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Abstract. We introduce the notion of (metric) paracontact pair structure and

establish certain properties of the characteristic foliations associated to it. We also

consider normal paracontact pair structures and provide necessary and sufficient

conditions for a paracontact pair structure to be normal. In particular, we formulate

an analogue of Morimoto’s theorem for product manifolds. Finally, we describe a

way to obtain a metric paracontact pair structure on the total space of a principal

S
1-bundle via the Boothby-Wang construction.

1. Introduction

The contact pairs were defined by Blair, Ludden and Yano [10] under the name of

bicontact. Further they were studied by Bande and Hadjar [3, 4], Bande, Ghiggini

and Kotschick [2], [5,6], which considered a special type of f -structure with com-

plementary frames related to a contact pair and called the assambley contact pair
structure [4]. With these elements, they considered two almost complex structures

and in case they are integrable, the contact pair structure is called normal. In [5]

the authors describe this case and give necessary and sufficient conditions for a

contact pair structure to be normal. Remark that the normality condition for dif-

ferent geometric structures is used in many papers, e.g., [15]. Basically, a contact
pair consists of a pair of one-forms of constant and complementary classes such

that each of them induces a contact form on the leaves of the characteristic folia-

tion of the other. Similar notions were considered if instead of two one-forms, one

takes a one-form and a closed two-form, respectively, two closed two-forms, satis-

fying certain conditions. In the first case, the structure is called contact-symplectic
pair [1] and in the second one, symplectic pair [8].

Inspired by these considerations, we shall introduce the notion of (metric) para-

contact pair structure and provide necessary and sufficient conditions for it to be

normal. We shall also obtain the relations satisfied by the covariant derivatives of

the fundamental form and of the endomorphism of the structure with respect to

the Levi-Civita connection of the metric considered. The last section describes a
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construction performed on a principal S1-bundle which gives a metric paracontact

pair structure on its total space.

A similar notion was defined by Bucki and Miernowski [11] under the name of

r-paracontact structure, but they did not ask for the r one-forms to be of constant

and complementary classes. This last suplementary assumption implies certain

properties of the leaves of the characteristic foliation.

2. Definitions and Basic Properties

The pair (η1, η2) of one-forms is called contact pair of type (h, k) on the 2(h+k+
1)-dimensional manifold M [7] if

1. η1 ∧ (dη1)
h ∧ η2 ∧ (dη2)

k is a volume form

2. (dη1)
h+1 = 0 and (dη2)

k+1 = 0.

To any contact pair (η1, η2) can be associated two vector fields ξ1 and ξ2 called the

Reeb vector fields of the contact pair, which are characterized by

1. iξiηj = δij

2. iξidηj = 0, for i, j ∈ {1, 2}.

Recall that a triple (ϕ, ξ, η) consisting of a (1, 1)-tensor field ϕ, a vector field ξ and

a one-form η is called almost paracontact structure on the (2n + 1)-dimensional

manifold M [14] if

1. ϕ2 = Id − η ⊗ ξ

2. ϕξ = 0

3. η(ξ) = 1.

An almost paracontact structure (ϕ, ξ, η) on M is said to be normal if the induced

almost product structure E(X,Y ) := (ϕX + η(Y )ξ, ϕY + η(X)ξ), X , Y ∈
Γ(TM), on the product manifold M ×M is integrable, that is, its Nijenhuis tensor

field

NE((X, X̄), (Y, Ȳ )) := [E(X, X̄), E(Y, Ȳ )] + E2[(X, X̄), (Y, Ȳ )]

− E[E(X, X̄), (Y, Ȳ )]− E[(X, X̄), E(Y, Ȳ )]
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vanishes for any X , X̄ , Y , Ȳ ∈ Γ(TM). An equivalent condition is that the almost

product structures E1 := ϕ− η⊗ ξ and E2 := ϕ+ η⊗ ξ be integrable and satisfy

Lξη = 0, or that Nϕ(X,Y )− dη(X,Y )ξ = 0, for any X , Y ∈ Γ(TM), where

Nϕ(X,Y ) := [ϕX,ϕY ] + ϕ2[X,Y ]− ϕ[ϕX, Y ]− ϕ[X,ϕY ] (1)

and

dη(X,Y ) := X(η(Y ))− Y (η(X))− η([X,Y ]). (2)

Similarly like in the contact case, we introduce the notion of normal metric para-
contact pair structure. Let M be a 2(h+ k + 1)-dimensional manifold.

Definition 1. The triple (η1, η2, ϕ) is called paracontact pair structure if (η1, η2)
is a contact pair and ϕ a (1, 1)-tensor field such that

1. ϕ2 = Id − η1 ⊗ ξ1 − η2 ⊗ ξ2

2. ϕξ1 = ϕξ2 = 0

where ξ1 and ξ2 are the Reeb vector fields of (η1, η2).

From the definition follows ηi(ϕX) = 0, for any X ∈ Γ(TM), i ∈ {1, 2}.

Example 2. Let (ϕ1, ξ1, η1) and (ϕ2, ξ2, η2) be two almost paracontact structures
on the smooth manifold M . If ηi(ξj) = δij and ηi ◦ ϕj = 0, i, j ∈ {1, 2}, then
(η1, η2, ϕ±) is a paracontact pair structure on the product manifold M×M , where
ϕ±(X,Y ) := (ϕ1X ± η1(Y )ξ2, ϕ2Y ∓ η2(X)ξ1), X , Y ∈ Γ(TM).

Definition 3. The quadruple (η1, η2, ϕ, g) is called

1. almost metric paracontact pair structure if (η1, η2, ϕ) is a paracontact pair
structure and g is a metric on M such that

a) iξig = ηi, i ∈ {1, 2}

b) g(ϕX,ϕY)=−g(X,Y )+η1(X)η1(Y )+η2(X)η2(Y ), X, Y ∈Γ(TM)

where ξi, i ∈ {1, 2} are the Reeb vector fields of the contact pair (η1, η2). In
this case, we call g compatible metric

2. metric paracontact pair structure if (η1, η2, ϕ) is a paracontact pair struc-
ture and g is a metric on M such that

a) iξig = ηi, i ∈ {1, 2}



4 Adara M. Blaga

b) g(X,ϕY ) = (dη1 + dη2)(X,Y ), X, Y ∈ Γ(TM)

where ξi, i ∈ {1, 2} are the Reeb vector fields of the contact pair (η1, η2). In
this case, we call g associated metric.

Remark that in both of these cases, g(ξi, ξj) = δij , i, j ∈ {1, 2} and g(ϕX, Y ) =
−g(X,ϕY ), for any X , Y ∈ Γ(TM). If g is associated metric, then it is also

compatible, but conversely not.

Remark 4. Some authors take all the terms with opposite sign in the relation of
compatibility of g and some define metric paracontact structures as being almost
paracontact structures with a compatible metric. We prefer our definitions to get
an analogue of the notion of contact pair structure considered by Bande.

Proposition 5. Let (η1, η2, ϕ) be a paracontact pair structure on the smooth man-
ifold M . Then there exists a compatible metric g, so that (η1, η2, ϕ, g) is an almost
metric paracontact pair structure.

Proof: Like in the contact case [4], we can construct the compatible metric g as

follows: consider an arbitrary metric g0 and set, for any X , Y ∈ Γ(TM)

h(X,Y ) := g0(ϕ
2X,ϕ2Y ) + η1(X)η1(Y ) + η2(X)η2(Y ).

Then g is defined by

g(X,Y ) :=
1

2
[h(X,Y )− h(ϕX,ϕY ) + η1(X)η1(Y ) + η2(X)η2(Y )].

Indeed, taking into account that ϕ4 = ϕ2 and so h(ϕ2X,ϕ2Y ) = g0(ϕ
4X,ϕ4Y ) =

g0(ϕ
2X,ϕ2Y ) = h(X,Y )−η1(X)η1(Y )−η2(X)η2(Y ), for any X , Y ∈ Γ(TM),

we obtain g(ϕX,ϕY ) + g(X,Y ) = η1(X)η1(Y ) + η2(X)η2(Y ), for any X ,

Y ∈ Γ(TM). �

To any contact pair (η1, η2) of type (h, k), one can associate the pairs of involutive

distributions

1. D′
i := kerdηi ∩ kerηi, i ∈ {1, 2}, whose foliations F ′

1 and F ′
2 are comple-

mentary and of codimension 2h+ 1 and 2k + 1, respectively

2. D′′
i := kerdηi ∩ kerη1 ∩ kerη2, i ∈ {1, 2}, whose foliations F ′′

1 and F ′′
2 are

of codimension 2h and 2k.
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Therefore, the tangent bundle can be decomposed in two ways

TM = TF ′

1 ⊕ TF ′

2 = TF ′′

1 ⊕ TF ′′

2 ⊕ 〈ξ1〉 ⊕ 〈ξ2〉 (3)

and TF ′
i = TF ′′

i ⊕〈ξj〉, i �= j and ϕ is an almost product structure on TF ′′
1 ⊕TF ′′

2 .

If the endomorphism ϕ satisfies ϕ(TF ′
i) ⊂ TF ′

i , i ∈ {1, 2}, we say that it is

decomposable.

Proposition 6. Let (η1, η2) be a contact pair on the smooth manifold M . Then
there exist an endomorphism ϕ of the tangent bundle and an associated metric g,
so that (η1, η2, ϕ, g) is a metric paracontact pair structure.

Proof: Like in the contact case [4], considering an arbitrary metric g0, we obtain on

TF ′′
1 ⊕TF ′′

2 a metric ḡ and an almost product structure ϕ̄ compatible with ḡ. Then

we define ϕ := ϕ̄ on TF ′′
1 ⊕TF ′′

2 , ϕξi := 0 and respectively, g(X,Y ) := ḡ(X,Y )
on TF ′′

1 ⊕ TF ′′
2 , g(X, ξi) := ηi(X). �

The following results have similar proofs as the corresponding results given in [6]

for metric contact pairs.

Proposition 7. Let (η1, η2, ϕ) be a paracontact pair structure on the smooth man-
ifold M . Then there exists an associated metric g for which the foliations F ′

1 and
F ′
2 are g-orthogonal.

Proposition 8. Let (η1, η2, ϕ, g) be a metric paracontact pair structure on the
smooth manifold M .

1. The endomorphism ϕ is decomposable if and only if the foliations F ′
1 and

F ′
2 are g-orthogonal.

2. If the endomorphism ϕ is decomposable, then the foliations F ′
1 and F ′

2 are
minimal.

3. Normal Metric Paracontact Pair Structures

To a paracontact pair structure we associate two commuting almost product struc-

tures (E1, E2) defined respectively, by

E1 := ϕ− η1 ⊗ ξ2 − η2 ⊗ ξ1, E2 := ϕ+ η1 ⊗ ξ2 + η2 ⊗ ξ1.

Using these almost product structures, we shall define the corresponding notion of

integrability for paracontact pair structures.
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Definition 9. The paracontact pair structure (η1, η2, ϕ) is called normal if the al-
most product structures E1 and E2 defined above, are integrable.

We will prove the following

Theorem 10. The necessary and sufficient condition for the paracontact pair struc-
ture (η1, η2, ϕ) to be normal is to satisfy

Nϕ(X,Y )− dη1(X,Y )ξ1 − dη2(X,Y )ξ2 = 0 (4)

for any X , Y ∈ Γ(TM), where Nϕ(X,Y ) := [ϕX,ϕY ] + ϕ2[X,Y ]− ϕ[ϕX, Y ]
−ϕ[X,ϕY ], X , Y ∈ Γ(TM).

Proof: The necessary and sufficient condition for the two almost product structures

from the previous definition to be integrable is that their Nijenhuis tensor fields

vanish. Computing the Nijenhuis tensor fields for E1 and E2 one gets, for any X ,

Y ∈ Γ(TM)

NE1
(X,Y ) = Nϕ(X,Y )− [dη1(X,Y ) + (LϕXη2)Y − (LϕY η2)X]ξ1

−[dη2(X,Y ) + (LϕXη1)Y − (LϕY η1)X]ξ2 − η1(X)(Lξ2ϕ)Y

−η2(X)(Lξ1ϕ)Y + η1(Y )(Lξ2ϕ)X + η2(Y )(Lξ1ϕ)X

and respectively

NE2
(X,Y ) = Nϕ(X,Y )− [dη1(X,Y )− (LϕXη2)Y + (LϕY η2)X]ξ1

−[dη2(X,Y )− (LϕXη1)Y + (LϕY η1)X]ξ2 + η1(X)(Lξ2ϕ)Y

+η2(X)(Lξ1ϕ)Y − η1(Y )(Lξ2ϕ)X − η2(Y )(Lξ1ϕ)X

where Nϕ and dη are given by (1) and (2), (LXη)Y := X(η(Y ))− η([X,Y ]) and

(LXϕ)Y := [X,ϕY ]− ϕ[X,Y ], X , Y ∈ Γ(TM). But as NE1
and NE2

are zero

if and only if their sum and their difference are zero, we obtain the following two

equations

Nϕ(X,Y )− dη1(X,Y )ξ1 − dη2(X,Y )ξ2 = 0

[(LϕXη2)Y − (LϕY η2)X]ξ1 + [(LϕXη1)Y − (LϕY η1)X]ξ2 + η1(X)(Lξ2ϕ)Y

+ η2(X)(Lξ1ϕ)Y − η1(Y )(Lξ2ϕ)X − η2(Y )(Lξ1ϕ)X = 0.

Notice that (Lξiϕ)X ∈ kerηj , for any X ∈ Γ(TM), i, j ∈ {1, 2}. Indeed,

ηj((Lξiϕ)X) := ηj([ξi, ϕX])− ηj(ϕ[ξi, X]) = ηj([ξi, ϕX])

= ξi(ηj(ϕX))− (ϕX)(ηj(ξi))− dηj(ξi, ϕX) = 0.
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From the decomposition of TM as the direct sum TM = TF ′′
1⊕TF ′′

2⊕〈ξ1〉⊕〈ξ2〉,
we obtain an equivalent system with the previous one

Nϕ(X,Y )− dη1(X,Y )ξ1 − dη2(X,Y )ξ2 = 0 (5)

(LϕXη2)Y − (LϕY η2)X = 0 (6)

(LϕXη1)Y − (LϕY η1)X = 0 (7)

η1(X)(Lξ2ϕ)Y + η2(X)(Lξ1ϕ)Y − η1(Y )(Lξ2ϕ)X − η2(Y )(Lξ1ϕ)X = 0 (8)

for any X , Y ∈ Γ(TM).

The last three equations are implied by the first one. Indeed, taking Y := ξi in the

first equation, we get

[X, ξi]− ϕ[ϕX, ξi] + ξi(η1(X))ξ1 + ξi(η2(X))ξ2 = 0

for any X , Y ∈ Γ(TM). Then, for X → ϕX

0 = [ϕX, ξi]− ϕ[ϕ2X, ξi] = −[ξi, ϕX] + ϕ[ξi, X] + ϕ(η1(X)[ξ1, ξi]

− ξi(η1(X))ξ1) + ϕ(η2(X)[ξ2, ξi]− ξi(η2(X))ξ2) = −(Lξiϕ)X.

If we apply ηi to NE1
(ϕX, Y ) and consider the first equation of the system, we

obtain

(Lϕ2Xηj)Y − (LϕY ηj)(ϕX) = 0

for any X , Y ∈ Γ(TM), which is equivalent to

(LXηj)Y − (Lη1(X)ξ1+η2(X)ξ2ηj)Y − (LϕY ηj)(ϕX) = 0

for any X , Y ∈ Γ(TM). For X → ϕX , we get

(LϕXηj)Y − (LϕY ηj)X + (LϕY ηj)(η1(X)ξ1 + η2(X)ξ2) = 0

for any X , Y ∈ Γ(TM) and the last term is zero because

(LϕY ηj)(ηi(X)ξi) := (ϕY )(ηi(X)δij)− ηj([ϕY, ηi(X)ξi])

= (ϕY )(ηi(X)δij) + ηi(X)ηj([ξi, ϕY ])− (ϕY )(ηi(X))δij

= ηi(X)[ξi(ηj(ϕY ))− (ϕY )(ηj(ξi))− dηj(ξi, ϕY )] = 0.

Therefore, the last two equations of the system are also implied by the first one. �

From relation (3) and the previous theorem, we deduce an equivalent condition for

the normality of a paracontact pair structure
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Corollary 11. The paracontact pair structure (η1, η2, ϕ) is normal if and only if

Nϕ(X,Y )− dη1(X,Y )ξ1 = 0, for any X,Y ∈ Γ(TF ′

2) (9)

Nϕ(X,Y )− dη2(X,Y )ξ2 = 0, for any X,Y ∈ Γ(TF ′

1) (10)

Nϕ(X,Y ) = 0, for any X ∈ Γ(TF ′

1), Y ∈ Γ(TF ′

2) (11)

where Nϕ(X,Y ) := [ϕX,ϕY ] + ϕ2[X,Y ] − ϕ[ϕX, Y ] − ϕ[X,ϕY ], for any
X,Y ∈ Γ(TM).

Corollary 11 implies

Lemma 12. If ϕ is decomposable, the paracontact pair structure (η1, η2, ϕ) is
normal if and only if the induced contact forms and the structure tensor ϕ are
normal and Nϕ(X,Y ) = 0, for any X ∈ Γ(TF ′

1), Y ∈ Γ(TF ′
2).

The following result is similar to one given in [12] for product manifolds.

Theorem 13. Let (M1, ϕ1, ξ1, η1) and (M2, ϕ2, ξ2, η2) be almost paracontact man-
ifolds. Then the paracontact pair structure (η1, η2, ϕ1⊕ϕ2) on M1×M2 is normal
if and only if (ϕ1, ξ1, η1) and (ϕ2, ξ2, η2) are normal as almost paracontact struc-
tures.

Proof: The first implication is true due to Corollary 11 and the converse one, by

Lemma 12. �

Consider a metric paracontact pair structure (η1, η2, ϕ, g) and put ω(X,Y ) :=
g(X,ϕY ). Then ω is exact, more precisely, ω = dη1 + dη2.

In the following propositions, we shall underline some properties of the covariant

derivatives of ω and ϕ with respect to the Levi-Civita connection ∇ of g.

From dω = 0 we get

(∇Xω)(Y, Z) + (∇Y ω)(Z,X) + (∇Zω)(X,Y ) = 0 (12)

for any X , Y , Z ∈ Γ(TM).

Proposition 14. Let (η1, η2, ϕ, g) be a metric paracontact pair structure on the
smooth manifold M and denote by ∇ the Levi-Civita connection associated to g.
Then, for any X , Y , Z ∈ Γ(TM), one has

1.

(∇Xω)(ϕY, ϕZ)− (∇Xω)(Y, Z) = η1(Y )(∇Xη1)(ϕZ)

+ η2(Y )(∇Xη2)(ϕZ)− η1(Z)(∇Xη1)(ϕY )− η2(Z)(∇Xη2)(ϕY ) (13)
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2.

(∇Xω)(ϕY,Z)− (∇Xω)(Y, ϕZ) = η1(Y )(∇Xη1)Z + η2(Y )(∇Xη2)Z

+ η1(Z)(∇Xη1)Y + η2(Z)(∇Xη2)Y (14)

3.

(∇Xω)(Z, Y )− (∇ϕXω)(ϕZ, Y ) = −
1

2
η1(Z)(Lξ1g)(Y, ϕX)

−
1

2
η2(Z)(Lξ2g)(Y, ϕX). (15)

Proof: The first two relations follow by a direct computation. Writing the relation

(12) for circular permutations −(X,ϕZ, ϕY ) + (Y, ϕX,ϕZ) + (Z,ϕY, ϕX) −
(X,Z, Y ) and taking into account that (Lξig)(X,Y ) = (∇Xηi)Y + (∇Y ηi)X ,

i ∈ {1, 2}, we obtain the last relation. �

In particular, if we put X = ξi in (15), we get ∇ξiω = 0, i ∈ {1, 2}.

Proposition 15. Let (η1, η2, ϕ, g) be a metric paracontact pair structure on the
smooth manifold M and denote by ∇ the Levi-Civita connection associated to g.
Then, for any X , Y , Z ∈ Γ(TM), one has

2g((∇Xϕ)Y, Z) = −g(Nϕ(Y, Z), ϕX)

+η1(X)[(LϕY η1)Z − (LϕZη1)Y ] + η2(X)[(LϕY η2)Z − (LϕZη2)Y ]

−η1(Y )dη1(ϕZ,X)−η2(Y )dη2(ϕZ,X)+η1(Z)dη1(ϕY,X)+η2(Z)dη2(ϕY,X).

Moreover, if (η1, η2, ϕ, g) is normal, then the relation above becomes

2g((∇Xϕ)Y, Z) = −η1(Y )dη1(ϕZ,X)− η2(Y )dη2(ϕZ,X)

+η1(Z)dη1(ϕY,X) + η2(Z)dη2(ϕY,X)

for any X , Y , Z ∈ Γ(TM).

Proof: Considering the usual relations satisfied by the Levi-Civita connection ∇
and computing all the terms in the equation, we easily get the first relation. For

the second one, notice that g(Nϕ(Y, Z), ϕX) = 0, for any X , Y , Z ∈ Γ(TM),
ω is closed and the last two terms are zero from the computations in the proof of

Theorem 10. �

Remark 16. In [7] Bande and Kotschick showed a relation between normal metric
contact pairs and Vaisman metrics [9], [13].
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An analogue of the construction described by Bande and Hadjar [5] performed

on a Boothby-Wang fibration can be done in our case. Here, the base manifold

B is assumed to carry a paracontact-symplectic pair structure (η, ω, ψ) of type

(h, k), that is [1] a triple consisting of a one-form η, a closed two-form ω and an

endomorphism ψ of the tangent bundle satisfying

1. η ∧ (dη)h ∧ ωk is a volume form

2. (dη)h+1 = 0 and ωk+1 = 0

3. ψ2 = Id − η ⊗ ξ

4. ψξ = 0

where ξ is the Reeb vector field of the pair (η, ω), uniquely defined by iξη = 1 and

iξdη = iξω = 0. Moreover, if a metric h on B satisfies

1. iξh = η

2. h(X,ψY ) = (dη + ω)(X,Y ), X, Y ∈ Γ(TB)

then (η, ω, ψ, h) is called metric paracontact-symplectic pair structure. Given a

paracontact-symplectic pair structure, such a metric always exists, its construction

being similar as in the case of paracontact pair structures. Under certain assump-

tions, a metric paracontact-symplectic pair structure can be lifted from the base

space of a principal S1-bundle to a metric paracontact pair structure on the total

space. Precisely, we have

Theorem 17. Let π : M → B be a principal S1-bundle and (η, ω, ψ, h) a met-
ric paracontact-symplectic pair structure. Assume that B is closed and [ω] ∈
H2(B,Z) is an integral cohomology class. Then the total space M carries an
S
1-invariant metric paracontact pair structure.

Proof: Denote by X∗ the horizontal lift of a vector field X on B and define the

metric paracontact pair structure (η1, η2, ϕ, g) on M as follows: take η1 the con-

nection form of the bundle (dη1 = π∗ω), which is well defined as ω represents an

integral cohomology class, η2 := π∗η, ϕX := [ψ(π∗(X))]∗, X ∈ Γ(TM) and

g := π∗h+ η1 ⊗ η1 + η2 ⊗ η2. The Reeb vector fields of the pair (η1, η2) satisfy:

ξ1 is tangent to the action and ξ2 = ξ∗. The endomorphism ϕ satisfies

ϕ2X = [ψ(ψ(π∗(X)))]∗ = [π∗(X)]∗ − [η(π∗(X))ξ]∗

= X − η1(X)ξ1 − π∗(η(π∗(X)))ξ∗ = X − η1(X)ξ1 − (π∗η)(X)ξ∗

= X − η1(X)ξ1 − η2(X)ξ2
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for any X ∈ Γ(TM) and the metric g is associated to the paracontact pair structure

(η1, η2, ϕ)

g(X,ϕY ) = (π∗h)(X,ϕY ) = h(π∗(X), ψ(π∗(Y ))) ◦ π

= [(dη + ω)(π∗(X), π∗(Y ))] ◦ π = [π∗(dη) + π∗ω](X,Y )

= [d(π∗η) + dη1](X,Y ) = (dη1 + dη2)(X,Y )

for any X , Y ∈ Γ(TM). �

Remark 18. Similar results were proved by Bande and Kotschick [8] if the base
space carries a symplectic pair (ω1, ω2) or a contact-symplectic pair (η, ω) and
Bande and Hadjar [5] made this construction for contact-symplectic pair struc-
tures (η, ω, ψ).
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