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Abstract. We study deformations of symplectic structures on a smooth manifold
M via the quasi-Poisson theory. We can deform a given symplectic structure w with
a Hamiltonian G-action to a new symplectic structure w® parametrized by some ele-
ment ¢ in A%g. We can obtain concrete examples for the deformations of symplectic
structures on the complex projective space and the complex Grassmannian. More-
over applying the deformation method to any symplectic toric manifold, we show
that manifolds before and after deformations are isomorphic as a symplectic toric
manifold.
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1. Introduction

In the context of symplectic geometry, deformation-equivalence assumptions and
conditions are often appeared, for example, in the statement of Moser’s theo-
rem [9], Donaldson’s four-six conjecture [10] and so on. However, it seems that a
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method of constructing deformation-equivalent symplectic structures specifically
is not well known. In this paper, we construct a method of producing new sym-
plectic structures deformation-equivalent to a given symplectic structure with a
Hamiltonian action. Our approach to deformations of symplectic structures is
to use quasi-Poisson theory which was introduced by Alekseev and Kosmann-
Schwarzbach [1], and this approach is carried out by using the fact that a moment
map for a symplectic-Hamiltonian action o is also a moment map for a quasi-
Poisson action o. The former moment map satisfies conditions for only one sym-
plectic structure, whereas the latter does conditions for a family of quasi-Poisson
structures parametrized by elements in A%?g. From here we call these elements
twists. Regarding the quasi-Poisson structure induced by a symplectic structure
as that with twist 0, which is denoted by 7y, we can find different quasi-Poisson
structures 7; which induce symplectic structures w’ by the choice of “good” twists
t. The quasi-Poisson structure inducing a symplectic structure must be a non-
degenerate Poisson structure. We describe the conditions for the quasi-Poisson
structure with a twist ¢ to be a non-degenerate Poisson structure. Our method of
using the family of quasi-Poisson structures is one of interesting geometry frame-
works [1].

From here, we explain briefly the difference among moment maps for symplectic,
Poisson and quasi-Poisson actions on a smooth manifold.

I) Symplectic-Hamiltonian actions

In symplectic geometry, a moment map u : M — g* for a symplectic action o of a
Lie group G on a symplectic manifold (M, w) is defined with two conditions: one
is for the symplectic structure w

d,uX = 1x,,W, X eg. )
Here 11X (p) := (u(p), X) and X is a vector field on M defined by

d

XM,p = aa—exth(p) o (2)

for p in M. The other is the G-equivariance condition with respect to the action o
on M and the coadjoint action Ad* on g*

poog=Adjopn ?3)

for all g in G. In this paper, we call symplectic actions with moment maps symplectic-
Hamiltonian actions to distinguish it from other actions with moment maps.

II) Poisson-Hamiltonian actions
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A Poisson Lie group, which was introduced by Drinfel’d [4], is a Lie group with a
Poisson structure m compatible with the group structure. Namely, the structure 7
satisfies

Tgh = Lg*ﬂ’h + Rh*Trg 4)

for any g and h in G, where L, and Ry, are the left and right translations in G by
g and h, respectively. Such a structure is called multiplicative. Then the simply
connected Lie group G* called the dual Poisson Lie group is obtained uniquely
from a Poisson Lie group (G, ) and a local action A of G on G* is defined nat-
urally. We call a multiplicative Poisson structure 7 on G complete if the action A
is global. Then (G, ) is called a complete Poisson Lie group. A moment map
u: M — G* for a Poisson action o of a Poisson Lie group (G, 7) on a Poisson
manifold (M, 7ys) is defined with a condition

Xor = (" (X1) 5)

for any X in g, where X’ is the left invariant one-form on G* with value X at e.
In this paper, we call Poisson actions with moment maps Poisson-Hamiltonian ac-
tions. If (G, ) is complete, we can also consider the G-equivariance of a moment
map with respect to ¢ and A. An equivariant moment map for a Poisson action
of a Poisson Lie group on a complete Poisson manifold is a generalization of a
moment map for a symplectic action on a symplectic manifold, which was given
by Lu in [5].

IIT) Quasi-Poisson-Hamiltonian actions (See Section 2 for details.)

Quasi-Poisson theory, which was originated with [1] by Alekseev and Kosmann-
Schwarzbach, is a generalization of Poisson theory with Poison actions. More
specifically, the theory gives an unified view for various moment map theories [9],
[51, [7], [2]. In quasi-Poisson geometry, quasi-triples (D, G, ) and its infinites-
imal version, Manin quasi-triples (9, g,0), play important roles. A quasi-triple
(D, G,b) defines a quasi-Poisson Lie group G?j and we can obtain the notion of
a quasi-Poisson action of such a quasi-Poisson Lie group G?). A moment map p
for the action is a map from M into the quotient D /G and satisfies a condition
not for one quasi-Poisson structure but for a family of quasi-Poisson structures
parametrized by elements in A%g. In this paper, we call quasi-Poisson actions with
moment maps quasi-Poisson-Hamiltonian actions. An equivariant moment map
for a Poisson action in (II) is an example of a moment map for a quasi-Poisson
action. We use the moment map theory for quasi-Poisson actions to deform sym-
plectic structures on a smooth manifold.

This paper is constructed as follows. It is the contents of Section 2 to review
the moment map theory for quasi-Poisson actions. In Section 3, we describe a
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deformation method of symplectic structures on a smooth manifold via the quasi-
Poisson theory. This method is the subject of this paper. Theorem 14 gives a
sufficient condition for a twist to deform a symplectic structure to a new one. In
addition, Theorem 16 gives a simple condition for a twist to satisfy the assumption
of Theorem 14. In Section 4, we introduce concrete examples and applications
for deformations of symplectic structures. We give deformations of the Fubini-
Study and the Kirillov-Kostant forms on CP" and the complex Grassmannians,
respectively. Moreover, as an application of our deformation, we show that for any
symplectic toric manifold, manifolds before and after deformations are isomorphic
as a symplectic toric manifold.

2. Moment Maps for Quasi-Poisson Actions on Quasi-Poisson
Manifolds

In this section, we shall recall the quasi-Poisson theory [1]. We start with the
definition of quasi-Poisson Lie groups, which is a generalization of Poisson Lie
groups.

Definition 1. Let G be a Lie group with the Lie algebra g. Then a pair (7, ) is
a quasi-Poisson structure on G if a multiplicative two-vector field ™ on G and an
element o of A3g satisfy

1
Slmm =t =gt et = [r "] =0 (©6)
where the bracket [-, -] is the Schouten bracket on the multi-vector fields on G, and

o and o denote the left and right invariant three-vector fields on G with value
@ at e respectively. A triple (G, m, ) is called a quasi-Poisson Lie group.

Remark 2. In a quasi-Poisson structure (7, @) on G, the two-vector field  is a
multiplicative Poisson structure if ¢ = 0. Namely, (G, ) is a Poisson Lie group.

We use a “quasi-triple” to obtain a quasi-Poisson Lie group. To define a quasi-
triple, we describe its infinitesimal version, a Manin quasi-triple.

Definition 3. Let 0 be a 2n-dimensional Lie algebra with an invariant non-degene-
rate symmetric bilinear form of signature (n,n), which is denoted by (-|-). Let g be
an n-dimensional Lie subalgebra of 0 and b be an n-dimensional vector subspace
of 0. Then a triple (0,9,0) is a Manin quasi-triple if g is a maximal isotropic
subspace with respect to (-|-) and Y is an isotropic complement subspace of g in 0.
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Remark 4. For a given Lie algebra 0 and a Lie subalgebra g of 0, a choice of an
isotropic complement subspace b of g in 0 is not unique.

A Manin quasi-triple (9, g, ) defines the decomposition 9 = g h. Then the linear
isomorphism

Jj:g"t—=b, (J(&)|z) = (&, @), fecgfreg (7

is determined by the decomposition. We denote the projections from 0 = g & h to
g and h by pg and py respectively. We introduce an element ¢y in A3g which is
defined by the map from A%g* to g, denoted by the same letter

oy (&5 m) = pg([5(8), 3 (m)]) 8)
for any £, 7 in g*. We define the linear map Fy : g — A2g by setting
Fy(&m) =5~ (py([5(6), 5 () ©)

for any &, 7 in g*, where Fg‘ : A’g* — g* is the dual map of Fy. These elements
will be used later to define a quasi-Poisson structure and a quasi-Poisson action
respectively.

Next we define a quasi-triple (D, G, ) and construct a quasi-Poisson structure on
G using (D, G, b).

Definition 5. Let D be a connected Lie group with a bi-invariant scalar product
with the Lie algebra d and G be a connected closed Lie subgroup of D with the Lie
algebra g. Let by be a vector subspace of 0. Then a triple (D, G, Y) is a quasi-triple
if (0,9,0) is a Manin quasi-triple.

A method of constructing a quasi-Poisson structure by a quasi-triple is as follows.
Let (D, G, b) be a quasi-triple with a Manin quasi-triple (9, g, h). Using the inverse
j~1:h — g* of the linear isomorphism (7), we identify d with g @ g*. Consider
the map

rp 0" =0, E+ X ¢

for any £ in g* and X in g. This map defines an element r, € 0 ® d which we
denote by the same letter. We set

7r2j = th —th

where th and th is denoted as the left and right invariant two-tensors on D with
value 7 at the identity element e in D respectively, and we can see that it is a
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multiplicative two-vector field on D. Furthermore, the two-vector field 77?3 and the
element y, defined by (8) satisfy (6). We set

Ty =T, (10)
for any g in G. Then we can see that 772; is well-defined and that 7TbG is a mul-
b

tiplicative two-vector field on GG. Moreover, 7, and y satisfy (6). Therefore
(G, Wg, () is a quasi-Poisson Lie group. We sometimes denote a Lie group with
such a structure by G?j.

From here, we consider only connected quasi-Poisson Lie group G% defined as
above by a quasi-triple (D, G, ). For a smooth manifold M with a two-vector
field mys, a quasi-Poisson action is defined as follows. It is a generalization of
Poisson actions of connected Poisson Lie groups [7].

Definition 6. Let GhD be a connected quasi-Poisson Lie group acting on a smooth
manifold M with a two-vector field 7w y;. The action o of G on M is a quasi-Poisson
action if for each X in g

1

5 (700 Te] = (99) 1, Lxymy = Fy(X)m (11)

where x )y is a fundamental multi-vector field for any x in N*g. Here Fy is the dual
of the map (9). Then a two-vector field Ty is called a quasi-Poisson Gg)—structure
on M and (M, ) is called a quasi-Poisson G%—manifold.

Remark 7. A quasi-Poisson Lie group G?) with the natural left action is not a
quasi-Poisson GhD-manifold. In fact, (vy)c = gohR.

Finally we define a moment map for a quasi-Poisson action to carry out the defor-
mation of symplectic structures using the moment map theory for quasi-Poisson
actions in Section 3. We need some preliminaries to define a moment map. For
any quasi-triple (D, G, ), since G is a closed subgroup of D, the quotient space
D/G is a smooth manifold, which is the range of moment maps. The action of
D on itself by left multiplication induces an action of D on D/G. We call it
dressing action of D on D /G and denote the corresponding infinitesimal action by
X + Xpjg for X ind. Let ppe : D — D/G be the natural projection. Then

7T?)/G = P/
is a two-vector field on D /G. We consider the dressing action on D /G restricted to

G, and can see that WIZ)/G satisfies (11). Therefore (D /G, WIZ)/G) is a quasi-Poisson
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G?j-manifold. The following definition is one of the important notions to define
moment maps.

Definition 8. An isotropic complement by of g in 0 is called admissible at a point s
in D/G if the infinitesimal dressing action restricted to Yy defines an isomorphism
from b onto T5(D/G), that is, the map b — Ts(D/G), & = &pia,s is an iso-
morphism. A quasi-triple (D, G, Y) is complete if Yy is admissible everywhere on
D/G.

It is clear that any isotropic complement b of g is admissible at eG in D/G. If
the complement ) is admissible at a point s in D /G, then it is also admissible on
some open neighborhood U of s. For a quasi-triple (D, G, ), we assume that b
is admissible on an open subset U of D/G. Then for any X in g, we define the
one-form Xh on U by

(Xp, Epe) = (X]€) (12)

for any £ in b. If a quasi-triple (D, G, b) is complete, then Xh is a global one-
form on D/G. Next we define a twist between isotropic complement subspaces
b and b’ of g in . Twists also play an important role in the moment map theory
for quasi-Poisson actions. Let j and j’ be the linear isomorphism (7) defined by
Manin quasi-triples (9, g, h) and (9, g, h’) respectively. Consider the map

ti=j5 —j:g"—0.

It is easy to show that ¢ takes values in g and that it is anti-symmetric, so that
the map ¢ defines an element ¢ in A%2g which we denote by the same letter. The
element ¢ is called the twist from b to b’. Fix a quasi-triple (D, G, b). Let b; be
an isotropic complement of g with a twist £ from . Then we can represent the
elements ¢y, , Fy,, and wg defined by a quasi-triple (D, G, b;) as follows

1
oo =yttt Fy=Fy+ R, g =agtt—f (13)

where [t,t] = [t!,tF]., pi(€) = @ and F;(X) := adxt. Here ad denotes the
adjoint action of g on A?g and KZt denotes the projection of adgt onto A%g C A%,
where 0* including g* acts on A%d by the coadjoint action. Let {e;} be a basis on
g and {c’} be the basis on b identified with the dual basis of {e;} on g* by j~1.
Then the basis {¢!} on b, identified with the dual basis of {¢;} on g* by j/~ ' can
be written by

el =¢" +te; (14)
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where t = %t"j e; N\ ej. Moreover components of ¢; with respect to the basis {e?}
are written as

ot = ()] = (Fy)e (15)

This indication is useful later. Let (M, 77?\/[) be a quasi-Poisson G%—manifold. We
set that w?\}} = W?\/[ — tps. Then it follows that (M, W?\f[) is a quasi-Poisson G%—
manifold. Now we define moment maps for quasi-Poisson actions.

Definition 9. Let G?) be a connected quasi-Poisson Lie group defined by a quasi-
triple (D,G,bH) and (M, Tr?\/[) be a quasi-Poisson GhD—manifold. Then a map
w : M — D/G which is equivariant with respect to the G-action on M and
the dressing action on D /G is a moment map for the quasi-Poisson action of G%

on (M, W?\/I) if for any open subset Q0 C M and any isotropic complement b/ ad-
missible on 11(2)

(m)H (X)) = X (16)

on Q for any X in g. Here <(7rh/ (), B) = ﬂ?\;(a, B). We call a quasi-Poisson
action with a moment map a quasi-Poisson-Hamiltonian action.

Actually we need not impose the equation (16) on all admissible complements
because we have the following proposition.

Proposition 10 ([1]). Let b and b’ be two complements admissible at a point s in
D/G, and p in M be such that ;(p) = s. Then, at the point p, conditions (16) for
b and ' are equivalent, namely

(w1 (Xo))p = () H (" (X))

For a quasi-Poisson manifold with a quasi-Poisson-Hamiltonian action, the follow-
ing theorem holds.

Theorem 11 ([1]). Let (M, 71'?\/[) be a quasi-Poisson manifold on which a quasi-
Poisson Lie group G% defined by a quasi-triple (D, G, b) acts by a quasi-Poisson-
Hamiltonian action o . For any p in M, if both i and b are admissible at j(p) in
D/G, then
. h/ ﬁ s bl/ ﬁ
1m(7TM)p = 1m(7rM)p
where p is a moment map for o.

Now we show important examples for quasi-Poisson-Hamiltonian actions.
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Example 12 (Poisson manifolds [1], [3], [7]). Let (M, ) be a Poisson manifold
on which a connected Poisson Lie group (G, ) acts by a Poisson action o. Then
(M, ) is a quasi-Poisson (G, 7, 0)-manifold and o is a quasi-Poisson action
on (M, ). In fact, the Manin triple (g ® g*, g, g*) corresponding to (G, n¢q) is
a Manin quasi-triple and the multiplicative two-vector field 1 on G coincides
with the two-vector field 77%* defined by the corresponding quasi-triple (D, G, g*).
Since [m, 7] = 0 and the Poisson action o satisfies

Lx3, 7 = Fpr (Xt (17)

for any X in g, the action o is a quasi-Poisson action by Definition 6. Here the
dual of Fy= coincides with the bracket on g* defined by (G, mg).

We assume that w¢q is complete and that there exists a G-equivariant moment map
w: M — G* for the Poisson action o, where G* is the dual Poisson Lie group
of (G,7g) and G acts on G* by the dressing action (see Lu and Weinstein [7]).
Then o is a quasi-Poisson-Hamiltonian action. Actually, by the definition, the map
W satisfies

(X)) = Xag (18)

for any X in g, where X is a left-invariant one-form on G* with value X at e in
G*. The quotient manifold D /G is diffeomorphic to G* as a manifold. The quasi-
triple (D, G, g*) is complete since mg is complete. Then one-form Xg* defined
by (12) is global for any X in g. Furthermore the one-form Xg* on D/G = G*
coincides with X*. The complement g* is admissible at any point in D /G, so that
the map pn : M — G* = D/G is a moment map for the quasi-Poisson action o
because of (18) and Proposition 10.

Example 13 (Symplectic manifolds [1]). Let (M,w) be a symplectic manifold
on which a connected Lie group G acts by a symplectic-Hamiltonian action o.
Since the symplectic structure w induces a Poisson structure 7, the pair (M, )
is a Poisson manifold. Then the action o is a Poisson action of a trivial Poisson
Lie group (G, 0) on (M, ). The trivial Poisson structure 0 on G is complete and
the quasi-triple corresponding to (G,0) is (T*G, G, g*), where T*G = G x g*
is the cotangent bundle of G equipped with the group structure of a semi-direct
product with respect to coadjoint action of G on g* (see [1]). The dual group G* of
(G, 0) is the additive group g* and the moment map p for symplectic action o is G-
equivariant with respect to o on M and Ad* on g* by the definition. Furthermore
the dressing action of G on G* = g* coincides with the coadjoint action Ad*.
Thus the map p : M — g* = G* is a moment map for the Poisson action o.
Therefore, by Example 12, the map pn : M — g* = T*G /G is a moment map for
the quasi-Poisson action o on the quasi-Poisson (G, 0, 0)-manifold (M, ).
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3. Main Result

Here, we carry out deformations of symplectic structures on a smooth manifold.
We use the moment map theory for quasi-Poisson actions for it. A moment map
for the quasi-Poisson action on a quasi-Poisson G%—manifold (M, 7['?\/[) are defined

with the conditions for the family of quasi-Poisson G%—structures {F?\;}h, on M.

For each complement b/, there exists a twist ¢ in A%g such that ' = b, so that

the family {7’[’?\;[}[)/ is regarded as the family parametrized by twist, {W?\Z}teMg'

When the quasi-Poisson G%—structure with twist ¢ = 0 is induced by a given sym-
plectic structure, we will give the method of finding a quasi-Poisson G%—structure

which induced a symplectic structure in {Tr?\f[} . That is, we can deform a given

t
symplectic structure to a new one by a twist ¢£. This deformation can be carried

out due to using the family {71'22} as moment map conditions for quasi-Poisson

actions. In this regard, it is described as follows in [1]: It would be interesting to

find a geometric framework for considering the family {77?\}[} . Our deformation
t

is one of the answers for this proposal.

Let (M, w) be a symplectic manifold on which an n-dimensional connected Lie
group G acts by symplectic-Hamiltonian action o with a moment map p : M —
g*. Let 7 be the non-degenerate Poisson structure on M induced by w. Then p is
a moment map for the quasi-Poisson-Hamiltonian action o of (G, 0,0) on (M, )
by Example 13 in Section 2.

Let (g © g%, g,9%) be the Manin triple corresponding to the trivial Poisson Lie
group (G, 0), where g @ g* has the Lie bracket

(X, Y] =[X,Y]g,  [X&]=adx(, Gl =[&nlg=0 (19

for any X,Y in g and &, n in g*. Here the bracket [-,-]g and [, -4+ are the brack-
ets on g and g* respectively. Then the Manin (quasi-)triple (g @ g*, g, g*) defines
F = Fg = 0and ¢ := @4« = 0 (see (8) and (9)). Since the corresponding quasi-
triple (TG, G, g*) is complete by Example 12 and Example 13, an isotropic com-
plement g* is admissible at any £ in g* by Definition 8, and hence it is admissible
atany & in p(M).

Let g} be an isotropic complement of g in g @ g* with a twist ¢ in A%g from g*.
When we deform 7 to 7%, := 7 — )y by a twist ¢, the quasi-Poisson Lie group
(G,0,0) is deformed to (G, 75, ¢g: ), where mf, = t& — tf and @gr = 3t ] + ¢
by (13). Moreover it follows from F' = 0 and (15) that ¢o; = 0. So g = %[t, t].
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On the other hand, it follows from Definition 6 that the quasi-Poisson (G, wg, g )-
manifold (M, 7,) satisfies

1
5 ] = (P, Lxmhy = For (X (20)
If (pg:)ar = 0, i.e., [t,t]ar = 0, then the two-vector field 7}, is a Poisson structure
on M by (20).

Assume that a twist ¢ in A%g is an r-matrix, namely that [t, ¢] is ad-invariant. Then
th =tl_Figsa multiplicative Poisson structure (see [7]). Therefore (G, Wé) isa
Poisson Lie group. Then it follows that Fx coincides with the dual of the bracket
map |-, -]Wé : g* A g* — g* on g* defined by the Poisson Lie group (G, wl;). In
fact, by the relation (18), we have

Fg*; &mn) = adtﬁ(g)n — ady ()€ (21)

where (t(¢),n) := t(&,n). In addition, the bracket on g* induced by a multi-
plicative Poisson structure defined by an r-matrix is represented by the right-hand
side of (21) (see [6], Ex.2.19). Therefore, since GG is connected, the condition
(20) means that the action o is a Poisson action of (G, 7f;) on (M, 7%,) under the
assumption that ¢ is an r-matrix and that [¢, t]3; = 0.

Let {e;} be a basis on g, a set {c’} the dual basis of {e;} on g*. Then we can write
by (14)

gf =span{e’ +te;;i=1,...,n} (22)

where ¢ = ltij e; A ej in A%g. If gi is admissible at any point in p(M), then it

ﬂ 8

satisfies imm, = im(7 M) for any p in M by Theorem 11. The non-degeneracy of

7 means that 1m7rg = T, M forany pin M. Therefore by the fact that im (7 M)ﬁ =

T, M for any p in M, a quasi-Poisson structure 7}, is also non-degenerate.

Here we shall examine the condition for a isotropic complement to be admissible
at a point in g* in more detail. Let (§;) be the linear coordinates for {¢*}. Then it
follows that fort =1,...,n

S 0 0
(" + tVej)gr = — 5 +7cf 1€k
0&; afl 23)
= tl'] ; Cl]ék aé- (]- + tZJ Z]é‘k)a&-l

where X — X+, for X in g @ g*, is the infinitesimal action of the dressing action
on g* = T*G/G. The isotropic constant g; is admissible at £ = (&1,...,&,) in
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g* if and only if the elements (23) form a basis on T¢(g*) = g*. Hence this means
that the matrix

—t C1iSk —1—-1 CoiGk =" —t C.Ck
J J nj
At(g) = . . . . (24)
—t"jclfjfk —t”jclgjfk R t"jcﬁjfk

is regular.

Since any non-degenerate Poisson structure on M defines a symplectic structure
on M, the following theorem holds.

Theorem 14. Let (M, w) be a symplectic manifold on which a connected Lie group
G with the Lie algebra g* acts by a symplectic-Hamiltonian action o, and p a mo-
ment map for . Then the following holds

1. If a twist t in A%g satisfies that [t,t]y; = 0, then t deforms the Poisson
structure  induced by w to a Poisson structure 71'}5\/[ = m — tp. Moreover,
if t is an r-matrix, then o is a Poisson action of (G, wl,) on (M, w4 ), where
ml =tk — ¢,

2. For a twist t in A%g, if the isotropic complement g} is admissible on (M),
then t deforms the non-degenerate two-vector field m induced by w to a non-
degenerate two-vector field wa. This condition is equivalent to that the ma-
trix A(€) defined by (24) is regular for any & in (M ).

Therefore, if a twist t satisfies both assumptions in Theorem 14, then t deforms w
to a symplectic structure w' induced by the non-degenerate Poisson structure 7' .

Remarks 15. i) In Section 4, we will show that the condition in Theorem 14 is not
a necessary condition for 775\4 to be a non-degenerate Poisson structure.

ii) If a twist t satisfies both assumptions in Theorem 14 and is an r-matrix, then the
Poisson action o of (G, ;) on a symplectic manifold (M, w") has a moment map
(although not necessarily G-equivariant) due to Theorem 3.16 in [6].

The following theorem gives a sufficient condition for a twist to deform a symplec-
tic structure in the sense of Theorem 14.

Theorem 16. Let (M,w) be a symplectic manifold on which an n-dimensional
connected Lie group G acts by a symplectic-Hamiltonian action o. Assume that
X,Y in g satisfy [X,Y] = 0. Then the twist t = 3X AY in A’g deforms the
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symplectic structure w to a symplectic structure w;. For example, a twist t in A%b,
where Yy is a Cartan subalgebra of g, satisfies the assumption of the theorem.

Proof: For X and Y in g, we set
X =X, Y=Ye

where {e;}}" ; is a basis on the Lie algebra g. Then since [X,Y] = Xincfjek =
0, we obtain the following conditions:

Xincfj =0 for any k

where ci?j are the structure constants of g with respect to the basis {e; }. Moreover,

since we have
1 1 1
[t,t] = §X/\Y,§X/\Y :§X/\[X,Y]/\Y:0

the twist ¢ is an r-matrix such that [t, ]y, = 0 obviously. Hence 7%, is a Poisson
structure, and if 7%, is non-degenerate, then the twist ¢ induces the symplectic
structure w.

We shall show the non-degeneracy of Trf\/[. Let 1 be the moment map for a given
symplectic-Hamiltonian action ¢». We must show that gy is admissible at any point
in (M). We prove a stronger condition that the quasi-triple (T*G, G, g; ) is com-
plete.

Let {¢'} be the dual basis of {e;} on g* and (&;) be the linear coordinates for {’}.
Since t = $XV7e; Ae;

g; = span{e’ + XYie;;i=1,---n}.

Then it follows that fori =1,...,n

, o o o o o
(4 XYej)g = — XYY ZC%@E -1+ X%wcfjgk)a—g- (25)
I#i t

The quasi-triple (T*G, G, gf) is complete if and only if the elements (25) form a
basis on T¢(g*) = g* for any £ = (&1, .., &,). Therefore we shall prove that the
matrix
-1-— lejc’fjfk —Xlec’gjfk e —XlYchngk
—XYIicf& —1-X2YIE & - =XV 06)

-X"Yiey  —X"Yid& o —1— XYl &
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is regular. In the case of X = 0, this matrix is equal to the opposite of the identity
matrix, so that it is regular. In the case of X # 0, using X'Y7 cfj = (, we can
transform the matrix to the opposite of the identity matrix. Thus the matrix (26)
is regular. Therefore g; is admissible at any point in g*. That is, (T*G, G, gf) is
complete. |

Remark 17. We try to generalize the assumption of Theorem 16 and consider
X,Y in g such that [ X,Y] = aX + bY (a,b € R), that is, the subspace spanned
by X,Y is also a Lie subalgebra. We set t = %X AY in A%g. Since [t,t] = 0, the
twist t is an r-matrix such that [t,t|p; = 0. Therefore the symplectic action 1) is a
Poisson action of (G, ;) on (M, 7l ;). Then we research whether g; is admissible
at each point in g*. Similarly to the proof of Theorem 16, a matrix to check the
regularity can be deformed to

~1—(aX*+bY*)& 0 --- 0
0 ~1--- 0
0 0 - —1

Therefore this matrix is regular if and only if
—1— (aX* +bYF)g # 0.

In the case of [X,Y] = 0, by Theorem 16, the space g} is admissible at all points
in g*. In the case of [ X, Y] # 0, the above condition means

Let &' be an element satisfying that {[X,Y],£') # 0. By setting
!/
o £
([X,Y],¢)
we obtain ([ X,Y],§) = —1, so that g} is not admissible at . Eventually, to make

sure of the admissibility of g, we need check whether such a point & is included in

p(M).

4. Examples on CP" and Gr(r, C")

In this section, we compute specifically which element ¢ in A?g defines a different
symplectic structure w; from given one w on a smooth manifold. One example is
the complex projective line (CP!, wps), where wrs is the Fubini-Study form, with
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an action of SU(2). The other is the complex Grassmannian (Gr(r,C"), wkk),
where wix is the Kirillov-Kostant form, with an action of SU(n + 1).

First we review the relation between SU(n + 1) and CP". Forany [21 : - - - : 2541]
in CP" and g = (a;;) in SU(n + 1), the action is given by

n+1 n+1
qg- [2:1 Ll Zn-i—l] = Zaljzj Ll Zanﬂ,jzj
j=1 j=1
The isotropic subgroup of [1: 0 : ---: 0] is

S(U(1) x Un)) = {(eoe g) €SUMm+1): 0 R, B e U(n)} |

Therefore it follows
SU(n+1)/S(U(1) x U(n)) = CP".

The complex projective space CIP" has the coordinate neighborhood system { (U;, ;) };
consisting of n 4 1 open sets U; given by

Ui == {[z1: 1 2n1] € CP"; 2; # 0}, @i U — C* = R*"
Z1 Zi—1 Zi+l Zn+1
[21:---:zn+1]>—><,..., — = ,...,n)
z z z z
- <m1,31,...,a€e Lam S "“)
fort =1,...,n+ 1. By using this coordinate system, the Fubini-Study form wgg

on CP" is defined by setting

* 1 /)
©; (28810g (Z |25 | + 1>>
k

The action of SU(n+ 1) on (CP", wrg) is a symplectic-Hamiltonian action and its
moment map u satisfies

on each Uj.

1. <t(zla"'7Zn+1)7Xt(217"'7zn+1)>

(u([z1 2+ zpg]), X) = gt 21,y 2nt1), (21, -+ oy Znt1)
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forany [z1 : -+ : zp4+1] in CP" and X in su(n + 1). We use

Xk, : the (j, k)-element is 1, the (k, j)-element is —1, and the rest are 0
Yji :the (j,k)- and (k, j)-elements are i, and the rest are 0
Z; :the (I,])—element is i, the (n + 1,n + 1)-element is —i
and the rest are 0
forl<j<k<n+1landl=1,...,n,asabasis of su(n + 1) which is defined

by a Chevalley basis of the complexified Lie algebra sl(n + 1,C) of su(n + 1).
The subspace spanned by Z;’s is a Cartan subalgebra of su(n + 1).

We consider the case of n = 1. The complex projective line CP! has the coordinate
neighborhood system { (U1, 1), (U, p2)}. The Fubini-Study form wrs on CP! is

P dz1 Ady;
BT @21
on Uy, where (x1,y1) := (?Ri—f, %%) Then e1 := Xq9, €2 := Y19 and e3 := Z3

form a basis of su(2). Let {€'} be the dual basis of su(2)*. We obtain

_ Y1 61+ X1 52 1 _x% _y% 3
L+z?+92 L+a? 492 2(1 + 22 +y?)

N(xl»?/l)

Hence ;1(CP') C su(2)* is the two-sphere with center at the origin and with radius
1

3
Let (&) be the linear coordinates for {c'}. We set g := su(2). Any twist ¢ is an
r-matrix on g because e; A ea A e3 is ad-invariant. Since CP! is two-dimensional,
it follows that [t,t]-p1 = 0. Therefore we can deform the Poisson structure 7pg
induced by wys to a Poisson structure mhq on CP! by t and the natural action is a
Poisson action of (SU(2), " — ).

Let g; be the space twisted g* by ¢ in A%g. We consider what is the condition for ¢
under which g} is admissible on x(CP!). For any twist

t= ; %)\Z-jei Nej € AQQ, Aij €R
we obtain
g, = span{es1 + Ai2e2 + Mises, €2 — Mige1 + Aizes, €5 — A\izeq — Aogea}.
Then g; is admissible at & = (&1, &2, &3) in g* if and only if the matrix

1+ 2X1283 — 2M\1362 21361 —2X1261
A(&) = —2X2382 1+ 2X1283 + 2M23&1 —2X12&2
—2X2383 2M1383 1 —2X13&2 + 2X2361



Deformations of Symplectic Structures by Moment Maps 79

is regular. By computing the determinant of the matrix, we have
det A (&) = (1 + 22381 — 2M13&2 + 2A1283)°.

So the complement g; is admissible at £ = (£1, &2, &3) if and only if 1 + 2X93&1 —
2M1382 + 21283 # 0.

Therefore g is admissible on x(CP!) if and only if the “non-admissible surface”

{€=(&1,8&,8&3) € g*; 1429381 — 21382 + 2M\1283 # 0} for g} and the image
1(CP') have no common point. Since ;i (CP!) is the two-sphere with center at
the origin and with radius %, we can see that this condition is equivalent to the
condition

Afg + A3+ A3z < 1
From the above discussion, we obtain the following theorem.

Theorem 18. Ifa twistt:= 3, 2)\”@ A ej satisfies N3y + M35 + N33 < 1, then
the Fubini-Study form wys on CP* can be deformed by t in the sense of Section 3.

We shall see an example of a concrete twists on CP*.

Example 19. We use a twist t = %Xlg A Yio in A%5u(2) and a real number ),

where —1 < A < 1. The symplectic structure w})‘?ts deformed wrs by A\t is written
by

1 1 -1
wipk = {(1 + 2/\> (22 + yD)? + 222 + 2 + (1 — 2/\>} dzq A dys

on Uy. Then it follows from an elementary calculation that the symplectic volume
vol(CP!, wpk) of (CPY, wi) is

, A=0

2|y 20 27)

vol(CP!, wpk) = {

7Tlog‘

Next, we consider a cohomology class of each w . Since H ]%R((C]P’l) = R, there

exists a real number ky in R such that [wl’}ts =k [wFS] By integrating, we obtain

'2+/\

where \ # 0. Since the function k) of X\ is smooth, even and strictly monotone
increasing when X is positive, wgts and wF_S)‘t are cohomologous. This means that
we obtain a lot of non-trivial symplectic structures different from original wpsg and
non-trivial symplectomorphisms (M, wpl) — (M, wgg‘t).
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In the above example, the condition —1 < A < 1 is not a necessary condition
for wf}ts to be a symplectic structure. In fact, it follows that wég is a symplectic
structure for —2 < A < 2. Therefore in general, the non-degeneracy for 7! is not
equivalent to that the isotropic complement g; is admissible on ().

The next example is the complex Grassmannian Gr(r, C") := SU(n)/(S(U(r) x
U(n —r))) with the Kirillov-Kostant form wgg. With respect to wk, the natural
SU(n)-action is symplectic-Hamiltonian.
Then we consider the following r-matrix of su(n)
1
t= Z Z Xij A Yij

n —
1<i<j<n

where the r-matrix ¢ is the canonical one defined on any compact semi-simple Lie
algebra over R (for example, see [4]). This is an r-matrix such that [¢,¢] # 0. We
show that it satisfies [t,t],s = 0, where M := Gr(r,C™). Since ¢ is an r-matrix,
the element [¢,¢] is ad-invariant by the definition. Therefore [t, ¢] is Ad-invariant
because SU(n) is connected. By the definition of the SU(n)-action on Gr(r, C"),
it follows that

[t,tlar = paft, 1"
where p : SU(n) — Gr(r,C") = SU(n)/(S(U(r) x U(n — r))) is the natural
projection. Since any point m in Gr(r, C") is represented by gH, where ¢ is in
SU(n) and H := S(U(r) x U(n —r)), we compute
[, tlarm = palt, 8] = puRyu[t, 1].

Because of the Ad-invariance of [t, ], we obtain

PeBRgu[t,t] = paLigaLg—1, Ryt t] = peLgu Adg-1[t, 1] = puLyslt, t].
Let b be the Lie algebra of H. For any X in h and g in SU(n), we compute

d

dsg

s=0

d d
DsLge X = Dy Ly 1 &P sX = g(g exp sX)H
s=0

s=0

where we have used that exp sX is in H in the third equality. Therefore it holds
that [¢,¢])s = 0 if each term of [¢, ¢] includes elements in h. We notice that

h =spang{X;;,Yij, Zp; 1 <i<j<rorr+1<i<j<n, k=1,...,n—1}.
Iinj,Y;‘j € b, then
[+ Xig AYy] = [+, Xig] N Y5 — Xig N[, Y]
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So these terms include an element in . Hence we investigate terms of the form

[(Xij AYij, Xi A Y] = — [Xij, Xig) AYij A Y — Xij AN [Yig, Xl A Yig
_Y;‘j VAN [Xij; Ykl] N Xy — Xij A X A [Y;]val}

where X;;,Y;;, X}, and Y),; are notin b. In the case of ¢ = £k and j = [, we get
[levX ] = [Ylij ] =0, [XlJ’Y ]—2(Zi_Zj)€b

where we set Z,, := 0. Inthe case of : = k and j < [ (resp. [ < j), since it follows
thatr + 1 < j, | < n, we obtain

[Xijanl} = [}/z]’Ykl] = —le, respectively le S h
Yij, Xl = Y, Xi5] = =Y, respectively Y;; € b.

We can also show the case of ¢ < k respectively k < ¢ and 7 = [ in the similar way.
Therefore all terms of [¢,¢] include elements in b, so that [t,¢]5; = 0. Therefore
Tk is Poisson by Theorem 14, where Tkk is the Poisson structure induced by
wkk. Since Gr(r, C") is compact, for sufficiently small |\, the Poisson structure

7rI’\<tK is non-degenerate. Example 19 is the special case of this example.

5. Symplectic Toric Manifolds

In this section, we consider deformations of symplectic toric manifolds, i.e., 2n-
dimensional symplectic manifolds with effective Hamiltonian n-dimensional torus
actions. First, we consider the case of CP".

Example 20. A symplectic toric manifold CP" has the torus action o

(61927 61937 . 610n+1) . [Z 19222

1io i zZng1)i=[z1:€ etz ]

for any 0; in R. The moment map p : CP™ — R" for this action on (CP", wgg) is

. . _ 1 |22/ |zn41]°
/J/([Zl . . zn-i—l]) T 2 < ‘2‘2 PR ’2‘2

where z = (z1,...,2n41) in C". We set X; := (1,0,...,0),..., X, := (0,...,
0,1). Since T™ is commutative, the brackets [ X;, X ;| vanish for all i and j. Hence
for any \13 in R, the twist t19 := A\12 X1 A\ Xo deforms wgs to a symplectic struc-
ture w?sz induced by a Poisson structure w%s ‘= Mpg — (tlQ)C]Pyn by Theorem 16.
On the other hand it follows ﬂ'w = tb — tf = 0 for any twist t by the commu-

tativity of T". Therefore, after deformation, the multiplicative Poisson structure
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0 on T™ is invariant and the action o is a symplectic action. Then moreover o
is a symplectic-Hamiltonian action on (CP",wgs)"12. In fact, since the action o
is symplectic-Hamiltonian on (CP", wrg), the actions of each of the factor circles
is Hamiltonian. Since H},(CP";R) = H7\w ' (CP™;R) = {0}, the condition
means that the actions of each of the factor circles have fixed point (see [9, Theo-
rem 5.5]). This condition is independent on a symplectic structure on CP", so that
the action o is symplectic-Hamiltonian on (CP", w?SQ) Therefore, by Theorem 16

again, the twist t13 := A\13X1 A\ X3 deforms w?SQ to (wi?SQ)t13 = w?sﬁt“"

by (7‘('%182)“3 = ﬂ?§+t13. Then we see that the trivial Poisson structure on T" is
invariant and that the action o is symplectic-Hamiltonian. By repeating this oper-
ation, it follows that we can deform wgs to w%s forany twistt =3, _ j Aij Xi N X
and that o is symplectic-Hamiltonian. Hence ((CIP’”,w%S) is a symplectic toric

manifold. On Uy, since we obtain

induced

9 .9 .9
Oxj Yi J@xi 8y]’
0 0 0

0
— LY —— N — + T A ——, 1<i<j<n
Ty Oxj YOy Oy,

0
(Xi A Xj)epr = yz%@ A

where x; := %Z’Z—J;l and y; := %Ziz%, for example on CPP?, it follows that
whiz — g 4 22 (@ T D)5 +vp) — 1)

o (a1 + o7 + 23 +y3 + 1)1
+z1y2dar Adyz + yr1zadys A dze + y1yady A dys).

(xlxgdxl A dzo

Obviously the above example can be generalized to any 2n-dimensional compact
connected symplectic toric manifold (M, w) satisfying that the map

A"t Hhp(M;R) — HEW (M R) (28)

is an isomorphism, which is the assumption of Theorem 5.5 in [9]. Moreover the
following theorem holds.

Theorem 21. For any 2n-dimensional compact connected symplectic toric mani-
fold (M, w) such that the map (28) is an isomorphism, and any twist t in A>R",
the manifold (M, w') deformed by t in the sense of Section 3 is a symplectic toric
manifold with the same action as on (M,w). Moreover (M,w") is isomorphic to
(M,w) as a symplectic toric manifold. Therefore each element in A’R" gives a
canonical transformation on (M, w).

Proof: We shall prove the latter claim. It is sufficient to prove the claim for ¢ =
X1 A X2 (X; € R") due to the same argument as in Example 20. Let o be
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the symplectic-Hamiltonian action on the symplectic toric manifold (M, w) with a
moment map y. Then, by Delzant theorem (for example, see [9]), it is sufficient to
show that the action o on (M, w!) has the same moment map j. Since the map
satisfies (3), the map y is a moment map on (M, w?) if and only if

dp = 1x,,w! (29)
for any X in R"™. This condition is equivalent to
tdpX =0 (30)
for any X in R" since u satisfies (1) with respect to w. Then we calculate
th,du = w(X1ar, Xar) Xoar — w(Xoar, Xar) X1 ar-
Using the facts that for any Hamiltonian G-space (M, w, G, 1),
w(Yar, Zag) = pl¥?!

for any Y and Z in g, and that the Lie algebra R" is commutative, we obtain the
condition (30). |
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