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Abstract. In this paper, we consider the rigid spacecraft with an internal rotor
as a regular point of reducible regular controlled Hamiltonian (RCH) system. In
the cases of coincident and non-coincident centers of buoyancy and gravity, we
give explicitly the equations of motion and Hamilton-Jacobi equations of reduced
spacecraft-rotor system on the symplectic leaves by calculation in detail, which
show the effect on controls in regular symplectic reduction and Hamilton-Jacobi
theory respectively.
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1. Introduction

It is well-known that the theory of controlled mechanical systems is an important
subject in the recent years. It gathers together some separate areas of research such
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as mechanics, differential geometry and nonlinear control theory, etc., and the em-
phasis on geometry is motivated by the aim of understanding the structure of the
equations of motion of the system in a way that helps both analysis and design.
There is a natural two-fold method in the study of controlled mechanical systems.
First, being a special class of nonlinear control systems one can study them by us-
ing the feedback control and optimal control methods. The second, as they are also
a special class of mechanical systems, one can study them combining the analysis
of dynamic systems and the geometric reduction theory of Hamiltonian and La-
grangian systems. Thus, as the theory of controlled mechanical systems presents
a challenging and promising research area between the classical mechanics and
modern nonlinear geometric control theory, a lot of researchers are absorbed to
pour into the area and there have been a lot of interesting results. Some of them, as
Bloch et al in [4-7], studied the symmetry and feedback control to realize a modi-
fication to the structure of a given mechanical system while, Nijmeijer and van der
Schaft in [27] studied the nonlinear dynamical control systems as well as the use
of feedback control to stabilize mechanical systems, and van der Schaft in [31,32]
referred to the reduction and control of implicit (port) Hamiltonian systems.

In particular, we note that in Marsden et al [22], the authors studied regular reduc-
tion theory of controlled Hamiltonian systems with symplectic structure and sym-
metry as an extension of regular symplectic reduction theory of Hamiltonian sys-
tems under regular controlled Hamiltonian equivalence conditions. In [33] Wang
generalized the work in [22] by treating the singular reduction theory of regular
controlled Hamiltonian systems, and Wang and Zhang in [36] generalized the work
in [33] and clarify the optimal reduction theory of controlled Hamiltonian sys-
tems with Poisson structure and symmetry by using optimal momentum map and
reduced Poisson tensor (or reduced symplectic form), and Ratiu and Wang [30]
studied the Poisson reduction of controlled Hamiltonian system by controllabil-
ity distribution. These works not only gave a variety of reduction methods for
controlled Hamiltonian systems, but also showed a variety of relationships of con-
trolled Hamiltonian equivalence of these systems.

At the same time, we note that Hamilton-Jacobi theory is an important part of
classical mechanics. On one hand, it provides a characterization of the generat-
ing functions of certain time-dependent canonical transformations. On the other
hand, in many cases it is possible that Hamilton-Jacobi theory provides an im-
mediate way to integrate the equations of motion of the system, even when the
problem of Hamiltonian system itself has not been or cannot be solved completely.
In addition, the Hamilton-Jacobi equation is also fundamental in the study of the
quantum-classical relationship in quantization, and plays also an important role in
the development of numerical integrators that preserve the symplectic structure and



Symmetric Reduction and Hamilton-Jacobi Equation of Rigid Spacecraft ... 89

in the study of stochastic dynamical systems, see Woodhouse [37], Ge and Mars-
den [10], Marsden and West [23] and Lézaro-Cami and Ortega [13]. For these
reasons it is a useful tool in the study of Hamiltonian system theory, and has been
extensively developed during the years to become one of the most active subjects
in the study of modern applied mathematics and analytical mechanics. For more
details see Carifiena et al [8,9], Iglesias ef al [11], Le6n et al [3,14,15] and Ohsawa
and Bloch [28].

The variational point of view Hamilton-Jacobi theory was originally developed by
Jacobi in 1866, and states that the integral of Lagrangian of a system along the so-
lution of its Euler-Lagrange equation satisfies the Hamilton-Jacobi equation. The
classical description of this problem from the geometrical point of view is given by
Abraham and Marsden in [1], and was developed in the context of time-dependent
Hamiltonian system by Marsden and Ratiu in [21]. The Hamilton-Jacobi equa-
tion may be regarded as a nonlinear partial differential equation for some gen-
erating function .S, and the problem becomes how to choose a time-dependent
canonical transformation ¥ : 7*Q x R — T*@Q x R, which transforms the dy-
namical vector field of the time-dependent Hamiltonian system to equilibrium,
such that the generating function S of W satisfies the time-dependent Hamilton-
Jacobi equation. In particular, for the time-independent Hamiltonian system, one
may look for a symplectic map as the canonical transformation. This work of-
fers an important idea that one can use the dynamical vector field of the Hamil-
tonian system to describe the Hamilton-Jacobi equation. Moreover, assume that
v : Q@ — T*Q is a closed one-form on the smooth configuratiomnal manifold
Q, and define X;I = Trg - Xy -7, where X is the vector field of Hamilto-
nian system (7*Q,w, H). Then the fact that XZ[ and Xy are v-related, that is,
Tv- X}, = Xy - is equivalent to d(H - v) = 0, which is given in Carifiena
et al [8] and Iglesias ef al [11]. Since the Hamilton-Jacobi theory is based on
the Hamiltonian picture of dynamics, Wang [34] has used the dynamical vector
field of Hamiltonian system and the regular reduced Hamiltonian system to de-
scribe the Hamilton-Jacobi theory for these systems. In [35] this was extended to
the Hamilton-Jacobi theory of the regular controlled Hamiltonian system, its reg-
ular reduced systems, and for clarification of the relationship between the RCH-
equivalence for RCH systems and the solutions of corresponding Hamilton-Jacobi
equations.

Now, it is a natural problem if there are controlled Hamiltonian systems and how
to show the effect on controls in regular symplectic reduction and Hamilton-Jacobi
theory of such systems. In this paper, as an application of the regular point sym-
plectic reduction and Hamilton-Jacobi theory of RCH system with symmetry, we
consider the case when the rigid spacecraft with an internal rotor is a regular point
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reducible RCH system given already in Marsden et al [22], where the rigid space-
craft with an internal rotor is modelled as a Hamiltonian system with control as
presented in Bloch and Leonard [5], Bloch er al [7]. In the cases of coincident and
non-coincident centers of buoyancy and gravity, we give explicitly the equations
of motion and the Hamilton-Jacobi equation of the reduced spacecraft-rotor sys-
tem on the symplectic leaves. These equations are more complex than that of the
Hamiltonian systems without control and describe explicitly the effect on controls
in regular symplectic reduction and Hamilton-Jacobi theory.

A brief outline of the paper is as follows. In the second section, we review some rel-
evant definitions and basic facts about rigid spacecraft with an internal rotor, which
will be used in the subsequent sections. As an application of the theoretical result
concerning the symplectic reduction of RCH system given by Marsden et al [22],
in the third section we consider the rigid spacecraft with an internal rotor as a regu-
lar point reducible RCH system on the extension of the rotation group SO(3) x S*
and on the that one of the Euclidean group SE(3) x S!, respectively, in the cases
of coincident and non-coincident centers of buoyancy and gravity, and we give ex-
plicitly the equations of motion of their reduced RCH systems on the symplectic
leaves. Moreover, as an application of the theoretical result about Hamilton-Jacobi
theory of regular reduced RCH system obtained by Wang [35], in the fourth sec-
tion, we give the Hamilton-Jacobi equations of the reduced rigid spacecraft-rotor
systems on the symplectic leaves in the cases of coincident and non-coincident
centers of buoyancy and gravity. This work develop the application of symplectic
reduction and Hamilton-Jacobi theory of RCH systems with symmetry with an aim
for much deeper understanding and recognition of the structure of the Hamiltonian
systems and RCH systems.

2. The Rigid Spacecraft with a Rotor

In this paper, our goal is to give the regular point reduction and Hamilton-Jacobi
theorem of rigid spacecraft with an internal rotor. In order to do this, we re-
view some relevant definitions and basic facts about rigid spacecraft with an in-
ternal rotor. We shall follow the notation and conventions introduced in Bloch and
Leonard [5], Bloch et al [7], Marsden [18], Marsden and Ratiu [21], and Marsden
et al [22]. In this paper, we assume that all manifolds are real, smooth and finite
dimensional and that all actions are smooth left actions. For convenience, we also
assume that all controls appearing in this paper are the admissible controls.
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2.1. The Spacecraft-Rotor System with Coincident Centers

We consider a rigid spacecraft (to be called the carrier body) carrying an internal
rotor, and assume that the only external forces and torques acting on the spacecraft-
rotor system are due to the buoyancy and the gravity. In general, it is possible
that the spacecraft’s center of buoyancy may not be coincident with its center of
gravity. But, in this subsection we assume that the spacecraft is symmetric and
has uniformly distributed mass, and that the center of buoyancy and the center of
gravity are coincident. Denote by O the center of mass of the system in the body
frame and let O is the origin of (orthogonal) body axes. Assume that the body
coordinate axes are aligned with principal axes of the carrier body, and that the
rotor is aligned along the third principal axis, see Bloch and Leonard [5] and Bloch
et al [7]. The rotor spins under the influence of a torque u acting on the rotor. If
translations are ignored and only rotations are considered, the configuration space
is @ = SO(3) x S!, with the first factor being the attitude of the rigid spacecraft
and the second factor being the angle of the rotor. The corresponding phase space
is the cotangent bundle T*Q = T*SO(3) x T*S', where T*S! = T*R =~ R x R,
with the canonical symplectic form.

Let I = diag(Iy, I2, I3) be the moment of inertia of the carrier body in the princi-
pal body-fixed frame, and J3 be the moment of inertia of rotor around its rotation
axis. Let Jgi, kK = 1,2, be the moments of inertia of the rotor around the kth
principal axis with & = 1,2, and denote by I}, = I}, + J3, k = 1,2, I3 = I3. Let
Q = (21,9, Q3) be the vector of body angular velocities computed with respect
to the axes fixed in the body and (£21,€2,3) € s0(3). Let « be the relative an-
gle of rotor and ¢ the rotor relative angular velocity about the third principal axis
with respect to a carrier body fixed frame. Consider the Lagrangian of the system
L(A,Q a,&) : TQ = SO(3) x s0(3) x R x R — R, which is the total kinetic
energy of the rigid spacecraft plus the kinetic energy of rotor, given by

1 _ _ _
L(A,Q, a,d) = 5(119% + L2 + L2 + J3(03 + &)?)

where A € SO(3), Q = (Q1,Q2,Q3) € s50(3), a € R, & € R. If we introduce

the conjugate angular momentum, given by Il = =L, k=1,2,1I3 =

oL = oL
—— = I3Q3 + J3(Q3 + &), | = — = J3(Q3 + &), and make use of the
003 Od

Legendre transformation F'L : SO(3) xs0(3) xR xR — SO(3) xs0*(3) xR xR,
(A, Q, a, &) = (A 11, o, 1), where IT = (I1y, Iy, IT3) € s0*(3), 1 € R, we end up
with the Hamiltonian H (A, I, o, 1) : T*Q = SO(3) x s0*(3) x R xR — R given

Gen
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by the function
HAILo,l)=Q - T+ a&-1— L(A,Q, a,d)
1 /13 13 (g —10)* 1
_ < 1,0 (s —0) )

2\ "L E Th

ey

In order to derive the equations of motion of spacecraft-rotor system, in the fol-
lowing we need to consider the symmetry and reduced symplectic structure of the
configuration space @ = SO(3) x St.

2.2. The Spacecraft-Rotor System with Non-Coincident Centers

Since it is possible that the spacecraft’s center of buoyancy may not be coincident
with its center of gravity, in this subsection then we consider the spacecraft-rotor
system with non-coincident centers of buoyancy and gravity. We fix an orthogonal
coordinate frame to the carrier body with origin located at the center of buoyancy
and axes aligned with the principal axes of the carrier body, and the rotor is aligned
along the third principal axis, see Bloch and Leonard [5], Bloch et al [7], and
Leonard and Marsden [16]. The rotor spins under the influence of a torque
acting on the rotor. When the carrier body is oriented so that the body-fixed frame
is aligned with the inertial frame, the third principal axis aligns with the direction of
gravity. The vector from the center of buoyancy to the center of gravity with respect
to the body-fixed frame is h), where  is an unit vector on the line connecting the
two centers which is assumed to be aligned along the third principal axis, and
h is the length of this segment. The mass of the carrier body is denoted by m,
the magnitude of the gravitational acceleration by g, and let I be the unit vector
viewed by an observer moving with the body. In this case, the configuration space
is @ = SO(3)®R? x S! = SE(3) x S!, where the first factor being the attitude of
rigid spacecraft and the drift of spacecraft in the rotational process and the second
factor being the angle of rotor. The corresponding phase space is the cotangent
bundle T*Q = T*SE(3) x T*S!, where T*S! = T*R = R x R, with its canonical
symplectic form.

Consider the Lagrangian of the system L(A, ¢, Q, T, o, &) : TQ = SE(3) x5¢(3) X
R xR — R, which is the total kinetic energy of the rigid spacecraft plus the kinetic
energy of the rotor minus the potential energy of the system, i.e.,

1 _ _ _
L(A, ¢, QT a,6) = 5(1193 + L2 + L2 + J3(Q3 + &)?) — mghl' - x

where (A,c) € SE(3), Q = (21,9,9Q3) € 50(3), T € R3, (Q,T) € se(3),
a € R, @ € R. If we introduce the conjugate angular momentum, given by
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oL _ oL _ oL
I, = — =010, k=121l = — = I3Q Q ) = — =
k o0 2978 ,2, 113 5003 3Q3 + J3(3 + &), %

J3(23 + &), and via the Legendre transformation F'L : SE(3) x se(3) x R x
R — SE(3) x s¢*(3) x Rx R, (A,¢,Q,T,a,&) = (A,¢,IL T, o, 1), where
I = (II1, Iy, II3) € s0*(3), (II,I') € se*(3), | € R, we arrive at the Hamiltonian
H(A, c,ILT, o, 1) : T*Q = SE(3) x s¢*(3) x R x R — R given by the function

H(A, e, ILT,a,)=Q -T+c-1— L(A, ¢, 0T, a,d)
()
1

_713 113 (Hg_—l)2 12
2

= = — hl' - x.
In order to give the equation of motion of spacecraft-rotor system, in the following
we need to consider the symmetry and reduced symplectic structure of the cotan-
gent bundle of the configurational space @ = SE(3) x S!.

3. Symmetric Reduction of the Rigid Spacecraft with a Rotor

In the following we consider the rigid spacecraft with an internal rotor as a regular
point reducible RCH system on the extension of rotation group SO(3) x S* and
on the extension of the Euclidean group SE(3) x S!, respectively, and give the
equations of motion of their reduced RCH systems on the respective symplectic
leaves. It is worth to note that it is different from the symmetric reduction of
Hamiltonian system in Bloch and Leonard [5], Bloch et al [7], Marsden [18], the
reductions in this paper only the controlled Hamiltonian reductions, that is, the
symmetric reductions of (regular) controlled Hamiltonian systems, see Marsden
et al [22]. We follow the notation and conventions introduced in Marsden et al
[19, 20], Marsden and Ratiu [21], Libermann and Marle [17], Ortega and Ratiu
[29].

3.1. Symmetric Reduction of Spacecraft-Rotor System with Coincident
Centers

We first give the regular point reduction of spacecraft-rotor system with coincident
centers of buoyancy and gravity. Assume that the Lie group G = SO(3) acts freely
and properly on @ = SO(3) x S! by left translations on the first factor SO(3), and
via the trivial action on the second factor S'. By using the left trivialization of
T*SO(3) = SO(3) x s0*(3), the action of SO(3) on the phase space T*Q) =
T*SO(3) x T*S! is by cotangent lift of left translations on SO(3) at the identity,
that is, @ : SO(3) x T*SO(3) x T*S! =2 SO(3) x SO(3) x 50*(3) x R x R —
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SO(3) x s0*(3) x R x R, given by ®(B, (4,11, ,1)) = (BA,1I, a,1), for any
A, B € SO(3), II € s0*(3), «,l € R, which is also free and proper, and the orbit
space (1T*())/SO(3) is a smooth manifold with 7 : 7*Q — (77Q)/SO(3) being
a smooth submersion. Since SO(3) acts trivially on s0*(3) and R, it follows that
(T*Q)/SO(3) is diffeomorphic to s0*(3) x R x R.

Further we know that so*(3) is a Poisson manifold with respect to its rigid body
Lie-Poisson bracket defined by

{F, K }gor(3)(IT) = =11+ (V' x Vi K) 3)

where F, K € C*(s0%(3)), II € s0*(3). For u € s0*(3), the coadjoint or-
bit O, C s0%(3) has an induced orbit symplectic form wo,,» which coincides
with the restriction of the Lie-Poisson bracket on s0*(3) to the coadjoint orbit
O,,. From the Symplectic Stratification theorem we know that the coadjoint or-
bits (O, w(_%), p € s0*(3), form the symplectic leaves of the Poisson manifold
(50*(3),{*, "}s0*(3))- Let wr be the canonical symplectic form on T*R = R x R,
which is given by

wr((01, A1), (02, A2)) = (A2, 01) — (A1, 02) “4)

where (0;, \;) € R xR, ¢ = 1,2, (-, ) is the standard inner product on R x R. It
induces a canonical Poisson bracket {- , -}k on T*R, which is given by the formula

OF OK 0K OF

FKiR(ON) = ——— — = 5
Thus, we can induce a symplectic form &J@MRX]R = Wéuwéu + mpwr on the
smooth manifold O, x R x R, where the maps 7o, : O, x R x R — O, and
7R : Oy x RXR — R xR are canonical projections, and induce a Poisson bracket
{,}-= W:o*(:,)){' s Ys0*(3) + TR - }r on the smooth manifold s0*(3) x R x R.
Respectively, the maps mgq+(3) : 50%(3) X R x R — 50%(3) and 7R : 50%(3) x R x
R — R x R are canonical projections, and such that (O, x R x Ra@@xRxR) is

a symplectic leaf of the Poisson manifold (so*(3) x R x R, {-,-}_).

On the other hand, from the isomorphism 7*@Q =2 T*SO(3) x T*S' we know that
there is a canonical symplectic form wg = 7r§0(3)w0 + m&iwgr on T*Q), where wy
is the canonical symplectic form on 7*SO(3) and the maps mgq(3) : @ = SO(3) x
St — SO(3) and 7q1 : @ = SO(3) x S* — S! are canonical projections. Then the
cotangent lift of the left SO(3)-action ® : SO(3) xT™Q — T™(Q is also symplectic,
and admits an associated Ad*-equivariant momentum map J¢g : 7%Q — s0*(3)
such that Jg - 7§ 5) = Jso(3), Where Jso(3) : T*SO(3) — s0*(3) is a momentum
map of the left SO(3)-action on 7*SO(3), and TS0(3) ° T*SO(3) = T*Q. If u €
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50%(3) is a regular value of J¢, then 11 € s0%(3) is also a regular value of Jgo(3)
and Jél(u) = Js_é(g)(u) xR xR. Denote by SO(3),, = {g € SO(3); Adj pu = pu}
the isotropy subgroup of coadjoint SO(3)-action at the point p € s0*(3). It fol-
lows that SO(3),, acts also freely and properly on J él(u), and that the regular
point reduced space (7*Q), = Jél(u)/SO(iﬁ)# = (T%SO(3)), x R x R of
(T*Q,wq) at v is a symplectic manifold with symplectic form w,, uniquely char-
acterized by the relation 7w, = i,wq = iZﬂgo(S)wo + i, g1 wg1, where the map
iy Jél(,u) — T™*Q is the inclusion and 7, : Jél(,u) — (T*Q),, is the projec-
tion. Due to Abraham and Marsden [1], we know also that ((7*SO(3)),,w,) is
symplectically diffeomorphic to (O,,, "J(BM)’ and hence we have that ((77Q) ., w,.)
is symplectically diffeomorphic to (O, x R xR, (:16“ «RxR)> Which is a symplectic
leaf of the Poisson manifold (so*(3) x R x R, {-,-}_).

From the expression (1) for the Hamiltonian, we know that H (A, II, a, ) is in-
variant under the left SO(3)-action ® : SO(3) x T*Q — T*(Q. In the case
when p € s0*(3) is a regular value of Jg, we have the reduced Hamiltonian
hu(IL o, 1) + Oy x R x R(C s0*(3) x R x R) — R given by h,(IL, o, 1) =
mu(H(A L o, 1)) = H(A, I, a,1)|0, xrxRr- Using the rigid body Poisson bracket
on s0*(3) and the Poisson bracket on 7*RR, we can write the Poisson bracket on
50%(3) x R x R, of ), K : 50%(3) x R x R — R, in the form

(F,K}_(IL,o,1) = —I1- (Vi F x Vi K) + {F, K }g (e, 1) (6)

see Krishnaprasad and Marsden [12]. In particular, for F,,, K, : O, x R x R —
R, we have that d)(_%xRxR(XFH,XKN) = {Fu, K.} |o,xrxr. Moreover, for
reduced Hamiltonian A, (II, o, 1) : O, x R x R — R, we have the Hamiltonian
vector field X, ,(K,) = {Ky, hu}—|o, xrxr, and hence

% = X, (IN(IT, a, 1) = {1, b} (1T, , 1)
B Ol Ohy,  Ohy, OLL
= —IL- (Vnll x Vihy) + (557 = 5 227)
%‘ = X, (a)(I, 0, 1) = {a, by} (I, @, 1)
B da Ol Ohy Oa
= —1II (VHQXVHhu)-F(aa al o 8l)
My—1) I
__@s=h L
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@ X, ()M ay0) = {1, by} (IL o, 1)

dt
B ol dh,  Oh, ol
= I (V> Vh) + (503 = Ba a1 =°

since VIl = 1, Ve = Vil = 0, Vighy, =, and 90 = 9L — % — g 1f we
consider the rigid spacecraft-rotor system with a control torque v : T*Q — T*Q
acting on the rotor, and u € J 51 () is invariant under the left SO(3)-action, and its
reduced control torque u,, : O, x R xR — O, x R x Ris given by u, (I, a, 1) =
Tu(u(A 1L 1)) = u(A 10, o, )]0, xrxRr, Where 7, : Jél(,u,) — O, xR xR.
Thus, in the case of coincident centers of buoyancy and gravity, the equations of
motion for reduced spacecraft-rotor system with the control torque w acting on the
rotor are given by the system

dII

— =1Ix0

a0

do (113 — 1) l

D - A R 7
dt I3 + J3 7
dl

5 = U(UM)X}W'

Here v(u,)Xp, € T(O, x R x R). Note that v(u,) X4, is the vertical lift of the
vector field X}, , under the action of u,, along fibers, that is

v(u“)Xhu (1T, v, 1) :U((Tu”Xhu)(uM(H, a,l)), (IL, 1)) = (Tquhu)g(H, a,l)

where o is a geodesic in O, x R xR connecting the points w,,(II, o, 1) and (I, o, 1),
and (T'uy, Xp,)o (I, a,1) is just the parallel displacement of the vertical vector
field (T, Xy, )" (11, a, 1) along the geodesic o from w,, (11, a, 1) to (IL, o, 1), (see
Marsden et al [22] and Wang [35]). To sum up the above discussion, we state the
following theorem.

Theorem 1. In the case of coincident centers of the buoyancy and the gravity, the
spacecraft-rotor system with the control torque u acting on the rotor, that is, the
five-tuple (T*Q,S0(3),wq, H,u), where Q = SO(3) x S, is a regular point
reducible RCH system. For a point |1 € 50*(3), the regular value of the momentum
map Jg : SO(3) x 50*(3) x R x R — s0*(3), the regular point reduced system
is the four-tuple (O, x R x RND(T)MxRxR?hmuu)v where O,, C 50%(3) is the

coadjoint orbit, @(SMXIRXR is orbit symplectic form on O, x R x R, h,(II, o, 1)
mu(H(A L o 1)) = H(AIL o, )]0, xrxrs uu(IL, o, 1) = 7, (u(A, 1L 1)) =
u(AIL, o, )| o, xrxR, and its equations of motion are given by (7).
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Remark 2. When the rigid spacecraft does not carry any internal rotor, the config-
uration space is Q = G = SO(3), the motion of rigid spacecraft is just the rotation
motion of a rigid body, the above symmetric reduction of spacecraft-rotor system
is just the Marsden-Weinstein reduction of a rigid body at a regular value of mo-
mentum map, and the equation of motion (7) of reduced spacecraft-rotor system
becomes the equation of motion of a reduced rigid body on a coadjoint orbit of Lie
group SO(3). See Marsden and Ratiu [21].

3.2. Symmetric Reduction of Spacecraft-Rotor System with Non-Coincident
Centers

In the following we shall give the regular point reduction of spacecraft-rotor sys-
tem with non-coincident centers of buoyancy and gravity. Because the drift in
the direction of gravity breaks the symmetry and the spacecraft-rotor system is no
longer SO(3) invariant. In this case, its physical phase space is 7*SO(3) x T*S!
and the symmetry group is S', regarded as rotations about the third principal axis,
that is, the axis of gravity. By the semidirect product reduction theorem, see
Marsden et al [19], we know that the reduction of 7*SO(3) by S! gives a space
which is symplectically diffeomorphic to the reduced space obtained by the reduc-
tion of T*SE(3) by the left action of SE(3), that is, the coadjoint orbit O, ,) C
se*(3) = T*SE(3)/SE(3). In fact, in this case, we can identify the phase space
T*SO(3) with the reduction of the cotangent bundle of the special Euclidean group
SE(3) = SO(3)®R3 by the Euclidean translation subgroup R? and identify the
symmetry group S! with the isotropy group G, = {4 € SO(3) ; Aa = a} = S1,
which is Abelian and (G,),, = G, = S!, forall u, € g, where a is a vector
aligned with the direction of gravity and where SO(3) acts on R? in the standard
way.

Assume that the Lie group G' = SE(3) acts freely and properly on Q = SE(3) x S!
by left translations on the first factor SE(3), and the trivial action on the second
factor S!. By using the left trivialization of T*SE(3) = SE(3) x s¢*(3), the
action of SE(3) on phase space T*@Q = T*SE(3) x T*S! is just the cotangent
lift of left translations on SE(3) at the identity, that is, ® : SE(3) x T*SE(3) x
T*S' = SE(3) x SE(3) x s¢*(3) x R x R — SE(3) x s¢*(3) x R x R, given
by ®((B,b)(A, ¢, II,T, o, 1)) = (BA, ¢, I, T, a, 1), for any A, B € SO(3), II €
50%(3), b,c,I' € R3, «,l € R, which is also free and proper, and the orbit
space (T*Q)/SE(3) is a smooth manifold and = : T*Q — (T*Q)/SE(3) is a
smooth submersion. Since SE(3) acts trivially on se*(3) and R, it follows that
(T*Q)/SE(3) is diffeomorphic to se*(3) x R x R.
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We know also that se*(3) is a Poisson manifold with respect to its heavy top Lie-
Poisson bracket defined by

{F, K} e 3)(IL,T) =~ I (Vi FxV K ) ~T- (Vi Fx Vi K Vi K X Vi F) - (8)

where F, K € C*(se*(3)), (II,T') € se*(3). For (u,a) € se*(3), the coad-
joint orbit O, ) C s¢*(3) has an induced orbit symplectic form wéwa), which
coincides with the restriction of the Lie-Poisson bracket on se*(3) to the coad-
joint orbit O, ), and the coadjoint orbits <O(u,a)’w5<#,a))’ (u,a) € se*(3),
form the symplectic leaves of the Poisson manifold (se*(3), {-, - }se+(3))- Let wr
be the canonical symplectic form on 7*R = R x R given by (4), which induces
a canonical Poisson bracket {-,-}g on T*R given by (5). Thus, we can induce
a symplectic form a’(j)(“,a)xRxR = wg(w) wa(uya) + mpwr on the smooth man-
ifold O, 4y X R x R, where the maps 7o, . + O(ua) X R X R = O, 4) and
TR : Ou,a) X RXR — R xR are the canonical projections, and the Poisson bracket
on the smooth manifold se*(3) x RxRis {-,-}_ = W:e*(g){' s Yeer(3) TR IR
Here the maps 7y« (3) : 5¢%(3) x RXR — 5¢*(3) and g : 5¢*(3) x RxR — RxR
are canonical projections, and such that (O, o) X R x R, dza(w) <RxR) IS asym-
plectic leaf of the Poisson manifold (se*(3) x R x R, {-,-}_).

On the other hand, from 7*Q = T*SE(3) x T*S! we know that there is a canonical
symplectic form wg = Wé‘E(g)wl +m& wgr on T*Q, where wy is the canonical sym-
plectic form on T*SE(3) and the maps 7sg(3) : @ = SE(3)xS' — SE(3) and 7g: :
Q = SE(3) x S' — S! are canonical projections. Then the cotangent lift of the left
SE(3)-action ® : SE(3) x T*Q — T™*(Q is also symplectic, and admits an associ-
ated Ad"-equivariant momentum map J : 7@ — se¢*(3) such that J ¢ - 75, ) =
Jsg(3), where Jgg(3) : T*SE(3) — se*(3) is the momentum map of the left SE(3)-
action on T*SE(3), and TSR(@3) ° T*SE(3) — T*Q. If (i, a) € se*(3) is a regular

~

value of J, then (j1,a) € s¢*(3) is also a regular value of Jgg(3) and Jél(,u, a) =
JS_El(3)(M, a) x R xR. Denote by SE(3)(,,.a) = {9 € SE(3) ; Ady(p,a) = (p,a)}
the isotropy subgroup of coadjoint SE(3)-action at the point (u,a) € se*(3). It
follows that SE(3),, ) acts also freely and properly on J él(,u, a), the regular

point reduced space (T*Q)(,,a) = Jél(u, a)/SE(3) (u,a) = (T*SE(3)) (u,0) X R X
R of (T*Q,wq) at (1, a) is a symplectic manifold with symplectic form w,, 4
uniquely characterized by the relation TrE"M @) Wa) = iz*“ )WQ = i’(“u a)TrgE(3)w1 +
i{4.0)T1ws1, Where the map i, q) : Jél(,u,a) — T*Q is the inclusion and
T(ua) Jél(,u, a) = (T"Q)(u,q) is the projection. Due to the work of Abraham
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and Marsden [1], we know that ((7*SE(3))(,.q); W(u,q)) is symplectically diffeo-
morphic to (O, q), WO, ), and hence we have that ((7Q) ,1.q), W(u,a)) 1S SYym-
plectically diffeomorphic to (O, q) X R xR, &, | ), Which is a symplectic
) w,a

leaf of the Poisson manifold (se*(3) x R x R, {-,-}_).

From the expression (2) of the Hamiltonian, we know that H (A, ¢, II,T', o, 1) is
invariant under the left SE(3)-action ® : SE(3) x T"Q — T7Q. In the case
when (p,a) € se*(3) is a regular value of Jg, we have the reduced Hamilto-
nian h, o) (ILT, 1) @ O(,q) X R x R(C s¢*(3) x R x R) — R given by
hpayIL T, o, l) = 0 (H(A, ¢, ILT, 1)) = H(A, C,H,F,a,mowﬂ)xRxR-
From the heavy top Poisson bracket on se*(3) and the Poisson bracket on 7*RR, we
can write the Poisson bracket on s¢*(3) x R x R, of F, K : s¢*(3) x R xR — R,
(see Krishnaprasad and Marsden [12]) in the form

{F,K}_(IL,T,a,l) = —II- (VF x VK)
— T (VnF x VrK — VK x VrF) + {F,K}r(a,1). (9)

In particular, for F{,, ,), K(,.q) : O(u,a) XRXR — R, we have the symplectic form
(:}(B(M,a) XRXR(XF(y,a) , XK(;L,a)) = {F(Ma), K(Ma)}, |O(H,Q)XR><IR and the reduced
Hamiltonian A, o) (IL, I', o, 1) : O, q) X R x R — R. The respective Hamiltonian
vector field is Xp, (K(ua)) = {K(ua)s M) } - \@(M) «RxR, and hence

dII
m :th’a) (ID)(IL, T, e, 1) = {11, h(uya)},(ﬂ, L, a,l)
=—1II- (VHH X th(MQ)) —I- (VHH X th(,u,a) — Vnh(ma) X VFH)
M Oh(ua)  ONya) O
— - — —~— ) =1IIxQ— T
(Ba o o or) = xS mghyx
=1II x Q + mghl' x x
dr
i :Xh(p,a) (AL T, o, 1) = {F,h(%a)}_(H,F,Q,Z)
=—1II- (VHP X th(u,a)) —I- (VHP X Vph(%a) — th(H,a) X VFF)
O ONua) — Ohgy,a) OT
- ? — ? _—) = F . F == F Q
(3a ol 90 o) = VrT (DX Vihga) =T x
da
R =X (@ILT, o, 1) = {, hpa) }-(IL T, a0, 1)

=—1II- (VHOé X th(u,a)) —I- (Vna X Vph(#,a) — Vnh(“ﬂ) X Vpa)

N (é’g O(ua)  Oua) @) _ s —=0) 1
a0l Jda 0l I3 J3
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%i :Xh(u,a)(l)(ﬂ,l“,a,l) = {l,h(ma)}_(ﬂ,l“,a,l)
=—1II- (V]‘[l X VHh(u,a)) -TI- (V]‘[l X vfh(u,a) - th(u,a) X VFZ)
2 Mgy ONpua) O ) =0
Ooa 0l da 0l
since VIl = VrI' = 1, Vrll = VI’ = Vpoa = Vgl = Vra = Vil =
0, Viha = , and ‘g—g = g—g = 8% = % = 0. If we consider the

rigid spacecraft-rotor system with a control torque v : T*@Q — T™*(Q acting on
the rotor, such that u € J él (11, @) is invariant under the left SE(3)-action, then its
reduced control torque u(, q) @ O(uq) X R X R = O, ) X R X Ris given by
U(y,a) (ILT, a,l) = T(a) (u(A, e, ILT, a,l)) = u(A,c,1ILT, l)]@(#mxﬂgxﬂg,
where 7(,, o) Jél(u, a) = Oy X R x R. Thus, in the case of non-coincident
centers of buoyancy and gravity, the equations of motion for reduced spacecraft-
rotor system with the control torque w acting on the rotor are given by

I
d—:HxQ—I—mghFxx
dt
r
((117 =I'xQ
do _ (y—1) L (o
dt I3 J3
dl
E = U(u(u,a))Xh(um

where v(u(,.0)) Xn, .y € T(O(ua) X R x R). Note that v(u(,,q))Xn, ,, is the
vertical lift of the vector field X, , ., under the action of u, ,) along fibers, that
is,

V(W) Xng,, ) (LT, 0, 1)
- U((Tu('u"a)Xh(#,a))(u(/‘va) (H’ F’ «, l))7 (H7 Fa «, Z))
= <Tu(l%a)Xh(u,a) )g(Hv F> «, l)

see Marsden et al [22] and Wang [35]. To sum up the above discussion, we state
the following theorem.

Theorem 3. In the case of non-coincident centers of buoyancy and gravity, the
spacecraft-rotor system with the control torque u acting on the rotor, that is, the
five-tuple (T*Q,SE(3),wq, H,u), where Q = SE(3) x S', is a regular point re-
ducible RCH system. For a point (u,a) € se*(3), which is a regular value of
the momentum map J¢g : SE(3) x s¢*(3) x R x R — se*(3), the regular point
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reduced system is the four-tuple (O(, .y x R x R,dza( )xRxR>h(u a) U(,a))s
w,a ) B

where O(,, o) C 5¢*(3) is the coadjoint orbit, @5(# o XRXR is the orbit symplec-
tic form on O, q) X R X R, h, o (ILT, o, 1) = 7,0 (H(A, ¢, ILT, 1)) =
H(A,c,H,F,a,l)\@(H’waxR, U (ILT, 0, l) = 70 (u(A, ¢, ILT, a,1)) =

u(A, ¢, ILT, a,l) |(9(M) «RxR, and its equations of motion are given by (10).

Remark 4. When the rigid spacecraft does not carry any internal rotor, the con-
figuration space is Q = G = SE(3), the motion of the rigid spacecraft is just
the rotation motion with drift of a rigid body, the above symmetric reduction of
spacecraft-rotor system is just the Marsden-Weinstein reduction of a heavy top at
a regular value of momentum map, and the equation of motion (10) of the reduced
spacecraft-rotor system becomes the equation of motion of the reduced heavy top
on the coadjoint orbit of Lie group SE(3). See Marsden and Ratiu [21].

4. Hamilton-Jacobi Equation of the Rigid Spacecraft with a Rotor

It is well-known that Hamilton-Jacobi theory provides a characterization of the
generating functions of certain time-dependent canonical transformations. The so-
lutions of such systems are extremely easy to find by reduction to the equilibrium,
see Abraham and Marsden [1], Arnold [2] and Marsden and Ratiu [21]. In general,
we know that it is not easy to find the solutions of Hamilton’s equation. But, if
we can get a solution of Hamilton-Jacobi equation of the Hamiltonian system, by
using the relationship between the Hamilton equations and the Hamilton-Jacobi
equation, it is easy to give a special solution of the Hamilton equations. Thus, it
is very important to find explicitly the Hamilton-Jacobi equation of a Hamiltonian
system. Recently, the present author [35] proved the following Hamilton-Jacobi
theorem for regular point reducible RCH system on the generalization of a Lie

group.

Theorem 5. Let us have a regular point reducible RCH system (T*Q, G, wq, H
F,W)on@Q = G xV,where G is a Lie group, V is a k-dimensional vector space,
v :Q — T*Q is an one-form on Q, v* : T*T*Q — T*Q is symplectic with an
induced symplectic form ﬂan on T*T*Q), T T°Q — T*T*Q, g : T*Q —
Q Let us assume that vy is closed with respect to Tng : TT*Q — TQ, and
X7 = Tng - X -, where X = X(1+Q,Gwq,H,Fu) IS the dynamical vector field
of the regular point reducible RCH system (T*Q, G,wq, H, F, W) with a control
law u. Let us assume also that | € g* is the regular reducible point of the RCH
system, and that the image im(~y) C Jél (w), is Gy-invariant, 5 = m,(7y) : Q —
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O, x V x V*, where G, is the isotropy subgroup of coadjoint action at ji, and
Ty Jél (1) = O, x V x V*. Then the following two assertions are equivalent

1) X7 andX are ~-related, where XL = X(O VX V* @ B fosts) is
Op XV XV T

the dynamical vector field of regular point reduced RCH system (O, x V x
v, (‘D(BHXVXV*’ sy fuus )

i) Xhuw? + U(fu : '7) + U(U,u 77) =0,o0r Xhufy + U(fu ’ 7}/) + U(uu ’7) = X7.

Here 7 is a solution of the Hamilton-Jacobi equation X g.,+v(F-y)+v(u-y) = 0,
if and only if 7 is a solution of the Hamilton-Jacobi equation X, 5 + o(fu-7)+
v(uy - 7) = 0. For convenience, v(f, - ) Xp, 5 and v(u,, - ¥)Xp, 5 are written
simply as v(f,, - 7) and v(u,, - 7).
As an application of the above result, we consider the rigid spacecraft with an
internal rotor as a regular point reducible RCH system on the generalization of
rotation group SO(3) x S! and on the generalization of Euclidean group SE(3) x S*,
respectively, and give the Hamilton-Jacobi equations of their reduced RCH systems
on the symplectic leaves which show the effect on controls in Hamilton-Jacobi
theory.

4.1. H-J Equation of Spacecraft-Rotor System with Coincident Centers

In the following we first derive the Hamilton-Jacobi equation for regular point
reduced spacecraft-rotor system with coincident centers of buoyancy and grav-
ity. From the expression for the Hamiltonian (1), we know that H(A,II, o, ) is
invariant under the left SO(3)-action. When p € s0*(3) is a regular value of
Jg, the reduced Hamiltonian h,(I,a,1) : O, x R x R — R, which is given
by h, (I, a,l) = m,(H(A,IL,a,l)) = H(A,II,a,l)|o,xrxRr, and the reduced
Hamiltonian vector field X3, (K,) = { Ky, hu} - \(9 SRxR-

Assume that v : SO(3) x S — T*(SO(3) x S!) is an one-form on SO(3) x S!,
the v* : T*T*(SO(3) x S') — T*(SO(3) x S!) is symplectic, ~ is closed with
respect to T'mgo(3)xst : TT*(SO(3) x S') — T(SO(3) x S'), im(y) C Jél(u),
is SO(3),-invariant, and ¥ = 7,(y) : SO(3) x S* — O, x R x R. Denote by
F(A, @) = (Y1,7%2,73,74,75) (A, ) € O, x R x R(C s0%(3) x R x R), and
(Y1, 52, 93) (A, @) € Oy, then hy, - 7 : SO(3) x S! — R is given by

1 /732 72 — =2 =2
hy (A, @) = H-3(A, )0, xR = (”—WTMM{;Z) (11
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and the Hamiltonian vector field is
X, 5(I) = {IL, hy, - (A, @) } - |o, xR xR
= —II- (VHH X VH(hu . ’7)) + {H h# . ’V(A a)}R|(’)H><]R><R

(oo =55

= =Vnll- (Vi(hy - 5) x II) +
(7

o2 (93— )
= (114,115, II
(I1;, Iy, I13) x (h L’ A >
_ (a3 —s) — Islls%s Isllsy — LI (53 —95) 1152 — DIy
LI ’ L1 ’ LI,
since VIl = 1, and ij(h“"?) = ’_)’j/jj, 7 =1,2, VH?)(h“"?) = (’73—’75)/j3,

and g—g = % = 0. Then we have also

Xhu-"y(a) = {a,h# (A, 04)}7|(’)H><R><R
=—1II- (VHO‘ X vﬂ(h,u ) 7)) + {aa hu : ’7(147 O5)}R|(’)N><R><R
900y 5) _ (hy-7) da

= —-Vno- (VH(hu ’ 77) X H) + (aa ol Oa ol )

_ (7 - ¥s) + s
I3 J3

Xhu"_y(l) ={l hu (A, O‘)}—|(’)M><R><R

= —II. (an X Vn(h“ . ’7)) + {l, hu . ﬁ/(A, a)}R|O#><R><]R
ol O(hy-7)  (hy - 7) Ol
oo 0l da Al

= =Vl - (Vi(h, -7) x ) +( )=0
since Vi = 0, Vil = 0, and (% = %—? = 8(2‘;@ = 0. If we consider the
rigid spacecraft-rotor system with a control torque u : 7@ — T™( acting on the
rotor, and u € J él(u) is invariant under the left SO(3)-action, then its reduced
control torque u, : O, x R xR — O, x R x R is given by u,(Il, a,l) =
Tu(u(A 1L 1)) = u(A 10, o, 1) |0, xrxRr, Where 7, : JE)I(,u,) — O, xR xR.
The dynamical vector field of the regular point reduced spacecraft-rotor system
(O, xR x R, 00, xrxr: hy,u,) is given by

X = Xhu -l-U(uu)

(OuXRXR@(Emexm:hw“u)
where v(u,) = v(uy) Xp, € T(O, x R x R). Assume that
’U(’u“ . ’_)/)Xhu(A,Oé) = (Ul, Us,Us, Uy, U5)(A, Oz) € T(O'LL x R % R).
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Thus, in the case of coincident centers of buoyancy and gravity, the Hamilton-
Jacobi equations for the reduced spacecraft-rotor system with control torque v act-
ing on the rotor are

LIy (35 — 45) — Isls¥s + I [3U; =0
LIy — LI (3 — 5) + IsHhiUs = 0

L1L7e — LIy + L1 1Us =0 (12)
—J3(3 — 75) + Is¥5 + I3JsUs = 0
Us = 0.

To sum up the above discussion, we state the following theorem.

Theorem 6. In the case of coincident centers of buoyancy and gravity, for a point
p € s0*(3), which is a regular value of the momentum map Jg : SO(3) x
$50%(3) x R x R — s0*(3), the reduced system of spacecraft-rotor system with
the control torque u acting on the rotor (T*Q,SO0(3),wq, H,u), where Q =
SO(3) x S1, is the four-tuple (O, x R x R,LD(TJHXRXR, hy,uy), in which O,, C
50%(3) is the coadjoint orbit, wauxRxR is orbit symplectic form on O,, x R x R,
hu(IL, o, 1) = H(A, H,a,l)\@uxRxR, and v, (I, o, 1) = u(A4, H,a,l)\@uxRxR.
Assume that v : SO(3) x St — T*(SO(3) x S!) is one-form on SO(3) x S,
¢ T*T*(SO(3) x SY) — T*(SO(3) x S') is symplectic, ~y is closed with
respect to Tmg : TT*Q — TQ, and im(y) C Jél(,u), is SO(3),-invariant,
where SO(3),, is the isotropy subgroup of coadjoint SO(3)-action at the point
p € s0%(3), and ¥ = mu(7y) : SO(3) x S — O, x R x R. Then ¥ is a solu-
tion to either of the Hamilton-Jacobi equation of reduced spacecraft-rotor system
given by (12), or to the equation Xp,5 + v(uy - 7y) = X7, if and only if X7
and X# are y-related, where X7 = Trg - X- v, X = X (1+Q,50(3) wo, H.u)» and
X, =X

(O, XRXR,LDE)M RxR )’

Remark 7. When the rigid spacecraft does not carry any internal rotor, the con-
figuration space is () = G = SO(3), the above Hamilton-Jacobi equation (12) of
the reduced spacecraft-rotor system is just the Lie-Poisson Hamilton-Jacobi equa-
tion of the Marsden-Weinstein reduced Hamiltonian system (O,,, Wo,, s he,, ) on the
coadjoint orbit of Lie group SO(3) since the symplectic structure on the coadjoint
orbit O, is induced by the (-)-Lie-Poisson brackets on s0*(3). See Marsden and
Ratiu [21], Ge and Marsden [10], and Wang [34].
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4.2. H-J Equation of Spacecraft-Rotor System with Non-Coincident Centers

In the following we shall give the Hamilton-Jacobi equation for regular point re-
duced spacecraft-rotor system with non-coincident centers of buoyancy and grav-
ity. From the expression (2) of the Hamiltonian, we know that H (A, ¢, I, I, o, 1) is
invariant under the left SE(3)-action. In the case when (u, a) € se*(3) is a regular
value of J, we have the reduced Hamiltonian h,, o) (IL, T', i, 1) : O(, q) xRXR(C
se*(3)xRxR) — R, whichis givenby h(,, oy (I, T', o, 1) = 7(,, o) (H (A, ¢, I, T, o,
1)) = H(A,¢,ILT, o, 1)|o,, , xrxr, and the reduced Hamiltonian vector field
Xnay K pria)) = K (ua)> Bpssa) 10 0) B3R

Assume that v : SE(3) x S! — T*(SE(3) x S!) is an one-form on SE(3) x S1,
%+ T*T*(SE(3) x St) — T*(SE(3) x S') is symplectic,  is closed with respect
to T'mgg(g)xst : TT*(SE(3) x S1) — T(SE(3) x S'), im(y) € I~ ((u,a)), which
is SE(3)(,,q)-invariant, and 5 = 7, 4)(7) : SE(3) x S' = O(,, ) X R x R. If we
denote by ’_)/(A, c, a) = (’71, ¥2,73, 11,2, '3, 4, ’_)/5)(14, c, Oé) S O(u,a) XRXR(C
se*(3) x R x R), then h(,, 4 - 7 : SE(3) x S! — R is given by the formula

h(,u,a) : /7(147 c, Oé) =H- ’V(Aa C, a)|(9w,a)><R><R
(13)

=2
L3

(B B G-
Il I2 Ig J3

=5 ) + mghl - x
and the Hamiltonian vector field is

Xny 5D = {IL B0 - Y(A; ¢, @)} -0y, 2 xRXR
= —II- (Vnll x Vi(ha) - 7)) = T+ (VI x V(b - )
= Vn(ha - 7) % VeIl) +{IL ha) - 7(4s ¢, @) trlo, . xRxR
=—-Vnll- (VH(h(Ma) ) x II) — VIl - (VF(h(u,a) -y) x T)
M O(ha) - 7) e -7) AT

(8(1 ol O« ol )
= (Hl,H2,H3)X(£u£aw)+mgh(rl’FQ’P3) X (x1, X2, x3)
Il IQ IS
LIl (33 — 45) — I3l
— 2115 (73 7’Y57) 311372 + mgh(T2xs — I'sx2),
113
L1351 — LI (33 — 7
3li3y1 I_ll_l(fy?’ 75) + mgh(Tsx1 —T1x3s),
341

L1179 — LIloyy
LI

+ mgh(T'ix2 —T'2x1))
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since VHH == 17 VFH - Oj g% - % — 07 I'= (FlaFQ)F3)) X = (XlaX?)X?)))
and ij (h(,u,a) : ’_Y) = ’7]/-[]7 J = 1,2 ng(h(,u,a) ’7) = (5/3 - 3/5)/13
In a similar way we have

Xhoay3(D) = AT hiuay - 7(A ¢, )} -0y, 4 xRxR
— T (VT X Vii(hgua) 7)) =T - (VL X Ve(hgua) - 7)
= Vi(ha) - 7) x VD) + AL, by a) - Y(A, ¢, ) brlog, . xRxR
A (e -7)  Ohua) - 7) 3F>
e’ ol oo’ ol

=Vl (I x Vﬂ(h(u,a) ) + <

:(F17F27F3) X £7£7M
I I I3
_ LTo(Y3 —75) — IsU'sy2 I3l — 1T1(Y3 —75)  L1T192 — Do
LI ’ I ’ LI

since VrI' = 1, VIl = 0, g% — % —0.

Finally

Xy ay3(@) =L, hiay - V(A ¢, )} o, , xRxR

— I (Vo x Vir(hguay 7)) — T - (Vi x Ve(hgua - 7)
= Vi(h(ua) - 7) x Vra) +{a, hga) 74 ¢, a)tr|o, . xRxR
aﬁa(h(uva) ) Ohua) - 7) 804) _ (73 - ¥5) n Vs

= (Ga ™ a da ol I Ts

and

Xy 7)) =l Pua) - V(A ;) -0, 2 xRxR

= I+ (Vid % Vii(hguay - 7)) = T+ (Viil % V(b - 7)
= Vi(ha) - 7) x Vrl) +{l, hua) - (A, ¢, a)trlog, . xRxR
Ol O(hiua)-7)  Olhgua) -7) Ol

=Ga ol oa a0 ="

since Vi = Vra = 0, Vil = Vil = 0, 22 = 2L — 0 and 2200 _
If we consider the spacecraft-rotor system with a control torque u : T*Q) — T*Q
acting on the rotor, and u € J él((u, a)) is invariant under the left SE(3)-action,
then its reduced control torque w(,, q) : O(yq) XRXR — O, o) X RX R is given by
Uy (LT, 0, 1) = T 0 (u(A, ¢, ILT, a,1)) = u(A, ¢ ILT,a, l)low,a)xRxR’
where 7(,, o) Jél ((1,a)) = O(yq) xRxR. The dynamical vector field of regular
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point reduced spacecraft-rotor system (O, ) X R xR, (Daw) WRBxR> Pa)s Wua))
is given by

X . =X v(u
O BXREG iy tgua) ) T )

X R x R). Assume that

where U(U(uﬂ)) = U(U(“’a))thu) € T(O(“’a)

U(u(,u,,a) : W)Xh(ma) (Aa ¢, Oé) = (Ula U2a U3a U4a U5a U67 U77 UB)(Aa C, OZ)

Thus, in the case of non-coincident centers of buoyancy and gravity, the Hamilton-
Jacobi equations for reduced spacecraft-rotor system with the control torque w act-
ing on the rotor are given by the following system of equations

DTy (33 — 45) — Isye + mghlI3(Daxs — Dax2) + Iol3Up = 0
I31T33 — 01 (33 — 5) + mghIsI (D3x1 — Dixs) + 13Uz = 0
L1y — Loy + mghli I(Tix2 — Tax1) + 11 loUs = 0
ITo(y3 — 75) — I3Ts7y0 + Lo I3Uy = 0

I3y — T (33 — 75) + I311Us = 0

LT, — LYoy + L1 LUs =0

—J3(33 = 75) + I35 + I3J3U7 = 0

Us = 0.

(14)

To sum up the above discussion, we formulate the following proposition theorem.

Theorem 8. In the case of non-coincident centers of buoyancy and gravity and
when the point (p,a) € se*(3), is as regular value of the momentum map J¢ :
SE(3) x s¢*(3) x R x R — s¢*(3), one obtains a regular point reduced system of
spacecraft-rotor system with the control torque u acting on the rotor (T*Q,SE(3),
wq, H,u), where Q = SE(3) x S, presented by the four-tuple (O, .y x R x

ua) C 5¢%(3) is the coadjoint orbit,

cba(w) «RxRr I8 orbit symplectic form on O, oy X RX R, h, (I, T, 0,1) = H(A,
v, H, F, 9, l)‘O(#7a>XRXR7 and U(Mva) (H, F, 9, l) = u(A, v, H, F, 9, l)’@(um xRxR-
Assume that y : SE(3) x St — T*(SE(3) x St) is an one-form on SE(3) x S, and
%+ T*T*(SE(3) x SY) — T*(SE(3) x S') is symplectic, and  is closed with
respect to Trg : TT*Q — TQ, and im(y) C I~ (p,a), and it is SE(3)(,,q)-
invariant, where SE(3)(,, q) is the isotropy subgroup of coadjoint SE(3)-action at
the point (p,a) € se*(3), and ¥ = (. 4)(7) : SE(3) X S' = O q) X R x R.

R’ LD(B(“,G)XRXR’ h(u,a))u(u,a)); in which O(
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Then 7 is a solution to either the Hamilton-Jacobi equation of reduced spacecraft-

rotor system given by (14), or to the equation Xho( 7 + U(u(u,a) ) = X7,
~ ~ B

if and only if X7 and X, )

X(1Q55(3) o Hu) a1 X (o) = X (0, xxm g,
78

are y-related, where X7 = Tmg - X v X =

oy ¥BXR0) U(,0))°

Remark 9. When the rigid spacecraft does not carry any internal rotor, the con-
figuration space is @ = G = SE(3), the above Hamilton-Jacobi equation (14) of
reduced spacecraft-rotor system is just the Lie-Poisson Hamilton-Jacobi equation
of the Marsden-Weinstein reduced Hamiltonian system (O(uva%wa(umv hO(,w))

on the coadjoint orbit of Lie group SE(3), and the symplectic structure on the

coadjoint orbit O, ) is induced by the (-)-Lie-Poisson brackets on se*(3).

5. Conclusions

In this paper, as an application of the symplectic reduction and Hamilton-Jacobi
theory of regular controlled Hamiltonian systems with symmetry, in both cases of
coincident and non-coincident centers of the buoyancy and gravity, we have pre-
sented explicitly the equations of the motion and the Hamilton-Jacobi equations
of the reduced spacecraft-rotor systems on the symplectic leaves which show the
effect of controls in regular symplectic reduction and Hamilton-Jacobi theory. We
have to note also that in [24-26], the authors study the dynamics of a rigid space-
craft under the influence of gravity torques and solve the dynamical equations in a
first-order form with a special coefficient matrix.

In the future, we hope to study the stabilization of rigid spacecraft with an internal
rotor and to describe the action of controls of the system. On the other hand, if
we define a controlled Hamiltonian system on the cotangent bundle 7*() by using
the Poisson structure, see Wang and Zhang in [36] and Ratiu and Wang in [30],
and the symplectic reduction for regular controlled Hamiltonian system cannot be
used, what and how we could do? This is a problem worthy to be considered in
detail. In addition, we have to mention also that there have been a lot of beau-
tiful results concerning the reduction theory of Hamiltonian systems in celestial
mechanics, hydrodynamics and plasma physics. Thus, it is an important topic to
study the application of reduction theory of controlled Hamiltonian systems in ce-
lestial mechanics, hydrodynamics and plasma physics. These will be our goals in
the future research.
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