla) X (%dy 5,0 (Y, I) + [FQ ™ = FON ! |+ paX,X)).

ReMARK 6.1. The factor 7 and the independence of Yg in the function M are both impor-
tant for the patching argument in the RDE context.

6.2. Existence, uniqueness and continuity of RDE solutions. We first define the notion
of solution for the RDE (6.1). The paths are now assumed to be defined on [0, 7] (T > 0 is
given fixed).

DermniTion 6.1. Let X be a a-Holder geometric rough path over V, and let Yy € U. We
say that Y € Dy.o(U) is a solution to the RDE (6.1) with initial condition Yy, if

Y?=Yo+(fF(y)dX)?, Y;':(fF(y)dX);' for1 <i<N-1.
0 0

The main theorem in this part is stated as follows.

Theorem 6.1. (i) [Existence and uniqueness] Let X be a given a-Holder geometric rough
path over V. For each Y, € U, there exists a unique solution Y € Dx.,(U) to the RDE (6.1)
in the sense of Definition 6.1.

(ii) [Continuity estimate] Let X and X be a-Holder geometric rough paths over V, and let
Yo, Yo € U. Suppose that

Xl V Xl V Yol V [¥ol < B

with some constant B > 0. Let Y and Y be the solutions to (6.1) driven by X and X with
initial conditions Yy and Y, respectively. Then the following estimate holds true:

(6.5) dx 5.0V, V) < M(T 1 FllLip-ve 1y, B) o (X, X) + |Yo = To).
The rest of this subsection is devoted to the proof of Theorem 6.1.

6.2.1. Local contraction. We prove existence and uniqueness by using the Banach fixed
point theorem. Note that the “constants” appearing in the rough integration and Lipschitz
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transformation estimates depend on |[|V||x.o. As a result, the mapping M : Y — Yy +
f F(Y)dX can only be a contraction if we restrict M on a bounded subset, say a metric ball.
To determine the center W (as a controlled rough path) of such a ball, it is natural to require
W0 Y, as this is the given initial condition. The higher order terms W' (i > 1) are chosen
such that RW;J = 0. This is formulated precisely in the following lemma.

Lemma 6.2. Let Yy € U be given. We set
Wo 2 Yo, Wy £ F(Yp),

and inductively

r+1 a S Fj(YO) i ij R(r+1).,
(6.6) EDY T D W memWy)os) e LV D).

j=0 F———
Define the path W = (WO, W', W2, ... WN-1) by
WiE) = Wy@) + Wit (X}, @ &) + -+ W' (X0 @ &)
Then W is a controlled rough path with respect to X. More specifically, we have RW' = 0
foreachO <i<N-1.

REmARK 6.2. The initial value W is canonically determined by Y, and F.

Proof. Note that

Wie) = Z Wi(X), ® &) = Z Wi Z X ext e
Jj=i
N—-1-i

—1-i N—

i~k i
Z Z Wixs T ext ee = ) wWitxt 8¢
— k=0

As a result, we have RW., = 0 forall s <7and 0 < -1 |
The definition (4.2) of F (W)N ! together with the 1nductive definition (6.6) of Wé (1<i<
N — 1) imply the existence of a continuous, increasing function M such that

|[FOVYY ™Y < M(IFILip-qv-1))-
Therefore, for any controlled path Y with YV, = W), we have
(6.7) Col FOY 7 IXlle < MUIFIip-ov- )Xl =t A.

where C, is the constant appearing in the estimate (6.3). The following lemma gives the
local existence and uniqueness for the RDE (6.1).

Lemma 6.3. For each v > 0, we set
B £{Y € Dx.o(U) : 1Y = Wlx.o <2A, Yo = Wo}.

Then there exists a small T > 0, which is independent of Y, and depends only on a,X and
FlLip-v+1), Such that:

(i) the mapping M : Y w— J sends IB; to B, where [J is the controlled rough path defined
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by (6.2);
(ii) the mapping M is a contraction on B, with respect to the norm ||| - |||x.o defined by (3.5).
(iii) The RDE (6.1) has a unique solution Y on [0, T] that satisfies

(6.8) IVlix:o < 2A

Proof. (i) We first prove by induction that Wé = Jé for all i. The i = 0,1 cases follow
directly from the definition of J and W. For the induction step, note that by the definition
of J,if & € V®+D then

J5TH©) = (F Q) (©)
_ZFJ('YO) Z (yll -xYé’)Oéj(f)

ip+etij=r

_ Z Fi(Yo) Z W/ == W o d;(€)  (since Yy = Wp)
]' iy +etij=r

= Wg” (by definition of Wj*).

Therefore, Wy = Jp.
Next, we recall from (6.3) that

1T lx:0 < Cat M(T IF llLip-ns [Xllor max (Yl IV ]lxa) + A.
I<isN-1
Since RW!, = 0 by Lemma 6.2 and Y € B;, we know that
IVlIx:e = dxx:(Y, W) < 2A

The inductive definition of W) in (6.6) implies that there is a continuous increasing function
M such that

(6.9) |¥i| = |Wi| < MUIFllLip-v-n), 1 <i<N-L

As a consequence, we can choose 7 to be sufficiently small (depending on | X]|, and
lFlLip-n), such that

(6.10) Com M, [Fllips X s max 1Y [17lxa) < A.

This ensures that J = M(Y) € B;. Note that the choice of 7 is independent of Yg .

(ii) Let Y, ¥ € B;. Note that ¥y = Y and thus F(¥))~' = F(¥))~". By applying (6.4)
with X = X, we have

dx x:0(M(), M(D)) < Co™ M(T, |IFlILip-ov+1)s  Iax Y51,
||y||X;ou ”j}”X;m ”XHa)dX,X;a(ya jj)

According to (6.9) and the fact that I, I € /3;, we may further reduce 7 (independent of Yg )
such that

) - 1
Cot M (7, IFllLip-v+1)» max Yol [IVIxa, 1V x:e, Xle) < 5.
1<i<N-1 2

In this way, we arrive at
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~ 1 ~
M) = Ml < 5 1 Y = Flx
which shows that the mapping M : 3; — B; is a contraction for such a choice of 7.

(iii) Let 7 be chosen as in Part (ii). Note that a solution to the RDE (6.1) is a fixed point
’ |HX;(1)’
according to Part (ii) and the Banach fixed point theorem, we conclude that the RDE (6.1)
admits a unique solution Y € 3; as a controlled rough path on [0, 7]. The inequality (6.8) is
just a consequence of Y € B:. m|

Remark 6.3. It is interesting to point out that, if ¥ = (Y 0 ..., YM 1) is a solution to the
RDE (6.1), then at each f the values Y/ (1 <i < N — 1) are all canonically determined by the
value Y? of the O-th level path. Indeed, by Definition 6.1 we have Y/ = F()I™! foralli > 1
The determination of Y/ from Y? is through the same relation as (6.6). This observation is
used in the later patching argument.

6.2.2. A patching lemma. In order to obtain global existence, we need to patch local
solutions in the sense of controlled rough paths. The lemma below justifies the patching of
controlled rough paths in general.

Lemma 6.4. (i) Let X be an a-Holder geometric rough path on [a, b] and let u € (a, b) be
fixed. Let Y be a continuous path on [a, b] such that Y|4, (respectively, Y|y, p) is controlled
by Xla. (respectively, by Xl,.p1). Then Y is controlled by X on |a, b].

(ii) Let X, X be a-Holder geometric rough paths on [a,b] and let Y, Y be controlled by X,
X respectively. Let u € (a, b) be fixed. Then we have
(6.11) dx %:0(Y: P) < dx 5.0Vt Vus)) + dx xeoPltats Pliaa) (1 + 11Xlle)

+ ”jyl[a,u]llf(;afpa(x’ X)

Proof. (i) It is enough to consider the remainder Ry?, when s < u < t. Note that

N-1 N-1 i~k

,ngu" ixI, ZY’ZX‘ Ixik
j=0
1

Therefore,

ZYin,k v - ZY’X’,“Z% ZY’ DXL

or equivalently
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(6.12) RYK, = RYE, + Z RYLXIE.

From (6.12), it is clear that the Holder regularity of Ryf’ st — s|NVRe,

(i1) According to (6.12), for s < u < t we also have

N-1

[RY{ - RY:| < [RY:, - Ry’zHZijm RIL|IXH ], (¢ = w)de

N-1

+ Z |RVLIXT = X0t — )0
J=k

< dx g0Vl Vi)t — u)N-ha

N-1

+ Z IRV l1au = RY aullv-jpa(u = SNDX| (1 — )0
J=k
N-1

+ Z IR il (X, X)( — )Nt — )T 00,
J=k

The inequality (6.11) thus follows. O

6.2.3. Global existence, uniqueness and continuity. By patching local solutions and
local estimates, we are now able to establish the global well-posedness of the RDE (6.1) in
the space of controlled rough paths. Let a, N, F be given as before.

Proof of Theorem 6.1. Existence. Let T be given by Lemma 6.3. According to that lemma,
we have a solution Y[1] on [0, 7] satisfying

! .
Y[l]?=Y0+f F(Y[1)dX, Y11 = [FQ] vt € [0, 7].
0

We define a sequence of controlled paths {Y[n] : n > 1} on [0, 7] inductively in the following
way. By applying Lemma 6.3 with Yy = Y[n—1]; and X, = X(,—1)++» Wwe obtain a controlled
rough path Y[n] on [0, 7] satisfying

!
Y[nl? = Y[n— 110+ f F(Y[n)dX, Y[nli = [FQ[nD]" Vi€ [0,7].
0
We now define Y = (Y%,---,Y¥" N asa path on [0, o) by concatenating all the YV[n]’s,
namely
y(n—l)‘r+t = y[n]t’ re [05 T]'

Note from Remark 6.3 that Y is well defined. By Lemma 6.4, J is a controlled rough path
with respect to X.
Forany ¢t > 0, if r € [(n — 1)1, nt] we have

Yti = Y[l’l]i—(n—l)'r F(y[l’l])t (=7 = F(y)i_l'

It remains to show that,
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t
(6.13) Y) =Y+ f F(Y)dX,  Vt>0.
0

We use induction on n. If t € [(n — 1)1, nt], then

Y) =YIn- H?—(n—l)T

—(n—1)t
= Yln— 110+ f F(¥ln = 11)dX.c o1y
0
(n—1)t t—(n—1)t
=Y +f F(Y)dX +f F(Y[n—11)dX -1y
0 0

(n—1)t t
=Yy + f F(Y)dX + f F(Y)dX
0

(n—-)r
1
=Yy + f F(Y)dX,
0

where the third equality follows from induction hypothesis. Therefore, (6.13) holds. We
have thus obtained the existence of solution on [0, o).
Uniqueness. Let ) be another solution to the RDE (6.1). Suppose that

o £ sup{t € [0,00) : Yy = Y, for all s € [0, 1]} < .
Then Y, = Y. According to Lemma 6.1 with X = X, for all 7 sufficiently small we have
dxXio(Plizrset: Vliersn) < Cot M NFlLip-vary, max ¥e] [ Vlxca-
IVl IXlle) - dx X:aPliororse1s Pliororsr1)-
If we choose 7 to be such that
Cot" M(T, | FlILip-(v+1)s  Inax DR PR R TN (SRR
then

dX,X;a(jy|[0',0'+‘r], yl[o‘,a’+‘r]) =0.

This implies that jllmﬁﬂ = Yoo+ as Y. = Y,, which contradicts the definition of o-.
Therefore, Y = Y on [0, c0).

Continuity estimate. We now assume that all the underlying paths are defined on a given
fixed interval [0, T']. According to Lemma 6.1 and the fact that ), Y are RDE solutions,
when restricted on any sub-interval [0, 7] we have

dx :0(Y, V) < CoM - (1%dx 5.0 (YV. V) + 1Yo = Yol + pa(X, X)),
where we have set
M £ M@ | FllLip-ove s IVl 1P ]lgas (Xl 1Xl0)
and used the observation that (cf. (6.9))

(6.14) max Y| v || < M(IFllLip-v-1))-

I<i<N-1

Let A be defined in (6.7) with ||X]||, replaced by B. By choosing 7 to be small enough, as a
result of (6.8) we can ensure that
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(6.15) IVlorllxa VIPlosllxe < 2A
and also that
Co™M' £ Cot M (7, |IF llLip-(v+1), 2A, 2A, B, B) = %
It follows that
(6.16) dx 5,0V, V) < 2C M’ - (|Yg = Yol + po(X, X)).

on [0, 7]. It is important to note that the choice of 7 is independent of Y and ¥;,. By applying
(6.16) on each sub-interval [(n — 1)7,n7] (1 < n < T/7), we arrive at

(6.17) dx 5oV, V) <2Ce M’ - (|Y0_1). = Vo1 + pa(X. X))

when restricted on [(n — 1)7, nt].
From (6.15) it is clear that

IVl=tyenrillxie VI omyenrllga < 2A Vn.
In addition, according to Lemma 3.1, when restricted on [0, 7] we have
|7 = V| <[5 - gl + 7Y = V'l
<T”‘M(T,IIXIIQ,IIXIIQ,I max 1|Y({

i+1<j<N-

.
,  max IIIRJ? MNja)

i+1<j<N-
N-1 _
X (paX,X) + Y |V = Vi + dx 5o (V. D), 0<i<N-2.
i=0
Observe that
N-1 _
> ¥e = ¥il < MAIFIip)|Yo - Fol.
i=0
which is clear since all the Yé’s and Yé’s are canonically determined by Yg and f/g via the
relation (6.6). In view of (6.15) and (6.16), we can further write
(6.18) ¥ = 7| < M(x, | Flluip-ovs 1 B)([Yo = Yo| + pa(X, X)).
By applying (6.18) iteratively, we obtain that
(6.19) Ve = Vo] < Mu(@ | Flluip-vens B)(Yo = Yol + pa(X, X))

for all n, where the increasing function M, can depend on n.
To proceed further, we show by induction that

(6.20) dx .o Vlosrs Plosrt) < Ma(@IFlLip-ovan B)([Yo — Yo| + po(X, X))
for each 1 < n < T/7. Suppose that (6.20) is true on [0, (n — 1)7]. According to (6.17) and
(6.19), we have
(6.21) dx Ko Plin-tyeats Vli-neart) < M@ I FllLip-v+1) Blpa (X, X)
+ M1 (%, IF llLip-van) B)([Yo — Yo + po(X. X))
< My (@ IFllLip-vnys B)(| Yo = Yo + pa(X, X)).
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We can then apply Lemma 6.4 to patch the estimate on [0, (n — 1)7] with the one on [(n —
1)7, nt] given by (6.21). This completes the induction step. The desired continuity estimate
(6.5) follows by taking n = T'/7.

Now the proof of Theorem 6.1 is complete. O

To conclude the discussion, we give a few remarks on several possible extensions.

In the first place, if the vector field F and its derivatives are not uniformly bounded, the
solution to the RDE (6.1) may explode in finite time. Similar discussion gives existence and
uniqueness up to the explosion time.

In addition, in the continuity estimate (6.5), one can also take into account the perturba-
tion of the vector field F. In this case, an extra term of ||F — F IlLip-(v+1) Will appear on the
right hand side of (6.5).

Finally, it is possible to reduce the Lipschitz condition F' € Lip(N + 1) to F € Lip(y) with
y > a~! by sacrificing the Holder regularity of the remainders of the controlled rough path
F(Y). More specifically, RF(Y)’, should have regularity |r— s|7~'~7* instead of |7 — 5| V=97
Correspondingly, the definition of control rough paths needs to be relaxed to allow more
flexible Holder exponents for the remainders. This point is essentially clear in [5] for the
case of @ > 1/3 and the extension to the general case is only a technical matter. Nonetheless,
we should point out that proving existence of solutions under the optimal assumption of
F € Lip(y) with y > @' — 1 seems to be only possible in finite dimensions, as one has to
rely on the Leray-Schauder fixed point theorem in that case, which requires the compactness
of M and it is only true in finite dimensions.
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