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Abstract. In this paper we study harmonic analysis on the Einstein gyrogroup of
the open ball of R™, n € N, centered at the origin and with arbitrary radius ¢t € R™,
associated to the generalised Laplace-Beltrami operator
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where K = n + o and ¢ € R is an arbitrary parameter. The generalised har-
monic analysis for L, ; gives rise to the (o, ¢)-translation, the (o, t)-convolution, the
(o, t)-spherical Fourier transform, the (o, t)-Poisson transform, the (o, t)-Helgason
Fourier transform, its inverse transform and Plancherel’s Theorem. In the limit of
large t, t — 400, the resulting hyperbolic harmonic analysis tends to the stan-
dard Euclidean harmonic analysis on R™, thus unifying hyperbolic and Euclidean
harmonic analysis.
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1. Introduction

In this paper we are interested in developing harmonic analysis on the Klein-
Beltrami ball model of hyperbolic geometry, a model regulated algebraically by
the Einstein addition law of relativistically admissible velocities. Indeed, Einstein
addition plays a role similar to that of vector addition in the Euclidean n-space
R™ giving rise to the Einstein gyrogroup [14, 15, 18]. The gyrogroup structure is
a natural extension of the group structure, discovered in 1988 by A. Ungar [14]
in the context of Einstein’s velocity addition law. Einstein addition corresponds
to the standard velocity addition of relativistically admissible velocities that Ein-
stein introduced in his 1905 paper that founded the special theory of relativity.
The Einstein gyrogroup resolves the breakdown of associativity and commutativ-
ity introducing the gyration operator which corresponds to the Thomas precession
rotation. In this way, the Thomas precession rotation is studied in the algebraic
structure of the ball and not as an isolated phenomenon. Several new results were
discovered applying gyrogroup theoretic techniques, as can be seen in the works
of A. Ungar and others [4, 6, 16,18-24].

In this paper we study several aspects of harmonic analysis on the Einstein gy-
rogroup (B}, ®),n € N, associated to the family of Laplace-Beltrami operators
L given by
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where Kk = n + o, with 0 € R, and ¢t € R" is the radius of the ball B} =
{z € R™; ||z|| < t}. The operator L, is a generalisation of the Laplace-Beltrami
operator L defined on the Klein model of the unit ball

L=(1—z*) A~ ija 8% sz

2,7=1 =1

considered e.g. in [25]. For the special case when 0 = 2 — n and ¢ = 1 we have
Lo_p1 = L. The operators L1 can also be seen as the real counterparts of the
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(o, 8)-Laplacians A, g on the unit complex ball given by

n
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These operators were studied in several papers, e.g. [2,26] where the authors estab-
lished a weighted Plancherel formula and characterised the L?-range of the Poisson
transform associated to the («, 5)-Laplacians A, , respectively.

Using the gyrolanguage we study several aspects of gyroharmonic analysis on the
Einstein gyrogroup depending on an arbitrary parameter ¢ € R and the radius
t € R* of the ball BY. It includes the (o, t)-translation, the (o, t)-convolution,
eigenfunctions of L, , (o, t)-spherical functions, the (o, t)-Poisson transform, the
(0, t)-Helgason Fourier transform, its inverse and Plancherel’s Theorem. While
the general theory about Fourier transform on hyperbolic space can be seen in the
works of Helgason [8,9] in this paper we obtain new results like a Young’s inequal-
ity for the (o, t)-convolution (Theorem 12), the gyrotranslation invariance of the
(0, t)-convolution (Theorem 15), the gyroassociative law of the (o, t)-convolution
(Theorem 16), and the gyroconvolution theorem with respect to the (o, t)-Helgason
Fourier transform (Theorem 35). Remarkably, each of these theorems involves the
gyration operator.

This work is in the same spirit of our previous work [5] where we developed har-
monic analysis on the Mobius gyrogroup. The results of this paper can be applied
in different settings, e.g. wavelet analysis, where the information about Fourier co-
efficients is important for the definition of a continuous wavelet transform on the
ball. It is also possible to construct coherent states for L?-eigenspaces associated
to the discrete spectrum of the Schrédinger operator with uniform magnetic field
on B} as was done in [3] for the case of the unit complex ball. In all these areas
harmonic analysis is connected with representation theory. A nice overview of the
relationship between harmonic analysis and quantum mechanics can be seen for
instance in [13].

The paper is organised as follows. In Section 2 we present the Einstein addition
in B} and its properties. Sections 3 and 4 are dedicated to the study of the (o, t)-
translation and the (o, t)-convolution. In Section 5 we construct the eigenfunctions
of the generalised Laplace-Beltrami operator on the Einstein gyrogroup and we
study the associated (o, t)-spherical functions. In Section 6 we define the (o, t)-
Poisson transform and study the injectivity of this transform. Section 7 is devoted
to the (o, t)-Helgason Fourier transform, which is the relativistic counterpart of
the Euclidean Fourier transform. In Section 8 we obtain the inversion formula for
the (o, t)-Helgason Fourier transform, the Plancherel’s Theorem, and show that
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in the limit ¢ — 400 we recover the inverse Fourier transform and Plancherel’s
Theorem in Euclidean harmonic analysis. Two Appendices, A and B, concerning
all necessary facts on spherical harmonics and Jacobi functions, are found at the
end of the paper.

2. Einstein Addition in the Ball

The Beltrami-Klein model of the n—dimensional real hyperbolic geometry can be
realised as the open ball B} = {z € R"; ||z|]| < ¢} of R", endowed with the
Riemannian metric

o el (@dn)?
z||2 x
1= e (1- R

This metric corresponds to the metric tensor
03, il

-+ T
e N (e

i, €41,...,n}

9ij(x) =
and its inverse is given by

i z|? i -
gw(x):<1_” | )<5i,j— ]), i,j€{l,...,n}.

12 2

The group of all isometries of the Klein model consists of the elements of the group
O(n) and the mappings given by

a+ Py(z) + paQa(x)
1+ t% (a,x)

{a,z) 25 ifa #0 ]|
Pa($):{0 lal ifa=0" Qa(l')::E_Pa(x)a and pio = l_tT'

Some properties are listed in the next Proposition.

ey

To(z) =

Proposition 1. Let a € B}'. Then

i) P2=P,, Q>=Q., I(a,Py(x))=/{a,z), and {(a,Qqu(z))=0.
ii) 7,(0) = a and Ty(—a) = 0.
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iii) Ta(Tfa(x)) = Tfa(Ta(l’)) =z, z€B

iv) Ty <itr”) ¢4 Tl Moreover, the mapping T, fixes two points on OB}
a a

and no point of B}

v) The identity

L m@.nw) (1) (1-5) o

& (1+42) (1+2)

holds for all x,y € BY. In particular, when x = y we have

1— o) (1 - le”
1 |Tat<§>||2 _ ( ; +><§;>)2 *) 3)

and in (2) when x = 0 we obtain

L g
1— <CL, T(;(y)> _ <t2a) X (4)
t 1+ %
vi) For R € O(n)
RoTy, =Tp,0R. 5)

The Laplace-Beltrami operator which commutes with the mappings 7, (z) and the
group O(n) is the operator

(=] TiT;
L_(l t? A= Z t2 8x8x tzle | ©

This operator was considered in [25] for the case of the unit ball with a change sign
in the last term due to the use of the mappings 7;,(—x) instead of Ty (z). There is
a major difference between both mappings since the first is an involution while the
second is not an involution. Moreover, the mappings 7, (z) give rise to a gyrogroup
structure while the mappings T, (—x) do not give rise.

To endow the ball B} with a binary operation, closely related to vector addition in
R"™, we define the Einstein addition on B} by

a®x:=T,(x), a,r € BY. @)
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The algebraic structure (B}, &) is a gyrogroup (see [18]) with identity 0, the in-
verse of a € B} is ©a = —a, and the binary operation @ is left gyroassociative,
1.e.,

a®(bdc)=(a®b) D gyr|a,blc, a,b,c € B} (8)
where the map gyr [a, b] : B} — B} belongs to the automorphism group of B} and
satisfies the left loop property

gyr [a,b] = gyr[a @ b, b]. )

The gyration operator also known as Thomas gyration can be given in terms of the
Einstein addition & by the equation (see [18])

gyt [a,ble = S(a @ b) @ (a ® (b & o).
The Einstein gyrogroup is gyrocommutative since Einstein addition satisfies
a®b=gyr|a,bl(bda). (10)

In the limit ¢ — o0, the ball B}’ expands to the whole of the space R", Einstein
addition reduces to vector addition in R™ and, therefore, the gyrogroup (B}, @)
reduces to the translation group (R™, +). Some useful gyrogroup identities ([18],
pp- 48 and 68) that will be used in this paper are

O(a®b) = (6a) ® (D) (11)

a® (Gadb)=> (12)

(gyr [a>b])_1 = gyr [b> a] (13)
gyr[a @b, Sa] = gyr|[a, b] (14)

gyr [Sa, ©b] = gyr [a, b] (15)
gyra,Sal =1 (16)
gyr[a,bj(b® (a® ) =(adb) De. (17)

Properties (13) and (14) are valid for general gyrogroups while properties (11) and
(17) are valid only for gyrocommutative gyrogroups. Combining formulas (14)
and (17) with (13) we obtain the identities

gyr [©a,a @ b] = gyr [b, d] (18)
b (0 c) = gyr bral (0 ®) & c). (19)

In the special case when n = 1, the Einstein gyrogroup becomes a group since
gyrations are trivial (a trivial map being the identity map). For n > 2 the gy-
rosemidirect product of (B}, ®) and O(n) (see [18]) gives the group B} X gy O(n)
for the operation

(a,R)(b,S) = (a ® Rb, gyr [a, Rb|RS)) .

This group is a realisation of the Lorentz group O(1, 7). In the limit ¢ — +o0 the
group B} X4y O(n) reduces to the Euclidean group E(n) = R" x O(n).
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3. The (o, t)-Translation

Definition 2. For a function f defined on B}, a € B} and 0 € R we define the
(o, t)-translation T, f of f by

Tof(2) = f((—a) & z)ja(z) (20)
with S
Jo(@) = | — . Q1)
1- {8

The multiplicative factor j,(z) agrees with the Jacobian of the transformation
T_,(x) = (—a)®x when o = n+4. Thus, it stands for a generalisation of the Jaco-
bian. In the case 0 = 2—n the (o, t)-translation reduces to 7, f () = f((—a)®x).
Moreover, for any o € R, we obtain in the limit ¢ — +oo the Euclidean translation

operator 7, f () = f(—a+ z) = f(x — a).

Lemma 3. For any a,b,x,y € B} the following relations hold

D) ja(—2) = ja(2) (22)
ii) ja(a)ja(0) = 1 (23)
iii) jo(2) = ju(a)ja(0)s(2) (24)
iv) jo(a @ ) = (ja(z)) ™" (25)
V) J(—ay@z(0) = Jem(—a)(0) = jz(@)ja(0) = ja(z)jz(0) (26)
Vi) J(—aype ((—a) ® 2) = (ja(z)) " ju() 27)
vii) 74y (%) = [T—ajz(Y)]Je(x) 7y (0) (28)
viil) T_gjq () = 1 29)
iX) Tajy (%) = Jawy(2) (30)
X) 7o f(x) = [12 f(—gyr [2, ala)]ja(0) () €2y
Xi) TyTo f (%) = Togaf (gyT [a, b] ) (32)
xil) T_oqTa f () = f(2) (33)

Xii) 770 (2) = [7_s72 f (—gyr [~b,2 & a gyr [z, 0] a)] ju (0)ja(z).  (34)

Proof: Identities (22)-(24) can be easily checked by direct calculations. Equalities
(25) and (26) follow from (4) and (3) respectively. Equality (27) follows from (23)
and (26) since we have

J-ayee((—a) ® 2) = (j-a)e(0) ™ = (Ja(2)52(0) ™" = (Ja(@) ™ ().
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To prove equality (28) we note first that by (3) we can write j,(x) as

n+o—2

|- Lol
. t2
Ja(x) = I LE : (35)

2

By definition we have

Tafy(x) = jy((=a) ® x)ja(z) = jy(T-a(x))ja ().

Since
Ty(—T-a(z)) = y® (—((—a) ® 2)) by (7)
=y®(ad(-2)) by (11)
= gyrly,a((a®y) & (—z)) by (19)
= gyr [y7 a] Ta@y(_x) by (7)

then || Ty (—T_q(x))|| = ||Tamy(—2)|| and by (35) and (3) we have

n+o—2

1— HTaEDy(z_fC)HQ 4
Jy(T-a(2) = | — Lz
v | [
nt+o—2

( ||a€ByH2) ( ) 4
- 1 _ (wa®y) a@y) 1 1T ( 2 (36)
( ) ( )
o )7,
() -

Therefore, by (37) and (29) we obtain
Tajy(x) = jy(T—a(x))ja(w) = ju(a ® y)j—a(y)jw(x)jy(o) = [T—aﬂw(y)]]m(w)]y(o)

Equality (29) follows from (25)

Tfaja(x) = ja(a S J})j,a(l‘) = (j*a(x))_lj*a(x) =1

Equality (30) follows from (36) and (35)

Tafy(2) = Jy(T-a(2))ja(2) = Jamy(T).
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To prove (31) we have the following identities

70 f(—gytz,; ala)]ja(0) ]z (2)
= f(—gyr[z, (—z) @ a] ((—z) © a))

% jz(@)Ja(0)jz () by (20)
= f(=gyrla, —a] ((=z) @ a)) ja(x) by (18), (24)
= f(=(a® (=2))) ja() by (10)
= f((=a) ® ) ja(z) by (11)
= Taf(x) by (20).
Now we prove equality (32)
nTaf(x) = f((=a) ® ((=b) ® x))7pja(z) by (20)
= f(gyr[=a, =bl(((=b) ® (—a)) @ z))jbga(z) by (19),(30)
= f(gyr[a,l]((= (0 © a)) © 2))jsea(x) by (15), (11)
= Toeaf (8T [0, b]z) by (20).

Equality (33) follows from (32) considering b = —a since (—a) ® a = 0 and
gyr [a, —a] = I by (16). Finally, we prove the last identity

[T*bTxf(_gyr [_b7 T D a] gyr [37, a’] a)] Ja(o)]a:(x)
= [T f(—gyr[=b,z & ((—2) @ a))] gyr [z, (—2) ® a] ((—2) © a)) jza]

% ja(0)jz(2) by (20)
= [T f(—gyr[~b,a]gyr [z, (—=2) ® a] ((—2) ® a)) jza] ja(0)jz(z) by (12)
= [f(—gyr[-b,b® a]gyr[z,(—z) ® (bD a)] ((—2) & (b D a)))

X(T-pjz(a))] ja(0)Jz(2) by (20)

= f(—gyr[a, b gyr[b® a, —z] ((—2) & (bD a))) Toja(z) by (18), (28)
= f(—gyr[a,0] (b & a) & (—))) Toja() by (10)
= f(—(a® (b & (—2)))) Tja(z) by (19)
= f((=a) & ((-b) ® z)) Tpja(z) by (11)
= 7f((—a) ® x) ja(x) by (20)
= 7o f(x) by (20).

Before we prove that the generalised Laplace-Beltrami operator L,; commutes
with (o, t)-translations we present a representation formula for the operator L ;
using the Laplace operator in R".
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Proposition 4. For each f € C*(B}) and a € BY
. _ 2—n—o)(n+o
(Loaf )@ = (Ga0) Alr-a)(0) + E1=20ED o) )
Proof: Leta € B and R € O(n) such that Ra = ||a||e; withe; = (1,0,...,0) €
R™. Denote by T1,...,T), the coordinates of the mapping 7)., - Then by the
chain rule we have

n B
A(T_afjey f)(0) = { Z aik 8x
1 ! ‘

0 "L 92
+ 8£<r\a||e1>i§j£’“<o> -l 0)

=~ 9 " 9Ty, O alles 5 _jalles
+2Z:j;<uauel>; S (=0 <o>+f<\a||el>2;”82”<o>

i)
Since 7T () el + 71 and Ty(z) = M, ke{2,...,n} then
1 + laljzs 1 + lalo
¢
oTh Ty,
o (0) = 1adia 5(0) = 1abi
0°Ty lall - 0Ty,
b = 20ls, TRO=0
fori € {1,...,n}and k € {2,...,n}. Moreover
O —Jale : (2—n—o0)lla]
oz, ~(0) = Flafler (0) =551
and o2 ,
I=llaller 4y — _; (2-—n—o0)(n+o)|a
52 (0) = ~Jjalie; (0) P 0.

7

Therefore, putting x = n + o, we have

a 2 92
Ao 0) = dtates O (Alallen) = =T laen

-+ o 1AL OL (o) 4 (”"”‘“Mauel))

oy 4¢2

(2—-K)K

2 afer )i 0)

= laje 0) (La,tﬂnauel) - (24‘;>“ﬂ\|a||61>> |
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Now, as the operator L, is invariant under the group O(n) then we obtain

Los(f o R™)(laller) = (jafies (0) 7 A7 japie, (f 0 B7))(0)
(2—K)k

(R aler)
which is equivalent to
(Loaf)(a) = Gal0) " A(r_af)(0) + E=2=00ED y,)

by (5) and the equalities a = R~ "{|al|e; and jjj,ie, (0) = JR1|alles (R™10)
= Ja(0). |

Proposition 5. The operator L, commutes with (o, t)-translations, i.e.,
Lot(nf) =(Lotf) [ € C*(BY), Vb€ By

Proof: Using (38) we have

Loanuf)(a) = Ga0) Al )(0) + 2, (0

= (Ja(0)) A (=) @ (a ® 2))7—a5js(2)) a=0

B 1) @ a)jsfa).

_l’_

Now, since
(=b) @ (adx)=((-b) ®a)®gyr[—b,alx by (8)
and
T—ajb(x) = j(—a)@b(x) by (30)
= Jo@(—a)(8yr [b, —alz) by (10), (13)
= Jow(—a)(8yr[—b,a]z) by (15)

then together with the invariance of A under the group O(n), (26) and (22) we
obtain

Lot(nf)(@)=(ja(0)) "' A(f(((=)) © a) @ gyr [~b, a]z) jbe(—a) (8y1 [, a])) |20

2 () @ i)
= Gal0) A (e NO) + E I p(-) @ )in(a)
(2—-K)K

= (J—py@a(0) s (@) A(T_(—ty@a) /) (0) +
= (Lot f)((=b) @ a)jp(a) = 7o(Lot f)(a).

(=) @ a)jy(a)
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For studying some L2-properties of the invariant Laplacian Ly and the (o,1)-
translation we consider the weighted Hilbert space L?(B}, djy+) with

|22\ *Z
T
dptei(z) = <1 - 152> dx

where dx stands for the Lebesgue measure in R™. For the special case 0 = 2 — n
we recover the invariant measure associated to the transformations 7, ().

Proposition 6. For f,g € L*(BY, duy+) and a € B} we have

7@ 9 ) = [ 1) 7o) s 09
Proof: By definition we have
1= [ 7ol @) 500 duele) = [ I(0) @ 2)iae) 510) ),
Making the change of variables (—a) @ = = z, which is equivalent by (12) to

r = a @ z, the measure becomes

n+1
2

L la?

o—3
@ 2%\ 7
TR L. 3 B T E

= (j—a(2))* dpoy(z) by (3),(21). (40)

Therefore, it follows

I- / F(2)ia(a® 2) g(a® 2)(j—a(2))? dpios(2)
.

t

= [ Q) S a0 ) ditar(2)

t

— /Bn [(2) T—ag(2) dugs(2) by (29).
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Corollary 7. For f,g € L?(B},dps¢) and a € BY we have

D | Taf(@) dpos(e) = - f(@)j—a(@) dpio () @D

B;

ii) Ifo=2—n  then / Tof (z) dpor(z) = f(z) dpe () (42)
B B

t

i) [[7a fll2 = [[£]l2- (43)

From Corollary 7 we see that the (o,t)-translation 7, is a unitary operator in
L? (B}, dps) and the measure dji,¢ is translation invariant only for the case
oc=2-—n.

There is an important relation between the operator L, ; and the measure djis¢. Up
to a constant the Laplace-Beltrami operator L ; corresponds to a weighted Laplace
operator on B} for the weighted measure dj.s ¢ in the sense defined in [7], Section
3.6. From Theorem 11.5 in [7] we know that the Laplace operator on a weighted
manifold is essentially self-adjoint if all geodesics balls are relatively compact.
Therefore, L, ; can be extended to a self adjoint operator in LQ(B?, dtot)-

Proposition 8. The operator L+ is essentially self-adjoint in L?(B}, djiy ).

4. The (o, t)-Convolution

In this section we define the (o, t)-convolution of two functions, we study its prop-
erties and we establish the respective Young’s inequality and gyroassociative law.
In the limit ¢ — +o0 both definitions and properties tend to their Euclidean coun-
terparts.

Definition 9. The (o, t)-convolution of two measurable functions f and g is given
by

(Frg)@) = | FO) 7e9(=y) jol@) dioa(y),  z€Bf. (44
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By Proposition 6 we have

(Fea)a@) = [ 7l ) o(=9) dola) dhaels)

= | fle®y) i) 9(=y) je(z) duos(y) by (20)

. (45)
= | f@ &) iw(=) 90) Ja(@) dpory) (v = —v)
= [ 0 0 i) i) by (221, 00)
= (g* f)(z).

Thus, the (o, t)-convolution is commutative. Before we prove that it is well defined
for 0 < 1 we need the following lemma.

Lemma 10. Let 0 < 1. Then

/Sﬂl Jz(1§) Ju(x) do(§) < Cf
with
1, if 0€l—n,2—n]|

=) T “
=TI

Proof: Using (A.2 in Appendix A) we obtain

, , n+oc—-2n+o n r’|z|?
x x = oF ) 15 :
[ a9 inte aote) = o (T2 00 S

Considering the function g(s) = 2F} (%‘_2, 140 2 5) and applying (A.6 and
A.4 in Appendix A) we get
, (n+o—-2)(n+o) n+o+2 n+o+4 n
g (3) 87’2 2471 4 ) 4 3 2 + ) S
(n+o0—-2)(n+o) 4o n—oc+2 n—on
= 1 — F N 1. .
$n U=s) 2 ohi | = g F s

1) (I1)

Since 0 < 1 then the hypergeometric function (/) is positive for s > 0, and
therefore, positive on the interval [0, 1[. Studying the sign of (I) we conclude that
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the function g is strictly increasing when o €] — 0o, —n] U [2 — n, 1] and strictly
decreasing when o €] —n,2—n[. Since o < 1, then it exists the limit lim,_,;— g(s)
and by (A.3) it is given by

T (2)T (e
D)= £ (e o
Thus,
g9(s) < max{g(0),9(1)} = C,
with g(0) = 1. |

Proposition 11. Let o < 1 and f,g € L*(B},du,.). Then

I1f*glli < Co | f111 119111 (47)
where g(r) = esssup g(gyr [y, r&|r&) for any r € [0, t].
Sn—l
ggeBg

Proof: Using (31), (23), and (41) we have
I = /IBS" |Txg(_y)|jx(x) dua,t(x)
t

= / Imyg(eyr [y, 212)152(0)7y ()2 (%) dpo ()

B;

= | lateyr . alo)liy (03, (5) dpa(o)

Y
t

Using polar coordinates 2 = r¢, with 7 € [0,#[ and £ € S*~!, and the normalised
surface area do(¢) = d¢/A,,_1, with A,,_; being the surface area of S"~! we get

o—3
! P\ . .
=t [ (1=5) o [ ot r€r€) -0 06) ) do(©)
0 n—
For each r € [0, t[ we consider g(r) = esssupgcgn-1 g(gyr [y, 7§]7€). Therefore,
yeB}
by Lemma 10 and (22) we have we have ‘

r<an [ (1-5) T gt |9 iy (0) do(©

t2
< Collgl]1-
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Finally

1f g1l :/n

/ . / W eg(=y)l Jo(x) Ao (y) dpio(x)

=/ | f(y)] (/ 1T29(=y)| Ju() dua,t(:v)) dptot(y)
BP By

Y)T29(=Y) Ju(®) dpot(y)| dpot()

t

< Co [l 111 [1gl]1-

In the special case when ¢ is a radial function we obtain as a corollary that
[|f*gll1 < Csl|fll1lg]]1 since g = g. We can also prove that for f € L°°(B}, dus)
and g € L*(BY, dpu,.¢) we have the inequality

I1f * glloe < Co [[g][1 [1f1]oo- (48)

By (47), (48), and the Riesz-Thorin interpolation Theorem we further obtain for
f € LP(BY,dpyt) and g € LY (BY, djuy ) the inequality

1 *9llp < Co llgl]x [ f]p-

To obtain a Young’s inequality for the (o, t)-convolution we restrict ourselves to
the case 0 < 2 — n.

Theorem 12. Let 0 < 2 —n, 1 < p,q,7r < oo,%—i—% = 1+%,s = 1—%,
f e LP(BY,dpsy) and g € LY(BY, dpiot). Then

2—n—o

1f* gllr <2 1911~ lalI3 1111 (49)

where g(x) := esssup g(gyr [y, x]z), for any x € BY}.
yeBy

Proof: First case: p = 1 and r = ¢. The following estimate is used in the proof

2—n—o

Je(yY)je(z) <2772 x,y € BY, o €] —00,2—n. (50)
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Let K = ||f * g||4. Then
q 1/q
(y>7-wg(_y)jm (aj) dﬂo,t (y) dﬂo,t(‘r)>

K =
By |JB
1/q

< [ 1f() < / |729(=y)Ja ()] duo,t(x)> dpo(y) (Minkowski’s inequality)
By BP

1/q
:/ 1y (/ e G (@)|7 dpio (e >) duos(y) by (20)
By

1/q
- / If(y)|< / g(gyr[x,—yk—y)@<x>>jy<m>jy<y>|qdua,t@c)) iy (9)
By B
by (10), (24), (23)

1/q

/ |f(y ( lg(gyr [y @ 2, —y]2)jy (y ® 2)7y ()| (Gy(—2))? duo,t(z)> dfio,i(y)

(change of variables z = (—y) @ «x, and (40))
1/q

-/ ij(y)</B lotevrly & 2 —412)|Gy(y @ 2)j, <y>>q1jy<—z>jy<y>dua,t<z>) Qb1 (v)

by (29)

1/q
(MI(/W Ig(gyr[y,Z]Z)qdug,t(Z)> dpo,e(y) by (14), (50)

[1gllq-

Second case: r = oo and % + % = 1. Then

1f * glloc = sup f( )729(=Y) Jz(2) Aot (y)

z€EBY

< sup/ | f(W)T29(=Yy) ju ()| dpioe(y)

cEBY

1/q
< sup 11 ( /B . l9(x © (—¥))je(y) jo(x)|? dua,t(y)> (Holder)
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1/q
= [|fllp sup (/ 19(2)jz (2 ® (=2)) Ju(2)|? (4 (2))? dua,t(2)>
z€By \ JBY

(change of variables z = x & (—y), and (40))

1/q
= 17l sup </ 9(:) "o @ (- >>jz<w>>q-1jz<z>jm<w>dua,xz))

( (29

llgllq-

General case: Let 1 < ¢ < oo and g € LI(B},dps). Considering the linear
operator 1" defined by T, ( f ) = f * g we have by the previous cases

ITy(Hllg <272 NlgllglIfll, e, T:L'— L
and o
I Ty(loo <2772 lgllg [ fllp,  1e., T2 LP = L%
with 1/p + 1/q = 1. By the Riesz-Thorin interpolation theorem we obtain
Ty (Nllr < g llgllg 11l
PN T 1 —
w1th5+a—1—|—;ands—1—;- |

Corollary 13. Letoc <2—n,1 < p,q,r < o0, %4—% = 1+%, feLP(BY, dusy)
and g € LY(B}, dps+) a radial function Then

Lf *gllr < [ lp- (51)

Remark 14. For o0 = 2 — n and taking the limit t — 00 in (49) we recover the
Young’s inequality for the Euclidean convolution in R™ since in the limit g = g.

Another important property of the Euclidean convolution is its translation invari-
ance. Next theorem shows that the (o, t)-convolution is gyro-translation invariant.

Theorem 15. The (o, t)-convolution is gyro-translation invariant, i.e.,
Ta(f % 9)(2) = (1af () * 9(gyr [—a, z]-))(2). (52)
Proof: By (20), (44), and (27) we have
Ta(f x9)(@) = (f x 9)((—a) ® x) ja(2)
f( )T(~a)@29(=Y) J(-a)ae ((—=a) © 2)ja(2) dpio s (y)

f( ) —a @zg( y) ]x(x) d:ua,t(y)'
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From (32) we can easily conclude that

Topaf () = TyTa f(gyT [b, a]) (53)

since gyr [a, b|gyr [b, a] = I by (13). Therefore, applying (53) we obtain

Ta(f * 9)(x) = f( )T(—a)29(—Y) jz(2) dptor(y)
- JW)T—aTeg(—gyr [—a, z]y) jo(x) dptot(y)

= [ gy (-a.ly) (o) dnaly) by (39)
= (raf () glayr [a,2])) )

In Theorem 15 if g is a radial function then we obtain the translation invariant
property 7, (f * g) = (7o f) * g. The next theorem shows that the (o, t)-convolution
is gyroassociative.

Theorem 16. If f, g, h € LY (B}, djuy+) then

(f *a (g %2 h))(a) = (((f(z) *y g(gyr [a, = (y © 2)]gyr [y, z]x))(¥)) *a h(y))gi)
(54

Proof: The result of the theorem is proved in the following chain of equations

(e lgem)@ = [ 1@k g)(-ile) duos(@ by (44), (45)
= [ H@tx )@ (o)) @)in(a) diigs(a) by (21)
= [ 5@) [ b9 (-0)an (0 ® (~2))ia ) dins () ula) dpos(z)
- by (44)

= /n f(=) . hY)TaT-2g(=gyr [a, —2]y)ju(2) dptot(y) jala) dpio,i(2)

by (22), (27), (53)
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= / f(z) / T ah(y)T-g(—gyr [0, —2]y)je (z) Ao+ (y) ja(a) dpo(z)
B B

n n
t t

by (39)
= an (z) /IPB Ma®y)j-ay)g(=gyrla, —z)(z ©))j-z(y)jz (@) dtio,1(y) ja(a) dpios(z)
t t by (21)

= / f(fﬂ)/ Tah(=y)729(gyr [0, —2]y)ju () dpio 1 (y) Ja(a) dpo ¢ (z)
By By
by change y — —y, (22), (20)

= [ ) [ F@meatest o el (0) a0 do(@) dtgels)  (Fubini)

= /E Tah(=y) . (z)Tyg(—gyr [a, —(y © z)]gyr [y, z]2)jy (v) At (%) ja(a) dies(y)
by (31), (23)
= (((f(x) %y g(gyr[a, —(y @ z)]gyr [y, 2]x))(y)) *a h(y))(a).
]

Corollary 17. If f,g,h € L*(BY, dps ) and g is a radial function then the (o, t)-
convolution is associative. i.e.,

fx(gxh)=(fxg)=*h.

From Theorem 16 we see that the (o, ¢)-convolution is associative up to a gyra-
tion of the argument of the function g. However, if g is a radial function then the
corresponding gyration is trivial (that is, it is the identity map) and therefore the
(0, t)-convolution becomes associative. Moreover, in the limit ¢ — +oo gyrations
reduce to the identity, so that formula (54) becomes associative in the Euclidean
case. If we denote by LL(BY,dsu,,) the subspace of L' (B}, du,,) consisting
of radial functions then, for o < 1, L}%(IBB?, dfst) is @ commutative associative
Banach algebra under the (o, t)-convolution.

S. Eigenfunctions of L,

Definition 18. For A\ € C, ¢ € S" !, and x € B} we define the functions exet by

— =i

n—1,:
(3,) o5 HiAt
(1-42)

exgt(z) =
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The hyperbolic plane waves ey ¢(x) converge in the limit ¢ — +oo to the Eu-
clidean plane waves el{#*¢)_ Since

_n—1_ 4y 152 4int
o, fmoNTE R

then we obtain
A

-
lim eyg(z) = lim [(1— <x’5>>] = l@AL) (56)

t—+o0 t—+o0 t

In the Euclidean case the translation of the Euclidean plane waves e(**¢) decom-

poses into the product of two plane waves one being a modulation. In the hy-
perbolic case, the (o, t)-translation of (55) factorises also in a modulation and the
hyperbolic plane wave but it appears a Mobius transformation acting on S™~! as
the next proposition shows.

Proposition 19. The (o, t)-translation of e ¢4 (x) admits the factorisation
Taex gt (7) = Ja(0) exgiu(—a) exame: (2)- (57)
Proof: Considering ¢ = T, (w) with £, w € S"! a € B} we have by (2) and (3)

oo ine
2 2 n+o—2
( | [T (o] ) S\

[a2
Taergst(T) = S -
(1_<T—¢lmuw»)2l+w 1_<t2>

t

oo pine

\/(1 - H‘ZT”Q) (1 - Ilfg”2> (1 _ (i,;ﬁ) (1 _ (a:,.;)) 2l pine
1 - o) (1 _ ||c;2\)\2) (1 - <x%w>)

n+o—2
\/1 L2 2
1— (at;ﬁ

l—0o |
EE) 2 i .
1-"% _ {aw) 7 Tl 7\ 2z M
1-= o]
= 1-—
n—1_:
2

lla]
1 - tT
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Since w = T, (€) = a & & then considering the analogous formula (4) for 7, (&)

a 2

| (aTa() _1- '<tz>
§a

t L4+

we obtain
Tae}wé;t(x) = Ja(0) e>\7§;t(—a) eA,a@ﬁ;t(x)-
|

Remark 20. The fractional linear mappings T, (€) = a®&,a € B, € € S Lare

obtained from (1) making the formal substitutions 5 = § and T%(x) = T,(&) and
are given by
g4+ Pa(ﬁ) + MaQa(é)
Ta©) =+ Ea) '
1+ &0

They map S™~* onto itself for any t > 0 and a € BY, and in the limit t — +o0
they reduce to the identity mapping on S 1.

Therefore, formula (57) converges in the limit to the well-known formula in the
Euclidean case

ei<_a+x,)\§> _ ei(—a,Af)ei@,)\Q’ a, x, )\5 c R",

Proposition 21. The function e) ¢, is an eigenfunction of Ly with eigenvalue

\2 (1—0)2‘
A 4¢2

Proof: Applying L, ; to (57) as a function of y and using Proposition 5 we get

T—z(Loteret)(y) = Lot(T-zere) (y) = exgu() La,teA,(—z)@ﬁ;t(y) j—2(0).

Putting y = 0 we have

La,te)\,ﬁ;t(x) j,x(O) = La,te/\,(—m)eag;t(o) ek,ﬁ;t(l‘) jfx(o)-

Thus, we conclude that eAyg;t(x) is an eigenfunction of L,; with eigenvalue
Lo tex,(—z)ae(0). Computing this value we find that the eigenvalue of e ¢4(z)
(1-0)’

a2z
In the limit ¢ — +oo the eigenvalues of L, ; reduce to the eigenvalues of A in
R™. In the Euclidean case given two eigenfunctions el{@A8) and ell@w) |\, v ER,
€,w € S"! of the Laplace operator with eigenvalues —\? and —~2 respectively,

is —\2 — [
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the product of the two eigenfunctions is again an eigenfunction of the Laplace
operator with eigenvalue — (A2 + 42 + 2)\y (£, w)). Indeed

A(ei(x,)\§>ei<x,'yw)) _ —H)\f—i—7w|]261<x”\5+w> ()\2+'Y +2)\’Y <§ w>) i(x )\£+’yw)

(58)
Unfortunately, in the hyperbolic case this is no longer true in general. The only
exception is the case n = 1 and 0 = 1 as the next proposition shows.

Proposition 22. For n > 2 the product of two eigenfunctions of Ly is not an
eigenfunction of L, and for n = 1 the product of two eigenfunctions of L is an

eigenfunction of Ly only in the case o = 1.

Proof: Let e)¢; and e, be two eigenfunctions of L,; with eigenvalues

— L (1;;)2 and —v? (14;;) respectively. Since forn > 1 and f,g € C?(B})
we have
22\ ?
Losl9) = (osf)g+ F(Laag) + (1= 155} 297,99

2 2—n—o)(n+o
A s U )fg>

we obtain after straightforward computations

1—0)2 1—0+2iX\t)(n — 1+ 2iyt
Lo i(exgt(®)ey wi(z)) = [_ N =2~ ( 22 : N (( Q)t(3 e

y (1 - (x,w>)_1 (.0) + (1— o + 2iyt)(n — 1 + 2iXt) (1 - <x;§>>_1 <x,€>>

23

o (1 ||| n (1 =0+ 2iXt)(1 — o + 2iyt) ﬁ n (n — 14 2iXt)(n — 1+ 2iyt)
12 212 12 212

X (1 - <zt7§>) |(§12|2 @) ((g,@— (x,Wi2<:c,€>) B (J+n)(42t2— n—o) (1 - Hff)]

Xex gt (T)ey,wit(2).

(59)

Therefore, for n > 2 and o € R, the product of two eigenfunctions of L ; is not
an eigenfunction of L, ;. For n = 1 the previous formula reduces to

l-0(3—-0 l|z]|?
Lo t(exgt(®)eywi(r)) = [ A2 — 9% — 2 yéw — 272 (2 (1 -2

+2iz(yw + )\f))] exet(z)ey wi(x).
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For o = 1, which corresponds to the case 0 = 2 — n for n = 1, we further obtain

Lot(enet(T)eywi()) = — (A + 9% + 2M7&w) ex () ey wit(T).

Therefore, only in the case n = 1 and o0 = 1 the product of two eigenfunctions of
Lt 1s an eigenfunction of L ;. |

As expected, in the limit ¢ — 400, formula (59) converges to (58). In the case
when n = 1 and o = 1 the hyperbolic plane waves (55) are independent of £ since

they reduce to _
1IN
6>\3t(‘r) - z
=%

and, therefore, the exponential law is valid, i.e., ex;:(2)ey;t(7) = exjyue(x). This
explains the special case obtained in Proposition 22.

Now we study the radial eigenfunctions of L, which are called (o, t)-spherical
functions.

Definition 23. For each \ € C, we define the elementary (o, t)-spherical function
(b)\;t by

Oxi(w) = /S gl do©), @ eBy. (60)

Using (A.2 in Appendix A) and then (A.4 in Appendix A) we can write this func-
tion as

1—o+2i)t

B l|z||? 4 n—1+2iXt n+1+2ix n [|z]?
¢A;t(x)_<1 t2 2F1 A ) 4 75) t2
(61)

1—0c—2i)t
_(4 l|z||? 4 2 n+1—2ixt n—1-2i\ n |[z]?
= 21471 A 3 4 19042 .

Therefore, ¢, is a radial function that satisfies ¢y, = ¢_y,; i.e., ¢, is an even
function of A € C. Putting ||z|| = ¢ tanh s, with s € R, we have the following
relation between ¢ )., and the Jacobi functions ¢ (see B.2 in Appendix B)

n—2+4o n—1+2iXt n—1-2i\t n
2F1 . .

®x;t(t tanh s)=(coshs) 2 1 , 1 e sinh2(5)>

(62)

gir (§-1-})

=(coshs) 2 @} 7 ?(s).

The following theorem characterises all (o, t)-spherical functions.
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Theorem 24. The function ¢y, is a (o,t)-spherical function with eigenvalue

—_ 2 . . . .
P 45) . Moreover, if we normalize (o,t)-spherical functions ¢, such that

®x;t(0) = 1, then all (o, t)-spherical functions are given by ¢ ..

Proof: By Proposition 21 it is easy to see that ¢y, is an eigenfunction of L ;

with eigenvalue —\? — (1—c)? . Moreover, ¢.:(0) = 1. Now let f be a spherical

4¢2
function with eigenvalue - (14;)

9 1*0121)\15 9
o= (1= L) T (1) )

with F' a function defined on B}. Since f is a radial function of the form f(z) =
fo(||z]|) then the operator L, ; can be written as

(Loa)(@) = (1—”]5') ((1-B5) ety
el (= 1= el )+ TR )

42
Then, considering ||z||?> = r? and after straightforward computations we see that
if f given by (63) is an eigenfunction of L, ; then I’ satisfies the following hyper-
geometric equation

’1”2 7“2 ” 2 n 2 , ’1”2
w0 m) () e (5 Gy 5) ()
C(n =142 (n+142ix P ﬁ o
4 4 12

The smooth solutions at the point 0 of the last equation are multiples of

o F (” L+2IA nt 14208 1. HZ”Z) . Therefore, by (61) f is a constant multiple of

and consider

’ 4 120t
gb}\;t' |

Now we study the asymptotic behavior of ¢).; at infinity. The resulting c-function
is important for the inversion of the (o, t)-Helgason Fourier transform.

Lemma 25. For Im()\) < 0 we have
. (1*70_1/\75)3 _
SEIJPOO ®r(t tanh s)e' 2 c(\t)

where c¢(\t) is the Harish-Chandra c-function given by

272”7 (2) T(iAL)

n— i n i ’ (64)
F( IIQAt)I‘( +11—2)\t)

c(\t) =
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Proof: Considering (62), (B.5 in Appendix B), (B.4 in Appendix B) and the limit

lim e°/cosh(s) = 2 we obtain
s—+00

lim ¢y (t tanhs)e (557 —ix)s

s—+o0
—n—o —(2—n—o0o n_1_1 . n—
— lim =% %(cosh s) = )cpgf b 2>(s)e(*1)‘t+71)5 (65)
S— 00
2 n s 22" ~INT (2) T(iAt)

T (n—11-2i/\t) T (n+11—21)\t) '

Remark 26. Using the relation I'(2)I" (z + 3) = 217%/7 ['(22) we can write

r n+ 14 2iXt T n—1+4+2iAt 1\ \fr(n 1+21,\t)
1 )T T2) 7 [ (=L

21 n— l+21)\t

and, therefore, (65) simplifies to

2" T (2)T (ixt)

c(N) = NRCETY) (66)
Finally, we prove the addition formula for the (o, t)-spherical functions.
Proposition 27. Forevery A € C,t € Rt and x,y € B}
ra(e) = ) [ eoneale) engela) do(© o

= l0) [ encal@) engale) do(o)
Proof: By (57) we have
TaPait(T) = /Sn_1 Taexgt(z) do(€)
a0 [ ereal(=0) enaseals) dole).
Making the change of variables a ©¢ = £’ < & = (—a) @ &’ the measure becomes

in
do(€) = | ——L | do(@).

)
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Therefore
n—1
2
. 1 — lo®
TaPrn(z) = ]a(o)/ e/\,(—a)EBé’;t<_a> exgst() £ 2 do(¢).
Sn—l (1 _ <a7t£l>)
Since
n=1 1—g42i) n—1
TR N (RS o (1-le)
2 _ t t
x| T g | S e o
1 — ==L <1 (=a,( a)®£)> 1_
t — g t
1—o0—2i)t
(1 _ HCZQHQ 1
= , n—1—2i\t by (4)
we have

Taqb/\;t(x) = ja(o)/ e—A,ﬁ’;t(a) 6)\75’;t($) do‘(gl)'

Sn—1

The second equality follows from the fact that ¢,; is an even function of ], i.e.,
Oast = DP—xit- [ |

6. The (o, t)-Poisson transform
Definition 28. Let f € L?(S"1). Then the (o, t)-Poisson transform is defined by
Pyif(x / f(&) exgr(x) do(§), x € BY. (68)

For a spherical harmonic Y}, of degree k we have by (A.1)

B llz)2\ " v+k v+k+1 n ||x|? x
(P =0 (1= 155 ) o (R S e 5 R ) (5) @

with v = n—1—2|—2i>\t7 ©= 1—01—21)\t’ and Ck,u — 9k (721;)213k )
L%(S"71) then Py, f is given by

||:vH2 vk vtk+1 o |af?
ZakC ( F1 T7#,k+2, > Yk( ) (70)

_oarYy €
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Now we prove a result about the injectivity of the (o, ¢)-Poisson transform which
is important later on.

Proposition 29. The Poisson transform P is injective in L?(S"1) if and only if
A#1 (L= forallk € Zy

Proof: Let A = i (2'“0'57;‘_1) for some kg € Z*. Then by (69) we have that

Py .Y}, = 0, for all k > k. Conversely, if A # i (%) forall k € Z, then

all the coefficients ((n — 1 + 2i)\)/2); are not vanishing for k£ € Z. . Hence, by
(69) we have that Py ; f = 0 if and only if f = 0. Thus, P, is injective for every

A¢i<2k0+"*1),kez+. m

2t

o~

Corollary 30. Let \ # i (21"’0‘5725"_1) ko € Z. Then the space of functions f(\,€)

as f ranges over C§°(BY) is dense in L*>(S™1).

Proof: Let g € L?(S"!) be such that

o~

fX,€) g(§) do(€§) =0

Sn—1
forall f € C§°(B}). Therefore

L@ ([ 9060 eoneele) 40(9)) dpaste) =0
t
for all f € C§°(B}), which implies that for every = € B}

Porg(@) = [ 9(6) e-real) do(e) =o.

Finally, by Proposition 29 we have g = 0. |

7. The (o, t)-Helgason Fourier Transform

Definition 31. For f € C*(BY), A € C and ¢ € S™! we define the (o,1)-
Helgason Fourier transform of f as

o~

JEt) = - f(x) ey () dppo (). (71)
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~

Remark 32. [f f is a radial function i.e., f(x) = f(||x||), then f(X,&;t) is inde-
pendent of & and reduces by (60) to the so called (o,t)-spherical transform of f
defined by

~

Fst)= [ 7(@) 6-ala) dpe(a) )

Moreover, by (56) we recover in the Euclidean limit the usual Fourier transform in
R™.

From Propositions 8 and 21 we obtain the following result.

Proposition 33. If f € C§°(BY) then

— — 0 2\ .
Lotngsn = (2 + B3 ) v, 73)

Now we study the hyperbolic convolution theorem with respect to the (o, t)-Helgason
Fourier transform. We begin with the following lemma.

Lemma 34. For a € B} and f € C§°(B})

~

Taf N6 1) = 7a(0) e_rea(a) F(N, (—a) ® & t). (74)

Proof: By (39), (57) we have

6 ) = / Tl (2) - (x) dpto o(2)

By

= , f(x) T—ge—xet(x) dpto ()

= ]a(o) e—)\,f;t(a) /IB%” f(.’E) e—)\,(—a)EBE;t(x) duﬂ,t(m)
= ja(0) e—rgu(a) FX, (—a) @ &;1).

Theorem 35 (Generalised hyperbolic convolution theorem) Let f, g € C5°(B}).
Then

Feo8 = | ) enee®) 5O (-9) 860 duoaly)  05)

where g, () = g(gyr [y, z]x).
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Proof: Let [ = m()\,g). We have
I = / ( f(y) 729(=y) ju(2) dﬂa,t(y)> exet(T) dpig ()
¢ \/BY

- [ 1w ( [ 7o) eongale) o) doela >) dite(y) (Fubini)

—/?ﬂy)(/ﬁn

t

Ty9(eyr [z, ylz) e\ () Jy(y) duo,t(w)> dptet(y)

by (31), (23)
[ ) RGO 68) Joly) dhoely)

[T eongnly) 9y (=9) D 1) dptouly) by (74), (23)

Since in the limit ¢ — 400 gyrations reduce to the identity and (—y) @ £ reduces
to &, formula (75) converges in the Euclidean limit to the well-know Convolution
Theorem: f/;k\g = f - g. By Remark 32 if g is a radial function we obtain the
pointwise product of the (o, t)-Helgason Fourier transforms.

Corollary 36. Let f,g € C3°(B}) and g radial. Then

~

Frg\&t) = FINED) TN ). (76)

8. Inversion of the (o, t)-Helgason Fourier Transform and Plancherel’s
Theorem

We obtain first an inversion formula for the radial case, that is, for the (o,1)-
spherical transform.

Lemma 37. The (o, t)-spherical transform H can be written as
?{ ¢7ﬁ 1 1 o] A4

where j n_g 1 is the Jacobi transform (B.1 in Appendix B) with parameters o =
f—landﬁ——§and

2—n—o

(M, f)(s) :=2'"™A,,_1t"(coshs)™ 2 f(t tanhs). (77)
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Proof: Integrating (72) in polar coordinates = r£ and making the change of
variables r = ¢ tanh s we obtain

~ t N
fxst) = Anl/o f(r) ¢o—xu(r) <1 - 7;2) rtdr
+00

= A, / f(ttanh s)¢_ (¢ tanh s)(cosh s)1 77 (tanh s)" ' " ds.
0

Applying formula (62) yields
-~ 1 +oo 2—n—o (2—1,—l) —1
fut)=2"""A,_1t" [ f(t tanhs)(coshs) 2 ¢,/ 2/(s) (2sinh 8)"" "ds
0
= (j%—l,—% o Maf)(/\t)
|

The previous lemma allow us to obtain a Paley-Wiener Theorem for the (o, t)-
Helgason Fourier transform by using the Paley-Wiener Theorem for the Jacobi
transform (Theorem 46 in Appendix B). Let C5%(B}') denotes the space of all
radial C*™ functions on B} with compact support and £(C x S™~1) the space
of functions g(\, &) on C x S"~! even and holomorphic in A and of uniform
exponential type, i.e., there is a positive constant A, such that for alln € N

sup lg(N, )1+ A oAdlmON] oo
(A\€)eCxsn—1

where Im(\) denotes the imaginary part of A.

Corollary 38 (Paley-Wiener theorem). The (o,t)-Helgason Fourier transform
is bijective from Cg%(BY}') onto £(C x s,

1

In the sequel we denote C, B
q n,t,o QUtn_lﬂAn_l

Theorem 39. Forall f Cgf’R(IBS?) we have the inversion formula

+oo
F@)=Cuto [ FNt) dru() [e(M)[* . (78)
0
Proof: Applying formula B.3 in Appendix B for the Jacobi transform and Lemma
6.7 we obtain

1

+oo n_q _1 _
Mos(s) = 5= [ o oF V) ey 00 e

o
o ()| 2

1 [*ee
() Soarnrs

=5 i f()\; t) (cosh s)

M

tda.
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In the last equality we use (62) and (65). Applying (77) we obtain

“+oo

f(ttanhs) = Cy 10 J/c\()\;t) Pae(x) le(A)| 72 dA.
0

Since ¢ tanh s = r we obtain the desired result. |
Remark 40. The inversion formula (78) can be written as

_ Cnte /R FOut) dra(@) [e(A)] 72 dX (79)
since the integrand is an even function of A € R. Note that f is radial and therefore

]?()\;t) is an even function of X\, ¢xx = ¢_xi, and |c(=At)| = |c(At)| = |c(At)],
for A € R.

Now that we have an inversion formula for the radial case we present our main
results, the inversion formula for the (o, t)-Helgason Fourier transform and the
associated Plancherel’s Theorem.

Proposition 41. For f € C3°(B}) and A € C
Fromi() = [ Fvgn encilo) dote) (50)

Proof: By formulas (67), (23), Fubini’s Theorem and the fact that ¢ ; is a radial
function we have

I * drale /f ) ot (8) 4o (@) djios(y)

_ / 0 ([ eneele) eorealir01le) d0()) i)

</ f(y) e-xee(y) dpos(y )) exg(r) do(§)
f

A& t) exg(x) do(§).

Snl

Theorem 42 (Inversion formula) . If f € C§°(B}) then

400 -
2) = Cos /0 [ FOEn o) OO do©ar. @D
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Proof: Given f € C5°(B) and z,y € B} we consider the radial function
£0) = [ i f(-Ky) dulo) di
O(n)

where K € O(n) and dK is the normalised Haar measure on O(n). Applying the
inversion formula (78) we get

+oo
fo(y) = Coto i Fo(Ast) dre(y) [e(M)| 72 dA. (82)

By (72) and Fubini’s Theorem we have

~

fa(Nt) = /Bn (/O( )TKflmf(—Ky) Ja () dK) -2t (y) dot(y)

= / ( f(x S (_Ky)> ijlx(y) Jac(x) ¢f)\;t(y) dﬂa,t(Q)) dK.
O(n) \VB}

Considering the change of variables Ky — z we see that the inner integral is
independent on K. Then we obtain

~

fx()\S t) = /IB" T:ch(_z) d)—)\;t(z) ]z(l') dﬂa,t(z) = (f * d))\;t)(-r)- (83)
Since f(z) = f,(0) it follows from (82), (83), and (80) that
+oo
1) = Cuto /0 FoXit) 2e(0) Je(A)| 2 dA
+o0
— Cosr [ (% dna)(@) ()| A
0

—+00 N
— Chto / FOLED) exeulx) |e(M)] 2 do(€) dA.
0 sn—1

Remark 43. Applying the inversion formula (79) in the proof of Theorem 42 we
can write the inversion formula (81) as

Cn o iy _
f@) =22 [ ] Fon el el do( a8
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Theorem 44 (Plancherel’s theorem) . The (o, t)-Helgason Fourier transform ex-
tends to isometry from L? (B}, dpio ) onto L2(RT xS"71 C,, 4 5e(At)| 72 dX do),
ie.,

[ @R o) = Cur [ [ 17060 16001 dot)

Proof: For f,g € C3°(B}') we obtain Parseval’s relation by the inversion formula
(81) and Fubini’s Theorem

e Y AN -4 -2
Cure [ [ NG TED 0] doe) ax
+o0 R -
=Cuio [ [ FOED [ 50 eneala) ) |€ODI 2 do()

(85)

:/B?[ /+°°/S FOME 1) enen(@) 1)~ do(€) dA | 9(@) diaos(@)

(@) g(x) dpo(2).
B}
By taking f = g we obtain (85) for f € C§°(B}) and the result can be extended
to L2(B?, dp,¢) since C5°(BY) is dense in L2(BY, djiy). It remains to prove the
surjectivity of the (o, t)-Helgason Fourier transform. This can be done in a similar
way as in ([12], Theorem 6.14) and therefore we omit the details. |

Having obtained the main results we now study the limit £ — +o0 of the previous
results. It is anticipated that in the Euclidean limit we recover the usual inversion
formula for the Fourier transform and Plancherel’s Theorem on R™. To see that this
is indeed the case, we observe that from (66)

T (25 4 int) |
T (ix)

1 (Ap)?
’C(At”2<_ an—1lon—o

(86)

with A, 1 = being the surface area of S”~!. Finally, using (86) the (o, t)-

272
() .
Helgason inverse Fourier transform (81) simplifies to

2
L (%51 +iXt)

Ty | @

(87)

+oo ,\
flarain | Snlf &) ergele)

“+oo

An—l

—C__d¢d
gn—1 b exeale )N(n)()\t) <
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with
(iAt)

2
N®O) = | ——27 | ()L,
(A1) L (251 +ixt) (M)

Some particular values are N(D(\t) = 1, N®(\t) = coth (A\t), N®) = 1,

and N (\t) = W Since t_l}gloo N™(Xt) = 1, forany n € N and

A € R* (see [1]), we conclude that in the Euclidean limit the (o,¢)-Helgason
inverse Fourier transform (87) converges to the usual inverse Fourier transform in
R™ written in polar coordinates

400 R .
flx) = / FOE) @A) XL qedN, 2, A6 € R™.
0 Snfl

(2m)"

Finally, Plancherel’s Theorem (85) can be written as

L 1@ et

and, therefore, we have an isometry between the spaces LZ(BP,dp+)

_ n—1 . ..
and L?(R* x §"71, m d\ d€). Applying the limit ¢ — 400 to (88)

we recover Plancherel’s Theorem in R"

9 1
L@ e =

9. Appendices

+oo n—1
)\5 A

- NEOD o) d¢dx  (88)

T Foerardedn

S§n—1

A. Spherical Harmonics

A spherical harmonic of degree k > 0 denoted by Yy, is the restriction to S~ ! of
a homogeneous harmonic polynomial in R™. The set of all spherical harmonics of
degree k is denoted by H,(S™1). This space is a finite dimensional subspace of
L?(S"~1) and we have the direct sum decomposition

Sn 1 @Hk Sn 1

The following integrals are obtained from the generalisation of Proposition 5.2
in [25].
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Lemma 45. Letv € C,k € No,t € RY, and Y}, € Hy,(S*1). Then

L. (m)yma do(g) = 27+ Wk (1_ ||x||2>5

1— dzkl (n/2) t?

v+k v+k+1 n |z|? x
Y CELEEL S N PN
X 1( 2 2 T )G

(A1)

where x € B}, (v)k, denotes the Pochhammer symbol, and do is the normalised
surface measure on S 1. In particular, when k = 0, we have

[l=]*

1 — == 2\ 2
2 || v v+l n |z
—F— | d =(1—-—— = ;= . (A2
/Sn_l T ag | ©© < 2 ) P\ Ty g (A.2)

t

The Gauss hypergeometric function 2 F7 is an analytic function for |z| < 1 defined
by
oo
(@)r(b)x 2*
2F1(a,b;¢;2) = T
( ) kZ:O (kK
with ¢ ¢ —Npy. If Re(c —a —b) > 0 and ¢ ¢ —Nj then exists the limit
lim 9 Fi(a, b; c; t) and equals
t—1-

2F1(a,bc31) = gé?f(:);(i — z; (A3)

Some useful properties of this function are

oF(a,b;c;2) = (1 — z)c_“_b oF(c—a,c—bjc;2) (A4)
2Fi(a,byc;2) = (1= 2) 21 <a, b —— 1) (A.5)
z [R—
d ab
d—gFl(a,b;c;z) = —oFi(a+1,b+1;c+ 1;2). (A.6)
z c

B. Jacobi Functions

The classical theory of Jacobi functions involves the parameters o, 3, A € C (see
[10, 11]). Here we introduce the additional parameter ¢ € R™ since we develop
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our hyperbolic harmonic analysis on a ball of arbitrary radius ¢. For o, 5, A € C,

t € RT, and o # —1,—2,..., we define the Jacobi transform as
e (e.)
(03
Tapg0) = [ o) 37 0) waslr) dr B.1)
0

for all functions g defined on R™ for which the integral (B.1) is well defined. The
weight function w,, g is given by

Wa,p(r) = (2 sinh(r))zo“+1 (2 cosh(r))m+l

and the function @E\i"ﬁ ) (r) denotes the Jacobi function which is defined as the even

C*™ function on R that equals 1 at 0 and satisfies the Jacobi differential equation

d? d
(dr2 + ((2ac + 1) coth(r) + (28 + 1) tanh(r))g

+O2 + (a+B+1)2) o (r) = 0.

The function @E\?’B ) (r) can be expressed as an hypergeometric function
14Xt 1—iXt
Sﬁg\(:ﬁ)("):QFH (a+ﬁ+2 + 7a+ﬁ+2 ! ;oz+1;sinh2(r)). (B.2)
(a,B)

Since @), are even functions of A\t € C then J, 3g(At) is an even function
of At. Inversion formulas for the Jacobi transform and a Paley-Wiener Theorem
are found in [11]. We denote by Cng(R) the space of even C°°-functions with
compact support on R and £ the space of even and entire functions g for which
there are positive constants A, and Cy ,,n = 0,1,2,..., such that for all A € C
andalln=0,1,2,....

9N < Cgn(1+ A" el

where Im(\) denotes the imaginary part of \.

Theorem 46 ([11], p.8, Paley-Wiener theorem) . For all o, 5 € C with o # —1,
—2, ... the Jacobi transform is bijective from C§%(R) onto &.

The Jacobi transform can be inverted under some conditions [11]. Here we only
refer to the case which is used in this paper.
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Theorem 47 ([11], p.9). Let o, 8 € R such that o > —1,a £ 5+ 1 > 0. Then for
every g € CR(R) we have

1

g(r) = m

+o00o
/0 (Tapd) M) 991 leapM)[ 2 1dN (B3)

where cq, g(At) is the Harish-Chandra c-function associated to J,, g(At) given by

20HBHI=INT (o + 1) (i)
Ca,8(At) = r <a+,3+1+i>\t) r <a7,6’+1+i)\t> ’ (B4)
2 2

This theorem provides a generalisation of Theorem 2.3 in [11] for arbitrary t € R™.
From [11] and considering ¢ € R™ arbitrary we have the following asymptotic
behavior of qﬁiﬁ for Im(\) < 0

. (a,8) (—iXt+a+B+1)r _
TETOO o (r)e Ca,p(At)- (B.5)
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