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Abstract
Given a quaternionic manifold M with a certain U(1)-symmetry, we construct a hypercomplex
manifold M’ of the same dimension. This construction generalizes the quaternionic Kahler/
hyper-Kéahler-correspondence. As an example of this construction, we obtain a compact homo-
geneous hypercomplex manifold which does not admit any hyper-Kihler structure. Therefore
our construction is a proper generalization of the quaternionic Kéhler/hyper-Kihler-
correspondence.

1. Introduction

Let us recall that there exist constructions due to Andriy Haydys, called the QK/HK-
correspondence and the HK/QK-correspondence, which relate quaternionic Kéihler mani-
folds to hyper-Kihler manifolds of the same dimension [12]. These constructions have been
generalized to include possibly indefinite metrics [2, 1]. In this way the supergravity c-map
metric and a one-parameter deformation thereof have been described as an application of the
HK/QK-correspondence with indefinite initial hyper-Kéhler data. Many complete quater-
nionic Kihler manifolds can be obtained in this way, see for instance [8] for co-homogeneity
one examples.

The main result of this paper, see Theorem 6.4, is a construction of a hypercomplex man-
ifold from a quaternionic manifold with a U(1)-action, which we may call the quaternionic/
hypercomplex-correspondence (Q/H-correspondence for short). This construction general-
izes the QK/HK-correspondence.

In [22, 14, 21], it is shown that with every quaternionic manifold M one can associate an
H*/{+1}-bundle over M and a hypercomplex structure on the total space of the bundle. More
precisely [21], there exists a one-parameter family of H*/{+1}-bundles such that, given a
quaternionic connection on M, each of the bundles is endowed with an almost hypercomplex
structure. For a particular choice of the parameter, the almost hypercomplex structure is
integrable and independent of the connection. Here we will adopt a different point of view.
Instead of a one-parameter family of bundles, we will define a single principal H*/{+1}-
bundle, which we call the Swann bundle, endowed with a one-parameter family of almost
hypercomplex structures (still depending on a quaternionic connection). Again we find that,
for a particular choice of the parameter, namely ¢ = —4(n + 1), the almost hypercomplex
structure is always integrable and independent of the connection, see Proposition 3.3. Here
4n = dim M. For all other values of the parameter, we show that the almost hypercomplex
structure is integrable if and only if all / € Q, where Q denotes the quaternionic structure,
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are skew-symmetric with respect to the skew-symmetric part of the Ricci-curvature, see
Theorem 3.6.

Now we briefly explain how we obtain the Q/H-correspondence. Given an infinitesimal
automorphism X of a quaternionic manifold (M, Q, V) endowed with a quaternionic connec-
tion V, we show that the natural lift X of X to the Swann bundle M preserves each member
of the one-parameter family of almost hypercomplex structures. The next step is to perform
a hypercomplex reduction with respect to X. Recall that hypercomplex reduction was intro-
duced by Dominic Joyce in [14]. It is defined as the quotient of a level set of a moment map
by the group action. The construction is based on the notion of a moment map in this context
as defined in [14]. Here we define the moment map for the infinitesimal automorphism X by
the equation (5.4) and analyse Joyce’s conditions in Proposition 5.8. Assuming that X gen-
erates a free U(1)-action, we can finally perform the reduction obtaining a hypercomplex
manifold M’. Otherwise, we can construct the hypercomplex structure on a submanifold
transversal to the foliation defined by X (on some open submanifold of M).

Note that one can find a related construction of a hypercomplex manifold from a quater-
nionic manifold (endowed in addition with a complex structure and a compatible S '-action)
in Proposition 5.5 in [6], in which the authors study the quaternionic Feix-Kaledin (qFK)
construction. The qFK construction is a generalization of the original one in [16, 9]. In
Theorem 5 of [7], it is shown that a quaternionic Kidhler manifold obtained from the qFK
construction and a hyper-Kéhler manifold from the original Feix-Kaledin construction are
related by the HK/QK-correspondence. This is analogous to the relation between the super-
gravity c-map and the rigid c-map [2, 1].

Examples of our Q/H-correspondence include compact homogeneous hypercomplex
manifolds. Indeed, starting with a homogeneous quaternionic Hopf manifold

Sp(m)U(1)
Sp(n — Dayay”
we obtain a homogeneous hypercomplex Hopf manifold
Sp(n)
Sp(n—1)
by the Q/H-correspondence, see Example 7.8. Note that this hypercomplex manifold does

not admit any hyper-Kahler structure for topological reasons. Therefore our construction is
a proper generalization of the QK/HK-correspondence.

R>0/(y) x

R70/()) x

2. Preliminaries

Throughout this paper, all manifolds are assumed to be smooth and without boundary
and maps are assumed to be smooth unless otherwise mentioned. The space of sections of a
vector bundle E — M is denoted by I'(E).

We say that M is a quaternionic manifold with the quaternionic structure Q if Q is a
subbundle of End(7"M) of rank 3 which at every point x € M is spanned by endomorphisms
L, I, Iy € End(T M) satisfying

2.1 =L=05=-id 1L=-bLI =5,

and there exists a torsion-free connection V on M such that V preserves Q, thatis, VxI'(Q) C
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I'(Q) for all X € I'(T M). Note that we use the same letter V for the connection on End(7 M)
induced by V if there is no confusion. Such a torsion-free connection V is called a quater-
nionic connection and the triplet (I, I, I3) is called an admissible frame of Q at x. The
dimension of a quaternionic manifold M is denoted by 4n. Note that a quaternionic connec-
tion is not unique, in fact, there is the following result [10, 5].

Lemma 2.1. Let V! and V? be quaternionic connections on (M, Q). Then there exists a
1-form & on M such that

(2.2) VY = ViY + S5y
forall X, Y € T(T M), where S¢ is defined by

SiY =EX)Y +EMX - ELXONLY - EL YY) X
—ELX)LY - ELY)LX - E(LX)BY - E(LY)BX.

Conversely, for a given quaternionic connection V', the connection V? given by the equation
above is also a quaternionic connection.

An almost hypercomplex manifold is defined to be a manifold M endowed with 3 al-
most complex structures [, I, I3 satisfying the quaternionic relations (2.1). If I}, I, I3 are
integrable, then M is called a hypercomplex manifold. There exists a unique torsion-free
connection on a hypercomplex manifold for which the hypercomplex structures are parallel.
It is called the Obata connection [18]. Obviously, hypercomplex manifolds are quaternionic
manifolds with Q = (I, I, I3).

3. The canonical family of almost hypercomplex structures on the Swann bundle /1

In this section we will define a principal R>® x SO(3)-bundle M — M over a quater-
nionic manifold (M, Q) equipped with a quaternionic connection V and endow M with a
one-parameter family of almost hypercomplex structures depending on the quaternionic
connection V. Then we will study the integrability of the hypercomplex structure and its
dependence (or independence) on the choice of V for different values of the parameter.

3.1. The principal bundle M — M. Let S be the principal SO(3)-bundle of admissible
frames (11, I», I3) over a quaternionic manifold (M, Q). The principal action 7 of g € SO(3)
is given by 7(s, g) = sg° for s = (11,1, I3) € S, where € = 1 (resp. € = —1) if § is considered
as a right (resp. left)-principal bundle. The bundle projection of S is denoted by ng. We
take a basis (ej, €2, €3) of R3 = ImH = sp(1) = so(3) so that

[eqs eﬁ] = 227

for any cyclic permutation (a, 8,y). Hereafter («, 8, y) will be always a cyclic permutation,
whenever the three letters appear in an expression. A quaternionic connection induces a
principal connection 6 : TS — so(3) and we denote 6 = }’ 8”¢,. Moreover we consider the
principal R>%-bundle S := (A*(T*M)\{0})/{x1} over M, where R = {a e R | a > 0}.
The principal R>%-action 7o on S is given by scalar multiplication 7o(p, a) := pa® (¢ = +1)
for p € So and a € R>°. The bundle projection of S is denoted by 7g,. A quaternionic
connection induces also a principal connection 6y : TSy — R = Lie (R>°). The product
So xS is a principal R>® x SO(3)-bundle over M x M whose principal action is 7o X 7. The
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R* (= R&so(3))-valued 1-form (6 o prrs,, 0 o prrs) = (6p © prrs,, 01 © prrs, 62 © prrs, 63 ©
prrs) is a principal connection on So X S, where prrg, (resp. prrg) is the projection from
T(SoxS) = TSoxTS onto TS (resp. T'S). Note that the Lie group R**xSO(3) = H*/{+1}.

Let A : M — M x M be the diagonal map defined by A(x) = (x, x) for each x € M. The
pullback bundle

M := A (SoxS) = {(x,(p,5) € M X (So X S) | x=ms,(p) = m5(s)}

is a principal R>? x SO(3)-bundle over M and 6 := A,(6o o prrs,, 0 o prrs) is a principal
connection on M, where Ay : M — Sy X S is the canonical bundle map. The bundle
projection of M onto M is denoted by #. Using the bundle projections 7, 7s,. s and the
principal connections 6, 6, 6, we have the decomposition

3.1) TM=YoH, TSg=Vy®Hy, TS =V H,

where ¥V = Ker#,, H = Kerf and so on. It holds that (A#)*(T)(x,(p,s))) = (Wo)p X Vs and
(88)s(Fx(p.s)) © (Ho), X M, for each (x, (o, 5)) € M. Set Ag := prrs o (Ag). and Ag, =
prrs, ©(2A4).. The principal actions on M, SoxS,Soand S induce fundamental vector fields.
We denote by A the fundamental vector field corresponding to a Lie algebra element A,
irrespective of the manifold on which the vector field is defined, and set Z, ='¢, (@ = 1,2, 3).
Note that [Z,, Zg] = 2¢Z,.

3.2. The canonical family of almost hypercomplex structures. Let (M, Q) be a quater-
nionic manifold, V a quaternionic connection and # : M — M the principal R*° x SO(3)-
bundle with connection 6 constructed in the previous subsection. In this subsection, we
define a canonical family of almost hypercomplex structures on M and consider their inte-
grability.

Set ¢p := 1 € R(= T \R>%) and VAR = ceg for a nonzero real number ¢. We denote the
horizontal lifts relative to the connections 8, 6, 8y by (- )", (- )", (- ) , respectively. An

almost hypercomplex structure (if < Agc, A;)C) on M is defined by

75 =20 107.=75 107=2, 17,=-2

a

and
() nX) = LX) )

for all horizontal vector X at (x, (o, s)) € M, where s = (I}, 1, I3). Note that the triple

(ff < Agc, Agc) depends on the connection form 6 and c.

Lemma 3.1. For any horizontal lift X" € H(x(ps)) at (x,(p, s)) € M, we have (A#)*Xh

= (X[, X"). In particular; it holds (5g)o (1509 (X™) = (X0, (LX), where s =
(I1, I, I3). As a consequence, the horizontal lift xh of a vector field X on M is Ag-related to
the vector field (X", XM, which is the horizontal lift of (X, X):

(2s). X" = (X", X") o Ay.

Proof. (A4).X" and (X™, X") are horizontal vectors of So X S, since applying the con-
nection form (6 o prrs,, 0 o prrs) on both vectors gives zero. On the other hand, applying
(s, X ms). on both vectors gives (X, X) because (15, X 7g) o Ay = A o 7. This proves
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(Ag) X" = (X", X™) o A4. Now it is easy to obtain (A#)*((ﬂ’i’f)(x,(p,s))(xﬁ)) = (LX), (LX)
using that (1), p.0)(X") = (L X)". o

Lemma 3.2. Let V' and V? = V! + S¢ be quaternionic connections on (M, Q), where
& e I(T*M). We denote the almost hypercomplex structure defined above with respect to V'
(i=1,2)andc +0by [ (a« = 1,2,3). Then we have

4n+1)

e B =o1+ D) (o092, + (Eo 1) 07)

at each point (x, (p, 5)) € M, where s = (I, I, Iy).

Proof. We consider any point (x, (o, s)) € M, s = (11, I, I5), and omit the reference
point in the proof. The corresponding connection forms induced by V' are denoted by &',
¢ = (@ ,05,02), 06 (i = 1,2), respectively. The tangent bundle TM is decomposed into
TM=V®H"' =V & H? where H' = Ker#. We express any tangent vector X of M as

3
X =Yla " diz; + b7,
o6=1

where Y € TM. By the definition of I:°, we see
e X) = 1Y) + a2 + dsz, — dl Zg — b'Z,.
Since
3

3
6'(X) = Z ases+chb'ey = ' (Y") + Z dies + ch’ey
5=1 o=1

3 3
= Z 9(15(AS Yhz)e(; + Qé(ASOYhZ)eo + Z age(; + cb?e,
o=1 o=1
we have b' = b? + (1/0)9)(as,Y™) and @} = a2 + 0}(a5Y") (6 = 1,2,3). Therefore it holds
B = U + alZy + ayz, - alzs - b'Z,

= (LY + (ag, + 0,(as Y™)Z5 + (a5 + O35 Y™))Z,

— (@ + 0)(as YN Zs — (0> + (1/0)0(85,Y"))Za
= (LY)" = (LY)" + I2(X)

+ 6585 Y™)Z5 + B4(as Y™)Z, — 6)(asY™)Zs — (1/0)8y(15,Y™)Z,.

Letso: U — Spand s : U — § be local sections defined on an open set U in M. Then
5 := (50, 5) o A is a local section of M. The pull backs of ¢, 6} to U are denoted by ¢"U and
HSU. If we define the one forms Qf;U by 8°V = 5*0' = (1/2) Z(Qf;U)ea. From Lemma 2.1 and

Vi, =&V @Iy - e;U ®L) (i=1,2),
one can check that

(3.2) v -0V = 2e(€oly) (6=1,2,3),
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2,U 1,U
05" — 6, = de(n+ )&
It is easy to see that

Y —yh = 5.(Y) = 0i(5.(Y)) = 5.(Y) + 0a(5.(Y))

3
= = D Os.Y) = B (5.Y))Zs = (1/0)O)(50.Y) = B (50, Y NZ
o0=1

@) -6V (V)Zs - (1/e)6y Y () - 65V (V) Z§

I
ol —
Mw

(=2}
Il

1

4e(n+1)

2 EUsY)Zs + ————£(Y)Z,

Mw

(3.3)

(=2}
Il

1
where v; : TM — 7V is the projection with respect to & (i = 1,2). Finally we obtain
[0 = <00
3
de(n+1)
=- Is1,Y)Zs + ———
£ ) EUslaY)Zs + ——

o=1
+ 0085 Y™)ZG + 085 Y™)Z, = 0385 Y™)Z5 — (1/0)03(15,Y™) Z,

§UY)Z;

3 4e(n + 1) .
~ ) EUslV)Zs + ————E(Y)Z
o=1

+ &1 Y)Z5 + e€(IgY)Z, — e£(1,Y)Zg + @f(Y)Za

4(n+ De 4in+ e
C C

= (8§(Y) + f(Y)) Zo+ (8E(IQY) + f(laY)) Z;

where in the step () of the calculation we have computed

33)

OL(asY™) = 0L(Y") = gLy — v "= g1, y)

and similarly for the other terms. O

The following proposition is an immediate consequence of Lemma 3.2, cf. the result with
[21, Proposition 3.3].

Proposition 3.3. The almost hypercomplex structure is independent of the choice of
quaternionic connection if and only if c = —4(n + 1).

Next we investigate transformation properties of the structures /5 (o = 1,2, 3) under the
principal action.

Lemma 3.4. We have Lzofg =Ly I, i =0, LZ = 231?’6 and LZHIA?’C = —Zng’c.

Proof. Note first that the principal action generated by the vector fields Z,, a = 0, ..., 3,
preserves the horizontal and vertical distributions. Moreover, the central vector field Z,
commutes with the principal action and thus preserves the three canonical almost complex
structures 12

Next we observe that it is easy to check the above equations on the vertical distribution
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by evaluating them on Z{, ..., Z3. So it only remains to check them on the horizontal distri-
bution. Let {¢,},cr be the flow of Z;. Since

o.((x, (o, 5))) = (x, (0, (I1, (cos 2&et) I, + (sin 2&t) 13, (— sin 2&t) ], + (cos 2&t)13)))

for (x, (0, 5)) € M, where s = (I, I, I;) and the horizontal lift of any vector field or tangent
vector of M is invariant under ¢,, we have

(Lz, fg’c)(x,(p,s))(yh) = [Z4, fg’CYh](x,(p,s))
d —1,/79.c vl
= - LY" x,(0.5
718 (Y Do o) i
d h , h
= Egbt* ((cos 281‘)(12Y)¢1((x’(p’s))) + (sin 2&t) (I3 Y)¢[((x’(p’s))))‘t=0

d .
== ((cos 2en)(hY Y, ), + (sin2e0)(3 Y)?x’(p’s)))‘

t=0
h 20, h
=2e(BY), ) = 2605V .5nY
and similarly Ly, [ = 0, which imply Ly, [ = —2¢f2°. .

The Nijenhuis tensor for /7€ is given by
N®(U,V) = [U, V] + I°[I% U, v + I [U, o<V - (1P U, [PV

forU,V e F(TM ). Let Q (resp. Q) be the curvature form of 8 (resp. 6). Take a local section
s : U — § defined on an open set U of M. The pull back of Q = Zz:1 Qe by s is denoted
by QY. Since the curvature form is horizontal, we have

(3.4) Qs = 7 QY5

If we define the two-forms QU by QY = (1/2) 3 QY¢, and denote by V the connection on
Q induced by V, then we have

S 1
RY ylo = [RYy, 1o] = [5 Peeaa IQ] = Q) (X, "l - Q/ (X, V)L,
which implies
1
(3.5) QUx,y) = —%TrIaR;Y

for X, Y € TM. In fact, multiplying the equation R;Y ol, -1, o0 R;Y = QYU X, Y)lg —
QF (X, V)1, with Is, we obtain
IgoRYy ol + 1,0 Ry, = —QJ(X, V)id — QJ (X, V)L,

Taking the trace proves (3.5). Let Ric’ be the Ricci curvature of V and its symmetric
(resp. anti-symmetric) part is denoted by (Ric¥)* (resp. (Ric')*). The Nijenhuis tensors
of the canonical almost complex structures on the bundle M over the quaternionic manifold
(M, Q, V) are computed in the next lemma.

Lemma 3.5. Ifn > 1 or Q is anti-self-dual provided n = 1, we have

(3.6) N*(Zy,Z) =0 for 1 <i<3,
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(3.7) N%(Zi,Z)) =0 for 1<i,j<3,
(3.8) NYZE, X"y =0
(3.9) NYZ, X" =0 for 1<i<3,
(3.10) BN (X" Y") ¢ (p.51)
_ % ((Ric™(X, ) — (Ric")(IX. 1Y) e
- % (Ric™Y'(X. 1Y) + (Ric"Y(,X. Y)) e and
(3.11) AN X, YY) = 0 for X, Y e T(TM),

where (x, (p, 5)) € M (s = (I, I, Ix)).

Proof. We write 1, = ff;’c for simplicity in the proof of this lemma. It is easy to see
that (3.6-3.9) hold by the definition of the almost hypercomplex structure on M and Lemma
3.4. In fact, for example, we have N"(Zﬁ, Z,) = [Z,g, Z,1 +12,,Z5] = 0 and N”(ZB,Xh) =
I, [Zﬁ,l X”] (1, Z,;,I Xh =I,(- 2817)(Xh) - 281ﬁ(Xh) =0. The other equations are proved
similarly. Next we show (3.10). It holds (6;o1, o)Zy) = —0ias (0 ol )(Zy) = cbiy, (6; oIa)(Zﬁ) =
Oiy, (B; © IAQ)(ZY) = —0;3. Using this and Lemma 3.1, we have

Al L1, X", Y1)
3
=00 1)) OiasllX", Y Z: + 90(ASO[1 X", Y")z5)

i=1
3

Z(Zoms X", Y' )0 0 1) (Z)e; + 90(ASO[1 X YI)0; 0 )(ZG)e )
j=0

W

= Ou(as[LX", YIS e; + Op(as X, Y1) e;
j=0

N 1 I
= Oy (05 [LaX", Y DS g + —O0(05, X", Y'D(=0)e )
As a consequence of Lemma 3.1, we have ASO[IA(,X;’, Y;’] = [(I,X), Yh"]IA#(m and Ag [faXE,
Y = (LX), YM|,,0m- By Q = Q+dby = 33, Qses + (dbp)ey, it holds
(11, X", Y™) = = cQu((L XY, Y!eo — Qp(UX)", YMe,
1
+ Q (LX), YMes + —dOo((1,X)", Y™)e,.
C
Defining
Aa(X" YRy = = Qu(as X", asY") + Qup(as I, X", As YT
+Q,(asE, X", As Y + Q (a5 X", As T, Y™

for X, Y € TM, we obtain
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AN (X", Y"))
=(=dBo(X", Y") + dOy((1,X)", (1,Y)") = cQu(X", (I, Y)") = cQa((1X)", Y"eo
1 1
(=Qu(X", Y") + Qu((LX)", 1Y) + =dbo((1,X)°, Y") + =dB(X"™, (1,Y)*))e,
C C
+ Ag(X", YN eg + A(LX)", YPe,.

Next we show that the coefficients of ¢y and ¢, can be described by the Ricci tensor of V and
that the other components vanish thanks to the integrability of the almost complex structure
on the twistor space of M [22]. Set

(3.12)

1 1 1
B = Ric™Y + —Ric")' — —— T, (Ric")".
200+ D R + g (RieT) = S Rie™)

where IT,(Ric¥)* is the Q-hermitian (0, 2)-tensor defined by

3
(a(Ric)’)(X, Y) = % (Ric")Y' (X, Y) + > (Ric™) (IiX, I;Y)
i=1

for X, Y € TM. By [5], we have
(3.13) QY(X,Y) = 2B(X. 1,Y) - B(Y,1,X)).
Then it holds
1
QYUX. ¥) + QX 1Y) = =—— (Ric") (X, ¥) = (Ric®)" (I, X. 1Y) .

Since edfj (X, Y) = TrRY, = —Ric¥ (X, Y) + Ric" (Y, X) = =2(Ric")*(X, Y) and Q,(X", Y") =
(1/ 2)893 (X, Y) for all tangent vector X, Y on M, to prove (3.10), it is sufficient to check
A, = 0. This is related to the integrability of the almost complex structure on the twistor
space Z of the quaternionic manifold (M, Q) as we explain now. Recall that Z = {A € Q |
A% = —id}. We set

1
voor._ Loy v v v
RX,Y T Z(RX,Y + IRIX,Y + IRX,IY - RIX,IY

forX,Y e TMand I € Z. Then

(3.14) Ry, 11=0

for any I € Z if n > 1. In the case of dim M = 4, (3.14) holds if and only if Q is anti-self-

dual. See [3] for example. By (3.5) and (3.14), we have [Ry)>", 1,11, = 0 and thus

0 =2Tr[RY )", 1,11,
=Tr(—I3RY y + kRY v, v + L,R) v + L,RY, )
BRxyy A x1,Y YRLXY YRX LY
=2n(QJ (X, Y) = QI X, 1Y) = Q) (I X, Y) = Q) (X, [,Y))
= — dneA (X", Y")
for all X, Y € TM. This proves that A, = 0.

Since V is torsion-free, we have (3.11) by the similar calculation for the Nijenhuis tensor
of the almost complex structure on the twistor space. m|
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From Lemma 3.5 (and Proposition 3.3) we obtain the following result.

Theorem 3.6. Let (M, Q) be a quaternionic manifold and V a quaternionic connection.
Let (ff ‘ Agc, ?c) be the almost hypercomplex structure on M. We assume that Q is anti-self-
dual whenn = 1. If c = —4(n+ 1), then the almost hypercomplex structure is integrable (and
independent of V). When ¢ # —4(n + 1), the almost hypercomplex structure is integrable
if and only if (RicV)* is Q-hermitian, that is, it is hermitian with respect to I for all I € Z,

where Z is the twistor space of (M, Q).

We call M the Swann bundle of M, although the terminology *“Swann bundle” is also used
for the quotient space M/Z with ¢ = —4(n + 1) in [20]. From now on we will only consider
the case that (ff ‘ Ag‘, Ag‘) is a hypercomplex structure, i.e. 1ntegrab1e We note that, for
each fixed quaternionic connection, (Ilgc, Agc, Agc) + (f9 < Agc i “Vifc # ¢'. Although it is
obvious from the definition, we can also see it by considering the Obata connection. From

Lemma 3.4, it follows that @C ?0 = (1/ c)@%o'evo, where V¢ is the Obata connection for the

20,c "90 iﬂc)

hypercomplex structure (/;", I,*, I

4. A quaternionic vector field and its natural lift

A vector field X on (M, Q) is called quaternionic if its (local) flow ¢, satisfies
o d:=¢.olopeQ
for all I € Q and for all ¢. For a connection V and X € I'(T M), we define
4.1) (LxV)yZ := Lx(VyZ) = Vi,vZ — Vy(LxZ),

where Y, Z € I'(TM). Note that LxV is a tensor. In this paper, we study (M, Q) with a
quaternionic vector field X which is also affine, that is LxV = 0. So we start by studying the
condition LyV = 0. We define the Hessian H' with respect to V by

Hy,X = VyVzX - Vy,2X
for X, Y, Z € I'(T M). By similar arguments as in [4], we have the following.

Lemma 4.1. Let V be a quaternionic connection of (M, Q) and X a quaternionic vector
field. Then the following conditions are equivalent each other.
(D) LXV 0,
) R Xfor allY, Z e TM,

3) chV(X, Z) TrH(V \zX forallZ e TM.

Proof. Since X is a quaternionic vector field, ¢,V is a quaternionic connection with
respect to O, where ¢,V is the connection defined by

(@5 VIZ = (V6 Z)
for Y, Z € T(T M). Therefore there exists a one form & such that 97V — V = §¢ by Lemma

2.1. Then we have

d d
4.2) LyV = —¢'V| = —S%

dt =0 B dt
where &y = (d/dt)él;=o. On the other hand, by a straightforward calculation, we have

- Sfx,
t=0
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(LxV)yZ =R\ ,Z + HY X for all Y, Z € T M. Therefore, we have
XY Yz
(LxV)yZ = R}, Z + Hy,X = S'Y.

It follows that (1) = (2). It is also easy to see that (2) = (3) by taking a trace. Since
TrSéX =4(n + 1)éx(Z), we have

~Ric¥(X,Z)+ TtH | ,X = TrSS = 4(n + 1)éx(2).
If (3) holds, then we have (1). |

We consider the normalizer
N(Q) :={A € End(TM) | [A,I] € Q forall I € Q}
and the centralizer
Z(Q) :={A € End(TM) | [A,I] =0 forall /€ Q}.

Then we see N(Q) = Q+Z(Q) = Q+R-id + Zy(Q), where Zy(Q) is the subspace of Z(Q) of
trace-free tensors [5]. Let V be a quaternionic connection and X a quaternionic vector field.
Since Lxl, = Vxl, + [1,,(VX)], VX is an element of N(Q). We write VX = T + T, where
T el'(Q+R-id) and Ty € I'(Zyp(Q)). Note that, by [5], we have explicitly

1 3
VX=- ; Tr((VX) o I,)], (€ T(Q))
+ i(TrVX)id (€ C*(M)id)
4n

1 3 1 ,
+ (V%) - z’f 1.(VX)1s) = 3~(TrVX)id (€ T(Zo(Q))).

So it holds
13
(4.3) T= 1) Ti(VX) o In)l.
a=0
where Iy =idand gy = 1,61 = & = & = —1.

Proposition 4.2. Let V be a quaternionic connection and X a quaternionic vector field.
Then LxV = 0 if and only if 2(RicV)*(X, -) = d(Tr(VX)).

Proof. By the Bianchi identity, it holds
RYyZ =-R} Y —Ry,X
= -RyyY - Hy,X + Hy X
= Ry Y — Hy,X + (V,T)(Y) + (V2To)(Y)

for all Y, Z € TM. Then we have —Ric'(X,Z) = —TrRZX - TrH(V_ )’ZX + Tr(V,T), since
Ty and VT are trace-free. Therefore, by Lemma 4.1, we see that LxV = 0 if and only if
2(RicV)Y(Z, X) + Te(V,T) = 0. Finally, because T € I'(Q + R - id), we obtain Tr(V,T) =

ZTr(VX) by (4.3). This implies the conclusion. |
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Recall that every Killing vector field is affine with respect to the Levi-Civita connection.
This means that every quaternionic Killing vector field X on a quaternionic Kédhler manifold
(M, g, Q) is an example of an affine quaternionic vector field. This can be seen also by
Proposition 4.2.

Corollary 4.3. Let X be a quaternionic vector field on a quaternionic manifold (M, Q).
If there exists a volume element v on M such that Lxv = 0, then there exists a quaternionic
connection V such that LyV = 0.

Proof. We can find a quaternionic connection V such that Vv = 0 by [5, Theorem 2.4].
Then Ric" is symmetric. Because Ly = Vx — (VX) and Lyv = 0, we have Tr(VX) = 0. Now
the conclusion follows from Proposition 4.2. |

If X is a quaternionic vector field with the flow {¢;}, then X can be lifted to X on M as
follows. We define ¢, : M — M by

@i((x, (p, $))) = (@i (), (PZ0, (0,11, 9~ 12, 97, 13)))
for (x, (p, 5)) € M, where s = (I}, I, I3) and define

N d .
Xix(p.s) = E%((x, (0, 5))) .

The vector field X on M is called the natural lift of X. Since X is invariant by the principal
R>? x SO(3)-action, we have the following.

Lemma 4.4. Let X be the natural lift of a quaternionic vector field X. We have [X, Bl=0
for Be R@® so(3).

Existence of v € I'(S) such that Lyv = 0 (see Corollary 4.3) is related to the following
condition for X.

Lemma 4.5. Let X be a quaternionic vector field X on (M, Q). The following conditions
are equivalent :
(1) there exists v € T'(S ) such that Lyv = 0,
(2) there exists a trivialization S = M x R*® such that X, € T;S ¢ T,M = TS &R for all
p=(x(p,9) € M.

Proof. At first, assume that (1) holds. Then v gives a trivialization So = M X R>0 and
M =S x R>®. We denote the component of X tangent to the second factor by X*. For any
point (x, (o, 5)) € M, we see that Xi, ' =0 & X, =0 & (Lx») = 0by
Lemma 4.4. Conversely, we can obtain the desired section v € I'(S) by v(x) = ®~!(x, 1) for
each x € M, where @ : So — M x R”" is a trivialization satisfying (2). m|

If there exists v € T'(S) such that Lyy = 0, we may assume that X is a tangent vector
field on S by Lemma 4.5. From now on we will assume that the quaternionic vector field X
generates a free U(1)-action. Since U(1) is compact, there exists a volume form v invariant
under the group action. This also implies that there exists a quaternionic connection V such
that LxV = 0 by Corollary 4.3.
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5. The hypercomplex moment map

In this section, we consider a hypercomplex moment map on the Swann bundle. In [14],
a hypercomplex moment map is defined as follows.

DEriniTioN 5.1 [14]. Let M be a hypercomplex manifold with hypercomplex structure /7,
I, I3 and F a compact Lie group acting smoothly and freely on M preserving I; (i = 1, 2, 3).
F acts on & = Lie F by the adjoint action. A vector field on M induced by f € & is denoted
by Xy. If a triple u = (u1, 2, u3) of F-equivariant maps y; : M — §* (i = 1,2, 3) satisfies

(51) d,u10]1 :dﬂ2012:d/l3013
and
5.2) (duy o I1)(Xy) does not vanish on M for any non-zero f € §,

then y is called the hypercomplex moment map of F. The equations (5.1) are called the CR
(Cauchy-Riemann) equations and the condition (5.2) is called the transversality condition.

A hypercomplex moment map produces another hypercomplex manifold by a quotient
(Proposition 3.1 in [14]). Let (M, Q) be a quaternionic manifold with a quaternionic con-
nection V and an affine quaternionic vector field X. The following lemmas hold.

Lemma 5.2. If X is an affine quaternionic vector field on (M, Q, V) and 6 is the principal
R>% x SO(3)-connection on M induced by V, then L8 = 0 and Lg% = 0.

Proof. The first equation follows from the fact that ¢, preserves the horizontal distribution,
because ¢, is induced by a local flow ¢, of affine transformations preserving the quaternionic
structure. Since the almost hypercomplex structure (ff’”, fg’”, fg’c) is canonically associated
with the data (Q, V) on M, it is also invariant under ¢,, which implies the second equation.

O

From now on we assume that there exists v € I'(S() such that Lyv = 0. Then we can
identify So = M xR>%, M = § x R*? and X is a tangent vector field on S by Lemma 4.5. In
the next lemma, we identify S with the ¢,-invariant submanifold § x {1} ¢ M = S x R,

Lemma 5.3. Under the above assumption, L6 = 0. Moreover H|s = H if and only if
Vv =0.

Proof. The projection from R & so(3) onto R (resp. so(3)) is denoted by prr (resp.
Dren3)). The first statement follows from the previous lemma, since pr50(3)9| s = 6. The
second statement follows from prrfls = (v o 75)*6, since Vv = (v*6y) ® v. ]

For1 e R=TR>? atp € S, we have

— —~ d 0
= 1 = — A = = —
(e0)p =1, s exp(er) sy )

where r is the standard coordinate on R>?. Let V be a quaternionic connection on (M, Q).
We define 1-forms @fl on M (e =1,2,3) by

%lrs = Arif, and 5(Z5) =0
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where A € R is a constant. A symmetric tensor (6, 6) is defined by

3
0,0(Y,2) = Z 6:(Y)0:(2)

i=1
for Y and Z € TS and we set
. eA
(5.3) GS i= —AreQu(-,I7 - ) + 2eAri (0,0) + —rr'_z(dr®dr).

Note that G{lyxy = GSlyxy = G§lyxy, that is, the vertical components of G, are independent
of a.

Lemma 5.4. We have dé¢(Y,Z) = G¢(Y,[%°Z) for Y, Z € TM.
Proof. Put f(r) = Ari. Then

Go%,2) = ~ [, 147 + 26 )0.000,2) + 22 L dr e rv,2)

for Y, Z € TM. Since Z(C) = scr%, we obtain

24
dB5(Z5, Zo) = scrf'(r) = scr - =ri™! = 2ef(r),
C

Gy, 102 = G 74 25) = - 22 1)
C

=2ef(r)
and

G (Za I7(Z5)) = ~G(Za Za) = =28£(r).
Moreover we have

db(Zs, Z,) = —0(Z5, Z,]) = —2&£(r)

and

G425, 10(2,)) = —G'\(Zp. Zg) = =2&f (),
similarly G(Z,, 1%°(Z)) = 2 (r). Finally, we see

dgs,(Y", z" = firde)(Y", 2" = f(nQu.(Y", Z"
and
GS(Y!, 17 = F(rQ.(Y", ZM).

*Ta

For other combinations of tangent vectors on M, both tensors df,, G, vanish. m|

We define u¢ : M — R3 by
(5.4) pE(x) = 6°(X) = (85X, 05X, 85(X,)

for x € M. We calculate some formulae which will be used later to determine sufficient
conditions for ¢ to be a hypercomplex moment map.
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Lemma 5.5. If X is an affine quaternionic vector field on (M, Q, V), then we have
du’, = —15d6..
Proof. By Lemmas 4.4 and 5.3, Ly6, = 0 and (X, 7] = 0. It follows Lf(ég = 0 and
dus = dight, = Lo — 14d0S = —13d6,. O
For the CR-condition for u¢, we have

Lemma 5.6. If X is an affine quaternionic vector field on (M, Q, V), then we have

(5.5 (d, o 12)(Z5) = 0,
(5.6) (duf o IA?’C)(E) = (du$ o IAE’C)(E) = (dy§ o fg’c)(ﬁ) forany B € so(3).
5.7 (i, o 12)(Y) = ~AriQ, (X, F2),

for all horizontal vector Y.

Proof_. By Lemmas 5.4 and 5.5, we have du, o ff}c = ny(f(, -). Then it is easy to see
(dis, o I7)(Z8) = G4(X, Z5) = 0. Since G = G = GS on V x TM, we obtain (5.6). Finally
for horizontal vector ¥ we have (du’, o I2)(Y) = G5(R, Y) = —Ar<Q, (X, I2€Y). O

For the transversality condition for u°, we state the next lemma, which follows from the
equation du’, o 2 = G&(X, -).
Lemma 5.7. We have
(i, o I7)X) = GS(R, X) = —Ari Qu(X, I7°X) + 22Ar< (0, 0)(R, X).
By Lemma 5.6, u¢ satisfies CR equations (5.1) if and only if
QX 7) = R, 2Y) = 3R, I2°Y)

holds for all horizontal vector Y. On the other hand, from the equations (3.12) and (3.13),
Q,, satisfies

(5.8) 26Q,(Y", 1< 7" oV, 1,7)

1 Ve .
- 2n+ 1) ((R’CV) (I,Y, 1,Z) — (Ric" (Y, Z))

5 (R (U, 1,2) + (RicY (1, 2)

+ (I(RicY)*)(Y, Z)

n(n+?2)

for tangent vectors Y and Z on M. In particular, if Ric" is Q-hermitian, then Q,( -, f(‘;" -)does
not depend on a. We see that u¢ satisfies the CR equations (5.1) if Ric¥(X, Y) = RicV(IX,IY)
forall Y € TM and I € Z. Moreover if the vector field X on M is affine quaternionic and ¢
satisfies the CR equations, then

&
2(n+2)

The following statements can be obtained for the CR equations and the transversality con-

(Ric")(X, X) o #.

Qu(X, I7°R)(= Qp(R, I3 X) = QX 17 X)) = -
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Proposition 5.8. Let M be a quaternionic manifold with a quaternionic connection V
and X an affine quaternionic vector field on (M, Q,V). Assume that there exists v € I'(So)
such that Lyv = 0. If

Ric¥(X,Y) = Ric"(IX, IY)
forallY e TM, I € Z and
(Ric¥)(X,X) o & + 4(n + 2)(0, 0XX, X)

does not vanish on M, then the map u° = Ar%H()A() M > R3(A £ 0) satisfies the CR
equations and the transversality condition for any ¢ # 0.

Also we have

Corollary 5.9. Let M be a quaternionic manifold with a quaternionic connection V and
X an affine quaternionic vector field on (M, Q, V). Assume that there exists v € I'(S¢) such
that Lyv = 0. If Ric¥ is Q-hermitian and

(RicV)(X, X) o & + 4(n + 2)(6, )X, X)

does not vanish on M, then the map - = Ar%H()A() M > R3(A £ 0) satisfies the CR
equations and the transversality condition for any ¢ # 0.

6. The proof of the main result

In this section, we give the proof of our main result. Using the hypercomplex quotient
in [14], we can obtain a hypercomplex manifold M’ with certain properties. To show it, the
following lemmas are needed.

Lemma 6.1. We have L0 = —¢[B, 6]. Moreover Lz, 60, = 0, L 0z = 26, and Lyz,6, =
—2895.

Proof. We see that (Lz0)(C) = —0([B,C]) = —&[B,C] = —¢[B,6(C)] and (Lz0)(Y")
—9([757, Y"]) = 0(= —=[B, 6(Y™)]). For the latter statements, we compute

Z(Lzﬁi)ei =Lz 0=—¢le,, Z Oiei]l = —¢gleq, Ogegl — €le,, 0ye,] = —2ebpe, + 2e0,e4.

O

By Lemma 6.1, we have

Lemma 6.2. It holds that Lz, 6, = 0, Lz,05 = 2¢6, and Lz,6, = —2¢6;
From Lemma 5.3, it holds

Lemma 6.3. If LxV = 0, then Lyd0, = 0 fora = 1,2,3.

We can now prove the main theorems in this paper.

Theorem 6.4. Let (M, Q) be a quaternionic manifold. We assume that Q is anti-self-dual
when n = 1. Moreover assume that U(1) acts freely on M preserving Q. We denote by X the
vector field generating the U(1)-action. If Q admits a quaternionic connection V such that
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LxV =0,
(6.1) Ric¥(X,Y) = Ric"(IX, 1Y)
forallY e TM, I € Z and
(6.2) (RicV)(X, X) o & + 4(n + 2)(0,0)(X, X)

does not vanish on M, then the natural lift X generates a free U(1)-action with the moment
map ¢ defined by (5.4), where ¢ = —4(n+1). Then the corresponding hypercomplex quotient
is a hypercomplex manifold (M', H = (I}, I, I})) with an I{-holomorphic vector field Z such
that LzI, = 2&l}, Lzl = —2&l,. Moreover the exact 2-forms dtf, on M induce closed
2-forms ©, on M" which satisfy Lz0| = 0, Lz0) = 20}, L0, = —2£0),.

Proof. Choose ¢ = —4(n + 1). Then M is a hypercomplex manifold by Theorem 3.6.
We can choose a U(1)-invariant volume form v on M. Then the condition (2) in Lemma
4.5 holds, so X is tangent to S, which means that the results in the previous section can
be applied. Since Proposition 5.8 and the second statement of Lemma 5.2 hold, M’ =
P/U(1) is a hypercomplex manifold with the induced hypercomplex structure /7, I, I} by
[14, Proposition 3.1], where P is the level set (1€)~'((1,0,0)). Based on the proof of [14,
Proposition 3.1], take V = {v € TP | (du, o ff)f)(v) = 0}. Then we see that TP = V& (X). In
particular, 7, TM’ = V, where np : P — M’ is the quotient map. The vector field f?’CZ(‘)’ =7
is tangent to P, since

Zifglp = 202,15 — 2803045)|p

by Lemma 6.2. By Lemma 4.4, Z; is a projectable vector field, that is, Z := np.(Z)) is
a vector field on M’. The vector field Z satisfies (LzI)(U) = mp.((Lyg, I?,’”)(Up)), where
Up € I'(V) is any projectable vector field and U = np.(Up) is its projection. In fact, this can
be obtained from [/, o wp, o pry = mp, o pry o f('i’c, where pry : TM|p — V is the projection
with respect to the Iﬁ’”—invariant decomposition

(TMDlp = V& (X1, 12X, 1%,

Therefore, by Lemmas 3.4 and 4.4, we see that Z is a I]-holomorphic vector field such that
Lz, = 2¢&l} and Lzl = —2¢&l}. Finally, by Lemma 6.3, we can define 2-forms @), ©), O]
on M’ by @, (U W) = (d@g)(Up, Wp) for U = np,(Up) and W = 7mp,(Wp). It is clear that
these forms are closed. Finally we see that these forms satisfy the desired conditions by
Lemma 6.2. |

REmARK 6.5. In Theorem 6.4, the same conclusion can be obtained under the assumption
that the action induced by X is free instead of the assumption that the action induced by X
is free.

In the case that Ric” is Q-hermitian, we have the following theorem.

Theorem 6.6. Let (M, Q) be a quaternionic manifold. We assume that Q is anti-self-dual
when n = 1. Moreover assume that U(1) acts freely on M preserving Q. We denote by X the
vector field generating the U(1)-action. If Q admits a quaternionic connection V such that
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LxV =0, Ric¥ is Q-hermitian and

(6.3) (Ric¥)(X, X) o & + 4(n + 2)(6, 0)(X, X)
does not vanish on M, then there exists a L-parameter family {(M", H* = (I, I}, I5'))}cz0 of
hypercomplex manifolds with an I}°-holomorphic vector field Z° on M’ such that Lz:I'} =

2ellf, Lz Iif = =2&l’. Moreover the exact 2-forms db on M give a 1-parameter family
{(OF, OF, O )}z of triplets of closed 2-forms on M’ such that Lz-O7 = 0, Lz0F = 2£07,
Lz:0%f = -20% and

(6.4 O 1) = OF (- 1) = OF (-, I ),

Proof. Since Ric" is Q-hermitian, the almost hypercomplex structures (ff ‘, Ag‘, Ag‘) on M
are integrable for all ¢ # 0 by Theorem 3.6. Following the same procedure as in the proof of
Theorem 6.4, we obtain the claims with exception of the equation (6.4). The latter equation

follows from Q-hermitian assumption for Ric¥ using Lemma 5.4 and (5.8). m]

The assumption (6.2) is formulated in terms of objects on the Swann bundle M. We have
the following corollary under assumptions formulated directly on M.

Corollary 6.7. Let (M, Q) be a quaternionic manifold. We assume that Q is anti-self-dual
when n = 1. Moreover assume that U(1) acts freely on M preserving Q. We denote by X the
vector field generating the U(1)-action. If Q admits a quaternionic connection V such that
LxV =0, RicV(X, X) > 0 and (6.1) is satisfied (resp. Ric" is Q-hermitian), then we have the
same conclusion as Theorem 6.4 (resp. Theorem 6.6).

We call the correspondence from (M, Q,X) to (M’,H,Z) or to {(M’‘, H°,Z)}.+0 de-
scribed in Theorems 6.4 and 6.6 the Quaternionic/Hypercomplex-correspondence (Q/H-
correspondence for short).

A relation with Swann’s twist construction. Now we explain how M’ considered just
as a smooth manifold can be related to M by Swann’s twist construction. Consider the
Lie subgroup U(1)z, := {g € SOQ) | Adye; = e} of SO(3), which can be identified with
U(1). Notice this group is different from the group (X) = U(1) generated by X. Then
P = (u)71((1,0,0)) = (u)~'(ey) is a principal U(1)z,-bundle over #(P) with a connection
tp(01), where tp : P — M is the inclusion map from P. In fact, the calculation

K (pg) = 8(X,yy) = OR,.X,) = Ady10(X,) = Adyrer = e

for p € P and g € U(1)z shows that P is invariant under U(1)z,. In particular, P N #7!(x)
is a union of circles (U(1)z -orbits). Since the functions ga/(X)lﬁ-—l(x) on A7 (x) = H*/{x1)}
are linear in the natural coordinates on H = R* and 6,(X) = Ar%ea(f(), we see that the
above intersection P N #~!'(x) is a single circle. Recall [24] that Swann’s twist construction
produces a new manifold M’ from a manifold M with the following twist data: a vector field
&, a two form F and a function @ on M. More precisely, & generates a U(1)-action, F is
an invariant closed 2-form which is the curvature form of a connection form on a principal
U(1)-bundle, and a is non-vanishing and satisfies da = —iF. It was shown in [17] that
the HK/QK-correspondence can be described using the twist construction and a so-called
elementary deformation of the metric.

In the setting of the Q/H-correspondence, let s : U — P, U C #(P) be a local section.
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Then we define a two form F and a function a on 7(P) by

F = s"(d(tph))) = s7(d)) = s"Qy,

a:=s'(01(X) o1p)) = 61(X) 0 5,= 5" (61(X)).
Note that both F' and a are independent of the choice of 5. Then we have

Proposition 6.8. As a smooth manifold, M’ obtained by the Q/H-correspondence is a
twist of A(P) in the sense of [24] with the twist data (¢ = X, F, a) as above.

Proof. Since LyV = 0, we have
da = s*(dig6y) = —s"(dO (X, -)) = - (X, 5.( - )
= - (X", 5.( - ) = =Qi(5.(X), 5:( - ) = —F(X, -).
Also we obtain LyF = (ixd + dix)F = —dda = 0. ]

Note that the complex structures [/, are not H-related to I, in the sense of [24], because
the invariant subbundle V ¢ T'M does not coincides with 7 in general.

7. Examples

In this section, we give examples.

QK/HK-correspondence: When M is a possibly indefinite quaternionic Kédhler manifold with
non zero scalar curvature, we can take the Levi-Civita connection V as a quaternionic con-
nection and if there exists a non-zero quaternionic Killing vector field X on M, then we can
take X as the affine quaternionic vector field in the Q/H-correspondence. The tensor field
(5.3) gives a (pseudo-)hyper-Kdhler metric on M and (6.4) gives a (pseudo-)hyper-Kihler
metric on M’ if X is time-like or space-like (see [1]). Therefore our Q/H-correspondence is
a generalization of the QK/HK-correspondence. The following example is well-known (see
[13, 11, 23] for example).

ExAmPLE 7.1 THE COTANGENT BUNDLE T*CP" As A HYPER-KAHLER MaNIFoLD. Consider the
quaternionic (right-)projective space M = HP" with the standard quaternionic structure. We
can choose the Levi-Civita connection V of the standard quaternionic Kéhler metric on M
as a quaternionic connection. Then we see the Swann bundle M = gH’”_l\{O}) /{xl} > M
as a hypercomplex manifold with the hypercomplex structure (IA?"', fg"', fg"'), where 0 is the
principal connection associated with the Levi-Civita connection. Let X be the vector field
on M which generates the U(1)-action on M by quaternionic affine transformations defined
by € - [z0,...,2:] := [€”z0, ..., €"z,] for e € U(1) and [z, ...,z,] € M. It holds that the
Ricci tensor RicY is Q-hermitian and RicY(X,X) > 0. Then we can apply Corollary 6.7.
Note that the action induces the well-known hyper-Kéhler moment map on M when ¢ = 1.
The hyper-Kihler metric G, = G = G, is given by a constant multiple of the standard
Euclidean flat metric on H"*'\{0}. Applying the QK/H K-correspondence (which amounts
to taking the hyper-Kihler quotient of M with respect to the vector field X) to this example
yields Calabi’s hyper-Kihler structure on 7*CP".
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Hypercomplex manifold with the Obata connection: Let (M, (11, I, I3)) be a hypercomplex
manifold and V its Obata connection on M. We recall the Obata connection is a canonical
torsion-free connection preserving the hypercomplex structure [18]. In particular, it is a
quaternionic connection with respect to the quaternionic structure Q = (I, I, I3). Assume
that a vector field X with the flow {¢,};cg on M is given, which generates a free action of
U(1) = R/2nZ on M such that

(7.1) Lyl =0, Lyl =2¢els and Lyly = —2¢l,.
Then it holds
oo 0 =1, ¢, I, = (cos(2et)), + (sin(2et) I3, ¢~ I3 = (—sin(2er))I, + (cos(2&t))13.

This shows that X is a quaternionic vector field for the quaternionic structure Q = (11, I, I3).
Since (¢,V) is the Obata connection for the hypercomplex structure
(=05, ¢ 1, 9" 13), (¢*,V) is again a quaternionic connection for Q. By the explicit ex-
pression of the Obata connection in [5], we have

d
—(@* V) =0,
dt(‘;o—t )

and hence ¢,V = V for all 7. It follows that LxyV = 0. Because the Ricci curvature of
the Obata connection is skew symmetric and Q-hermitian by Corollary 1.6 in [5], we can
apply the Q/H-correspondence to (M, Q, V) obtaining a hypercomplex manifold M’. The
manifolds M and M’ are related as follows.

Proposition 7.2. M is a double covering space of M'.
Proof. The hypercomplex structure is a global section s : M — S
x = s(x) = (11(x), L(x), I3(x)),
and defines a global trivialization of the principal SO(3)-bundle S. Take a U(1)-invariant
volume form. Since
M = {(x,s(x)g,r)| xe M, geSO®3), r>0}
= MxSOB)XxR™®>MxSOB)x{l}=MxSO3)=S

and (11, o2, 1, ¢, 3) = (I1, I, 13)ge = (11, I», 13)g?, where

1 0 0
(7.2) gr=| 0 cos(2t) -sin(2¢) |,
0 sin(2r) cos(2r)

we can write @(x, (I1, I, 13), ) = (¢(x), (I1, I, 13)ger, ) and hence Xy = X2 + (@1)5(-
Therefore we see that X(,s = X! + (AZI;:el)
ue: M — so(3)(= R3) on M is given by

S where g € SO(3). Then the moment map

K(p) = AriO(R,) = Arig eig®

at any point p = (x, s(x)g®,r) € M. The level set P := W) (er) = W)((1,0,0)) is given
by
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((x, s(x)g%, ) € M| x € M, Arig=eig® = ey).
Hence we have
(7.3) P = {(x, s(x)g‘g,A_g) eM|xeM, ge U} =M xU(1).

We obtain a hypercomplex manifold M’ = P/ (X), where (X) = U(1). Define a map k :
M — M’ by k(x) = np((x, s(x),A™?)) for each x € M, where 7p : P — M’ = P/(X) is
the quotient map. Since k™'(y) = 73'(y) N (s(M) x {A~2})) consists of exactly two points
for each y € M’ by (7.2), k is a double covering map. By (5.7) in Lemma 5.6, it holds
V,={veT,P| (dugo fz’”)(v) = 0} = H,,. It follows that 7,,(TM") = H|p, where H is the
horizontal subbundle with respect to the Obata connection. Since s.(Y) = Y" for Y € TM,
we have

k(1,Y) = 7p.(5.0,Y) = 7p (LYY = L(rp. (YD) = I (mp.s.Y) = I,(k.Y).

Therefore k : M — M’ is a double covering map satisfying k, o I, = I}, o k.. |

Note that M’ is obtained by the twist data (X, F = 0,a = 1).

ExampLe 7.3. For the Swann bundle M of a quaternionic manifold (M, Q), we see that
Z = —Af’“Z(‘)' satisfies the conditions required above by Lemma 3.4. So M is a double
covering space of (M)’

Quaternionic Hopf manifold: Consider H" = R*' as a right-vector space over the quater-
nions. Set M := H"\{0}. The standard hypercomplex structure H = (I,L,I;) on M is
defined by I =R.L, =R s I; = —Ry, where R, is the right-multiplication by ¢ € H. The
hypercomplex structure H gives a global section s : M — S (= M x SO(3)) as in the previ-
ous example. The corresponding quaternionic structure is denoted by O = (I}, I, I3). Let §
be the standard flat hyper-Kihler metric on M, A € Sp(n)Sp(1) and A > 1. Theny := 1A
generates a group I' = (y) of homotheties which acts freely and properly discontinuously
on the simply connected manifold (M, §). We can identify M with R x S*~! by means of
the diffeomorphism v — (¢,v/||v]|), where ¢t = log|v||/log A. Under this identification, y
corresponds to the transformation

(7.4) To:RxS"™! SRS (1,0) > (1 + 1, Av).

The quotient MJT = (R x S* 1) /(T4) is diffeomorphic to S x S 4-1 and inherits a quater-
nionic structure Q and a quaternionic connection V, both invariant under the centralizer
G2 = ZLnmsp)(y) of y in GL(n, H)Sp(1). (In particular, if A € Sp(n), then M /T inherits
a hypercomplex structure H and its Obata connection V, both invariant under the central-
izer G := Zg1(um(y) of ¥ in GL(n,H).) In fact, the quaternionic structure Q on M is
GL(n, H)Sp(1)-invariant and induces therefore an almost quaternionic structure Q on M/T,
since I' ¢ GL(n, H)Sp(1). Moreover, the Levi-Civita connection V on (M, g), which coin-
cides with the Obata connection with respect to A, is invariant under all homotheties of M.
Since I" acts by homotheties, we see that V induces a torsion-free connection V on M /T,
which preserves Q. This means that Q is a quaternionic structure on M/I". The group G¢
acts on M/T preserving the data (Q,V). If A € Sp(n), then I preserves the hypercomplex
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structure A on M and thus induces a hypercomplex structure H and V induces the Obata con-
nection V on (M/T’, H). The centralizer G* of y = 1A in GL(n, H) acts on M/T preserving
(H,V). We say that (M/T, Q) (resp. (M /T, H)) is a quaternionic (resp. hypercomplex) Hopf
manifold. Note that the hypercomplex Hopf manifolds are sometimes called quaternionic
Hopf manifolds (see [19] for example).

Now taking A = R, for some unit quaternion ¢ # *I, we have a quaternionic Hopf
manifold M = M/T. Then we see G¢ = GL(n, H)U(1) = R>® x SL(n, H)U(1), where U(1)
denotes the centralizer of g in Sp(1). Up to an automorphism of Sp(1), we can assume that

Ul) = {” | 9 e R}.

We take a subgroup R>? x Sp(n)U(1) of G, which acts on M transitively. The isotropy
subgroup is given by (1) X Sp(n — 1)Ay1), where Ay is a diagonally embedded subgroup
of Sp(n)U(1) c Sp(n)Sp(1) which is isomorphic to U(1). This has an expression as

Sp(n — Dayay = , e | |AeSpmn—1),e%eU)ys.

As described above, we obtain an invariant quaternionic structure on the homogeneous space

Sp(m)U(1)

M =R/ —_—
RT/D) x Sp(n— D,

RemARk 7.4. In particular, for n = 1, this yields a left invariant quaternionic structure on
U(1) x Sp(1). For n = 2, we obtain an invariant quaternionic structure on the homogeneous
space

SpU(l) _ T*-Sp(2)
Sp(Dauvq) U@)
Note that the homogeneous quaternionic space T2 - Sp(2)/U(2) has a finite covering of the

form (72 x G)/U(2), where G is a compact semisimple Lie group, namely Sp(2). This
presentation is of the form (7% x G)/U(2) as considered in [15].

U(l) x

Consider the U(1)-action on M defined by the right-multiplication by elements of U(1) (C
R>% x Sp(m)U(1) € G9) : z — z-e°" (z € M). Then the corresponding vector field X
satisfies X, = ezi = |z for z € M. Moreover we see that the relations (7.1) in the previous
example hold, that is, Lyl = 0, Lyl = 2&l3, Lyl; = —2&l,. The U(1)-action preserving the
quaternionic structure induces one on M and X induces the vector field X on M generating
the latter U(1)-action on M. Considering the hypercomplex moment map on the Swann
bundle Zlil (resp. M) of M (resp. M) and the level set P c ]\zl (resp. P C M) of the
corresponding moment map, we can obtain a hypercomplex manifold M’ (resp. M”). In fact,
since Ric¥ = 0 (resp. Ric¥ = 0) and X (resp. X) is not horizontal, the Q/H-correspondence
can be applied to M (resp. M), cf (6.2).

Now we consider M, := M/{+1} and M, := M/{+1}. The quotient maps by the action
of the group {+1} = Z, on the manifolds are denoted by 7, : M — M,andn, : M — M,,
respectively. The induced objects on M, and M, are denoted by the same letter. We obtain
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a hypercomplex isomorphism between M’ and M, as follows. Define f : M’ — M., by
f(x) = 7,.(7(u)) for any x € M’, where % : M — M is the bundle projection and u €
n;l(x) N (s(M) x {A~%}). Since 71';1()6) N (s(M) x {A~%}) consists of exactly two points of the
form {(xp, H ,A‘g)} as we observed in the proof of Proposition 7.2, f is well-defined. It is
easy to see

(7.5) fornp=r,o0n

on s(M) x {A~%} by the definition of f . Furthermore we have

(7.6) fok=r,,

where k : M — M’ is the double covering as in Proposition 7.2 for M. In fact, from (7.5), it
follows that f(k(x)) = f(ﬂp(s(x),A_%)) = 7. (A(s(x),A"%)) = 7,.(x) for all x € M.

Lemma 7.5. The map f : M’ — M, is an isomorphism of hypercomplex manifolds.

Proof. To prove that f is injective, let x;, x, € M’ such that f(x]) = f(xz). There exists
Yo € M such that x, = 75(s(ys),A"?) (a = 1,2). Since f(x;) = f(x2) and (7.5), we have
A(s@w1), A™%) = £7(s(y2), A™), that is, y; = £y, or equivalently y1 = @o(y2) Or Y1 = @x(y2)-
Therefore, we see that (s(y1),A”%) = (s(¢s(y2)),A"2), where 6 = 0 or 7. Then we have
x| = ﬂ'p(S(yl),A_%) = ﬂp(s(yz),A_%) = Xx,, which means f is injective. To show that f
is surjective, let z € M, and choose y € M such that z = #,(y). By (7.6), we obtain
z = 7,(y) = f(k(y)). Hence f is surjective. The lift of v € TM’ to H is denoted by v'. By

(1)2(®) = T T7) ")) = Tpea (L) oy T @I,

then
(7.5) .

Ferl@)) =" 7o (L) (@)@ )))
= (1) 1 e Gra @ N Z (1) oy (Fin0))

at each point x € M’, where u € 711‘3' (x) N (s(M) x {A~2}). This shows that the hypercomplex
manifolds M’ and M are isomorphic. m|

Set F := fonp: P — M,. Hereafter we will denote the equivalence class with respect
to the action of a group K by [ - |¢.

Lemma 7.6. We have F(y -y) = A- F(y) for all y € P.

Proof. For any point y = (p,Hg,A™7) (p € M and g € U(1)) of P, we have y - y =
(Api, FIgp(i),A‘ﬁ) by (7.3), where p : Sp(1) — SO(3) is the standard double covering.
Therefore we obtain

Y-yl z, = [(Api, Hgp(D), A™)] 5, = [(£4pg ™" H,A™5)] 5,
where g € Sp(1) such that p(§) = g. Then it holds
Fiy-p) = fir-ylg) = fAGapg™  HA] 3) = 7e(x£4pg™") = A1yl 5,) = AF ()
from (7.5). m]
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Note Ehat M’ has an induced {+1}-action, since the lifted action of {+1} to the Swann
bundle M commutes with T and U(1). Let 7/, : M’ — M’, be the quotient map of the action
by {+1} on M’. We can define a map

O : M\.(= 7/,(M") — M, /()

as follows. Take any x € M’. Then there exists y € P such that x = 7, (7p([y]r)) and
we set D(x) = [F(y)]y. We shall show that [F(y)].y is independent of the choice of y.
If (x =), (np(ly1]r)) = 7. (mp([y2]r)), there exist 6 € {+1}, g € U(1) and [ € Z such that
y1=6-g-y -y,. By Lemma 7.6 and the definitions of £ and 75, we see

Fy) = F@&-g-7 - y2) = 'F (),
which implies [F(y1)]y = [F(y2)]1y- Moreover we have
Lemma 7.7. The map ® : M, — M, /() is an isomorphism.

Proof. To prove that @ is injective, let x|, x, € M’ = n’,(M’) such that ®(x;) = D(x,).
There exists yi, y2 € P such that x, = 7\, (wp([yalr)) (a = 1,2). Since [F(yD)l) = [F(y2)l,
there exists € Z such that F(y;) = A' - F(y2) = F(y' - y»). Then we have frp(yr)) =
f (mp(¥' - y2)), so there exists g € U(1) such that y; = g - y' - y». Therefore we obtain

x1 = 7, (mp(y1 1) = 7 (mp(lg - ¥ - yoIP) = 7 (xp([y2]r) = xo.

So @ is injective. Next we shall show that ®@ is surjective. Take any z € M, /{1). There exists
y € P such that 7 = [F(y)ly. Setting x = 7/ (7p([ylr)), we have ®(x) = z, which means
® is surjective. Since the hypercomplex structures are invariant under actions of all groups
u(l) = Xy = ()QO, I, (1) and {£1} in the argument, @ is a hypercomplex isomorphism. 0O

r
/ P
p
Vi k Y /T M = M | N - M = M 1
M (as in Lemma 7.5) M - / Q/H-corresp. = / < >
7 ~ ,
Ty T4 Ty
. /T ~ ’ ’ ’
M, My =MT . on M, =m (M)
X%
M. /()

Therefore, by Lemma 7.7, the hypercomplex manifold M’, obtained from M, by the Q/H-
correspondence is identified with M, /(). Since M is the double covering space of M’,, we
have

M = M/{Q).
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The centralizer G? of A is GL(n, H) = R>° x SL(n, H) and take a subgroup R>® x Sp(n) of
G!. As we explained, M/(2) can be expressed by the homogeneous space

Sp(n)

Y _ >0
M) = (RT7/{A)) X Spi— 1)’

Finally, we summarize the discussion as follows.
ExampLE 7.8. The hypercomplex manifold

/ Sp(n)
M’ = R /() x S0t 1)
is obtained by the Q/H-correspondence from the quaternionic manifold
Sp(mu(l)
Sp(n — Dayqay
(Note that we are considering the invariant quaternionic (resp. hypercomplex) structure on
M (resp. M") described above.)

M = R/ x

We remark that M’ does not admit any hyper-Kéhler structure for topological reasons,
since M is diffeomorphic to S ! xS #*~!. Therefore our Q/H-correspondence yields examples
which can not appear in the QK/HK-correspondence.
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