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Abstract. Involutions are self-inverse and homomorphic linear mappings. Ro-
tations, reflections and rigid-body (screw) motions in three-dimensional Euclidean
space R? can be represented by involution mappings obtained by quaternions. For
example, a reflection of a vector in a plane can be represented by an involution map-
ping obtained by real-quaternions, while a reflection of a line about a line can be
represented by an involution mapping obtained by dual-quaternions. In this paper,
we will consider two involution mappings obtained by semi-quternions, and a geo-
metric interpretation of each as a planar-motion in R3.
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1. Introduction

The adventure of quaternions started in the mid-19™ century as a geometric and
algebraic interest. Soon after they were found to have applications in mechan-
ics, physics, computer graphic technology, mixed and augmented systems, etc.
The main difficulty in the development of quaternions occured while defining the
multiplication rule. Rumor says that the Irish mathematician Sir William Rowan
Hamilton was looking for a way to formalize points in three-space in the same way
that points in the plane can be defined in the complex field. For many years, he
knew how to add and subtract points in three-space. However, he had failed by
the problem of multiplication for over ten years. Finally, on 16 October 1843 in
Dublin, Hamilton solved the multiplication problem and his intuition was that the
algebra of quaternions would require three imaginary parts satisfying

i =52 =k®> =ijk = —1.

Quaternions are useful tools for representing rotations, reflections and rigid-body
(screw) motions in three-dimensional spaces. Ell and Sangwine [5] represented an
involution and an anti-involution mapping of real-quaternions with their geometri-
cal meanings as reflections or rotations in three-dimensional Euclidean space R3.
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Also, Bekar and Yayli [2—4] studied (anti)-involution mappings of complexified-
and dual split-quaternions with their geometrical meanings. In this paper, we will
represent two mappings (one corresponding to a semi-quaternion involution and
one to an anti-involution) and a geometric interpretation of each as a planar-motion
in R3.

2. Preliminaries

Let R be a commutative ring and f be a homomorphism (respectively anti-homo-
morphism) of an arbitrary R—algebra A. Thus, f: A — A is R—linear and

f(1) = 1and f(ab) = f(a)f(b) (respectively f(ab) = f(b)f(a)) forall a,b € A.

If f is a homomorphism or anti-homomorphism of R-algebra such that f? = id 4,
then f is injective and surjective, and thus is an involution on A. An involution is
called anti-involution if it is an anti-homomorphism. Assume throughout that A
is faithful that is if ra = O for all @ € A and some r € R, then » = 0. Since
the assignment r — 714 injects R — A, we consider R C A. Let g be an anti-
involution on A and define the norm and trace of A by, respectively

N(a) = a(g(a)) and Tr(a) =a+g(a) forall ac A

then g is called standart-involution if N(a) € R, see [7].

The set of real-quaternions can be given as
H={¢=q+ai+aej+awk; @ a, e, s cR}
where the basis elements i, j, k satisfy the non-commutative multiplication rules
2= =k =ik=-1, jj=—ji=k, jk=-ki=i, ki=—ik=j. (1)

It is convenient to introduce S; = qo and V; = q1i + goj + g3k which are called,
respectively, the scalar and vector parts of ¢ = qo + qii + qof + q3k. If Sq = 0,
then ¢ = V is said to be a pure and will be denoted by the boldface letter ¢.

The multiplication of real-quaternions ¢ = S, + Vg andp = S, + V) is
qp = S¢Sp — (V. Vp) +SVp + SpVy + Vg X Vy 2

where S, = qo, Sp = po, V¢ = qui + qof + @3k , V,, = p1i + paj + psk. Also,
(V, Vp) = @1p1 + q2p2 + gsps and V X V), = (qap3 — q3p2)i + (q3p1 — qups)j +
(q1p2 — q2p1)k denotes, respectively, the usual inner and vector products of V, and
V,in R3.
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Let RP97 be the real vector space RPT4"" with an orthogonal basis {e1,€2,....,en}
equipped with a quadratic form Q as Q(e;) = 1for 1 < i < p, Q(e;) = —1 for
p+1<i<p+qgandQe;) =0forp+q+1<i<p+qg+r. Cl,,, isthe
Clifford algebra generated by these basis vectors. Also, the space RP%- is denoted
by RP»? while the associated Clifford algebra being denoted by Cl,, 4, see [12]. The
algebra H is isomorphic to the Clifford algebra Clg > (i.e., H = Cly 2) in dimension
two where the standard anti-commuting generators e, eo satisfy

ey = e% = (6162)2 =—-1 and ejex = —eqey

when the quaternionic units i, j, k are defined with, respectively, e1, €2, e12(= e1€2)
in Clg . Thus, multiplication in H is associative.

The quaternionic-conjugation of a real-quaternion ¢ = qg + q1i + qof + g3k is
the standard involution § = qo9 — q1Z — gof — g3k, which amounts to the canonical
involution of H as the Clifford algebra Clg 2, and the norm of ¢ is

Nq)=q@=q0=q3+ ¢ + 6+ 6 €R. 3)

If N(q) = 1, then ¢ is said to be a unit quaternion.

It should be noted that the concept norm of a quaternion does not match the concept
Euclidean norm in linear algebra. For instance, the norm N(gq) of a real-quaternion
q does not satisfy always the triangle inequality axiom of the Euclidean norm.
Also, the norm of a dual-quaternion given by the Equation (5), does not always
satisfy the positivity and triangle inequality axioms and it does not need to be real
valued.

The multiplicative-inverse of a real-quaternion q is

Thus every non-zero real-quaternion has an inverse and ¢~! = g for N(q) = 1.
Further information about real-quaternions can be found in [8, 10, 12].

Dual-numbers are an extension of real-numbers and are defined by introducing a
new element € # 0 (known as a dual unit) satisfying

e#0, 0 =0 =0, re = er, 2 =0

for all » € R. Thus, unlike real-quaternions, multiplication of dual-numbers is
commutative. The set of dual-numbers is

D={A=a+ea"; a, a" €R}
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where the real-numbers a and a* are called, respectively, the scalar and dual parts
of A. Dual-conjugate of A is defined by A* = a — €a*. The multiplication of
dual-numbers A = a + ea* and B = b + €b* is given by the formula

AB = (ab) + g(ab® + ba™).

A dual-quaternion is a dual combination of two real-quaternions and thus the set
of dual-quaternions is given as

Hp ={Q=q+¢q"; ¢, ¢ € H}.

If g and ¢* are pure, then () is said to be a pure and will be denoted by boldface
letter Q. A dual-quaternion () = g + g™ can also be written in the form

Q= Qo+ Qi+ Qof + Q3k

where Q; = ¢; +eq¢f €D, 1 =0,1,2,3; ¢ =qo+ qi +qj + g3k € H, ¢* =
q4 + qii + g5 + ¢3k € H. The basis vectors i, j, k satisfy the same multiplication
rules with the basis vectors of real-quaternions given by Equation (1), and the
product of € with i, j, k is commutative that is ic = €i, je = ¢j, ke = ¢k.

The multiplication of dual-quaternions ) = q + e¢* and P = p 4 ep* is
QP = (gp)+e(qp™+pq”) = SoSp—(VQ, Vp)+SoVp+SpVo+VoxVp (4)

where SQ = Qo, Sp = Py, VQ = Qi+ Qo + Qsk, Vp = Pii + Pyj + Psk.
Also, <VQ, Vp> = Q1P + Q2P + Q3P5 and VQ X Vp = (QQP?, — Qng)i +
(QsP1 — Q1P3)j + (Q1 P> — Q2P )k denotes, respectively, the usual inner and
vector products of Vg and Vp in D3,

The algebra of dual-quaternions Hp is isomorphic to the Clifford algebra Clg 2 2
(i.e., Hp = Clg 2,2) in dimension four where the generators e;,7 = 1, ..., 4, satisfy

e? =e2 =1, e2=e2=0 and eiej = —eje; for i#£j

when the quaternionic units i,, k are defined as, e1, ez, e12(= eje2) while the dual
unit € can be identified with eg4(= ezey), where e34 commutes with a subalgebra
A, which is isomorphic to H, of Cly 22 generated by ey, e2. Thus, multiplication
in Hip is associative.

The quaternionic-conjugation of a dual-quaternion () = q + ¢* = Qo + Q1i +
Q2j + Qsk is the standard involution Q = G+eq* = Qo — Q1i — Qof — Q3k, which
amounts to the canonical involution of Hp as the Clifford algebra Clg 2 2, and the
norm of (Q is
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Figure 1. Geometry of the Plucker line in R3.

NQ) =QQ=0Q= qi+c(q¢*+¢7) = Qg+ QI +Q3+Q3eD. (5

If N(Q) = 1, then @ is said to be a unit dual-quaternion.

The multiplicative-inverse of Q) is

That means, a non-zero dual-quaternion with a zero scalar part does not have an
inverse and this differs dual-quaternions from real-quaternions, because every non-
zero real-quaternion has an inverse. Also, Q! = Q for N(Q) = 1.

A non-zero dual-quaternion Q) = Qo + Q1i + Qof + @3k can be represented in
polar form as

Q= VN@(cos? +7isin %), €D
where
o _ Qo 8 VT Q3+QE
2 N@Q)’ 2 N(Q)
Qi+ Qo + Q3k

for Q7+ Q3+Q3#0.

7=
VQI+Q3 + Q3
According to E. Study there is a map, such that each point of the unit dual-sphere
is in one-to-one correspondence with a line (known as the Plucker line) in R3.



6 Murat Bekar and Yusuf Yayli

This correspondence can be given as follows. Let Q = g + ¢* be a unit pure
dual-quaternion. The scalar part ¢ = ¥ is the direction vector of the line Iy cor-
responding to @, and the dual part ¢* = p x ¥ is the moment of ¥ about a chosen
reference origin O where p is a point anywhere on the line lg, see Fig. 1.

Example 1. The line lp corresponding to unit pure dual-quaternion P = i + zje —
yke has the direction vector v = (1,0,0) € R3 and passes through the point
P = (1,y,2) € R?, see Fig. 2.

lp

Figure 2. [p is the line corresponding to unit pure dual-qaternion P and M
denotes the plane x = 1 of R3.

Unit dual-quaternions are powerful tools of representing rigid-body (screw) mo-
tions in R3. A rotation of a line [p (corresponding to unit pure dual-quaternion P)
about the unit axis vector i = (n,,ny,n.) by an angle # € R can be represented
by the unit dual-quaternion

0 0 0 6
Q, = cos (5) + ng sin (5)1 + ny sin (5)1 + n, sin (§)k + Oe
as )
QT‘PQ':l = Q-PQ;.
A translation of the line [p by a magnitude t = (t1,t2,t3) € R? along i =
(14, Ny, ) can also be represented by the dual-quaternion

€ . .
Qt:1+§(0—|—tll+t2]—|—t3k)
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as )
QiPQ; ' = QiPQ;.

Thus, a rotation (by an angle § € R) followed by a translation (by magnitude
t € R3) can be represented by the dual-quaternion Q = Q;Q, as

QPQ' = QPQ

where the axis of this screw-motion is the unit vector # = (n;, ny, n.). For further
information about dual-quaternions see [1, 3, 6].

The set of semi-quaternions can be given as

Hy={q¢=q0+qi+qji+aek; o, qa, ¢, g3 €R}

where the basis elements i, j, k (to distinguish the basis elements of semi - quater-
nions from the basis elements of real- and dual-quaternions, we have used upright
letters for the basis elements of semi-quaternions) satisfy the non-commutative
multiplication rules

iZ=-1, ?=k*=0, ij=—ji=k, jk=-kj=0, ki=—-ik=j. (6)

Here again S; = qo and V; = q1i+¢oj+qg3k are called, respectively, the scalar and
the vector parts of ¢ = qo + q1i + q2j + ¢3k. If S; = 0, then ¢ = V,; is said to be a
pure and will be denoted by boldface letter g. The set of all pure semi-quaternions
will be denoted by H,.

The multiplication of two semi-quaternions ¢ = S, + V, and p = S, + V), is

qp = S¢Sp — (Vg Vp)s + SqVp + SpVy + Vg x5V
= (gopo — q1p1) + (q1po + qop1)i + (g2p0 + @3p1 + qop2 — qip3)i (1)
+(g3po — q2p1 + q1p2 — qop3 )k

where Sq = qo, Sp = Po, Vq = Q1i+QQj+Q3k, Vp = P1i+p2j+]33k and <VQ7 Vp)s
= q1p1, Vg Xs Vp = 0i + (g3p1 — q1p3)i + (q1p2 — g2p1)k.

The algebra of semi-quaternions H is isomorphic to the Clifford algebra Clg 11
(i.e., Hy = Clp1,1) in dimension two where the standard anti-commuting genera-
tors e, eg satisfy

e% = -1, e% = (6162)2 =0 and ejes = —eqeq

when the semi-quaternionic units i, j, k are defined with e, eg, ej2(= eje2) €
Clo,1,1 respectively. Hence the multiplication in IH is associative.
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The quaternionic-conjugation of the semi-quaternion ¢ = qg + q1i + ¢2j + gsk is
the standard involution ¢ = gy — q1i — g2j — g3k, which amounts to the canonical
involution of H as the Clifford algebra Clg 1,1, and the norm of ¢ = qo + q1i +
q2J + gskis
N(q)=q7 =79 =q +qi €R.

If N(q) = 1, then q is said to be a unit semi-quaternion. The set of all unit semi-
quaternions will be denoted by H; while the set of all unit pure semi-quaternions
will be denoted by ;.

For arbitrary semi-quaternions g, p, r the following properties are valid
7=4q q+p=q+p=p+gq, qpr =Tpq.

The multiplicative-inverse of q is

-1_ 49
N(q)
for go # 0 # ¢1. That means a non-zero semi-quaternion ¢ = qg + ¢1i + g2j + g3k

with gg = 0 = ¢; does not have an inverse. This case differs semi-quaternions
from real-quaternions, because a non-zero real-quaternion has an inverse.

A semi-quaternion ¢ = qg + q1i + ¢2j + 3k can be expressed in complex form as
q=a+bj

where

. . k
a = qo, b: \/q%a ﬂ: —Q1l+qzj+q3 for b;é()

Also, a non-zero semi-quaternion ¢ = qg + q11 + ¢2j + g3k can be represented in
polar form as

0 0

q:\/N(q)(cos§+7ﬂsin§), 0 eR
where
ol - a1
cos — = , sin —
2 N(q) 2 N(q)

R 1 . .
W= —(qi + q2j + qgsk) for ¢ #0.

|q1]

For further information about semi-quaternions see [9, 11].
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3. Semi-Quaternion Involutions and Anti-Involutions

In this section, we will represent an involution and an anti-involution mapping
obtained by semi-quaternions, and a geometric interpretation of each as planar-
motions in R3.

Theorem 2. Let q be an arbitrary semi-quaternion. Then the mapping

Hla) = —vgy
is an anti-involution for a chosen unit pure semi-quaternion v.
Proof: Self-inverse axiom can be shown to be satisfied by the mapping f, as

(@) = f(=vgy) = —v(—vgp)y = —v (=7 g¥)y = —v((—¥)gv)y = v’ q?

and since v is unit pure semi-quaternion, it is v> = —1, thus

K@) =q
The linearity axiom can also be shown to be satisfied as

fr(Ag) = —v(Aq)y = A(—vaw) = Afu(a)

and
fv(q +p) = —V(m)v = fv(Q) + fv(p)

where p € H and A € R. Finally, the anti-homomorphism axiom can be shown to
be satisfied as

fr(gp) = —v(@p)y = —v(DQ)v

and since v is unit pure, it is —vv = —y2 = 1, thus

Hvlap) = —vp(=vv)gr = (—vpv)(—vav) = fr(p)/v(a)-

Theorem 3. Let q be an arbitrary semi-quaternion. Then the mapping

(@) = —vqv

is an involution for a chosen unit pure semi-quaternion v.
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Proof: Let g be a semi-quaternion, then

Fo(fo(@) = ful=vqr) = —v(—vqr)y =v*p® = ¢

thus f, is self-inverse. Furthermore

f(Aq) = —v(Aq)y = A(—vqv) = A fi(q)
and
frlg+p)=—v(@+p)v=file) + fr(p)

where p € H; and A € R that means f, is linear. The homomorphism axiom can
be shown to be satisfied as

fr(ap) = —v(gp)y = —vq(—wv)py = (—vgv)(—vpy) = f,(q) /v (p)-

3.1. Geometry of the Semi-Quaternion (Anti)-Involutions

A planar-rotation in three-dimensional Euclidean space R? can be represented by
a unit semi-quaternion

0 .0yt 0, t3 . 0.\. ta . 0, 1
q:cos(§)+sm(§)1—|—(§2cos(i)—l—gsm(?)ﬁ—(—;sm(g)—i——gcos(f))k

as follows. Letp =i+ zj — yk € H,1, then

1

P =qpq ' =i+ (cosOz +sinby + t3)j — (cos Oy — sin Oz + to)k € Hyp. (8)

If we associate with an arbitrary semi-quaternion r = rg + 7r1i + 72j + r3k the
dual-quaternion R = (r¢ + r1i) + €(rof + r3k) that is
r=rg+rii+ roj + rsk € Hg L£R= (ro +rii) +e(rof +r3k) € Hp  (9)

then the unit pure semi-quaternions p, p’ can be given respectively by the dual-
quaternions
P =i+ zje — yke

P =i+ (cosfz + sinfy + t3)je — (cos Oy — sin Oz + t2)ke.

Thus, P and P’ are planar. The line [p corresponding to the unit pure dual-quaternion
P has the direction vector = (1,0,0) € R and intersects the plane x = 1 of
R3 at the point P = (1,y,2) € R3, while the line I corresponding to the unit
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pure dual-quaternion P’ has also the same direction vector with [p and intersects
the plane 2 = 1 of R3 at the point

P’ = (1,cos By — sin Oz + ty, cos Bz + sin By + t3) € R3
so that P and P’ are also planar. Let M be the plane = 1 of R3, then the map
fo M — M
defined by
P=(1,y,2) = P' = (1,cos 0y — sin 0z + t3,cos 0z + sinfy +t3)  (10)

is linear for a chosen unit semi-quaternion

q= COS(%)%—Sin(%)H— (t—Q cos(g)—l—i3 sin(§)>j+ (—t—2 sin(g)+—3 cos(7)>k.

The matrix representation of the map f, can be given by

1 0 0
N = | tg cosf —sin6
t3 sinf cosf

and it can be easily checked that N'eN = ¢ and detN = 1 for ¢ = diag(1,0,0)
thus NV is orthogonal so that the linear map f,(P) = P’ represents a rotation.

Proposition 4. A unit semi-quaternion q = qo + q11 + q2j + g3k defined by

0 .0

a0 =cos(3). ¢ =sin(3)
t 0 t 0 t 0 t 0
Q2 = 5005(5) + E?’sm(i), q3 = — gsm(i) + 53005(5)

represents a positive oriented rotation in two-dimensional Euclidean space R? by
an angle 0 € R and center

_(__B q2 ) R2
= (g m) <

Proof: A planar-motion in the plane R? can be given by the map
2 9 x cosf —sin6 x to
B : RZ = R, <y>}_)<sin9 COSQ)(y>+(t3>

cosf = qg — q%, sin = —2qoq1

where
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to = 2(q192 + q0g3), ta = 2(qoq2 — ¢1q3)-

It is straightforward to see that

q3 @2 N\ _ (@ a2
a(- & (9) sin (0)> - (3) sin (3))

2 2

and thus the linear map 3, represents a positive oriented rotation with an angle

6 € R and center
m = (— B Le) €R’
S1n (5) Sin (5)
in two-dimensional Euclidean space R?. |
Corollary 5. Let ¢ = i + q2j + g3k be a unit pure semi-quaternion. Then, the

product qpg—' = —qpq represents a planar-reflection under the following two
conditions

1. A reflection of the point Py = (1,y, z) in the plane x = 1 of R? through the
point Py = (17 —4qs, CI2) lfp =i+ Z.] - yk € Hs.
2. A reflection of the point Py = (—1,v, 2) in the plane x = —1 of R? through
the point Py = (—1,q3, —q2) ifp = —i + zj — yk € Hs1.
Proof: If we take cos(6/2) = 0 and sin(f/2) = 1 in equation (11), we obtain

. t3.. to
q=l+(§)J—(§)ka t3/2 = qo, t2/2 = —q3

Thus

I.Ifp=i+2zj—yk € H,1, then the map fq = qpq~' = —qpq given by the
Equation 10 becomes

Pr=(,y,2) e M Pl =(1,—y+ty,—z+1t3) €M

so that the product f, represents a reflection of the point P; = (1,y, 2) in
the plane = = 1 of R? through the point Py = (1,5/2,t3/2).

2. Ifp=—i+zj—yk € H,1, then the product gpg—' = —qpgq results to

Py=(-1,9,2) eR3 s Py = (—1,—y —ty, —2 — t3) € R3
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so that the product gpg~—' = —gpq represents a reflection of the point Py =

(—1,y, z) in the plane x = —1 of R through the point Py =—(1,t2/2,t3/2).
|
Corollary 6. Let ¢ = —i + q2j + g3k be a unit pure semi-quaternion. Then, the

product qpg—' = —qpq represents a planar-reflection under the following two
conditions

1. A reflection of the point Py = (1,y, 2) in the plane x = 1 of R? through the
point Q1 = (1,q3,q2) ifp =i+ zj — yk € Ha1.
2. A reflection of the point Py = (—1,v, 2) in the plane © = —1 of R? through
the point Qo = —(1,q3,q2) if p = —i+ zj — yk € Hyy.
The proof of Corollary 6 is similar to the proof of Corollary 5.

Proposition 7. For an arbitrary semi-quaternion ¢ = a + b, the involution map
fv(q@) = —vqv given by Theorem 3, leaves the scalar part “a” of q invariant and

1. reflects the point K1 = (1, —u3, u2)b in the plane v = 1 of R? through the
point K1 = (1, —v3, 'UQ) ifv = itwvoj+usk € Hyy, i = i4poj+usk € Hy;.

2. reflects the point Ko = (—1, —u3, p2)b in the plane x = —1 of R? through
the point Ko = (—1,v3, —v2) if v =i+ vaj + vsk € Hg1, i = —i+ poj +
M3k € Hsl-

3. reflects the point K3 = (1, —u3, p2)b in the plane x = 1 of R? through the
point K3 = (1, V3, UQ) ifv = —itwojtusk € Hgy, i = i+poj+pusk € Hy;.

4. reflects the point Ky = (—1, —pus, j12)b in the plane x = —1 of R through
the point Ky = —(1,v3,v2) if v = —i + voj + v3k € Hg1, i = —i+ poj +
M3k € Hsl-

Proof: Let ¢ = a + bji be a semi-quaternion, then
(@) = —vgv = —v(a + b))y = —v2a — viivb = a — vjivh.

Thus, the involution map f,(¢) = —vqv leaves the scalar part “a” of ¢ invariant
and

1. sincev =i+ voj + v3k € Hsl, =14 uoj + usk € ]I:]Isl, thus from the
first item in Corollary 5, the product —v/jiv reflects the point (1, —us, p2) in
the plane = = 1 of R? through the point (1, —v3, v2).
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Also, the proofs of items 2, 3 and 4 in Proposition 7 are obvious from, respectively,
the item 2 in Corollary 5 and items 1 and 2 in Corollary 6. |

Proposition 8. For an arbitrary semi-quaternion ¢ = a + bji, the anti-involution
map f,(q) = —vqv given by Theorem 2, leaves the scalar part “a” of q invariant
and

1. reflects the point K1 = (1, —pus, p2)b through the point Ly = (0, —p3 +
V3, flo — V2) in R3 lfv—l—i—vgj—i—vgkeHSl, H=14+ poj+ usk € Hsl

2. reflects the point Ko = (—1, —ps, u2)b through the point Lo = (0, —p3 —
3, iz 4 v2) in R3 if v =i+ vgj + vsk € Hyy, i = —i+ poj + psk € Hy.

3. reflects the point K3 = (1,—pus, p2)b through the point L3 = (0, —H3 —
Vs, fia — va) in R if v = —i+ voj + vk € Hy1, I =1+ poj + pusk € Hyy.

4. reflects the point Ky = (—1, —pus, u2)b through the point L4 = (0, —H3 +
U3, fia +v2) in R if v = —i+wvoj+vsk € g1, i = —i+ poj+ sk € Hyy.

Proof: Let ¢ = a + bji be a semi-quaternion, then

fr(q) = —vgv = —v(a + bji)v = —v(a — bji)v = a + vjivb.

113 ”

Thus, the anti-involution map f,(q) = —vqv leaves the scalar part “a” of ¢ invariant

and

1. from the proof of item 1 in Corollary 5, the product vjiv results to
Ki = (1, —pus, ) € R® 5 Ky = (=1, —p3 + 203, g — 2v9) € R?
which completes the proof.

The proofs of items 2, 3 and 4 in Proposition 8 can be easily checked by using,
respectively, item 2 in Corollary 5 and items 1 and 2 in Corollary 6. |

Example 9. Ler

1 1 .
V:i—gj—§k€Hs1, g=1+i+j—keHq

then the product —vqv(which is an involution) becomes

¢ =-vqv=1+i-2jcHy
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so that —vqv leaves the scalar part 1 of q invariant, and converts the vector part
“i+j—Kk” of g into “i—2j”. From equation (9), the dual-quaternions correspond-
ing to unit pure semi-quaternions “i+ j —K”, “i — 2j” can be given, respectively,
by Q =i+ je — ke and Q' = i — 2je. By the Study map, the lines corresponding
to unit pure dual-quaternions Q, Q' intersects the plane x = 1 of R? at the points,
respectively, Q = (1,1,1), Q" = (1,0,—2). It is easily checked that the point
Q" = (1,0,—2) € R3 is a reflection of the point Q = (1,1,1) € R3 through the
point Q = (1,1/2,—1/2) € R3. The same result can be given straightforward by
using the item 1 in Proposition 7.
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