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Abstract. This paper deals with classical solutions of the Dirichlet-Ventcel bound-
ary value problem (BVP) for the Laplace operator in bounded sector in the plane
having opening of the corresponding angle ¢y > 0. Ventcel BVP is given by second
order differential operator on the boundary satisfying Lopatinksii condition there.
As the boundary is non smooth, two different cases appear: % is irrational and ﬁ is
an integer. At first we prove uniqueness result via the maximum principle and then
existence of the classical solution. To do this we apply two different approaches:
the machinery of the small denominators and the concept of Green function.

1. Introduction

This paper deals with existence and uniqueness of the classical solution for the
Laplace operator equipped with Ventcel’s type boundary condition in a bounded
sector in the plane. Ventcel boundary conditions are second order differential con-
ditions appearing in asymptotic models proposed by Feller and Ventcel [4], [7, 8]
(interpreted as a surface diffusion). The opening of the angle p¢ > 0 with vertex
at the origin is such that /@y ¢ Q or 25 € N, Q being the set of rational num-
bers and N standing for the set of positive integers. At first we state the problem
and prove uniqueness result (comparison principle) via the maximum principle for
elliptic equations. Our second step is to prove existence result for classical solu-
tions. To do this we apply the machinery of small denominators. Another approach
is from the theory of ordinary differential equations (see Section 3 of the paper).

Under different conditions imposed on ¢y we prove existence of a C? solution
in the bounded domain as well regularity results, including C'* solutions. The
solution is found in the form of convergent series in 7" sin(’%"), m,n € N. As
Laplace operator is C'*° and even analytic hypoelliptic, the main difficulties are in
proving regularity up to the boundary. Laplace-Dirichlet-Ventcel problem in a disc,
in a ring and in a bounded smooth domain were studied via pseudo-differential

operators approach in [2].
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To be more precise, we shall mention that in 1951 M. Vishik studied in a bounded
smooth domain ) the following BVP
. , ou
Au=F in —A'u+—=f on 0N (D)
on
where A’ is the Laplace-Beltrami operator on 92 and n is the unit outer normal
to 0€). He proved that (1) is a Fredholm BVP of index 0, i.e., it possesses finite-
dimensional kernel and co-kernel of the same dimension. Difficulties appear when
0N has singular points (corner ponts in the plane, dihedral angles, conical points
in the multidimensional case). There are a lot of investigations on the subject by V.
Kondratiev, P. Grisvard, B.-W. Schulze and his collaborators and many others. We
concentrate in our paper to the Dirichlet-Ventcel problem in R? in a sector (corner
domain).

2. Formulation and Proof of the Main Results

2.1. Comparison Principle

In this Subsection we shall formulate Ventcel’s BVP and we shall prove a Compar-
ison principle which guarantees the uniqueness of the solution.

The Ventcel’s boundary value problem in the sector
Sp={(re);0<r<R, 0<¢<yp}cRk?

for Laplace operator is given by

=0, ulp=0 = U|p=p, = 0. (2)

2
Au = f € C%(Sp), <6“ Loy Bu)
r=R

0p? on

In polar coordinates
A 0? Lo 1 0?
o2 ror 1202

where the solution u € C?(Sg), the constants o > 0, 8 > 0 and a% = % is the
unit outer normal to the arc ¢ € (0, ¢p), 7 = R of the boundary of Sg.

We propose below several useful results to be used further on.

1. Leta >0, 3 # 0and u = rsin(Bp). Then Au = (a? — B2)r*~2 sin(Byp).
Therefore, « = 8 = Au=0,a =1 = Au = (1 — B?)sin(By) rL.

2. Let a > 2. Then A(r%log rsin(ayp)) = 2ar®~ 2 sin(ap).
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: _ _ km _
3. sin(Bp) =0 < (= %,kz— +1,4+2,.. ..
To simplify the things we assume o = 3 = 1.

Proposition 1 (Comparison principle) Suppose that Au > 0in Sg, u € C?(Sg),
ulp—o < 0, u|p=yp, < 0and —g%;é g—;{“ +u < 0onr = R. Then u does not attain

positive maximum in Sp.

Proof: Put maxg, u = u(Fp) = M. If Py € Sk then u = const and therefore
M < 0. Assume now Py € 0Sp. If Py € {¢ =0} U{p = ¢o} = u(Py) = M
<0, while Py € {r = R,0 < ¢ < ¢} implies —g%";‘(Po) > 0 (maximum at-
tained in an interior point of the arc, % being tangential to the arc) and g—i (Py) >0
(Hopf maximum principle [5]). Thus

0%u dy

_W(Po) + %(Po) + U(P()) >0

which leads to contradiction. So u(P) < 0 in Sg. [

Corollary 2. The solution of (2) is uniquely determined in C*(SRg).
In fact, —u verifies too the conditions of Proposition 1.

Proposition 3. Consider Ventcel’s boundary value problem (2) with
=1L A(r, o) A€ C*(SR) A(r,0) = A(r,p0) = 0, keN
and assume that the solution w is such that
w=12D(r,¢), D e C?(Sg), D(r,0) = D(r,p0) =0

T k424N 0<A<l1.
®o

Then there exists a constant A > 0 such that for each € > 0

A = _
|u] < =rwo Ssin(y), 0<r<R, 0 < ¢ <o
£

%0
Certainly, we can write C'(¢) = A/e.
Proof: Having in mind that sin(’;—f) > 0 for ¢ € (0,¢0), A(r,0) = A(r, p0) =0
and 1’Hospital rule we can write

f =B, ) sm(%f), B(r,p) € C°(Sg)
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respectively u = r2E(r, ) sin (%‘g), E(r,¢) € C°(Sg). Define now the auxil-

iary function

ui(r, ) = Cleraa“sin(C =)= Cepr 24 sin( ), 0<e <A<l
0 0

where the constant C'(¢) > 0 will be found further on. Then

2 [
Auy = —C <7r - 6) reo C 2s.in(mp)

%0 %0
and
2
Alu—up) = I:&C (F — 5) rkHA=e Lkl B(p, 90)] sin(y)
%0 %0
2
= sin( (p)rk'M_g [ C’(—7r — &)+ ritEAB(r @)}
¥0 ¥o
Having in mind that
e AN B(r, )| < RMETAC, C1 = max |u]
Skr

for0<r <R, 0<p<gp0<1l4+e—A<1wegetthat A(u—wu;) > 0if
CR1+£—>\

0(5)2127,

(59

On the other hand, w1 |,—0, p=py = ©|p=0,p=¢, = 0 and on {r = R}

C1 = const > 0. 3)

u—uy < R? (C’g - C(E)RkH‘_E) sin(y), Cy = max |E| > 0.
%0 Sk

Therefore,

u—u; <0 on 0SRr if Ce) > % 4)
Combining (3), (4) and the comparison principle to the Dirichlet problem for A
operator in Sp we get u < wuj in Sg. Similar considerations for —u leads to
—u < uy = |u| < uy in Sg. In other words, if f vanishes of order k + 1 with
respect to r and v vanishes of order 2 with respect to r, then u vanishes of order
k + 2 in 7. Moreover, 9¥+2u € C*~¢(Sg), C*~¢, ¢ > 0 being the corresponding
Holder class (see also [6]). |
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2.2. Existence of Solution via Small Denominators

This Subsection deals with the existence of a classical solution of the BVP (2) via
the method of the small denominators. The angle g is such that & > 2 1is an
irrational number.

We assume that 0 < ¢ < 7 as then rec € C?[0, R], while ¢y > 7 = reo ¢
C2[0, R]. We remind that each real = = [z] + {z}, [z] being the integer part of x,
0 < {z} < 1. We shall find a solution of (2) for right-hand side

Z Z Bpnr™ 2 sin(Z22). 5)

m>2n=1 #0

To do this we suppose that By, = O(m) and apply Cauchy integral test to

the double series (5) with R < 1. Then (5) is absolutely and uniformly convergent

if
dz d
// v <00 <= s> 1.
22425174 (T (22 +y2)*

Thus f € C°(Sg). Moreover, f € C'(Sg) for s > 3 etc.
We split the proof of the solvability of (2) into two parts: © = u; + uz, where
AUQ = f in SR, U2|<p:0 = UQ|¢:<PO =0 (6)

Aul =0 in SR, ul\wzg = ullwzm =0. (7)

Evidently Lu; = —Lus for r = R, where
0? 0
L=———+—+1
0p? + or +
is the boundary operator in (2).

We look for the non unique solution of (6) in the form

Z ZAmnr sin( 4,0) 8

m>2n=1 ¥o
ie., if
Q> ©)
then m # n& ¢ Q, for all m,n € N and therefore

o0 2,2
Auy = Z ZAmn <m2 _n 72T > Pm=2 sin(w) =f

m>2n=1 #0 #0
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Consequently, Ay, (m? — "27{2) = By, 1.€.,

¥0
Bon . T
ua(r, o) = Z Z — o sin(——). (10)
m>2n>1 " 7 "2 ¥o

As what concerns (7) we take

ZAMZE sin("7) (11)
%0

beacause Au; = 0. Here A,, are unknown coefficients and one can easily see that
forr =R

Luy = ZA < + R4 1) R*0 sin("%)

900 ¥0 $0
n?m? 1 m . NP
= — Z Z n27r2 5 +mR™" 4+ 1) R"sin(—-)
m>2n>1 " = "2 ¥0 ¥o
ie.,
) 2 9 Rm—;—”
Z 22<n§ +mR—1+1> _ ST
o _ nem 0§ n 7'r TL7TR 1 1
¥0 5
To simplify the things let R < 1. Then with C' = const > 0
A, < C Z !
n (m2 + n2)5-1/2|(m Z)WR%
and
)s@o r
Jua (r |<szn2m2+n25 1/2[(m — 2|’ gz Sbnz103)
m=2n=1 ®o

Now we shall use the approach of the small denominators having many appli-
cations in the celestial mechanics (see for example [1]). There it is proved the
following result.

Lemma 4 ([1], Chapter 3, §12) Let ¢ > 0. Then for almost each real p there
exists a constant K (o, 1) > 0 such that

K

|q|2+" for all p,q#0, p,q€. (14)

’ P
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Evidently, p ¢ Q.

A result similar to (14) was proved by Liouville in 1844 for each algebraic num-
ber (non-rational). Actually A. Thue improved the theorem of Liouville in 1908,
while in 1921 C. Siegel and in 1955 K. Roth obtained the optimal in some sense
results on the subject. Moreover, Liouville found effective examples of transcen-
dental numbers, known as Liouville transcendental numbers [3]. Unfortunately,
algebraic numbers form a countable set, i.e., they have zero Lebesgue measure.
The real numbers p verifying (14) have a full Lebesgue measure and almost each
transcendental number is a solution of (14). Liouville numbers do not satisfy (14).
We shall suppose that % is a solution of (14), i.e.,

m ™

n %o

According to (13), (15)

2 o forall mneN. <— m — —
n ¥0

140
‘“1“0‘<*ZZ m2+n28 g < Co(n® +m?) L (16)

m2n1

The double series in the right hand side of (15) is convergent if s > 2+ 9,0 > 0
and u; € C°(Sg). The differentiability of u1, ug is shown similarly.

This way we come to

Theorem 5. Consider the Ventcel boundary value problem (2) with right-hand
side f satisfying (5), % verifying (9), (15). Then for each sufficiently large s > &
there exists a unique C*(Sg) solution of (2) that can be written in the form u =
u1 + ug and uy, uo satisfies (6), respectively (7).

Remark 6. The solution u is given by
. nm nm
SIS () 4 3 "),
m>2n=

Evidently, u; € C®(Sg) <= A, = 0, n € N. The condition (9) implies that
km

ifAy = ... = Ap_1 = 0, then u; € C[*To}, f;—g > 2k. As A is hypoelliptic,

f € C®(SR) = u € C*®(SR). In general, f € C*®(Sg) % u € C(SR).

2.3. Existence of Solution for oy = 7

We shall discuss here the existence of a classical solution of (2) in the case ﬁ eN
and more specifically, 7 = ¢g.
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As we mentioned before, another case to be investigated is & € N. Let % =1,
i.e., o9 = m. Again we look for u = 41 + usg

Uy = Z Apr"sin(ney).

n=1

Evidently, A%; = 0. For appropriate A,, the harmonic function @; € C*°(Sg).
We know from the beginning of the paper that

[e.9] o0
Up = Z Z Appnr™ sin(ny) + Z Appr"log rsin(ng) = ug + ug

n#Em>2n=1 n=m=2
implying
o oo
Aty = Z Z Apn(m? — n®)r™ 2 sin(ny) + Apn2n.7"" 2 sin(ngp)
n#Fm>2n=1 n=m=2
oo
=f= Z Z B sin(nep)
m>2n=1
i.e.,
B B
Apn = % for m #mn, App = 2
me—n 2n
Consequently
const const
| Apn| < m, for m # n, | Ann| < FOFE

If A, are rapidly decreasing faster than any polynomial of (m? + n?)%, s € N,
s-arbitrary, we have that uz € C°°(Sg). The function 7"log r ¢ C°°(]0, R]) and
uy € C®(Sg) iff A,, = 0 for eachn > 2, ie., if By, = 0 forn > 2. We
conclude that C°°(Sg) solution u of (2) eventually exists in the case 7 = (g if
the right-hand side f € C'°°(SR) satisfies infinitely many compatibility conditions
B,, = 0, n > 2. Due to the small denominators we have the effect of loss of
regularity of the corresponding solution w of (2).

3. Some Generalizations of the Previous Results

Consider in Tg, r, = Sr, \Sg,» R2 > Ry > 0 the following BVP
0%*u . ou tul 0
—o 5+ o tulsg usk, =
00 On A1 U5R, (17)

77
Ulp=0 = U|p=yp, = 0, — ¢ Q.
%0

Au = f,
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Then
0 0 0 0

on Sy or on S, or
Repeating the proof of Proposition 1 we conclude that (17) with f = 0 possesses
the unique solution u = 0 in C?(Tg, r,). As above, we are looking for f,u in the
form (22). Thus

2,2
u;;+1u/n—n2—w2un:fn(r), Ry <r <Ry
T oG
’ n27r2
Ml(u)|T=R1 = _un(Rl) + <1 + (702 > Un(Rl) =0 (18)
’ n27r20
My (u)|r=pr, = u, (R2) + <1 + 22 ) un(R2) = 0.
0

The boundary value problem (18) is simpler to deal with as
réo e 0%([o, R)\ ¢ ([0, )

7~ %0 is unbounded near 0, while 7~ %0 € C*([R1, R2]). Certainly, the general
solution of (18) is given by (we drop the subindex n and put w = ’;—g)

u=Cir*+Cor “+u (19)

C1, Cs being arbitrary constants and « is some solution of the nonhomogeneous
equation (18). Therefore

CLMy(r) + Co My (r™) |r=p, = =M1 (t)r=r,

w w _ (20)
CoMa(r) + CoMa(r™*)|;=g, = —M2(t)|r=g,-

The determinant 0 of the linear with respect to C'y, C system is

6= (Ri1Ry)! @j)w

Ry *1+w)Ry—w 1+w?)R —w
Ry 14+ w?))Re+w (1+w?)Ry +w

X (1+w”)Ry +w)((1+w’)Ri+w) #0 (21)

forw>0,0<%<1.

If we write again the subindex n we easily see that

Again we omit the details.
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4. Concluding Remarks

We can generalize the existence result to the boundary value problem (2) looking
for f, respectively u in the following form

Z fn(r)sin 780 Z U (1) sin( ) (22)

¥0

and supposing that f, u belong to some Holder classes. Having in mind that

2 [¥o0 S)

27 fr,0)sin(T2)de

¥o Jo (20

we see that if f € C**(Sg) then f,, € C*(]0, R]), 0 < a < 1. Putting (22) in
(2) we get that u,, (r) should satisfy

fulr) =

7 1, n27r2 .
Un+*un — ﬁun:fn m SR
T r4Q;
5 o (23)
’ e
Muy, = u,(R) + <1 +— > un(R) = 0.
%0
For the sake of simplicity denote w = 2X > () and drop the indexes n in (23). Let

0 < R < 1. The standard Euler substltutlon r=e <= —oco<t<ty=
In R < 0 transforms the equation (23) into
dQJ 2, 2t — t o < 24
de2 wu=e fl(t)a fl(t)—f(e)a oo <t <t (24)

having the bounded solution for ¢ — —oo

u = Cre*t +a(t), C1 = const (25)
and @ being some bounded solution of (24). Thus, u = C1r* + a(Inr).
The changet —tp =2 < 0= z=1In % transforms (24) into

d%u
i w?a = e?0e?* f1(tg + 2) = fa(2), z>0. (26)
z
The function U (z) = sinh(wz)/w satisfies the Cauchy problem U~ — w2U = 0,
in which z < 0, U(0) = 0, U (0) = 1. Consequently

) = | “sinh(w(z = 9) b eyqe.

w
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The change £ = In %, z = In 1 in the previous integral leads to

a (m %) - i/R sinh (w In %) FOOAN

27)
— 1 w ' —w+1 W " w+1 :|
- [7“ /R AL AN — 7 /R At F ()|

The kernel of (23) contains 7% [ }2 AFL£(\)d\ and we conclude that we can take
1 T '
0= — [r“’ / AL AN — 7Y / @t f()\)d)\] . (28)
2w R 0

Evidently

wa

/ At f(A)d)\’ < const - r?
0

while there are the possibilities 0 < w < 2, w > 2, for the first integral in the
right-hand side of (27), guaranteeing its convergence, respectively divergence for
r — 0. Supposing w > 2 (divergence to co) we can apply 1’Hospital rule to obtain

lim 7 / AT (N AN = 0.
r—0 R

More precise results concerning the behavior of % for » — 0 that take into account
f € C*2([0, R]) and eventual vanishing of f at 0 can be obtained by using Taylor
formula in Holder classes

k
f0) = FO) + 1 O+ + PO + 06k, rs0. @9

Going back to (23) we have that
CLM(r)ly=r = =M (t)|r=r
i.e., the constant C'; from (25) is uniquely determined by the equality

__ —M@)l=r
G1= R¥(1+w?+wR™1) 30

We do not use in this approach series, small denominators etc., but we do not dis-
cuss the problem of the convergence of the series (22). The restriction in working
in Holder classes in r are weaker than the restrictions imposed on the power series
in 7. We do not enter into technical details here.
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