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Abstract. The Lax representations for the soliton equations with Z;, and Dy, re-
ductions are analyzed. Their recursion operators are shown to possess factorization
properties due to the grading in the relevant Lie algebra. We show that with each
simple Lie algebra one can relate » fundamental recursion operators A,,, and a
master recursion operator A generating NLEEs of MKdV type and their Hamilto-
nian hierarchies. The Wronskian relations are formulated and shown to provide the
tools to understand the inverse scattering method as a generalized Fourier transform.
They are also used to analyze the conservation laws of the above mentioned soliton

equations.
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1. Introduction

This paper is a natural continuation of our articles [21], where a gauge covariant
approach to the generating operator was proposed for the case of the Zakharov-
Shabat system and [22], where the results obtained in [21] have been generalized
to the cases of the so-called Caudrey-Beals-Coifman system. Here we consider
the nonlinear evolution equations (NLEEs), solvable through the inverse scattering
method (ISM) for the linear system

Lo, 1, )) = <i(§6 + Ut A)) W@t \) = 0
U(l‘,t, )\) = Uo(l‘,t) + \Uq, Uo(x,t) = [Ul,Q(ac,t)].

ey

If we choose U; to be constant diagonal matrix with real eigenvalues the system
(1) is the generalized Zakharov-Shabat system [42,45]. It allows one to solve the
class of N-wave equations which have important physical applications.

As has been shown by Shabat [37] the difficulties of solving the inverse scatter-
ing problem for (1) could be overcome if we are able to reduce the solution of
the relevant nonlinear evolution equation (NLEE) to a Riemann-Hilbert problem
(RHP)

Xt ) =x" (2,6, )G\ 1), AER. )

In the above T (x,t, \) are the fundamental analytic solutions (FAS), that is, fun-
damental solutions of (1) that allow analytic extensionin Afor A € C_ and A € C_
— the upper and lower half-plane.

In particular, using this fact, Zakharov and Shabat developed the well known dress-
ing method, which became the most efficient method for constructing the soliton
solutions of the NLEEs we speak about.

Later Caudrey, Beals and Coifman [3, 4, 6] studied the inverse scattering problem
for a more general system which has also the form of (1) but now the eigenvalues
of U; were assumed to be complex. They succeeded to construct the FAS which
now have analyticity properties only inside certain sectors in the complex A-plane
and the RHP is formulated on the rays separating these sectors.

The results of Caudrey-Beals-Coifman were extended from s((n) to any semisim-
ple Lie algebra in any faithful representation [22]. In [22] we have assumed that
Q(z,t) is an arbitrary element of a semisimple complex Lie algebra g of rank r
and U is a regular element of the Cartan subalgebra b of g.
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Applying the inverse scattering method (ISM) to the CBC system one can integrate
generic NLEEs. The simplest of them are analogous to the N-wave equations but
with complex-valued ‘group velocities’. Until now we know nothing about phys-
ical applications of such NLEEs, though they are completely integrable Hamilto-
nian systems whose action-angle variables have been constructed in [5].

The situation changes if we apply the reduction group technique [32] and request
that the Lax operator possesses Zj or Dy symmetry. The importance of such
Lax operators became clear due to the pioneer paper of Mikhailov [32] where he
discovered the integrability of the two-dimensional Toda field theories (2DTFT).
Mikhailov was the first to show that the ISM for Zj, and Dy, -reduced Lax operators
can be reduced to a RHP on a set of 2h rays starting from the origin and closing an-
gles 7/h. Next, using the Zakharov-Shabat dressing method [45], he constructed
the soliton solutions of the 2DTFT and proved that there are gaps in the sequences
of integrals of motion.

Soon the results of [32] were generalized to any simple Lie algebra and draw a large
attention, see [13,33-35] and the references therein. Of course, each 2DTFT is just
one representative from a hierarchy of NLEEs that are related to the corresponding
Lax operator.

One of the aims of the present paper is to provide a tool to study the other members
of these hierarchies. To this end we have to reformulate most of the results we have
for the general system to the special but important case when the Lax operator is
subject to additional group of symmetries, among which are Z;, and D, symmetries
proposed by Mikhailov [32].

Our second aim is to generalize the AKNS method [1, 26] and to construct the
recursion operators for the NLEE with Zj; and D, symmetries. The recursion
operators (see the monographs [7,20,27] and [1,8,12,14-16,19,21,22,24,26]) are
an effective tool to generate both the NLEEs and their Hamiltonian hierarchies [15,
16,19,28,29]. We confirm and generalize previous results on recursion operators
of reduced systems [11, 13, 18,23,38,39], especially their factorization properties.

In Section 2 we give some Lie algebraic preliminaries and introduce the notion of
Mikhailov reduction group [32]. In Section 3 we outline the spectral theory for the
Lax operators, introduce their FAS and the scattering data. Section 4 demonstrates
that the FAS satisfy a local RHP on a set of 2h rays passing through the origin and
closing angles 7/h [32]. Section 5 is dedicated to the calculation of the recursion
operators introduced by [1]. However, the AKNS method needs generalization,
because we are dealing with a Zj-reduced Lax pair that take values in the graded
algebra. The recursion operators that are obtained have substantially new structure
as compared to the AKNS ones. The recursion operators now factorizes into a
product of A more elementary operators. For the first time such factorization has
been observed studying a particular case in [11]. We also show that to each simple
Lie algebra of rank r one can relate » fundamental recursion operators A,,, and
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a master recursion operators A generating both NLEEs of MKdV type and their
Hamiltonian hierarchies. In Section 6 we derive three types of Wronskian relations
for the Lax operator L. The first type allows one to interpret the mapping F :
M — T from the manifold of allowed potentials M to the set of scattering data
T as a generalized Fourier transform (GFT). It allows also to introduce the so-
called ‘squared solutions’ of L, called also generalized exponentials or adjoint
solutions. The second type of Wronskian relations permits to establish that the
same GFT allows one to analyze the mapping 6.F : 6 M — §7T between the
variations of the potentials and the relevant variations of scattering data. The third
type of Wronskian relations is useful for the analysis of the conservation laws.
Section 7 briefly comments on the locality of the integrals of motion and on the
Hamiltonian structures of the NLEE:s.

2. Preliminaries

We assume that the reader is familiar with the basic facts from the theory of simple
Lie algebras [25]. In what follows by b is denoted a fixed Cartan subalgebra of g,
A is the root system of g, « € A are the roots, A = {«1,...,a,} is the set of
the simple roots — naturally, the rank of g is r. Suppose that F,, o € A and Hy,
k = 1,...,r denotes the standard Cartan-Weyl basis in g, see e.g. [25]. Then as
well known the commutation relations of the Cartan-Weyl basis have the form

[H; Eoz] = O‘(H)Em [EOHE—CY] = Ha
B _[#0ifat+Ber O
[Ea, Eg] = NogEovtp, Na,p = { 0 ifat+pB&A.

Let us outline some important facts about the graded Lie algebras and more specif-
ically — how one can introduce bases in g(*), see below.

In this article we shall consider grading defined by the Coxeter automorphism, that
is C € Autg, C" = 1 and h is the Coxeter number. Obviously the eigenvalues of
Carew, k=0,1,...,h — 1, where w = exp(27i/h). To each eigenvalue there
corresponds a linear subspace g(¥) C g determined by

gk = {X; Xeg, CX) :ka}.
h—1
We than have g = & g*) and [g(k), g(")] c gv*t") where k + n is taken modulo
k=0
h. This of course turns g into a graded algebra.

Remark 1. In fact, as we shall see below, one can view the potentials of the Lax
operators as elements of Kac-Moody type gc whose elements are

X =) XpM, X eg®
k
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where the sum runs contains only a finite number of terms. For reasons that will
become clear later we shall assume that the element Uy from (1) belongs to g(l).

Remark 2. Note also that the Killing form between any two elements X () € gk
and Y1) € 3™ may be non-vanishing only if k +m =0 mod (h).
2.1. The Coxeter Automorphism as Cartan Subgroup Element

We shall consider two realizations of the Coxeter automorphism and start with a
realization of as element from the Cartan subgroup

27 .
C =exp <hHﬁ> , (o) =1 “4)
where .
~ Qj, O
p=y L) 2 i, )
j=1

and w; are the fundamental weights of g. For the classical Lie algebras the vectors
ptake the form

r r—1
N r A~
A p:Z([i] —s) €st1, B.: p= (r—s)est+1
s=0 s=0
r—1 r—1 (6)
1
C,: ﬁ—Z(r—s—2>es+1, p:Zr—s—lesﬂ
s=0 s=0
where ey, are as usual orthonormal vectors. Obviously (p, o;) = 1forj =1,...,r
With the above choices we have
0 =, g®) = span{E,; hta =k mod (h)} @)

where ht « is the height of the root cv. In other words, if & = >, _; myoy, then
hta =", mg.

In this case the matrix U; that appears in the Lax operator will be denoted by J
and is given by

'
J =Y Ea, ®)
s=0
where oy, k = 1,...,r are the simple roots of g and a is the minimal root. We

will use it applying additional normalization

(L,JTy =1, J' =) E.., )
s=0
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where (X,Y") denotes the Killing form applied to X and Y. The characteristic

equations for J are as follows
A, —1=0, B, (2" —1)2=0 (10)
Cy 2 —1=0, D, (" —1)22=0

where h is the Coxeter number of the algebra, see Table 1. In what follows we will
need not only the basis in each of g(¥), but also the orthogonal splitting
Xpeg®, Xp=Xi+Xx] (11)

where

Xl =0,  (xt.x))=o. (12)

Table 1. The Coxeter numbers, the exponents and the minimal roots of the
classical series of Lie algebras, see [25].

Algebra Coxeter number exponents minimal root
A, ~sl(r+1) r+1 1,2,3,...,r er11 — €1
B, ~so0(2r +1) 2r 1,3,5,...,2r—1 —e1 — e3
C, ~ sp(2r) 2r 1,3,5,...,2r—1 —2e1

D, ~ s0(2r) 2r — 2 1,3,5,...,2r—3,r—1| —e;—e
G2 6 1,5

Fy 12 1,5,7,11

We will also need ad ;1. Since J is not diagonal this will present technical diffi-
culty which can be overcome by using the characteristic equation for ad j, see [21].
As for the splitting (11), for the classical series A,., B, and C, it can be found using
the fact that any matrix from the algebra commuting with J (9) is a polynomial of
J of maximal order h. In particular, the powers of J commute with .J. For A, it is
enough to use J*, k = 1,...,r. Then for g ~ sl(r + 1) we have

X=X+ X, Xl=c'JNX, IR, h=r+1  (13)
where ¢, = (J k. gh—k ). For the classical series B, and C, we have

X,! =0, if £ = 2s is not an exponent
Xl! = o LTR (X, TRy if K = 2s — 1 is an exponent. (9

The case of the series D, will be treated separately elsewhere, because for it there
are some specifics due to the fact that » — 1 is an exponent, see Table 1. For the
algebra D, in case r = 2p+ 1 the even number 2p is as exponent while in the case
r = 2p the odd number 2p — 1 is a double valued exponent.
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2.2. The Coxeter Automorphism as Weyl Group Element

Now we shall consider another realization of the Coxter automorphism. Techni-
cally it is easier to handle the case g ~ s[(r + 1), so we shall start with it.

The Coxeter automorphism C can be realized as
B h
C(X)=KXK', K= Eqis,  (Brm)jp = Oki0mp- (15
s=1

Here and below all indexes are understood modulo h, so that the last term with
s = hin (15) equals E}_ ;. The calculations are much simpler if we introduce a
convenient basis in g(*), namely

h
I =S . KIOK = o) 16)
j=1

Obviously, J s(k) satisfies the commutation relations

[0, (] = (wms = M) g™, (17)

Another option is to use the dihedral realization of the Coxeter automorphism C

C =C1Cy (18)

where

Cr= ][ San =] S5 (19)

acAr BEA2

In the above Ap and A; are subsets of the set of simple roots A = {«1,...a;} of
g such that

Al U A2 = Aa (Oéj,Oék;) = 07 (ﬁjaﬁk) = 07 for ] ?é k (20)
for all aj,ap, € Ap and B;, B, € Ay. Also, by S, is denoted the Weyl reflection

. L L 2%«
related to the root o, i.e., S, @ = T — (7, 2)

a, where (, ) is the canonical inner
Y
product in the Euclidean space [E”. For the classical series A,., B, and C,. of Lie
algebras
Ay ={ag,04,..., 005},  Ag={ai,a3,...,09,1}, ifr=2p
A1 :{OéQ,Oé4,...,042p}, Agz{al,ag,...,a2p+1}, if’l“:2p—|-1

ey
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and for the D, series

Al — {OZQ,OZ4, ey a2p—2}7 A2 - {alu a3z, ... 7a2p—17 a?p) }) ifr= 2p

_ (22)
Al = {042,044, <o, O, a2p+1}7 A2 = {0[1, (67 TR O£2p,1}, ifr= 2]) + 1.
In the above we have used the standard notations for the sets of simple roots
{aq,...,a;}, see [25].
It is natural to call the set of roots O, = {a, Ca,... ,C’h_la} the orbit of C'
passing through the root or. The special choice for C' (18) has the advantage to
split the root system A into 7 orbits as follows

A= U O,U U O 3= U O_,U U Os.
acA T geAs P T aea Y peay P (23)

This allows us to introduce two bases in g compatible with the grading

§*) = span {£F), E(k), %gk); o€ Ay, B € A}

-8B
g““) = span {5(_]2, Eék), H;k); a€ Ay, Be A} (24)
1 h—1 ~ A 1 h—1 ~
gék) — EZWﬁSkCS(Ea)v 'H§ ) = Ewassz(Hj).
s=0 s=0

Remark 3. Note that H](.k) is non-vanishing only if k is an exponent of g. That also

means that each §'®) has at most one-dimensional intersection with the Cartan
subalgebra and the only exceptions take place for the algebras of the series Da,
which have 2r — 1 as double valued exponent. These cases will be considered
elsewhere.

We can pick U; to be equal to J where

p—1
\.7: Hel +Z (OJSHEQS —f—w_sHeQS_H) 5 for Agp, BQp.l,.]_, C2p+17 Dgp
o= (25)

p—1
j: H61 +Z (wsHegs +w_8H625+1) + pregpa fOI' A2p717 B2p7 C2p> D2p+1
s=1

Choosing J as in (25) we have

CJ) =wd, Cy(T) =T, Co(T) =wT” (26)
where w = exp(27i/h). In addition
C1(ED) = £, Co () = €9)
(D) = C1(ED), e = a(eY) 27)
ENHT =&Y, CeP) =€l i=12
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5)

Below we will need the commutation relations between 7 and the £ [(3 . They can
be derived as follows
= = 3
7,69 = 2 3w T, G (Ea)] = 3 3w rC* ([0°(), Bl
h “h
s=0 s=0
h—1 h—
1 _ 1 (28)
= — *SP s1s - fsp s s E
( ) (p+1
and similarly
17,69 = —B(T)EYTY. (29)

The rest of the commutation relations between the basic elements in §(*) may be
a bit complicated to derive though of course one can do it using the equations (3)
and (24) and take into account the fundamental property of the coefficients N, g,
namely N, g = C(a) a(8)- However, one can approach the problem differently if

we notice that C' has the same set of eigenvalues as C, which as we mentioned are
equal to the powers of w = exp(27i/h). Hence C and C are related by a similarity
transformation

C = ug'Cuyg (30)

where ug is some constant element of the corresponding Lie group. Therefore the
basis in g(k) (24) can be obtained from the basis in g(k) (7) via this transformation.

2.3. Mikhailov’s Reduction Group

Mikhailov’s reduction group is a finite group, which must have two realizations:
i) as a subgroup of the group of automorphisms Aut 4 of the algebra g and ii) as
a subgroup of the conformal transformations Conf of the complex A-plane. In
what follows we shall use the Coxeter automorphism C = 11 and the involutions
C? = 1, or C2 = 1 for realizations of the groups Zs, Zy, D, acting on g. Note
that for a given realization in g one may have inequivalent realizations in Conf, that
is why we use the indexes 1, 2 to distinguish different cases. More specifically, the
automorphisms C, C and Cs listed below lead to the following reductions for the
matrix-valued functions

) C’(U(/\)) = Uw)), CV(N) = V(w))
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The above restrictions naturally extend to restrictions on the FAS, the scattering
matrix 7'(\, t), the spectral data of the Lax operator etc., see below.

3. Lax Pairs and NLEEs

Now we are in position to outline the Lax pairs with Zj- and Dj- reductions and
the relevant NLEEs that result in. First we shall use the realization of the Coxeter
automorphism as an element of the Cartan subgroup. We have

Lx =125 4 (gl 1) = M)x(a, £, 0) = 0

r (32)
g(z) = gz, t)H;€h,  J= > FEa.

Jj=1 ht a=1

Note that the root height should be understood modulo h, so in J along with the
generators corresponding to the simple roots we have to add also the generator
corresponding to the minimal root whose heightis —h +1 =1 mod (h).

The best known NLEE’s of the above type are the well known two-dimensional
Toda field theories, discovered by Mikhailov [32]. They attracted a lot of at-
tention, see [9, 30, 32, 34, 35] and the numerous references therein. Their Lax
representation [L, Mrg| = 0 involves an L-operator as in equation (32) with
q(z,t) = 2i¢,(x,t) € h and M-operator of the form

) .
MTftX = lix + iv_l(x,t)X(.%',t, A) =0

or A
~ 2@ (33)
Vfl(.f,t) — Ze2(¢7ak)E70¢k c g(h—l)
k=0

where q?(w, t) is the vector in the Euclidean space, that corresponds to the Cartan
element ¢(x, t) in h. The corresponding equations take the form

P N~ aGen)
Fadr = D ke . 4
k=0

These equations have been studied in detail, so we will turn our attention to the
other members in their hierarchies. For that reason below we will consider M-
operators that are polynomial in A of order N. The compatibility of the Lax pair
requires in particular |7, x| = 0, which is possible only if N = my, 4+ ph where
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Table 2. The orders of the NLEE’s with N = ph + m;, for the classical Lie
algebras of rank upto4 and p = 1 and p = 2.

Yy i B5.0h A
I+ ms 15 5,7 71
2h + my, 7,8 9,11 13,17
As B3, C3
T ms 5.6,7 7.9.11
2h + my, 9,10, 11 13,15,17
Ay By, Cy Dy Fy
h 4+ my 6,7,8,9 9,11,13,15 7,9,9,11 13,17,19,23
Oh +my, | 11,12,13,14 | 17,19,21,23 | 13,15,15,17 | 25,29, 31,35

my 18 an exponent of the algebra g, see Table 1, and p is any integer. Therefore

N
_-aX 2 : N-—s N

s=1 (35)
Vs(z) = Z vep(x,t)Eg € g9, s> 1, Ky e g™,

ht B=N—s

Remark 4. As one can see, even for algebras of low rank and for small values of
p the order N of the NLEE grows rather quickly, see Table 2.

Now let us consider the Lax operators
= .0x - -
Ly = i + Uz, t, \)x(z,t,\) =0
x

My = i?t( + V(z,t, )X(x,t,)) =0

(36)

where

Uz, t,\) = Q(x,t) — AT

r B 37
Qz) =Y ai(m,thug Hyug =Y 0l + Y q5E") 7
j=1

acA; BEA2
and C1(Qf(z,1)) = Q(xz, 1), i.e.,

Ga(7,t) = qa(z,t),  qp(z,t) = qp(x,1). (38)
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The potential of the operator M takes the form

N
Vi, t,)) = > MW V(a,t,0) = AWKy
s=1

Va@,) = 3 vsal@, )N + 37 vy gz, )N + V(z, 1)
acA; BEAs (39)

T
x) = ZUN,j(:c,t)Hj €bh
j=1
j:uglJuoeh, ICN:uglKNuoeb, s=1,...,N —1.

The above form of the L-M pair is obtained from L (32) and M (35) by taking a
similarity transformation with wug, see equation (30), that diagonalizes simultane-
ously J and K y. In equation (39) V,(z,t)!l € b and is non-vanishing only if s is
an exponent (of course mod (h)) of the corresponding algebra.

Now we can formulate a D -reduction group. It is generated by the the involutions:
CL(U(z,t,\%) = Uz, t, \), Co(UT(z,t, Dw)*)) = Uz, t, \)

~ R _ - (40)
Ci(Vi(z, t,\) = V(z, t,\),  Co(Vi(x, t,(Mw)*)) = V(z,t,\).

Imposing both reductions (40) we obtain that Lisa subject also of the Zj,-reduction
CU(z,t,\) = Uz, t,w)),  CV(x,t,\)=V(z,t,w)). (41)

Thus this realization of the reductions effectively gives rise to the additional con-
ditions on g, and gg (38) so our reduction group is IDy,. In order to check that V
also satisfy the reduction conditions one needs to use equation (38) above.

3.1. The Spectral Properties of the Lax Operator

In our paper [22] we extended the construction of Caudrey-Beals-Coifman to any
simple Lie algebra and constructed the FAS of generalized Zakharov-Shabat sys-
tems whose U; has complex eigenvalues. Imposing the Zj-reduction we obtain
the Lax operator (36). Particular cases of such operators have been considered
in [23,38].

The Jost solutions t(z,¢,A) and ¢(x, ¢, \) and the scattering matrix T'(\, ¢) of
L (36) exist for large class of potentials, in particular for potentials on compact
support and are determined uniquely by the following conditions

lim o(z,t, A)e™® =1, lim ¢z, t, \)e™® =1
T—00 T—r—00

. . (42)
T 1) =9~ (2,6, \)g(a, 1, ).
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When the potential is on compact support both Jost solutions, as well as the scat-
tering matrix are rational functions of .

It can be shown that the continuous spectrum of L lies on those lines in C on
which one or more of the entries of e~ A% oscillate. In other words the continuous
spectrum of L is determined by the condition X belongs to the continuous spectrum
Scont if and only if Im Aa(J) = 0 for some root « of the algebra g. Using the
explicit form of J from equation (25) one derives that the continuous spectrum of
L fills up the set of rays

2h
Secont = L_Jll,,, L, ={\; aurg)\:—sz(V—lyT

- =1,... . (43
5 w vV 1,...,2h}. (43)

These rays split C into 2h sectors €2, situated between the rays [, and [, 1. In
addition, for each fixed value of v one finds that the set of roots

A, ={a;ImIa(T) =0 for A€l,} (44)

forms a root system for a subalgebra g,, C g.

With the above choice of 7 one can check that the subalgebras g, and g associated
with the rays /; and 5 respectively, have as root systems A; and Ay where

Ay ={ta;a€ A1}, Ay={Lp; [ € As}. (45)

Since any pair of roots a;, oj € Ag and 3;, 3; € Ay are orthogonal, then each of
the subalgebras g; and gy are direct sums of s[(2) subalgebras. The Zj, reduction
condition allows one to check that the subalgebras related to the other rays are
obtained from g; and go by acting with the Coxeter automorphism

A2y+1 = {iéyila; [ A< Al}, AQV = {iéyil,@; ,3 S AQ} (46)

Remark 5. The scattering matrix T\, t) of the scattering problem L for \ € 1,
takes values in the subgroup G, whose Lie algebra is the subalgebra g,,.

The next step is to construct FAS x,(x, t, \) which retain their analyticity proper-
ties inside the sector €2,,, closed between the rays [, and [, 1, in the case when the
potential is not on compact support. Skipping the details (see [22]) we note that
these FAS are related to the Jost solutions by

Koz, t,\) = oz, t, \)SF (A t)

= (2, t, )T (A ) D} (N), A e l,et0 "
Xo(z, 6, 0) = d(2,t, M), 1 (N, 1)

=z, t, VT, () D, (N), A€ lypre™



70 Vladimir S. Gerdjikov and Alexandar B. Yanovski

where the factors S (\, ), TF (A, t) and D (\) are related to T'(\, t) by its Gauss
decomposition

T(\t) =T (AN ) D (NS ) =T\ 1) D, (A\)S (A1), A€ l,. (48)

More specifically, using for each of the s[(2)-subalgebras the Cartan-Weyl basis
E.,E_,,H, or Eg, E_g, Hg respectively we have

SENt) =expst(\t), TE(N\t)=expTi(\t), DI(\t)=expdi())

where

Sétu 1 (A1) Z ‘721/ La(A t) Eras sécy()\,t) = Z Gi;ﬁ()‘7t)Ei/3

aeAQu—l BEA;’/
+
To—1(At) Z TotaMt) B, T3, (A1) Z Tong (A ) Exp (49)
aeA;ufl BEA
déru 1 Z d21/ la d2+1/ Z dQVB
(XEA;V71 BEA 2v

While the triangular Gauss factors S;* (), t) and T.F (), t) exist only for A € 1,,, the
diagonal Gauss factors D} () and D, () allow analytic extension inside the
whole sector €2,,.

As mentioned above, the reduction conditions (31) on the Lax pair impose con-
straints on the scattering data as follows

1) the Zj, reduction
Sopa (M t) = CVTISEWY TN, Ton (A1) = CY T (WA 8)
SE (A1) = CVISE(W I ), TEN ) = CVITEWYIN 1) (50)
D2iu+1(>‘) _ Cu—1D%[(Wu—1>\)7 Di()\) _ Cu—1D2i(wu—1)\)‘
ii) the first Zo-reduction acts on the complex A-plane by A — A\*. This means that

it acts on the sectors as {2, — €),_,41 and on the rays as [, — [p12_,. On the
Gauss factors of T'(\, t) it acts in the following way

CL(SH T (A t)) = S;I vr2(A5 1), LD (V) = Dy, 4(A)

CUT TN ) = T, (A1),

Consequently the coefficients TQV_La (A1), 7'2:5 (A1), ai_lva()\, t) and ai 5(At)
are related as follows

To1aMt) = =00 @A) A€l a€ A,

T;/,B()\’ t) - _Th—2u+27c’1(5) (A*vt)a A€ lyy, B e A21/

(D

(52)
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iii) the second Zy-reduction acts on A as A — A*w~!. This means that it acts on
the sectors €2, — €;,_,,_1 and on the rays as [, — [;,_,,. The action on the Gauss
factors is then given by

Co(STN 1) = S5, (w™' A1), Co(DF(N) = Dy (w™'A%)
Co(T, TN 1) = T (w™ 'A%, 1)

-V

(33)

and the coefficients Tgil,_lva()\, t), 7232”8()\, t), UQiV_La()\, t) and Ui,g()‘v t) are re-
lated by

To1aM1) = _UZL*2V—3,Cz(a) (WAL, A€lwo1, a€Aj, (54)
T s = =770, @A), A€l BEAS,

3.2. The Time Evolution of the Scattering Data

The Lax representation with L and M as in (32), (35) allows one to solve a system
of NLEE: for ¢;(x,t). We will give examples of such systems in the next sections.
Here we just note that the Lax representation determines the ¢-dependence of the
scattering matrix (and its Gauss factors) as follows

T, -
55
0T N TEO)] = 0 ODF _ (55)
ot AR or

Since these equations can be immediately solved, thus one finds the evolution in
time. In particular, the last equations in (55) show that the functions D= ()\) are
time-independent, i.e., they can be viewed as generating functionals of the integrals
of motion of the corresponding NLEE:s.

4. The Inverse Scattering Problem and the Riemann-Hilbert Problem.

Of course, finding the time evolution of the Gauss factors is only a step towards
finding the solutions for the corresponding NLEE. One should be able to construct
from the Gauss factors the solutions, a process called Inverse Scattering Transform
(IST). We shall outline here how one can do it reducing the IST for the GZS system
to a local Riemann-Hilbert problem (RHP). Indeed, on the ray [,, we have

Eo(x, t,N) = &1(x, t, )Gy (z,t, N), Ael,

(56)
Gl/ (.:U, t7 )\) — e—l()\J$+)\N’CNt) G(] l,()\)el()‘JaH')\N’CNt)
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where Go,,(\) = S, S (), t)’ . and §,, £, are functions analytic in the sec-
t

tors €2, 2,_1. The collection of all relations (56) forv = 1,2,...,2N together
with the condition
lim &, (z,t,\) =1 (57)
A—00

can be viewed as a local RHP with canonical normalization posed on the collection
of rays ¥ = {l,}2Y,. The canonical normalization implies that each solution of
the RHP possesses asymptotic expansion of the form

[e.e]

&,(z,t,\) = exp (Z AT Qs (x, t)) (58)
s=1

where Qs(x,t) are elements of the Lie algebra g. The Zj-reduction means that

Qs(z,t) € g®). Quite straightforwardly one can prove that if £, (z, A) is a solution

of the RHP (56), (57) then x, (x, \) = &,(z, \)e"*7® is a FAS of L with potential

Q,t) = lim A(7 ~ &t NITE (@t 0) = (7. Qua b)) (59)

In what follows we will consider two classes of solutions to the RHP: i) the class
of regular solutions which have no singularities in their sectors of analyticity, ii)
the class of singular solutions, which allow both poles and zeros' in their regions
of analyticity.

Each regular solution of the RHP (56), (57) is determined uniquely by the sewing
functions G, (z,t, A), which due to (50) also satisfy the Zj, reduction condition.
Therefore it is enough to know the sewing functions on the rays /1 and /5 in order
to calculate the whole set of sewing functions G, (x, ¢, A). Thus the minimal set of
scattering data that determines the regular solution £¥(x, t, A) are given by

T={ola(\t); €A, Ae b} U{ogs(\t); B € Ay, A€} (60)

In other words the set 7 contains 7 functions of A and ¢, each defined on a certain
ray and from 7 one must recover r scalar functions defined on the real axis — the
potential Q(x,t), see equation (38). The singular solutions to the RHP and the
related soliton solutions of the corresponding NLEE can be derived using the the
dressing Zakharov-Shabat method [32,45]. Starting from the trivial solution of the
RHP we obtain explicit rational solutions of the RHP.

5. The Recursion Operators and the NLEEs

One of the important steps in the theory is the explicit derivation of the relevant
NLEEs. Below we assume that N' mod (h) is an exponent of g. We will fol-

low [1] and construct recurrent relations for calculating the coefficients Vy(z,t) in

'by a zero of £¥(x,t,\) at A, € Q, here we mean that det£” (z, t, A, ) = 0.
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the M-operator (35) in terms of Q(z,t) and its derivatives. Doing this it is natural
to use the condition that L and M commute identically with respect to A. Equat-
ing to zero all the coefficients of the positive powers in A in [ﬂ, M | we obtain a
set of recurrent relations for the functions ‘75(56, t). Note, that due to the Zj, re-
duction, the potentials of both L and M take values in the graded algebra, which
requires generalization of the AKNS method and a substantially new structure of
the recursion operators. Thus we have

ANFL [T, Kn] =0
AN 7, Vi, )] + [Q(a, £), K] = 0
Wi Q@) Ve )~ 7 Ve =0 D
A0 —i% + iaVN +[Q(x,t), Vi (z, )] = 0.

ot ox

The first of the above equations is satisfied identically. The second can be resolved
as

Vi(z,t) = ad 'Ky, Q(x, 1) (62)

where ad 7 X = [J, X]. The operator ad ;7 obviously has a kernel, and its inverse
ad }1 is defined only on its image. Thus there naturally appear the necessity to split

each of the coefficients ‘73(33, t) into ‘orthogonal’ and ‘parallel” parts
Vo, t) = Vit (a, ) +V (@, 0),  [VI(2,), ) =0, (V;"(x,1),H) = 0. (63)

where H is any element of the Cartan subalgebra. Since f/S(:c, t) € gV ~%) in fact

we need to split each of the subspaces g™ =5) into
gN=9) = g(N=9)L g g(N=5)l|
0 if 5 is not an exponent  (64)

—vigvl I =
Ve=Va + Vi, Vg { LT3 (V,, Th=N+5) if 5 is an exponent
where ¢ = <jh_N+sS,jN_s>.

The above formulae hold true for the classical series of algebras A,, B, and C,
while the D, series requires more care and will be discussed elsewhere.

Note that we can always fix up the gauge so that Q(z,t) = Q*(x,t). Then we
have

7 _ (Kn) N-1 Z a(Kn) (N-1)
Vl(x7t) = c Qa(iﬁ,t)go(é ) + q/g(ac,t)é'f . (65
0421 Oé(j) BEA2 6(‘7) g ©>)
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In doing this we used the commutation relations (28).

Equation (65) provides the initial condition for the recurrent relations. They are
determined from the third line of (61) where we must insert the splitting of Vi (x,t)
and V41 (z, t) according to (64).

5.1. The Case of A,

Let us consider first the A, series, for which all numbers 1,2, ..., r are exponents.
Then we obtain the following two equations

7L -1 -af/sL L vl
‘/erl(xat):adj 1 83@ +[Q($,t),‘/; ]‘i‘[Q(.I,t),V;]
L (66)
. a‘/3 s\ _ (L1 7s
Integrating formally the second one we obtain
- - I
[ =i -1 L1
Vliw,t) = (03" (1Q(, 1), Vi) )

=i, TN 0 N ([Q(, 1), Vi, TN + g

where (81,);1‘ = / dy - and v59 = const. Then we can write down the formal
+oo
solution of the recurrent relations in the form

V(@ 1) = Ay_ Vi (a,1) + 00[Q(a, 1), TV 7

o ~
Ay X =ad ! (i")‘;j; + QU 1), X2

(68)
+ic;wcz@,t»JN—S]<ax>;<[Q<y,t>7X¢<y>wh—N+s>>.

Further, taking for simplicity v59 = O the solution to these recursion relation is
Ve t) = Ay g1 AN —rz - AN gad 5 [y, Q(w,1)] (69)

for s = 2,..., N. The corresponding NLEEs can be written in compact form as
. .10 _
1ad Jlaf? — fNMOATAS - Ay _jad 2K, Q(a,t)] = 0 (70)
where
oL —1 aXﬁwH oL
Ao X5y =ad; 0 +[Q(=, 1), X5,11] | - (71)
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The dispersion law of the NLEE (70) is fxA". In the simplest cases N = 2 and
N = 3 we get

Viv(a,t) = Afad 51 Ko, Q(,1)],  Viv(x,t) = AFAFad 5[y, Q(a, )]
(72)
’C2:f2\72, K3:f3J3.

The recursion operators Aﬁ_s can be obtained as the restriction of the operators
AL which are the recursion operators for potential without any restrictions

- oxL -
AEX+ =ad (i o T Q(z,t), X7

r (73)
iy eyt Qe 1), 7702 Q. 1), X ()], J’”))
s=1

by restricting them onto the subspaces gV =5)_ Indeed, as readily seen, AL maps

g®®) into g(*~Y. However, practically it is much better to have expressions where
the grading can be observed explicitly.

We end this subsection by giving an example of integrable NLEE known as the
Zp-reduced derivative NLS equation. The Lax operator L is parametrized by

N-1
Q(z,t) = Z wj(x,t)J](O), J = —aw_l/zJél). (74)
j=1
The M -operator is quadratic in A with
N b pT
Vi(z,t) = Ulﬂk(l‘,t)J](I), vy = —Ew(pﬂ)ﬂ cos (ﬁ) Yp(z,t)
k=1
N1 (75)
Vo(z,t) = Y wou(z, ), Va=—bJ
k=1
where
pT N bw
vop =7 | i cotan = vy — HZ Uks(@t) | y=— (76)
s=p

The A-independent term in the Lax representation vanishes whenever the functions
1y satisfy the Z-reduced derivative NLS equation [13,17]

wk) 0%qy =

0
+ cotan (N W—fy Z %(qqu,p) =0, k=1,2,....r. (77)

9ar
ot

Its dispersion law is y\2.
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5.2. The Case of B, and C;

Consider now the series B, and C).. For them all the odd numbers 1,3,...,2r — 1
are exponents. Note also that now N must be odd: N = 2k + 1. Again we obtain
two equations for each s
o1 1 OV o1 =l
V:s—l—l(xvt):adj 1 ax +[Q($,t),‘/s ]+[Q([E,t),‘/s]

(78)

Al -
i<‘98‘f; ,js> — ([Q(x, 1),V T?)

but this time they have to be considered separately for even s = 2p and odd s =
2p + 1 values of s. Indeed, Vo, € g(®>*=2*1) and therefore f@lllu are nontrivial,

while ‘72p+1 € g(%=2) and therefore ‘72|L 11 = 0. Applying similar technique as
above we obtain

VQLp+2($a t) = AOVQLp—f—l (z,1)

N . B (79)
Vi o (2,1) = Ny, Vib (2,0) + D20 Q(a, 1), TN 2]
where

N 0X4 _

A0X2Lp+1 =ad 31 (i;;:“ + [Q(m,t),XQLpH]) (80)
. 0X5- N
ANy, Xap = ad ! <i 8;]) +[Q(z,1), X3

(81)

1i 5

+C;[Q¢nt>ﬂ7Nmﬂ«%9;1QQ(%t>w¥§xyﬂ“7hN+%w>.

The formal solutions for Vs(:r, t) in terms of the recursion operators, using again
for simplicity v49 = 0 is

Vap(z, 1) = oAy _gp s NoAN_gpyy -+ - MoAN _yAoad 7' [, Q(x, 1))

~ (82)
‘/2p+1(:1:a t) = Aﬁ_szOAﬁ_2p+2A0 T Aﬁ_gAOad }1 [ICN’ Q(xu t)]

forp=2,...,k, N=2k+1. The corresponding NLEEs can be written implicitly as

Y .
iad 710 o (e, 1) =0 (83)
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or more explicitly
.10 -
iad Jlg - fNAOA%AoAétAo e Ai_gAOad jl [Kn,Q(z,1)] = 0. (84)

In the simplest cases N = 3 and N = 5 we get

‘73(1:’t) :A%onad}l[ng,Q(CL‘,t)], IC3 = f3\73
~ (85)
Vs(z,t) = AT AgA; Agad }1 [Ks, Q(z, )], Ks = fs7°.
Then the corresponding NLEEs
.10 _
iad 1 2% i hoAtAoad 17, Qe 1) = 0
20 (86)
iad ' 5 FshoAT AAs Apad ' [T°, Q(x,t)] = 0

will be systems of differential equations of order 3 and 5 respectively for the r
independent functions ¢, and gg.

We will call Ay and A1 elementary recursion operators. Along with them we
will introduce r fundamental recursion operators

A(l) = Ao, A(g) = AgA1Ap &7
A(mk) = AoA1Ag -+ Ay 2o, k=1,...r.
Each of these recursion operators generates an MKdV-type of NLEE
. .10Q tm
fad 7' 5 fony A, d T Q1)) = 0 (88)

where m; = 2k — 1 is an exponent of g. The equation (88) is a system of r
equations whose highest order derivative with respect to x equals m . Each of them
is a simplest member of a hierarchy of NLEE generated by the master recursion
operator

Ax = AgAFAGAT Ao -+ AF Ao (89)

namely

L19Q
T ot

The corresponding M -operators are polynomials in A of degree my + ph.

iad - fmk-l—hpApAmkad}l[jmkv Q(l’,t)] = 07 p = ]-7 27 e (90)

Remark 6. The equation (88) with my = 1 is in fact linear evolution equation.
However its hierarchy (90) starting with p = 1 is nontrivial.
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Remark 7. The algebra s0(3) is of rank 1 and its Coxeter number is h = 2. It has
only one exponent equal to 1. Thus it has only one hierarchy. The MKdV equation
is of the form (90) with p = 1.

Again the recursion operators Ag and Aji\,_2p can be obtained from the operators
A for the general case

- L [.ax+ -
AEXt =ad ! ( +[Q(z, 1), X1

oz
. 1)
+iy eyt 0, 1), I°1(0:) 2 ([QUy 1), Xi (), Jh_s>>
s=1
by restricting them onto the subspace g =2?). Note that A1 maps g'® into g(~1).

The simplest NLEE we obtain in the above way would be of MKdV-type, i.e., this
would be systems of r equations which contains third derivative with respect to x.
We end this Section recalling briefly the equivalence of the inverse scattering prob-
lem for L to the RHP (56), (57). As we mentioned above the solution of the RHP
allows the asymptotic expansion (58) which can be used to prove the relation

. =1
Wl/ = zxjNZ/ ,t,)\ :jN+ *dsj
N =T (n,t,N) ;S!a o) ©2)

=TV + X lad g, TN + 272 (ad @, TN +addy, TV) + -
where Q(z,t,\) = > o0 A °Qs(z,t). It is easy to check that i) for N = my, +
soh, where my, is an exponent of g, we have that W, y(z,t,\) € g("k) is analytic
function of A in the sector {2,; ii) the right hand sides of the expansions (92) in fact

do not depend on v so we will skip the index v in what follows; iii) we can split
Yy = MWWy (z,t, \) into

MW (z,t,A) = (Yn(z,t,\) 4 + (Yn(z,t, )

N
(Ya (e, t, M) = ANT =Y A V(a, 1) 93)
s=1
(YN(JZ‘,t, )‘))— - = Z )‘Nisf/s(xvt)'
s=N-+1

The importance of the splitting (93) is demonstrated by the next Lemma.

Lemma 8. The generating functional of the M -operators of the Z, and Dy, -reduced
NLEEs are provided by Yy (z,t,\) where N can take the values N = my, + soh



On Soliton Equations with Z;, and D, Reductions: Conservation Laws ... 79

and my, is an exponent of the algebra g. The corresponding M -operator takes the
form

0
My = ia — (Yn(z,t, M)+ (94)
and the corresponding NLEEs can be written in the form
0
ia—? [T Vil = 0. (95)

Proof: It is easy to check, using the relation between &, and .,

&, t,A) = x(, 1, \)e™ (96)
that Y (z, ¢, \) is a solution to the equation
Y]
i QAT Yiv(a, )] = 0. 97
Therefore the compatibility condition [I~/, M ] = 0 with M chosen as in (94) gives
O(Yn)y  .0Q
—i— — Y,
S i+ [0 - AT, (V)]
O(Yn)-  .0Q
- _ —i== 10— 98
- i —[@-AT, (Yn)4] ©8)
.0 ~ _
L VARt
But by definition L and M are polynomial in A. The lemma is proved. |

6. The Wronskian Relations and the Effects of Reduction

6.1. The Mapping F

We start with the Wronskian relations

(ke -6 =i [ ay (WIQu 0l 0) . ©9)

—00

o

T=—00

Let us outline the technicalities in deriving the basic relations describing the map-
ping F. In doing this it will be enough to consider these relations for the two rays
l1 and l5. The left hand sides of (99) take the form

(DF Ty K(Ty DY) — SFKS),  forael
o A (100)
(Dy Ty K(Ty Dy) — Sy KSy),  for X € la.
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Next we will multiply both sides of (99) by £, and apply the Killing form. After
this operation the right hand side of (99) acquires the form

[ (Rl Q) 0. B )

—00

o0 (101)
— [y (.QU. ). a8 1) = = [0 Q) 3. V)]

— 00
where we have introduced the ‘squared solutions’ e, ,(x, ¢, \) and the skew-scalar
product [[X , Y]] as follows
evr (T, t, N) = (X (2,6, \) By X )

[y = [ de (X7 Y ). (1o

—0o0

Then using equations (49) after some calculations we obtain the following relations

o (A t) = o )[[[IC ad 7' Q(z,t)], e1—a(z,t, V]|, A€l
Uiﬁ(A’t) I,B(IC) [HIC ad ; Q(CL’ t)] 61,5($7t7 )‘)]]7 A€l 103)
Fra(At) = (IK,) [, ad ;' Q(x, )], eralz,t. V], A€l
00 = ——[[[K,ad 5'Q(w, D), e1_s(z.t, N)], A€l

1B(K)
where o € A1, 5 € As and

Fraht) = ri e e A (1) = (0, e P

These relations are fundamental for the analysis of the mapping F between the
space of allowed potentials Q(x,t) and the minimal set of scattering data. The
main conclusion from them is that F has the meaning of generalized Fourier trans-
form in which the ‘squared solutions’ e, (x,t, A) play the role of generalized ex-
ponents. Of course one must prove that e, - (z, ¢, \) form complete set of functions
in the space of allowed potentials. This can be done applying the contour integra-
tion method to a certain Green functions. This will be done elsewhere. Here we
remark that the ‘squared solutions’ are eigenfunctions of the recursion operators.
To state this more precisely we write down each ‘squared solution’ as sum of its
projections according to the grading of g

epr(T,t,\) = Z (z,t,0),  el)(z,t,N) g (104)
=0
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and each of this projections should be split into orthogonal and parallel part as in
equation (63)

el) (w,t, ) = el (.1, 0) + e, 1, 0), el Nzt 0) =0

vy vy
1 (105)
e,(fiﬂ)’”(:c,t, A = ijs+1 <jh723717 el(,?iﬂ)(x,t, /\)> _
S
It is also easy to check that the squared solutions satisfy the equation
. Oe
=2+ Q) e (1,4, 0)] = AT €y (.8, )] = 0. (106)
Inserting the splitting (104) into (106) we get
i% +[Q(z), e ) (x, t, N)] = AT, el (z, t,N)] =0 (107)
) V7’Y 2 ) v,y 7

ox

s =0,1,..., h—1. Next we insert the splitting (105) and express the parallel parts
of the squared solutions through the orthogonal ones. The calculations are similar
to the ones in Subsection 5.1. Skipping the details we obtain

AoeZt (1, \) = )\el(,?,ly“*l)’l (z,t,\)

v,y
+ (2k—1),L (2k),L af -1 2k—1 (108)
AS_qesy (@t A) = Aey ) (2,8, \) — aadj Q(z), T
where
£_ h—2k+1 _(2k—1) >
af = lim_ <j e D (@1, 0)). (109)
If we choose v and v in such a way, that the constants af = 0 we find that
e,(,]}{ DL (z,t, \) are eigenfunctions of the master recursion operator (89)
h—1),1 _ yh,(h—1
Apelm V(a8 0) = Arel (@8, ). (110)
6.2. The Mapping 6 F

The mapping between the variations of the potential and the variation of the scat-
tering data is based on the following Wronskian relation

T- —/ dy Xu0Q(y, )X (v, 1, \). (111)

r=—00 —00

(i 0% (2,1, )

Its left hand side on the rays /1 and l» is given by

(DT 6(Ty DY) — 8687),  fordel
o ) (112)
i(Dy Ty 0(Ty Dy ) — S5855),  for A € la.
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Next we multiply both sides of (111) by £, and apply the Killing form. After this
operation the right hand side of (111) acquires the form

/_Z dy <>:<V6Q(y,t)>g,,(y’t7 )‘)’Ev>

00 (113)
= / dy <5Q(y7 t)? 6,,,7 (yv t7 )‘)> == [[ad ElQ(:% t)? Cuy (ya tv )‘)]]

—0o0

where we have used the ‘squared solutions’ e, (z, t, A) and the skew-scalar prod-
uct [X, Y]] introduced above. As a result we get

5afa(/\,t) = i[[ad}léQ(:z:),eL_a(x,t, M, ANel, a€ Ay
805 5\ t) = i[lad 7'6Q(z), e 5(x,t, )], reb fedr
3o\ t) = —iad 7'6Q(2), era(a, t, V)], A€l o€ A (114
055\ t) = —i[[ad 716Q(x), e1,—p(z, , V)], A€y, B € A,

where

/7'1_’06()\, t) = 57—1_,04()\7 t)e(a,a)dta, 5/7_2 ﬂ()\’ t) _ 57—2—’;3()\7 t)ef(ﬁ,ﬁ)dgﬁ

Thus we conclude that the mapping dF also has the meaning of a generalized
Fourier transform based on the same ‘squared solutions’ e, (x,?,\) as gener-
alized exponents. This mapping and the formulae (114) are very important for
analyzing the Hamiltonian properties of the relevant NLEEs.

We can derive useful relations also by multiplying both sides of (111) by HY and
applying the Killing form. The result is

[e.9]

<1A);_V—16D;_V—17 ch/> = 1/ dy <5Q(ya t)h\Q/y—l,a(ya t, )‘)>7 A€oy

(115)
<D2V5D21/7 > - 1/ dy <5Q(ya t)h\Z/Vfl,ﬁ(ya t, )‘)>> A€ gy

where hz\//,a(ajvta )‘) = XUH&/):(V(fL‘,t,)\) and a € Cy_lAl and § € CV_1A2,
Putting v = 1 we have

5dia()\) = —i[[ad 70Q(x), h¥7a(x,t, )\)ﬂ, Ael, aeA

5y,

116
SO = —if[ad 75Q@), W st V], Aeh, fed O
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7. The Conservation Laws and Hamiltonian Structures

In order to treat the question of the conservation laws we need to introduce yet
another type of Wronskian relations. They have the form

(i (2.8, 2) = 2.7 )

s / Qe (T x(@tA) =) (117)

r=—00 ——00

where by ‘dot” we denote the derivative with respect to \.

The reason for considering these Wronskian relations is that they are related with
the factors D and from here to the conservation laws. Indeed, the left hand side
of equation (117) is expressed through the scattering data of L as follows

o0

(i)zafa(ﬂc,t, A) — xj> = f)fﬁ[)i A € lpetio
» o .. . (118)
(oa(e ) —2g)| " =DiDy.  Aebe™

In order to evaluate the functions dfa()\) and d 5(A) we can use the Killing form

di,,(N) = (DE DY, Hy), Aehe  aje A
0 Sire oy +i0 (119)
d27ﬁj()‘):<D2 D27Hﬁj>> >\€l2€ ) Qg EAZ

where H; and HﬁvJ are dual to H,; and Hyg,

Thus we obtain

dfaj(/\) = / dx <<>€1]X1(x,t, A, Hy ) = (T, HXJ_))
. poo (121)
d;ﬁﬁj(A)z/ dx (<>zzjx2(x,t,A),ng>_<j,HﬁVj>).

The analyticity properties of D,f (M) allow one to reconstruct them from the sewing
function G(\) (56) and from the locations of their simple zeros and poles but we
are not going to treat these questions here.

It is well known, see for example [9], that the evolution equations related to the L
operators we consider, (32), (36), possess r = rank g series of conservation laws.
We will present below the formulae for the conservation laws obtained through the
theory of the recursion operators. Their advantage, comparing with the formulae
obtained via another approaches, is that they are compact in and give us the possi-
bility to understand which of the conservation laws trivialize if we have reductions.
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We are speaking below about the linear problem (36). So the constant element in it
is J in (36)). The Cartan subalgebra that is relevant to the corresponding L will be
denoted by b, it equals ker(ad 7). Its orthogonal complement ((ker(ad 7))+ will
be denoted by g and the orthogonal projection on it by 7g. The potential function
in (36) @, it takes values in g. The conservation laws are closely related to the ad-
joint solutions k), (x,t,\) = X, H Xu(x,t, \), which are defined above after the
formula (115), or more generally, to the solutions h,, g (z,t,\) = )ZVH)%V(x, A),
H e, x,t € R, A e Q,. Even more precisely, relevant to us are the projections
of these functions, namely hj, ;(x, A) = mohy, i (x, A). Here of course Y, (z, A) is
a FAS to the CBC system analytic in the sector €2,,. We have obvious analogs of
the functions entering (121) which are defined for arbitrary H € b, let us denote
them by d;—L 7 (A). They are analytic in the sectors €2, and for their A-derivatives
we have anélogs of the relations (121)

ity = [ (TRt —g.m). a2

—0o0

In the sectors €2, the functions dljf () have the following asymptotic behavior
o
AN =) _di A A > L (123)
k=1

One can prove that actually the coefficients in the asymptotic expansion do not
depend on the sector so we denote them by dp .

The analytic and asymptotic properties of the functions h% ,;(z, ) for large || are
crucial for the derivation of the conservation laws and they7can be found in analogy
with the case when the constant element in the operator L is real. However, though
the final formulae we obtain are the same as in the real case and the main steps in
the calculations are the same, there are some difficulties to overcome. We cannot
go into more detais so we shall just sketch the main steps in this calculation and
present the final results.

The first way to obtain the coefficients d 7 , is to use the Wronskian-type relations
(117) and the analytic properties of the functions hy, ; = mox, Hxv, H € h. In
this way one is able to link the expansions of ¢ over the adjoint solutions (obtained
using the map F, see the Wronskian relations (99)) with the functions hl‘i 77+ Next
one needs to use asymptotic formulae for hy ;; and from there to calculate the
quantities dy 5. Thus one can obtain the formula

+o00 x
dH,s:i/dm/w,Q], Sad Z'H,QDdy, s=1,2,... (124)
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where A are the recursion operators for the case when on ¢ are not imposed any
conditions. One can prove that these conservation laws have local densities and are
in involution with respect to a hierarchy of symplectic forms, see below.

The second way of obtaining the conservation laws is to use the Wronskian type
relations involving the variation of the potential §(), see (111). In this way we get
the formula

—+o0
6dps = —i / (0Q, A "ad 7' [H,Q)dz, s=1,2,... (125)

—00

which is more popular in another form. In order to obtain it, let us identify the space
M 7 consisting of Schwartz-type functions on the line with values in h = g and
its dual M through the bilinear form

—+00

<wm»=/amxuMw

—0o0

In other words, we shall consider the elements from M?; as generalized functions
(distributions) and a generalized function, say &, will be written as

+o0

«MW—/@mYmMm Y(x) € My.

—0o0

As a matter of fact the generalized functions we have are regular, that is represented
by locally Lebesgue integrable functions over R, and even most of them belong to
M 7. Taking into account the identification for the differentials of the conservation
laws we get

ddp,s = —iASad 7' [H, Q] (126)

and hence
ddH75 :AiddHﬁ_l, s = 2,3,.... (127)

The above relations in the case g = sl(2, C) are called Lenart relations, see [2], so
we shall call them Lenart-type relations or Lenart chains.

In fact one can prove that with the above identification dd, g = ih{, ;; which

explains why the functions h? ,; are so important in the study of the conservation
laws. Using (127) and the Poincaré lemma for closed one-forms one gets another
formula

1

00
dy,s = —1i / dx/<Q7Aft_l|(CQ) ad?fl[Ha CQDdg (128)

0
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where by A|¢q) is denoted the recursion operator in which () is substituted by
Q' = (Q. This formula can be obtained also directly. Indeed, let us consider
instead of the potential ¢ the potential Q' = (Q where 0 < ¢ < 1 is a real
parameter. Let us consider variation of the potential Q" of the form §Q’ = Qd¢.
Then (125) implies

+o00
d . o— -
digdH’S = —1 / (Q, AT lfQﬁQ/adjl[H, Q,Ddx, s=1,2,.... (129)

Integrating over ¢ between 0 and 1 and taking into account that for { = 0 we have
Q" =0,dg,s = 0and for { = 1 we have Q' = @) we obtain the formula (128).

When one calculates the hierarchy of conservation laws the last form of the con-
servation laws can be a real advantage as the expressions become more and more
complicated when s increases and in it AL enters with power s — 1 while in (124)
AL enters with power s.

When one has Z;j, reductions the above formulae for the conservation laws remain
true and naturally the conservation laws continue to have local densities. However,
one can observe that some of them trivialize, that is they become identically zero.
Indeed, since ad :71 takes §(’“) into ﬁ(k_l), A'! takes functions with values in ﬁ(k)
to functions with values in g*~™) so if H € h*) = g*) N (k must be exponent
of course) then unless £ —s = 0 (mod(h)) the expression (124) is identically zero.
Of course, the same conclusion is obtained if one uses the expression (128). Then
assumming that 0 < k£ < h — 1 for example in the hierarchies (124) ‘survive’ only
the following integrals of motion

+oo x
/dx/<[j,Q],(Aft)"A’jE_kad31[H,Q]>dy, n=1,2,... (130)

or, if one prefers the notation through A_, as for example in (110), from the hier-
archy of integrals of motion remain only

400 x
/dx /<[j,@],A1(Q[H,k])>dy, n=12,. ..

(131)
Q[H, k] = A *ad 7' [H, Q.

One sees that Q[H, k] takes values in g~ and the role of the recursion operator
is played now by A. The observation that in case of reductions Zj, reductions
have gaps in the conservation laws sequencie has been made in [32].

Maybe we must say here that we went a bit too quickly into the discussion of
the conservation laws. In fact we ought to discuss first equation (126) and the
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Lenart chains. One can see that when we have reductions (126) should be modified
because when one identifies a linear functional over g(o) with an element from g
this element should belong to g, because g is orthogonal to g®) for k # 0. So
in case we have reductions (126) should be replaced by

ddp,s = —ipoASad 7' [H, Q] (132)

where pg is the orthogonal projection on g(©). Thus one sees again that if H € (k)
then unless & — s = 0 (mod(h)) the above expression is identically zero. It is also
readily seen that the Lenart chains generate from a given nontrivial conservation
law a nontrivial one if one acts not with A but with A, or if one prefers by A
as for example in (110). As an illustration we give the two first integrals of motion
of the Zp,-DNLS equation

1 I &
1= e pzl%wn—p(m) (133)

RN N At
1 =g [ dr Y icoun (77) (an—p‘wp i

2 Y Uy (134

pt+k+l=n

Let us mention very briefly the hierarchies of the Hamiltonian structures for the
soliton equations we study. Two approaches are possible here. One is based on the
hierarchy of Poisson structures, the other on the hierarchy of symplectic structures.
The Poisson structures are easier to construct in the general case of non-restricted
systems, see for example [29]. From the other side, if one has reductions then
one must calculate the corresponding Dirac brackets. The symplectic structures
seem more complicated to construct but offer the advantage that the restrictions
are immediate, provided they do not degenerate. It is well-known that the equa-
tions without any reductions possess a hierarchy of Hamiltonian structures with
symplectic forms 2, that can be written as follows

+o0
Qn(X,Y) = / (X, ATad ;' (YV))dz (135)
—0o0
where X (z),Y () are smooth functions with values in g — the orthogonal com-

plement of b, see [20] and the numerous citations therein. However, due to the
fact that ¢ takes values in ﬁ(o) some of these structures degenerate. Indeed, if
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X, Y take values in §(0) then ad }1Y takes values in ﬁ(_l), ATlad }1Y takes val-

ues in g™~ and unless m + 1 = 0 (mod(h)) the form is identically zero. Let
m = kh — 1. Then

+o0o
Qn(X,Y) = /<X, (AL)FAZ ad 7 (V))dz = Q1 (X, (AL (V) (136)

—00

again demonstrating that the operator that generates the symplectic structures is
now Ay = A}i. This fact has been also proved with geometric methods in [40]
using the theory of the so-called Poisson-Nijenhuis manifolds.

8. Conclusions

As it is well-known, the generic integrable NLEEs related with the generalized
Zakharov-Shabat system and its generalization — the CBC system defined on a
semisimple Lie algebra of rank r possesses a number of interesting properties.
Among them are: they possess a hierarchy of Hamiltonian structures, r series of
conservation laws etc. Both the Hamiltonian hierarchy and the series of conser-
vation laws are generated by a certain recursion operator (called also A-operator)
[1,11,14,15,19,20]. Its spectral properties and the expansions over the eigenvec-
tors of A have deep applications to the theory of the corresponding NLEEs, see
e.g. [20]. The case when we have reductions is of big importance and in this case
we have some specifics, see [11], which must be taken care of when studying the
properties of the corresponding A-operator. In this article we analysed Zj, and Dy,
reductions. In case we have these type of reductions and we have NLEE repre-
sented in a Lax form [L, M] = 0 with Li) = 0 being a CBC type system with
reductions, the coefficient in front of the leading power of A in the operator M see
(35) should be an exponent of the corresponding algebra g. Since 2 is an exponent
only for the series A,., there would be no new examples of Zj-reduced Nonlinear
Schrodinger type equations. However, 3 is an exponent for all the algebras from
the classical series. Therefore choosing M in the Lax representation to be cubic
in \ one gets series of KAV type equations and the simplest of them are already
known, see [8,9,38]. The theory we develop applies to these type of equations and
of course to those corresponding to exponents larger than 2 and 3.

Our results show the specific way the generating operator factorizes in case of re-
ductions. Along with the elementary recursion operators — the restriction of the
standard A on g(¥), we have introduced fundamental recursion operators Amy)
and the master recursion operator A. The operators A, generate the MKdV-
type NLEEs, and combined with A — the hierarchy of their Hamiltonian structures.
Thus we have outlined the effects of the reduction group on the recursion opera-
tors. Important questions, that will be answered in next publications concern the
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spectral theory of the recursion operators, see [14—16,19,22] and their geometrical
properties, see [31,40,41,46] and the monograph [20].
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