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Abstract. The phase-space formulation of the nonrelativistic quantum mechanics
is constructed on the basis of a deformation of the classical mechanics by the *-
product. We have taken up the MIC-Kepler problem in which Iwai and Uwano have
interpreted its wave-function as the cross section of complex line bundle associated
with a principal fibre bundle in the conventional operator formalism. We show that
its Green’s function, which is derived from the *-exponential corresponds to unitary
operator through the Weyl application, is equal to the infinite series that consists of
its wave-functions. Finally, we obtain its Wigner function.

1. Introduction

We come to the reluctant conclusion that in our previous paper [5] we obtained
only a piece of the local expression of the Green’s function for the MIC-Kepler
problem. There (Theorem 12) we have presented two expressions denoted by
Gi(ry, ri; B) and G_(7¢, 7;; ) where r = 7 means the position vector  in
R3 = R%\{0} ie., r = (z, y, 2). However, G_ (¥, #;; ) is actually identical
with G4 (r¢, r;; E) because the transition function is constant (independent of )
and therefore, despite the difference in appearance, 7_ is essentially the same local
trivialization as 7 . This is the reason why G_ (7, 7;; E) became equivalent to
G4(rs, ri; E) in the case of iii). After that we have succeeded in obtaining the
other piece of the local expression denoted by G_(x ¢, x;; F) via of finding an-
other local trivialization 7_ which is transformed into 7 by the transition function
of principal S! bundle varying with the position (more precisely, the longitudi-
nal angle) of point x (see [4]). We have found, in addition, the wave-function of
the MIC-Kepler problem. In this paper, by turning the right-hand system of or-
thogonal curvilinear local coordinates on U_ into the left-hand one, we obtain the
Green’s function and wave-function in a new form. In this way we end up with
two left-handed coordinate systems bringing the two local trivializations which are
transformed into each other by the transition function of the principal S* bundle.
Thus it becomes possible to obtain its Wigner function on 7*(U; NU-) C T*RR3.
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The energy-eigenfunction on the phase space is called Wigner function, and we
found that of the MIC-Kepler problem on the reduced phase-space of T*R* by
solving the x-characteristic equations for its energy and angular momentum where
* denotes the Moyal product generated from the canonical coordinates bringing the
standard symplectic form on T*R* (see [5, Theorem 10]). How they could be ex-
pressed in each of the local coordinate systems on T*R3 is an interesting question,
which we have succeeded to answer.

The contents of this paper is as follows. In Section 2 we indicate our conclusive
results of the Green’s function and wave-function for the MIC-Kepler problem,
where it comes to be apparent that the Green’s function is not a function existing
globaly on the configuration space IR3 but a cross section in the complex line bun-
dles over R3 which have been introduced by Iwai and Uwano [3]. In Section 3, we
express the Hamiltonian system of the MIC-Kepler problem in terms of the spher-
ical coordinates and their conjugate momentums to obtain its Wigner function on
the phase space T*R? without z-axis.

2. Green’s Function and Wavefunction

The MIC-Kepler problem is the reduced Hamiltonian system of the four-dimen-
sional conformal Kepler problem by an S! action, if the associated momentum
mapping equals to some fixed value p which stands for the strength of Dirac’s
monopole field [2]. Then the Green’s function of the MIC-Kepler problem is ob-
tained by reducing that one of the conformal Kepler problem which have been
already shown in [4] and [5]. Here we have found another kind of local coordi-
nate system especially reconsidering one side of the local trivializations, denoted
by 7_, derived from the open subset U_ in R3 = U, UU_ as it is necessary to
make it transformable into the other side 7 through the transition function of the
principal fibre bundle g : Uy NU_ 3 @ — ¢¢®) = ¢719(T) ¢ §1 (see [4])
and it is also necessary to alter the orientation of the orthogonal curvilinear local
coordinate system on U_ as that on one Uy i.e., anti-clockwise. The details of the
latest local coordinate system are as follows (see Fig. 1).

Let U, be an open subset without negative z-axis such that
U+:{m(r, 0, ¢)€R3;r>070§9<7r,0§¢<27r}

bringing the following local trivialization where 7 is the bundle projection and v
has the range of values 0 < v < 47

T+ - Wﬁl(U-i-) > u—— (ﬂ-(’u’)v QD-F(U‘)) = (33(7“, 0, ¢)7 exp (1V/2)) € U+><Sl
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Figure 1. The configuration space R? = R?\{0}.
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Similarly U_ is an other open subset without positive z-axis such that
U_:{a:(f,é, &)6R3;f>o,ogé<7r,o<q§g2w}

bringing the following local trivialization where 0 < U < 47

T on N UL) 3 ur (n(u), p_(u) = (x(7, 0, ¢), exp (i7/2)) € U_ x S

S -0 049 0. v+

xsziHOCNOSQSN Uy = — ’I“SIH§COS 5 s Uy = — T‘SIH§SID 5
y = —7sin#sin ¢ i ) ) )
z = —Tcosf _ 0 v+ 3¢ _ 0 . v+30
ug = — rcosgcos 5 , Uy = — rcos§s1 5

We suppose that the real parameter £ < 0 denoting the energy of the MIC-Kepler
problem do not coinside with some of its eigenvalues as given in [6] and [5, Theo-
rem 10]

N=0,12,...

The positive constant m is the mass of the electron. The charge of the electron
equals —e where e > 0 is the charge of the proton called an ‘elementary charge’,
and k is the positive constant defined as

e2

k

4me
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where € > 0 means electric permittivity. The positive parameter 5 is defined as
h = h/2m where h is Planck’s constant. Then we reduce the Green’s function
of the conformal Kepler problem denoted by G(u, u;; 4k) to the Green’s func-
tions of the MIC-Kepler problem on U, and U_ denoted by G (x, ;; F) and
G_(xy, x;; E) respectively. The subscripts 7 and f say that the points with each
of them denote initial and final points of motion in a proper configuration space
respectively. The final results are in the following proposition where [ is an arbi-
trary integer quantizing y by the relation of i = [h/2, and J;(v) denote the Bessel

functions.

Proposition 1. i) When x;, x; € Uy, the Green’s function of the MIC-Kepler

problem is

Gi(zy, x5 B

)
h =
where <

= tan~!

—mw?/8)

rr lim XG(uf u;; 4k) exp 1120 qu,
x—4r—=0 Jq P 2 ’

+1,,2 2 o0 .
m-w . _i iy iy’ .
ST yﬂﬂo/ o n R Deosec? (wt + iwy)
0
. mw

S}
—_— —_— . 1 / —' . —_—
xexp[ 5 (ri + r¢) cot (wt +iwy') — il 2]

xJj (%\/le r@f + 2r; 7y cosec (wi + iw-y/)> de

Oi — Oy 0; + 0y
2 ' COS 2
coS i — ¢ cos 0i — 0y
2 2

sin

ii) When z; , xy € U_, the Green’s function is

G_(xf, x5 £

—mw?/8)

Fro lim XG(uf u;; 4k) exp (il Vi~ vy dy;
x—47—0 J, T 2
J+1 2 2 o i .y s
e [ e R et )

Lmw N .y 6
X exp —1%(774-77) cot(wt—l—lwy)—ll-a

xJ) (7;1—2}\/2:101 “@p + 27 Ty cosec (wt + iwy')) dt
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where
b — b _ 0; 0 0;—0
) - sinw .2cos(¢i—¢f)cos§lcos?f+cos . 5 !
2 b — & - - 0. ] 0.+ 0
cos i 2¢f 2 cos (¢ —gbf)cosécos?f — cos Z—; !
iii) When x;, ¢y € Uy NU_, 0 =7 — 0, ¢ =2m — czzand(:) is given by
; — 0; . 6 0; — 6
o) sin $i =9 2cos (¢; — ¢f) sin — sin A ycos A
= —tan~ ! [ = 2 . 2 2 2
N i — 0; . 6 0; +6
2 cosw QCos(qbi—qbf)sinésin?f—kcos Z—; !

As it can be seen, the Green’s functions on Uy N U_ are not equivalent with each
other since the difference between G and G is the one between © and © because
of the equality » = 7. Besides © is not equal to © obviously. Right then, what is
the concrete relation between G4 and GG_ on the common part? An answer to this
question is the following proposition established by similar methods as that in the
earlier paper [4, §5].

Proposition 2. i) When x € U, the wave function of the MIC-Kepler problem is

mw mw\" P (TCOSQQ , rsinw) mw

Ul (x) = <1 / > 2 22 exp (——r)
2\/mh h VE1kolkslky! 2h

0 k1+k3 0 ko+kg ¢

(\/Fcos > (ﬁsin 2) exp [—i (ky — ko — kg + k4)]

2 2

and if ¢;, ¢y € Uy, the Green’s function of the MIC-Kepler problem is also
written by

- 1
N=0

where w = \/—8E/m, the infinite sum of N includes the finite sum of all terms
whose non-negative integers (k1, ko, ks, kq) that satisfy the following conditions
forafixed N € NU{0}

ki+ko+ ks + ks = N, ki+ ko — ks — ky = —lI, ZBZZQﬂ/h
and P(X, Y') is the polynomial

k1 ko

A 4
PX,Y)=3) jis! (—W) 00 1305 1aCa - Ce X TV,

j=0 s=0
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ii) When x € U_, the wave function of the MIC-Kepler problem is

mew mo\ N P (fsian , 770082%) mw
b5 o= (7 o (-22)
2\/mh h VEk1kalkslky! 2h

é k1+4k3 9~ ko+ky qg
(\/%sin 2) (\/?cos 2) exp [—i (k1 + 3ky — k3 — 3k4)2]

and for x; , x5 € U_, the Green’s function of the MIC-Kepler problem is
= 1
G_ s E) = Uy Uy ().

iii) When x € U4 N U_, the relation between \Ifﬁ and ¥ is
Uy (z) =¥ (x) e il9
and ifx; , xy € Uy NU_, the relation between G| and G _ is
G_(xp, x5 E) = Gy (xy, 25 E) e (0500
3. Wigner Function
When the z-axis is excluded from the configuration space IR? the Hamiltonian Sys-
tem of the conformal Kepler problem (T*(7~1(U; N U_)), d¥, H) where ¥ de-

notes the canonical one-form of T*R* > T*(x~ (U, N U_)) is described in the
above-mentioned local trivializations 7, and 7_ (see also §2) as follows!

r2sin%6 r

P2 PL Py —2pepucosf  k
2m

1
H(r, 0, ¢, v, pry pos P, pv) = 5 <P3+T2+

where p,, pg, py and p, are the conjugate momentums of r, 6, ¢ and v respec-
tively such that ¥ = pidui +padus+psdus+psdus = prdr+pedf+pgde+p,dr,
or

H(7\ 0, &, 0, pr, pgs pg» P5)
1 ) p; p2+pg(40059~+5) —2pq~5pl~,(cosé+2)

T ~ ~ . ~
2m 72 72sin%0

< 7

'The forms written by the trivialization 7+ equal the ones given by Iwai [1, §.3].
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where pr, pg, p 3 and p; are the conjugate momentums of 7, 6, QE and v respec-

tively such that ¥ = p1du;+padus+psdus+psdus = p;df+p9~d9~+pq;dg5+pgdz7.
Moreover verifying the following equalities

T, 6+6=m, QB+¢:2T(, v—v=2
Prs PG = —Pe; PG = 20y = Po; P = pv

,,‘7.

p

=

we have the following equivalence on the common part 7*(7~ (U, NU_)) C
T*R*

H(r, 0, ¢, v, prs po, po,pv) = H(F, 0, &, 7, pi, g, pg» pi).

Additionally py = p, coincides with the associated momentum mapping (u , p)

1

Po = Py = 5(—?12,01 + w1 p2 — usps + uzps) = P(u, P)

and therefore restricting the Hamiltonian system (T*(=~ 1 (U NU-)), d¥, H) on
the subset ¢~ () C Ty, R*

) = {(w. p) € TuR's vl p) = n}

is easily done by setting each of the conjugate momentum p, or p; to the fixed
value . Further, according to Iwai & Uwano, T*R3 is diffeomorphic with the
quotient space ¥~ (p)/S* (see .[2, Lemma 2.4)) i.e., 7,0, = ¢;dJ and 7/, H;, =
v H where 1, : ¥~ (u) — T*R* is the inclusion and 7, : (1) 3 (u, p) —
(x,p) € T*R? is the map which provides a principal S! bundle such that x =
7(u) and

Dx 2uz  2uy  2u;  2up p1
Dy o 1 —QU4 2U3 2U2 —2u1 P2
Dz E 2u1 2uo —2uz —2uy P3
—u/r 2ug —2uy  2ug —2us N

Then, we have the following equations

pr = Dr, Po = Do, Py = Py + prcost
Pi=Dr  Pg=DPg Py =Pyt ucost +2u

where p; , pg , py , D7, Py and pg are the conjugate momentums of -, 8, ¢, 7, 0
and ¢ defined by

pedz + pydy + p.dz = prdr + pedf + pedd = prdF + psdf + psde .



70 Tomoyo Kanazawa

In this way the reduced Hamiltonian system (7*(U; N U_-), o,,, H,) that is re-
ferred from now on as the MIC-Kepler problem is

o, =dp, Adr +dpg AdO + d(py + pcos ) A de

1 p2 p2 k MQ
HM(T797¢7prap9,p¢):(p%+9+ ¢ )_ i

2m r2 " r2gin20
or

ou :dp,:/\df—l—dpé/\déer(p(z;+ucos§+2,u) Adg

2 2
R 1 2
Hu(r707¢7p7:7p§7pq~5):27n<12?+~+~ ¢ ~>—~+

Moreover provided that the following equalities
b7 = Pr, by = —DPo, p& = —D¢
are satisfied we have the following equivalence on the common part 7*(U; N
U_) C T*R3.
H#(T, 07 d)7 Dr, Do, qu) = Hu(fa é? QE, b7, Pg pg))

Similarly, the Wigner function of the MIC-Kepler problem (see [5, Theorem 10])
can be rewritten as a function on T*(U; N U-) which is almost the phase space
T*R3. Finally if N is an arbitrary non-negative integer called ‘principal quantum

number’, [ is an arbitrary integer quantizing p by the relation of p = [//2 and
L, (X) denotes the Laguerre polynomial of degree n, i.e.,

Ln(X) = Z(—l)a‘n!. X

ZLn(X)§" 1 iy eXp<—1_§X)
n=0
we can formulate the following

Proposition 3. Suppose that the point x € R3 is not on the z-axis. Then the
Wigner function of the MIC-Kepler problem is given as follows

F(r, 0, 6, pes 7o, D) = o 2N )
y Us @5 Pry PO Po (ﬂ'h)4

N+2[ , C? N+2T , D?
X L, ( 2mk [A +r(1+cos€)}>Lnb < 2mk [A +r(l—l—cos@)

N+2 T, &’ N+2[., F2
Ly, | —— ————| | Ln
X Sne ( 2mk [B * r(l—cos@)}) ¢ ( 2mk [B * r(1 — cosf)
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or

In(F, 0, &, pr, pg, D) DY v
» U i » 2oy Fop (7TFL)4
~ 52 ~ 52
X Lna M AQ + ~Ci~ Lnb M _AQ + ~2)7~
2mk 7(1 — cos0) 2mk 7(1 — cos6)
—+ 2 2 52 N + 2 ) ﬁQ
( 2mk 7(1 4+ cos0) “\ 2mk 7(1+ cos0)

where ng, ny, ne and ng are non-negative integers such that
2(ng +ng) =N +1 [l| <N
2(np +ne) =N —1 N and | are simultaneously even or odd
where A, B, C, D, £, F, A, B, C, D, € and F are given by the formulas
1—cos6
A(r, 0, 6, prs po pg) = pr/1(L+ cost) = poy [ ————

1+ cosf
B(r, 0, ¢, prs po; ) = pr/7(1 —cos0) + pg\/| ————

C(Tv 0, ¢, pr, Po, p¢) = p¢ + T(l + cos 0) <

+

IR ' 3I® O3IE
~— N N

h(N +2)

D(r, 0, ¢, pr, Py, Ps) = Py — (1 + cos0) <h(N+2) -

2mk
E(r, 0, ¢, pr, Py, Py) = Py +1(1 —cosb) (MNJFQ) -

+

2mk
F(r, 0, ¢, pr, po; py) = pp — r(1 — cosb) <h(N—|—2)

~ /- 1 —i—cosﬁ
(’I" ¢a pTapgvp = Dr l—COSG +p9
@
- /1—cos€
B(7, ¢a br, Pg» p¢ \/ 1+ COSG
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- 2mk
C(r, %pmmwg%—mrlu»9<hN+2+
~ 2mk
D(r, 6 ¢,pr7pgap¢)—p¢+7’1—cosﬁ AN T D)
< 0 2m

E(f, é? éa b7, Pg» p(z)) = p¢ — 7" 1 + cos

2
+

]:(’Fv é? Qza br, Pg» p(z)) p¢+7“ 1"‘0059

>
== ‘iz\t ﬁz\t =
~— O~ "~

(wves
2mk
h N +2)
Furthermore we have the equalities
A=A B=B, C=-C, D=-D, £€=-& F=-F
leading to the following equivalence

fN(T> 07 d)a DPr, Po, p¢) = fN(fv é? éa b7, Pg» pq}) .
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