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Abstract. We analyze the mechanics of planar networks of extensible fibers, for

which we derive the general form of the mechanical energy. We consider especially

networks made of two sets of non orthogonal and non equivalent fibers, called the

parallelogram structure, with variants obtained as specific patterns called the square,

rectangular, and rhombic structures. The fibers of the network are assumed to obey

Bernoulli kinematics. A second order gradient continuum is obtained. The argu-

ments of the energy of these four patterns are obtained based on the material sym-

metry group of the considered structures.
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1. Introduction

Network materials made of a repetitive set of beams continue to attract the inter-

est of many researchers (see for instance [4, 14, 16]), due to their low weight and

interesting mechanical performances in comparison to bulk materials. The rela-

tionship between the material microstructure and the resulting properties is the key

to optimization and design of lightweight, strong, and tough materials and struc-

tures [7]. Examples include artificial textile materials, soft biological structures

like skin or the arterial wall, for which open problems in this field are related to the

development of suitable constitutive models accounting for the anisotropy induced

by the fibers, and the presence of large strains. Despite the availability of power-

ful machines, it may be cumbersome to compute the mechanical response of such

discrete structures, thus there is a need for suitable continuum constitutive models

that can be used at the macroscale for the purpose of structural computations.

The objective of this work is the derivation of the energy of a set of two inequiva-

lent fibers, a situation representative of a planar network of extensible and flexible
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Figure 1. Pantographic structure [13].

fibers. As will become clear later on, the effective energy shall involve both first

and second order gradients of the displacement field, thereby pointing the need to

consider the class of second order gradient continua as a proper modeling frame-

work for such networks.

Several authors have turned their attention towards the development of rigorous

homogenization procedures showing the ability to account for the heterogeneous

nature of the material at the micro-level using a second gradient macroscopic con-

stitutive law [2,9]. Works in this direction consider both linear elastic materials [8]

and non linear materials [1, 6]. Higher order homogenization schemes have been

built for architectured materials in both the linear and nonlinear regimes in the

work of Trinh [17].

Especially, considering network materials, the pantograph is well-known, for it is

a typical example of a structure exhibiting no first order elasticity, but instead its

elasticity appears directly at second order when it is viewed as a continuum, thus it

is a second order grade continuum [13]. It is made of two equivalent inextensible

beams connected at right angle by a pivot (Fig. 1).

The inextensibility of the fibers raises specific issues from both theoretical and

numerical viewpoint, as exposed into details in [13]. The most popular theories

developed in the literature for the mechanical analysis started in 1955 from the

works of Rivlin [15], who proposed a theory of planar networks made of inexten-

sible cords. This was followed by a series of works of Pipkin [10–12], who further

developed the theory of inextensible cords. In the same period, Wang and Pip-

kin [18, 19] proposed a model of inextensible fibers with bending stiffness, which

appears as a special case of the finite-deformation plate theory. This theory was

then extended by Luo and Steigmann [5] who considered both bending and twist-

ing effects for 3D configurations.

Pantographic structures are constituted by two families of beams, called also fibers,

connected by an internal pivot which allow a relative rotation.
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We shall in the present work analyze the mechanics of more general pantographic

structures made of two extensible, non orthogonal and non equivalent fibers.

As to notations, vectors and second order tensors are denoted with boldface sym-

bols.

2. General Form of the Pantograph Energy Based on Material
Symmetries

We consider in the sequel the four basic pantographic structures pictured in Fig. 2,

corresponding in general to a set of two non equivalent non orthogonal extensi-

ble fibers (Fig. 2d). We aim at computing the effective energy density of these

structures based on their symmetry properties, as reflected by the corresponding

material symmetry groups.

The four structures can be characterized as follows

• The square structure is characterized by two mutually orthogonal fibers in

the reference configuration endowed with identical properties (tensile, shear

and flexural rigidities)

• The rectangular structure has two orthogonal fibers but with different mate-

rial properties

• The rhombic structure is made of two non orthogonal fibers with the same

mechanical properties

• The parallelogram structure is the more general one since the two fibers are

both non orthogonal and have different mechanical properties.

The material symmetry groups of these four patterns have been exposed in [3].

Their action on the postulated form of the strain energy density of the equiva-

lent continuum leads to restrict the number and the form of the arguments of this

density. Since we consider linear pantographic structures undergoing small per-

turbations, this entails we expect a decoupling of the first order and second order

gradient contributions, so that we postulate an additive split of the total energy into

W(F,∇F) = W1(F) +W2(∇F) (1)

with W1(F) the first order energy and W2(∇F) the second order energy contribu-

tion. The second order tensor F denotes the transformation gradient.

The ∇ operator therein denotes the gradient with respect to the Lagrangian coor-

dinate in a large strains framework.
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Figure 2. The four basic pantographic structures: a: square, b: rectangular,

c: rhombic, d: parallelogram.

We adopt for convenience a basis made of the two fibers, with unit vectors in the

reference configuration the two vectors A1,A2 in the direction of the two fibers.

All kinematic tensors shall then be conveniently expressed in this basis.

For the first order gradient contribution, the energy W1(F) depends on the in-

dependent invariant C11, C22 and C12, which are the components of the right

Cauchy-Green tensor C = FT · F. The following dependencies of W1(F) has

been obtained based on an extension of Richlewski theorem in [3], from symmetry

considerations (the material symmetry group associated to each pattern leads to

restrictions on the arguments of the strain energy density)

• For the square symmetry: the material symmetry group includes the two

planar rotations Rπ/2 =

(
0 −1
1 0

)
and R1 =

(−1 0
0 1

)
, thus leading to

W1(F) = W1(C11 + C22, C11C22, C
2
12)
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• For the rectangular symmetry : the material symmetry group includes the

two planar rotations R1 =

(−1 0
0 1

)
and R2 =

(
1 0
0 −1

)
, thus leading to

W1(F) = W1(C11, C22, C
2
12)

• For the rhombic symmetry: the material symmetry group includes the two

planar rotations R3 =

(
cos δ sin δ
sin δ − cos δ

)
and R4 =

(− cos δ − sin δ
− sin δ cos δ

)
,

with δ = 2β , thus leading to W1(F) = W1(C11 + C22, C11C22, C12)

• For the parallelogram symmetry: the symmetry group describing the aniso-

tropy of this network is Hpr =

{
I =

(
1 0
0 1

)
,−I =

(−1 0
0 −1

)}
, thus

leading to W1(F) = W1(C11, C22, C12).

For the second order gradient contribution, a similar argumentation leads to a sec-

ond order energy W2(∇F) depending upon the following polynomial invariants

• For the square symmetry, the invariants are κ21κ
2
2, κ21 + κ22, sin2 γ

• For the rectangular symmetry, the invariants are κ21, κ22, sin2 γ

• For the rhombic symmetry, the invariants are κ21κ
2
2, κ21 + κ22, sin γ

• For the parallelogram symmetry, the invariants are κ21, κ22, sin γ.

The scalar coefficients γ and κ are respectively the shear angle and the curvature,

defined as

κ21 = a1,1 · a1,1, κ22 = a2,2 · a2,2, sin γ = a1 · a2.

Regarding notations, the comma denotes the derivative.

The list of arguments of the energy density further show that the sign of the shear

angle matters for both the rhombic and parallelogram structures.

We shall next elaborate the kinematics of the homogenized pantograph considering

the more general parallelogram structure, as pictured in Fig. 3.

The directors along the two deformed arcs are obtained by the push-forward of the

two unit fiber vectors, defined as the unit directors along the two fibers, vectors A1

and A2, in the reference configuration

a1 = F ·A1, a2 = F ·A2.
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Figure 3. Reference Cartesian coordinates and parameterization of the par-

allelogram pantographic structure in the reference and actual configurations.

From the displacement vector expressed in the local basis attached to each fiber,

viz

u = ξ eb + η eb⊥

with eb the unit director along each beam and eb⊥ the normal unit vector. It follows

the displacement derivative with respect to the referential curvilinear coordinate

denoted S is

du

dS
=

dξ

dS
eb +

dη

dS
eb⊥.

By considering both fibers this entails also the expression for the transformation

gradient

F =

⎛
⎜⎝1 +

dξ1
dS

dη1
dS

dη2
dS

1 +
dξ2
dS

⎞
⎟⎠ .

After elementary computations this leads to the expression of the three independent

components of the right Cauchy-Green tensor in the referential basis made of the

two fiber directors A1, A2

C11 = 2ξ1,S + 1, C22 = 2ξ2,S + 1, C12 = η1,S + η2,S .

Based on previous classification this leads to the following form of the first order

gradient energy of parallelogram pantographic structures

W1 (F) = W1 (2 ξ1,S + 1, 2 ξ2,S + 1, η1,S + η2,S) .
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The second order gradient energy of parallelogram structures can be written versus

the square of the two principal curvatures and the sine of the shear angle γ [3]

W2 (∇F) = W2

(
κ21, κ

2
2, sin γ

)
.

The second order energy density splits into a contribution due to transverse shear

and another contribution reflecting second order extensional effects, which we next

evaluate separately.

After lengthy development (see Appendix 1), the following closed form expression

of the second order energy density is obtained

W2 (∇F)

= W2

(
(ξ1,S1S1)

2 + (η2,S1S1)
2, (ξ2,S2S2)

2 + (η1,S2S2)
2, η1,S + η2,S

)
. (2)

In order to identify the nature of the form of W1(F) and W2(∇F) versus their

arguments, we next compute both energies in closed form for all patterns.

3. Analytical Expression of the Energy for Extensible Beams

Extending the work done in [13] for the square structure with inextensible beams

(corresponding to pantographic structures), we evaluate the strain energy of a pan-

tographic lattice with an arbitrary initial configuration, Figure 4, made of extensible

beams. The general expression of the internal deformation energy associated to a

beam element (i− j, i+ 1− j + 1), is written as [13]

W =
1

2

ES

L

(
ξj+1
i+1 − ξji

)2
+

1

2

12EI

L3

((
ηj+1
i+1 − ηji

)
− L

2

(
θj+1
i+1 + θji

))2

+
1

2

EI

L

(
θj+1
i+1 − θji

)2
.

This energy is made of three terms representing the different forms of strain energy,

namely extensional, flexural and shear contributions.

We have introduced therein the extensional rigidity Kl = ES/Lb, the flexural

rigidity Kf = EI/Lb, the shear rigidity Kc = 12EI/L3
b and Lb = a is the beam

length.

Both beams in Fig. 4 have different shear rigidities, denoted Kc1 and Kc2 , different

flexural rigidities Kf1 and Kf2 and distinct extensional rigidities Kl1 and Kl2 . The
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Figure 4. Unit cell of the pantograph structure. The link at node (i,j) is a

pivot [13].

strain energy of the parallelogram pantographic structure writes as follows

W =
1

2
Kl1

[(
ξ1

i+1
j+1 − ξ1

i
j

)2
+
(
ξ1

i
j − ξ1

i−1
j−1

)2]

+
1

2
Kl2

[(
ξ2

i+1
j−1 − ξ2

i
j

)2
+
(
ξ2

i
j − ξ2

i−1
j+1

)2]

+
1

2
Kf1

[(
θ1

i+1
j+1 − θ1

i
j

+)2
+
(
θ1

i
j

− − θ1
i−1
j−1

)2]

+
1

2
Kf2

[(
θ2

i+1
j−1 − θ2

i
j

+)2
+
(
θ2

i
j

− − θ2
i−1
j+1

)2]

+
1

2
Kc1

[((
η1

i+1
j+1 − η1

i
j

)
− a

2

(
θ1

i+1
j+1 + θ1

i
j

+))2
+
((

η1
i
j − η1

i−1
j−1

)
− a

2

(
θ1

i
j

−
+ θ1

i−1
j−1

))2]

+
1

2
Kc2

[((
η2

i+1
j−1 − η2

i
j

)
− a

2

(
θ2

i+1
j−1 + θ2

i
j

+))2
((

η2
i
j − η2

i−1
j+1

)
− a

2

(
θ2

i
j

−
+ θ2

i−1
j+1

))2]
.

(3)

The indices 1 and 2 refer respectively to the first and second beam. Using two

different finite difference schemes further delivers the equalities(
ξi+1
j+1 − ξij

)
= a

dξ

ds

∣∣∣∣
i

j

+
a2

2

d2ξ

ds2

∣∣∣∣
i

j

(4)

(
ξij − ξi−1

j−1

)
= a

dξ

ds

∣∣∣∣
i

j

− a2

2

d2ξ

ds2

∣∣∣∣
i

j

(5)
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(
ηi+1
j+1 − ηij

)
= a

dη

ds

∣∣∣∣
i

j

+
a2

2

d2η

ds2

∣∣∣∣
i

j

(6)

(
ηij − ηi−1

j−1

)
= a

dη

ds

∣∣∣∣
i

j

− a2

2

d2η

ds2

∣∣∣∣
i

j

(7)

with s therein being the curvilinear abscissa along the beam.

According to Bernoulli model and the continuity of the angular variation of the

beam at the central node, we can formulate for each beam the following continuity

(two first equalities) and kinematic coupling conditions (last equality)

θij
+
= θij

−
= θij =

dη

ds

∣∣∣∣
i

j

. (8)

The last equality means that the normal to any section of the beam remains normal

during the motion.

After insertion of relations (4) through (7) into (3), the general energy expression

of the parallelogram pantographic structure is obtained

W = Kl1

⎛
⎝(a dξ1

ds

∣∣∣∣
i

j

)2

+

(
a2

2

d2ξ1
ds2

∣∣∣∣
i

j

)2
⎞
⎠

+Kl2

⎛
⎝(a dξ2

ds

∣∣∣∣
i

j

)2

+

(
a2

2

d2ξ2
ds2

∣∣∣∣
i

j

)2
⎞
⎠

+
a4

4
Kc1

(
d2η1
ds2

∣∣∣∣
i

j

)2

+
a4

4
Kc2

(
d2η2
ds2

∣∣∣∣
i

j

)2

.

(9)

The energy is here expressed using the curvilinear coordinates associated to each

fiber. We are now in a position to identify the specific form of the energy written

in Section 2 (relation (1))

W = Kl1

(
a2
(
C11 − 1

2

)2

+
a2

4
κ21

)
+Kl2

(
a2
(
C22 − 1

2

)2

+
a2

4
κ22

)

+
a4

4

⎛
⎝(Kc1 −Kl2)

(
d2η1
ds2

∣∣∣∣
i

j

)2

+ (Kc2 −Kl1)

(
d2η2
ds2

∣∣∣∣
i

j

)2
⎞
⎠
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= a2

(
Kl1

(
C11 − 1

2

)2

+Kl2

(
C22 − 1

2

)2
)

+
a4

4

⎛
⎝Kl1κ

2
1 +Kl2κ

2
2 + (Kc1 −Kl2)

(
d2η1
ds2

∣∣∣∣
i

j

)2

+(Kc2 −Kl1)

(
d2η2
ds2

∣∣∣∣
i

j

)2
⎞
⎠ .

This expression highlights that the energy of the parallelogram structure involves

the components of the right Cauchy-Green tensor C11, C22,which define the first

order energy

W1 = Kl1a
2

(
C11 − 1

2

)2

+Kl2a
2

(
C22 − 1

2

)2

.

The remaining contribution in the right-hand side of equality (2) leads to the iden-

tification of the second order energy

W2 =
a4

4

⎛
⎝Kl1κ

2
1 +Kl2κ

2
2 + (Kc1−Kl2)

(
d2η1
ds2

∣∣∣∣
i

j

)2
+(Kc2−Kl1)

(
d2η2
ds2

∣∣∣∣
i

j

)2⎞⎠.

This expression shows that in addition to the squares of the two principal cur-

vatures, the second order energy involves the two second order transverse shears
d2η1
ds2

and
d2η2
ds2

. These two terms are in reality,accounting for Euler-Bernoulli as-

sumption, the derivative of the rotation field of each beam with respect to the cor-

responding curvilinear coordinate.

In comparison to the general expression of W2 obtained in the Appendix, this result

also shows the absence of first order transverse shear, coefficient C12.

The transition is next made from the local basis (attached to the beam) to the Carte-

sian basis: the local components ξ1
i
j , ξ2

i
j , η1

i
j and η2

i
j project along the two Carte-

sian components of the displacement vector

[
u
v

]
. After development of equation

(9), one obtains the general energy expression for an arbitrary configuration in the
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Cartesian basis (for more details, see Appendix 2 and [13])

W =
a4

2
cosβ sinβ (Kl1 −Kl2 −Kc1 +Kc2)

(
d2u

dx2
+

d2u

dy2

)(
d2v

dx2
+

d2v

dy2

)

+
a4

4

(
d2u

dx2
+

d2u

dy2

)2 (
sinβ2 (Kc1 +Kl2) + cosβ2 (Kc2 +Kl1)

)

+
a4

4

(
d2v

dx2
+

d2v

dy2

)2 (
sinβ2 (Kc2 +Kl1) + cosβ2 (Kc1 +Kl2)

)
(10)

+a2
(
dv

dx
+

dv

dy

)2 (
sinβ2Kl1 + cosβ2Kl2

)
+a2
(
du

dx
+

du

dy

)2 (
sinβ2Kl2 + cosβ2Kl1

)
.

Note that the energy density W/S can be evaluated by dividing W by the area

S = 4a2 sinβ cosβ. The three other patterns (the rhombic, the square and the

rectangular structures) are specific cases of the more general parallelogram pattern

(Fig. 2), so that it is straightforward to obtain their corresponding energy.

• For a square structure, it holds β = π/4, Kl1 = Kl2 and Kc1 = Kc2 , thus

previous expression (10) of W becomes

W = a2Kl

((
du

dx
+

du

dy

)2

+

(
dv

dx
+

dv

dy

)2
)

+
a4

4
(Kl +Kc)

((
d2u

dx2
+

d2u

dy2

)2

+

(
d2v

dx2
+

d2v

dy2

)2
)
.

This entails the energy density by dividing by the area of the elementary unit cell,

that is S =
(√

2a
)2

, viz

W/S =
1

2
Kl

((
du

dx
+

du

dy

)2

+

(
dv

dx
+

dv

dy

)2
)

+
a2

8
(Kl +Kc)

((
d2u

dx2
+

d2u

dy2

)2

+

(
d2v

dx2
+

d2v

dy2

)2
)
.
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• For a rectangular structure, it holds β = π/4, Kl1 = Kl2 and Kc1 = Kc2 , thus

previous expression (10) becomes

W =
a4

4
(Kl1 −Kl2 −Kc1 +Kc2)

(
d2u

dx2
+

d2u

dy2

)(
d2v

dx2
+

d2v

dy2

)

+
a4

8
(Kc1 +Kc2 +Kl2 +Kl1)

((
d2u

dx2
+

d2u

dy2

)2

+

(
d2v

dx2
+

d2v

dy2

)2
)

+
a2

2
(Kl1 +Kl2)

((
du

dx
+

du

dy

)2

+

(
dv

dx
+

dv

dy

)2
)

+ a2 (Kl1 −Kl2)

(
du

dx
+

du

dy

)(
dv

dx
+

dv

dy

)
.

This entails the energy density

W/S =
a2

8
(Kl1 −Kl2 −Kc1 +Kc2)

(
d2u

dx2
+

d2u

dy2

)(
d2v

dx2
+

d2v

dy2

)

+
a2

16
(Kc1 +Kc2 +Kl2 +Kl1)

((
d2u

dx2
+

d2u

dy2

)2

+

(
d2v

dx2
+

d2v

dy2

)2
)

+
1

4
(Kl1 +Kl2)

((
du

dx
+

du

dy

)2

+

(
dv

dx
+

dv

dy

)2
)

+
1

2
(Kl1 −Kl2)

(
du

dx
+

du

dy

)(
dv

dx
+

dv

dy

)
.

• For a rhombic structure, with β = π/6, Kl1 = Kl2 and Kc1 = Kc2 , previous

expression (10) becomes

W =
a4

4
(Kc +Kl)

((
d2u

dx2
+

d2u

dy2

)2

+

(
d2v

dx2
+

d2v

dy2

)2
)

+ a2Kl

((
du

dx
+

du

dy

)2

+

(
dv

dx
+

dv

dy

)2
)
.

This entails the energy density

W/S =
a2

12
(Kc +Kl)

((
d2u

dx2
+

d2u

dy2

)2

+

(
d2v

dx2
+

d2v

dy2

)2
)

+
1

3
Kl

((
du

dx
+

du

dy

)2

+

(
dv

dx
+

dv

dy

)2
)
.
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The Cauchy first and second order stress tensors are obtained for the parallelogram

pattern as

σxx =
dW/S

du/dx
=

1

2 sinβ cosβ

(
cosβ sinβ (Kl1 −Kl2)

(
dv

dx
+

dv

dy

)

+
(
sinβ2Kl2 + cosβ2Kl1

)(du
dx

+
du

dy

))
= σxy =

dW/S

du/dy

σyy =
dW/S

dv/dy
=

1

2 sinβ cosβ

(
cosβ sinβ (Kl1 −Kl2)

(
du

dx
+

du

dy

)

+
(
sinβ2Kl1 + cosβ2Kl2

)(dv
dx

+
dv

dy

))
= σyx =

dW/S

dv/dx

Sxxx =
dW/S

d2u/
dx2

=
a2

8 sinβ cosβ

(
cosβ sinβ (Kl1 −Kl2 −Kc1 +Kc2)

(
d2v

dx2
+

d2v

dy2

)

+
(
sinβ2 (Kc1 +Kl2) + cosβ2 (Kc2 +Kl1)

)(d2u
dx2

+
d2u

dy2

))

= Sxyy =
dW/S

d2u/
dy2

Syxx =
dW/S

d2v/
dx2

=
a2

8 sinβ cosβ

(
cosβ sinβ (Kl1 −Kl2 −Kc1 +Kc2)

(
d2u

dx2
+

d2u

dy2

)

+
(
sinβ2 (Kc2 +Kl1) + cosβ2 (Kc1 +Kl2)

)(d2v
dx2

+
d2v

dy2

))

= Syyy =
dW/S

d2v/
dy2

·

Both stress and hyperstress tensors satisfy the continuum static equilibrium equation

∇. (σ −∇.(S)) + f = 0
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4. Conclusion: Discussion and Perspectives

The mechanics of planar networks of extensible fibers has been analyzed, for which

the general form of the mechanical energy has been derived, based on a classifi-

cation of the studied patterns in terms of material symmetries. We considered a

network made of two sets of non orthogonal and non equivalent fibers, called the

parallelogram structure, with subcases coined the square, rectangular, and rhombic

patterns. The arguments of the energy of these four patterns are obtained based on

the material symmetry group of the considered structures. The energy of all four

patterns is then obtained in closed form, thus leading to the identification of the co-

efficients associated to each of the obtained arguments. The fibers of the network

are assumed to obey Bernoulli kinematics. A second order gradient continuum is

obtained by a continualisation of the beam equations by adopting a second order

finite difference scheme for the kinematic variables.

The Cauchy first order stress and the second order hyperstress tensors have been

derived from the formulated energy density of the fiber network. The present work

paves the way to structural computations at the macroscopic level relying on the

obtained energy density of the equivalent continuum which has been substituted

to the initially discrete network. The extension to large strains shall also deserve

future investigations.
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Appendix 1: Identification of the Arguments of the Second Order
Gradient Energy

The second order gradient energy of parallelogram pantographic structures under-

going small perturbations can be written as

W2 (∇F) = W2

(
κ21, κ

2
2, sin γ

)
= W2 (a1,1 · a1,1, a2,2 · a2,2, a1 · a2) .

In the following, one calculates separately each of the three arguments of W2

a1,1 · a1,1 = da1
dX1

· da1
dX1

·

From Fig. 3, one can write
da1
dX1

=
da1
dS1

· dS1

dX1
=

1

cosβ

da1
dS1

with a1 = F.A1 and

a2 = F.A2.
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Hence, it holds

da1
dS1

=
d

dS1
(F ·A1) =

dF

dS1
·A1 = M ·A1

with the matrix

M =

(
ξ1,S1S1 η1,S1S1

η2,S1S1 ξ2,S1S1

)
.

Thus, one obtains

a1,1 · a1,1 = 1

cos2β

da1
dS1

· da1
dS1

=
1

cos2β
A1 ·MT ·M ·A1

= (ξ1,S1S1)
2 + (η2,S1S1)

2

with

MT ·M ≈
(
(ξ1,S1S1)

2 + (η2,S1S1)
2 0

0 (ξ2,S1S1)
2 + (η1,S1S1)

2

)
.

The same development is done for a2,2 · a2,2, thus

a2,2 · a2,2 = 1

cos2β

da2
dS2

· da2
dS2

=
1

cos2β
A2 ·NT ·N ·A2

= (ξ2,S2S2)
2 + (η1,S2S2)

2.

Finally, a1 · a2 = C12 ≈ η1,S + η2,S with

FT·F =

(
(1 + ξ1,S)

2 + (η2,S)
2 η2,S + η1,S + η1,Sξ1,S + η2,Sξ2,S

η2,S + η1,S + η1,Sξ1,S + η2,Sξ2,S (1 + ξ2,S)
2 + (η1,S)

2

)
.

Summarizing, we obtain the following general form of the second order energy

density

W2 (∇F) = W2

(
(ξ1,S1S1)

2 + (η2,S1S1)
2, (ξ2,S2S2)

2 + (η1,S2S2)
2, η1,S + η2,S

)
.

Appendix 2: Transition From Curvilinear to Cartesian Coordinates

It holds for the first beam with extremity (i− 1, j − 1; i+ 1, j + 1)

ξ1|ij = cosβ u+ sinβ v, η1|ij = − sinβ u+ cosβ v.

Similarly, one can write for the second beam (i+ 1, j − 1; i− 1, j + 1)

ξ2|ij = − sinβ u+ cosβ v, η2|ij = − cosβ u− sinβ v.
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This entails the first and second derivatives (for more details see [13]), with s
represents the curvilinear coordinate along any beam element

dξ1
ds

∣∣∣∣
i

j

=

(
dξ1
dx

∣∣∣∣
i

j

+
dξ1
dy

∣∣∣∣
i

j

)
= cosβ

(
du

dx
+

du

dy

)
+ sinβ

(
dv

dx
+

dv

dy

)

dη1
ds

∣∣∣∣
i

j

=

(
dη1
dx

∣∣∣∣
i

j

+
dη1
dy

∣∣∣∣
i

j

)
= cosβ

(
dv

dx
+

dv

dy

)
− sinβ

(
du

dx
+

du

dy

)

dξ2
ds

∣∣∣∣
i

j

=

(
dξ2
dx

∣∣∣∣
i

j

+
dξ2
dy

∣∣∣∣
i

j

)
= − sinβ

(
du

dx
+

du

dy

)
+ cosβ

(
dv

dx
+

dv

dy

)

dη2
ds

∣∣∣∣
i

j

=

(
dη2
dx

∣∣∣∣
i

j

+
dη2
dy

∣∣∣∣
i

j

)
= − cosβ

(
du

dx
+

du

dy

)
− sinβ

(
dv

dx
+

dv

dy

)

d2ξ1
ds2

∣∣∣∣
i

j

=

(
d2ξ1
dx2

∣∣∣∣
i

j

+
d2ξ1
dy2

∣∣∣∣
i

j

)
= cosβ

(
d2u

dx2
+

d2u

dy2

)
+ sinβ

(
d2v

dx2
+

d2v

dy2

)

d2η1
ds2

∣∣∣∣
i

j

=

(
d2η1
dx2

∣∣∣∣
i

j

+
d2η1
dy2

∣∣∣∣
i

j

)
= − sinβ

(
d2u

dx2
+

d2u

dy2

)
+ cosβ

(
d2v

dx2
+

d2v

dy2

)

d2ξ2
ds2

∣∣∣∣
i

j

=

(
d2ξ2
dx2

∣∣∣∣
i

j

+
d2ξ2
dy2

∣∣∣∣
i

j

)
= − sinβ

(
d2u

dx2
+

d2u

dy2

)
+ cosβ

(
d2v

dx2
+

d2v

dy2

)

d2η2
ds2

∣∣∣∣
i

j

=

(
d2η2
dx2

∣∣∣∣
i

j

+
d2η2
dy2

∣∣∣∣
i

j

)
= − cosβ

(
d2u

dx2
+

d2u

dy2

)
− sinβ

(
d2v

dx2
+

d2v

dy2

)
.

Thus, after development, the energy (9) writes

W =
a4

2
cosβ sinβ (Kl1 −Kl2 −Kc1 +Kc2)

(
d2u

dx2
+

d2u

dy2

)(
d2v

dx2
+

d2v

dy2

)

+
a4

4

(
d2u

dx2
+

d2u

dy2

)2 (
sinβ2 (Kc1 +Kl2) + cosβ2 (Kc2 +Kl1)

)

+
a4

4

(
d2v

dx2
+

d2v

dy2

)2 (
sinβ2 (Kc2 +Kl1) + cosβ2 (Kc1 +Kl2)

)
+ a2
(
dv

dx
+

dv

dy

)2 (
sinβ2Kl1 + cosβ2Kl2

)
+ a2
(
du

dx
+

du

dy

)2 (
sinβ2Kl2 + cosβ2Kl1

)
.
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