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Abstract. The governing equation of the Helfrich spontaneous-curvature model is
the Helfrich equation. It is a coordinate free equation that describes the equilibrium
shapes of biological (fluid) membranes. We make use of the conformal metric rep-
resentation of the Helfrich equation and by applying the symmetry group reduction
method we obtain a translationally invariant solution. Based on that solution, we
derive analytic expressions for the position vector of special cylindrical equilibrium
shapes. Plots of the graphs of some closed directrices of these shapes are presented.

1. Introduction

Biomembranes (membranes of living cells), or fluid membranes as they are gen-
erally called, consist of lipid compounds, mostly phospholipid molecules, hav-
ing two parts — one or two hydrocarbon tails (the hydrophobic part) and a polar
head group (the hydrophilic part). Placed in aqueous solution the phospholipid
molecules spontaneously assemble to form closed lipid bilayer structure: two lay-
ers of molecules locating their hydrophilic heads to point outward in order to pre-
vent the hydrophobic tails from direct contact with the water molecules. The lipid
bilayers are the typical constituents of the semipermeable membranes of all the liv-
ing cells (plant and animal) playing a dominant role for determining cell’s shape.

The modern biomechanical models of the fluid membranes [2, 5, 20] dates back to
the works of Canham [3] and Helfrich [7] in the early 70s of the previous century.
Their basic concept, first suggested by Canham, is to think of the membrane as of
a two-dimensional fluid in which the lipid molecules are moving freely in a way
that no in-plane displacements can be developed, except bending. It follows from
this idea that the shape of the living cells is controlled exclusively by the bending
energy associated with the curvature elasticity of the lipid bilayer.

In the so-called Helfrich spontaneous-curvature model [7], the fluid membrane is
described as a two-dimensional elastic surface S, obtained as a solution of the
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Helfrich equation
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where H and K are, respectively, the mean and the Gaussian curvatures of S,
and Ag is the Laplace-Beltrami operator on S. The Helfrich equation (1) is an
equilibrium condition for attaining the minimum of the free elastic energy of the
membrane

f:k/(H—h)2ds+k/KdS (2)
S S

where the curvature energy (energy contribution due to the curvatures H and K) is
taken into account through the two elastic moduli of the membrane — the bending
rigidity k& and the Gaussian rigidity k. The additional curvature parameter Th, the
so called spontaneous curvature, is introduced to reflect the asymmetry between
the membrane and its environment. According to the stalk model, this parameter
participates also in the description of the fusion of two planar membranes [6] .
The pressure difference (osmotic pressure) p and the tensile stress A are related,
respectively, to the constraints of fixed volume and area of the membrane.

We are interested in immersed surfaces in the Euclidean space that satisfy the Hel-
frich equation (1). The necessary and sufficient condition for the immersed surface
to exist is that the coefficients of its first and second fundamental form satisfy the
so called Gauss-Codazzi-Mainardi integrability equations [15]. For this reason,
when looking for the equilibrium surfaces of the Helfrich model, equation (1) has
to be solved together with the Gauss-Codazzi-Mainardi equations. The number of
equations and the order of the derivatives being involved depend on the coordinates
that have been specified. In our work, we introduce the conformal metric on S

ds? = 4¢%p?(dz? + dy?) (3)

and the matrix of the second fundamental form

0 w
b= <w 8q2<p(1+1hso)—9> @

so that the Helfrich equation (1) is replaced by a system of four second order partial
differential equations [9, 10, 18] (hereinafter referred to as the Helfrich system)
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where ¢ = q(z,y),¢ = ¢(z,y),0 = 0(x,y) and w = w(z,y) are unknown
functions of the conformal coordinates (z,y), and ¢, = Jp/0z, etc. The newly
defined phenomenological constants are ay = 24T, az = 8(2h? — \/k), ay =
4p/k — 8 \Ih/k. In comparison with the fourth order nonlinear partial differential
equation in the Mongé representation of the Helfrich equation (see e.g. [21]), the
system of differential equations (5) is a simpler version of the Helfrich model.

In the conformal metric coordinates, defined by (3) and (4), the mean H and the
Gaussian K curvatures take the form

1
H=_+h (©)
¢
1
K = g (0@ +a) + 64+ ¢y)

~ ¢ (Gow + dyy) — PP Pax + 0yy)) . (D
The latter is obtained by using the Brioschi formula
K = —Alog(2qp)
by making use of the respective Laplace-Beltrami operator
2 2

In this setting, the functional (2) reads

i 200(1 + ) — 62 — o2
]:—4k//q2dxdy—|—/~c//8q¢( + o) Y dedy
4g?p?




102 Vladimir I. Pulov and Eddie J. Chakarov

and this is an obvious manifestation of the fact that the squared function q plays the
role of a free elastic energy density due to the mean curvature H of the membrane
(cf [9,10]).

The main goal of this paper is to apply a Lie symmetry reduction method for find-
ing cylindrical equilibrium shapes of the Helfrich model. To this end we look for
solutions of the Helfrich system with the corresponding lipid configurations having
zero Gaussian curvature K = 0. By creating and solving of the so called defer-
mining system of equations [14] we obtain the Lie symmetry algebra (respectively
the Lie symmetry group) of the Helfrich system. It is shown in [10] that all the
one-dimensional Lie subalgebras, of the general Lie symmetry algebra of the Hel-
frich system are equivalent to each other under the group of inner automorphisms.
Based on this knowledge, in the next Section 2, we apply a symmetry group re-
duction technique [14] to obtain a group-invariant solution. In Section 4, a class of
cylindrical shapes of fluid membranes are explicitly determined and some plots of
closed graphs of the directrices of the obtained surfaces are presented. The solution
and the directrices are expressed by the Weierstrassian functions.

2. Group-Invariant Solution

A group-invariant solution of a given system of partial differential equations is a
solution invariant under the group action of the symmetry group of the system.
The group-invariant solutions are found by solving the so called reduced system of
differential equations [14]. It is of great practical importance that in comparison
with the original system the reduced system of equations has fewer independent
variables. Particularly, if the number of the group parameters is one less the number
of the independent variables, then the initially given system of partial differential
equations is reduced to a much simpler system of ordinary differential equations.
The determining system is a system of partial differential equations that is used for
finding the coefficient functions £(, @) and n® (&, @) of the Lie group generator X
of the Lie group of symmetries (Lie symmetry group) of the considered system of
differential equations [14]. In the case of the Helfrich system (5) the one-parameter
Lie group of symmetry transformations has the form

= ®N(F, i, e), .o = ', i=1,2

i@ = 0%, d,e), U mo=u", a=1,2,34
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and the Lie group generator is given by

2

o 0 o 0
X = Zf’(a},u) py + Zna(x,u)%
1=1 a=1
where € (¢ € I C R,0 € I) is the group parameter and the vectors ¥ = (x!, z2)
and @ = (u',u?,ud, u4) denote the independent and the dependent variables,

respectively: 2! = x, 22 = y, u! = ¢, u®> = ¢, u® = 0, u* = w. The functions
O (%, 1, ¢) and V(Z, i, €) are found by solving the Lie equations [14]

d :g ((I)>\II> (I)Z|6:0:-TZ, 1=1,2

g

Awe L

o @), g =ut a=1,234
(9

The coordinates of the vectors ® and ¥ are ®¢ and U, respectively. The set of
all Lie group generators constitute a Lie algebra — the Lie symmetry algebra of the
Lie symmetry group.

In order to find the Lie symmetry algebra one has to solve the determining system
of equations. For most of the important physical applications the determining sys-
tem consists of hundreds of equations. Creating and solving of such a large sys-
tem of differential equations, though algorithmically straightforward, may cause
serious technical difficulties. In order to cope with the great number of tedious
calculations, we take advantage of the specially developed Mathematica package
LieSymm-PDE [19]. By applying the LieSymm-PDE package to the considered
Helfrich system (5), we obtained a determining system of 206 first and second
order partial differential equations. All these equations have the general form

S () (@) (@) ) (@ @) =0, Glomn=0,1,...,7
k

where . are real constants and fi (7, i) are either one of the functions &*(&, i),
n®(&, @) or their first or second order derivatives. Thirty five equations are with
more than 10 addends (expressions of the above form), six are with more than
20 addends. The largest are two equations with 43 and 44 addends. Many of
these equations are equivalent to each other or are functionally dependent, which
means that the determining system is overdetermined. Nevertheless, manipulation
of so many equations without making errors is quite boring and time consuming.
With the aid of the LieSymm-PDE facilities for solving determining systems we
managed to do all the symbolic calculations automatically, eluding the tedious



104 Vladimir I. Pulov and Eddie J. Chakarov

substitutions, transformations and other technicalities, which otherwise we should
had made by hand.

We started up the solving process by invoking the LieSymm-PDE iterative func-
tion for solving some predetermined types of equations with known solutions. If
LieSymm-PDE identifies such an equation, its solution is substituted for the respec-
tive variable in the remainder part of the equations. In this way the determining
system of the Helfrich model has been reduced to 29 partial differential equations
for six unknown functions of the form

& =n,y), 1 =vxyaee), 7 =9y4¢00w
E=r(zy), n=wyqe), 0=pyq00w)
where h(x,y) and r(z, y) satisfy the Cauchy-Riemann conditions
oh_ o oh_or .
dy ox’ dr Oy
We proceeded with applying the LieSymm-PDE package in an interactive mode
feeding back the program with the solutions we had found. After seven interactive
cycles two of the coefficient functions changed their form to
N =go(zy), 1’ =-Cp
(C € R) and the determining system reduced to the 10 equations below
qp(24 4+ cop)pg + 3pg =
24¢°r, + c2q’ope + 3p, =
(24 + asp)o, — 39, — 3py =
(24 + ap)oy — 39y + 3py =
24q¢°r, — q2(24 + aop)pg — 3p, =
39, + 20" 0pu — 202670 + 20207 =
39, + (24 + a20)po, — 2¢%(24 4 avp)o + 2C¢* (12 + agyp) =
39q + ap(24 + a2)pu — 2q0(24 + anp)o + 2Cqp(12 + anp) =

O O O O o o o o

2005 + 2Uyy + 2q2(8 + a2 + 043902 + 044903)%
+2¢*(8 + asp + asp® + aup®)o — CPp(as + 2a3p + 3aup?) = 0

2(a2q’ %0 — 602q" 0 — 6a3q " — 6auq’p® — 48¢"
+ 244200 — 30% — 3w?)ry, + (a2¢’9? + 24¢%p — 60)g — 6wp
— 6(202q"* + 2030 0" + 20ug"® + 16¢*¢?* — 67 — )0
+ 6Cq 03 (o + 20300 + 3ap?) + 60 (4¢% 00 — 62 — W?) = 0.
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Continuing in the same manner of solving we have obtained the solution of the
determining system, arriving at the Lie symmetry algebra of the Helfrich system
for the two distinguished cases (compare with [10])

Case 1. |O(2’ + |O¢3| + ‘Oé4| 7& 0

XU €2) = €10, + €20y — q6,0, — 2(0€, + wEF) Dy

—2<w£i— <9—4q2s0 aQq d )@) o

XM€Y = X1(€h,€Y) +eXa,  ceR
Xl(f1’€2) = glax+£28y*qglcaq
—2(08) + wE2)9p — 2 (w&y — (0 — 4q%p) &) 0.,
Xo = 90, + 009 + w0,

Case2.as =a3=a4 =0

where &' = h(x,y), €2 = r(z,y) are arbitrary real-valued harmonic functions
satisfying the Cauchy-Riemann conditions (8) and 9, = 9/0x, etc.

The full sets of group generators X' (¢!, £2) and X' (&1, £2) constitute two sym-
metry Lie algebra L' and LI for each one of the considered cases. The Lie algebras
L' and L™ are infinite dimensional with the commutator operator defined by

X (€', €%), X (€,6Y)] = X(2',E?)

where
El=glgl — 22 —Elel 4 262, E2=g%l 4l -kl g

(X equals X! or X respectively).

Once we have the symmetries of the Helfrich system (5), we can look for solutions
that are invariant under certain subgroups of the general symmetry group. As it
is shown in [10], all the group-invariant solutions of the Helfrich system, related
to the one-parameter Lie symmetry subgroups of the general Lie symmetry group,
are equivalent (conjugate) to each other in a sense that the related subalgebras are
pairwise conjugate under the group of the adjoint representations [14]. Hence, it
suffices to consider one representative of the conjugacy class of the one-parameter
group-invariant solutions from which every other such solution can be derived by
acting with a transformation of the symmetry group.
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We look for solutions of the Helfrich system (5) invariant under the subgroup of
translations of the variable z, i.e., a subgroup related to the subalgebra spanned
by the group generator X!(1,0) = 3,. The reduction procedure leads to group-
invariant solutions of the form [10]

a=4q(y), e=¢y), 0=00@), w(y)=as=const

and the reduced system of ordinary differential equations
T oyy + 2000y, — 204, + ¢ (80 + a2p” + ase® + aup?) = 0

(07
by — a8+ 5 0) ety +apy) = 0 9)

(&%)
Aq9%ayy +4pq oy, — 49%0; — 446 + Pe0(8 + ) — 67 —af = 0.

Searching for cylindrical equilibrium shapes of the Helfrich model, we confine to
the case of vanishing Gaussian curvature

K =0.
From (7) it follows the equation

O + % = qp(Payy + apyy)

whence, by adding to both sides the expression 2gpq,,, we conclude that the two
functions ¢(y) and ¢(y) must satisfy the relation

=" ber0, ceR (10)
= o) ’ '

By substituting of this latter result in the reduced system of equations (9) it is easily
observed that the solutions obtained for ¢ # 0 do not concern the geometry of the
membrane (see the explanation below).

In the following we will assume that ¢ = 0. Then the relation (10) takes the form

b
q(y) = @)’ beR/0 (11)

and the system (9) is transformed to

and

D=

2
Py = b(Crp? — 2040% — a3p? — 3020~ 4) (12)
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where (] is an integration constant. The obtained equation is directly solvable in
terms of elliptic functions [1] (and in some special cases in elementary functions)
which means that we have arrived at a group-invariant solution of the Helfrich
system. Before giving any explicit solution of (12), we will introduce new variables
that will reproduce the original geometrical considerations.

As it is known from the classical differential geometry [15], the directrices of the
cylindrical surfaces are plane curves I' (Fig. 1) whose curvature «(s) is related to
the mean curvature of the surface H (s)

k(s) = 2H(s)

where the parameter s is the arclength of I". For solutions invariant under the
subgroup of translations of the variable x, the arclength s is connected through the
formula (3) to the conformal coordinate y

S

|
Do
<

Figure 1. Geometry of a plane curve.

By changing the variables in (12) from (y, ¢(y)) to (s, x(s)), via the expression
(6) for H(y), a differential equation for (s) is obtained

1
/%:b(—sz‘l—i—%n?—i—un—i—QE)% (13)
where the coefficients p, v and E are defined by
A 4p 4Th Cl
=4(h®+ = =—— E="—(p—Ah)—2h*+ —.
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Here and henceforth the dots denote the derivatives with respect to s.

On solving the equation (13) we will first assume that the quartic polynomial

1
)= -3t + %tQ +ut+2F
has no repeated factors, which means that we can make use of the Weierstrassian
integral form of this equation (see e.g. [23])

/(4t3 — got — gg)iédt =bs+ (s (14)

where

1 3 8uE
g2 p?—24E), g3 <u2 “—“)

:ﬁ( 64\ 21 3

are the invariants of the polynomial f(¢). The lower limit of the integral is

_ fa) | f(a)
T Y (15)

where a is an arbitrary root of the polynomial and f'(a) = df(t)/dt),_,, etc. The
equation (14) is equivalent to the relation [1,23]

z = p(bs + C2; g2, 93) (16)

where p(bs + Cy; g2, g3) is the Weierstrassian elliptic p-function. Combining the
equations (15) and (16) we obtain the solution

f'(a)
4

k(s) =a+

" —1
(p(bs + C2;92,93) — f2(4a)> . 17

In the case when the equation f(¢) = 0 has multiple roots the solution can be
expressed in terms of elementary functions. For example, given an arbitrary 5 € R,
and on writing 4 = 332, v = 233 and E = 3/3*/8, we have the polynomial
f(t) = (38 —t)(B +t)3/4 and the solution

38 B3(bs + Cu)?
) = T s o)

The directrices I' related to the above curvature are not closed and will not be
considered as they do not correspond to membrane shapes. The reason for which
we have omitted the solutions of the general form (10) when c is not zero, is the
same — they all lead to directrices of curvature x(s) = 0. Closed directrices are
generated by the solution (17) — several graphs of these directrices with and without
intersections are given in the next section.




Cylindrical Shapes of Helfrich Spontaneous-Curvature Model 109

3. Cylindrical Equilibrium Shapes

Given the intrinsic equation k = k(s) of a plane curve, the coordinates of its
position vector x(s) = (Z(s), Z(s)) are recovered in a standard way (up to a rigid
motion) by calculating the quadratures [15]

S S

z(s) = /cosw(T)dT, Z(s) = /sinw(T)dT (18)

0 0

where 1)(s) is the slope angle of I (Fig. 1) expressed by

(s) = / w(r)dr. (19)

For the directrices of the Helfrich cylindrical surfaces with the intrinsic equation
(17) these coordinates, for v # 0, are given by

#(s) = o (s) costp(s) + 1 (w3(s) — o) sinih(s)
(20)

Hs) = ols)sing(s) —  (k(s) — ) cos ().

In the derivation of these formulas the integration of (18) can be avoided, which is a
direct consequence of the fact that the curvature function (17) satisfies the equation
(for detailed explanation cf [22] and the references cited therein)

2i(s) 4+ b2k3(s) — b2pk(s) — b?v = 0. (21)

The equation is obtained via the quadrature (19) and by making use of the integral
[1,8]

dr 1 < , o(t — T))
o~ = —~ (2¢(T)7+In —
/ p(r) — (1) ©'(7) o(T+7)
the slope angle () in (20) is expressed in terms of the Weierstrassian functions
©(s), o(s) and ((s)

= abs f'(a) sC(S n 70(()3 —5)
W(s) = abs + 20/ (5) <2b ¢(s)+1 J(bs+§)> (22)

where $ is defined by p(s) = f/;(f)'
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We are interested in the directrices I' that close up smoothly in the sense that there
exists a real number L, such that

x(L) = x(0), t(L) = t(0) (23)

where t(s) = (&, Z) is the tangent vector to the curve (Fig. 1). The second one of
the above two equalities, on choosing 1(0) = 0, implies

W(L) = £27m, m=1,2,3,.... (24)

On the basis of the first of the equalities (23) and the formulas (20), it follows, via
the equation (21), that L is a multiple for some integer n > 0 of the least period T’
of the function (s)

L =+nT. (25)

The closure condition (in the case of v # 0)

2
1/;(T)zi$, m,n=1,2,3,... (26)

is obtained by combining (24) and (25) and the relation

¢ (nT) = ny(T).

The latter is a direct consequence of the integral (19). The sign in (26) changes
on reversing the direction of revolving the curve: ¥)(—T') = —(T'). More details
about the closure conditions of the directrices of the Helfrich cylindrical surfaces
can be found in [22].

Taken with respect to the moving reference frame (t(s),n(s)), built up by the
tangent t(s) and the normal n(s) = (—Z,Z) vectors to the curve (Fig. 1), the

coordinates (£(s),7(s)) of the position vector

x(s) = £(s)t(s) + fi(s)n(s)
have the form (compare with (20))

o) = —h(s), () =~ (6%(s) — o).

Several graphs of closed directrices of the so obtained cylindrical Helfrich surfaces,
defined by (Z, Z) and (¢, 77) in the respective fixed and moving reference frame, for
b = 1 and different values of the parameters v, i, E, a, are presented in Fig. 2 and
Fig. 3.

The graphs are plotted with the help of the computer program Mathemat ica®
exploring different values of the parameters and visualizing the curves until the
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Figure 2. Closed directrices without self-intersections in the fixed (top) and

the moving (bottom) reference frame.

Figure 3. Closed directrices with self-intersections in the fixed (top) and the
moving (bottom) reference frame.

closure condition is satisfied. The directrices on Fig. 2 have the form of rosettes
with different number of ribs. As a closure condition of these curves one can make
use of the empirical relation

v—1

T
¥ ):i , vy=2,3,...
2 ol

where + is the number of ribs. We found this formula by trying to satisfy the closure
condition (26) on the base of the values of the half-periods of the Weierstrassian
e -function. We fixed two of the parameters

w=20, vr=1

and then by varying the third parameter E, we kept calculating 7" until an agree-
ment with the closure condition, within the machine precision, had been reached.
The directrices from left to right on Fig. 2 have been plotted with the obtained
values of E :

0.210912, 0.439387, 1.24723, 2.19854, 6.0736.
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The directrices on Fig. 3 correspond to ¢+ = 3, v = 1 and respectively, from left to
right, to the parameter E as follows:

0.0850036, 0.0849733, 0.0850046, 0.0849733, 0.0850046, 0.034.

The curves with equal number of stitches, inner and outer, have equal parameters
except the root of the polynomial a:

—0.345556, —2.05243, —2.05245, 2.74703, —0.346066, 2.73809.

4. Conclusion

In this paper the Helfrich spontaneous curvature model has been studied from
the viewpoint of the Lie groups of symmetries of the Helfrich system of equa-
tions (5). The Helfrich system is the governing system of equations for the equi-
librium shapes of fluid membranes. The fluid membranes are represented here in
terms of the conformal metric coordinates. The Lie group analysis of the Helfrich
system has been carried out through the solution of 206 second order partial differ-
ential equations — the so called determining system of equations. The determining
system has been solved in full explicit form by the help of the Mathemat ica®
package LieSymm-PDE [19]. Its solutions constitute an infinite dimensional sym-
metry algebra of the Helfrich system (cf [10] where this symmetry algebra has
been recently reported).

The main outcome of knowing the Lie symmetry group of a given system of differ-
ential equations is the possibility to apply a special group reduction technique, so
that a reduced system of equations with fewer number of independent variables is
obtained. Each solution of the reduced system remains unchanged under the group
action. Such solutions are called group-invariant solutions.

We have found a translationally invariant solution that corresponds to generalized
cylindrical surfaces. As it is shown in the aforementioned paper [10] all the one-
parameter group-invariant solutions of the Helfrich system can be obtained from
this solution by acting with an appropriate group transformation. It means that the
solutions of the Helfrich system (5) that are invariant with respect to one-parameter
subgroups of the general symmetry group are equivalent to each other.

We expressed the obtained solution in terms of the Weierstrassian functions. In
the case of v # 0, we provide explicit expressions for the position vector of the
directrices of the cylindrical surfaces by the equations (17), (20) and (22). With the
help of Mat hemat ica® we have explored different values of the free parameters
in the Helfrich system in order to obtain smoothly closing directrices.
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Most of the graphs of the directrices that we present here (Fig. 2 and Fig. 3) have
similar shapes to the plots of the graphs in reference [22], which is not so much
surprising as the graphs in [22] also represent the directrices of cylindrical Helfrich
surfaces, but note that they are plots of solutions obtained by another approach that
lead to Jacoby and not to the Weierstrassian elliptic functions. The similarity of
the graphs shows that their analytic expressions are different representations of one
and the same solution to the Helfrich equation (1). As a matter of future work it is
a challenging perspective to get more inside in this similarity and the mathematical
relations behind it. It is also a good problem to reveal how the choice of the root a
of the polynomial involved impacts the curves as those on Fig. 3.

Solutions of the Helfrich equation (1) that have been recovered in [10] from the
group invariant solutions of the Helfrich system (5) corresponding to equilibrium
membrane shapes known in the literature: sphere [17], Clifford torus [16], circular
cylinder [17], Delaunay surfaces [11, 13] and circular biconcave discoid [11, 12].
They have been obtained on the basis of several simplifying assumptions for the
four unknown functions ¢(y), ¢(y), 6(y) and w(y) and specific relations between
them. Here, by assuming that ¢(y) and p(y) satisfy the equation (11), this list of
Helfrich surfaces obtained from the Lie group method for finding group-invariant
solutions have been extended with the generalized cylindrical Helfrich shapes [22].
Substitutions that will reduce the system (9) to quadratures describing other classes
of surfaces (e.g. the generalized DelaunaySs unduloids [4]) can also be envisaged
as a future work.
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