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Abstract. We give one parameter deformation of level & free field realization of

the screening current of the elliptic algebra U, ,(sl2). By means of these free field
realizations, we construct infinitely many commutative operators, which are called

—

the nonlocal integrals of motion associated with the elliptic algebra U, ,(sl3) for
level k. They are given as integrals involving a product of the screening current
and elliptic theta functions. This paper give level k generalization of the nonlocal
integrals of motion given in [1].

1. Introduction

One of the results in Bazhanov, Lukyanov and Zamolodchikov [4] is construc-
tion of field theoretical analogue of the commuting transfer matrix T(z), acting
on the highest weight representation of the Virasoro algebra. Their commuting
transfer matrix T'(2) is the trace of the image of the universal R-matrix associated
with the quantum affine symmetry Uq(S/[\Q). This construction is very simple and
the commutativity [T(z), T(w)] = 0 is direct consequence of the Yang-Baxter
equation. They call the coefficients of the Taylor expansion of T'(z) the nonlocal
integrals of motion. The higher-rank generalization of [4] is considered in [5, 6].
The elliptic deformation of the nonlocal integrals of motion is considered in [1].
Bazhanov, Lukyanov and Zamolodchikov [4] constructed the continuous transfer
matrix T(z) by taking the trace of the image of the universal R-matrix associ-
ated with U, (5/[\2) However, it is not so easy to calculate the image of the elliptic
version of the universal R-matrix, which is obtained by using the twister [10].
Hence the construction method of the elliptic version [1] should be completely
different from those in [4]. Instead of considering the transfer matrix T(z), the
authors [1] give the integral representation of the integrals of motion directly. The
commutativity of the integrals of motion is not consequence of the Yang-Baxter
equation. It is consequence of the commutative subalgebra of the Feigin-Odesskii
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algebra [11]. The higher-rank generalization of [1] is considered in [2, 3]. This
paper is a continuation of [1-3]. This paper give level k£ generalization of the
nonlocal integrals of motion given in [1].

The organization of this paper is as following. In Section 2 we give one parameter
“s” deformation of the level k free field realization of the screening current of the
elliptic algebra U, ;,(sl2). In Section 3 we construct infinitely many commutative
operators, which are called the nonlocal integrals of motion associated with the
elliptic algebra U, p(sl2) for level k. In Section 3 we state main theorem and give
conjecture. In appendix we summarize the normal ordering of basic operators.

2. Elliptic Current
In this section we give one parameter “s” deformation of the level k free field
realization of the elliptic algebra U, ,(sl2). We fix complex numbers x, r, r*, s,
(lz] < 1, Re(r), Re(r*) > 0, s # 2), and k = r — r* # 0, —2. We use symbols
ot —x" a n
=" Rly=amea

We set the parameters 7, 7*

T = efﬂ\/jl/rr _ e*ﬂ‘\/jl/’l“*T*‘ (1)
Let us use parameterization z = z?“. The symbol [u], stands for the Jacobi
elliptic theta function
[u]l, = &7 T"O 2 (2), [u]ps = 27" 1O 20+ (2) ()
where we have used
[e.9]
0,(2) = (2:)o0 (/7 P)oo (P D)oo (z:p)e = [[(1=1"2). @)
n=0

The theta function [u], enjoys the quasi-periodicity property

2my/—1
[u+ 7]y = —[u]y, [u+rr], = —e ™V (@)
2.1. Bosons
We set the bosons ain, 5%1 J=1,2,m € Zy
S 1 2
[ad . ol o+ [2m][rm] =12

7l = - m&nm,o’
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(5)
ol aa]zl 2T HIm ([sm] —[(s—2)m]) +x’“’”([sm]+[<s—2)m]>
T m [(r—k)m] [km]
><5m+n,0
&, )] = — iw&mo, j=1,2

1 (el + (s = 2m]) | 2 (sl + [(s—2m) ©)
bt =5 ( @ * fm) )

X 6m+n,0
[O‘gnvagz] = - ;[[z;z]]ém-&-n,()a j=12
ot 8= Lol o
[a11nv ai] % [Sm] +[l[€(;l]_ Q)m] 5m+n,0-

We set the bosons ﬂﬁﬁ, yﬁn,j =1,2,m € Zy

3, 0] = 2D s o =12
st g G Dml(sm) + [ =2m
o m " @®)
[f)/gn?f#z] = :niwjém—i-n,m j=12
['71 7'72] - = i [Sm] ha [(S - 2)m] 5m+n 0-

m [km]

We set the zero-mode operators Py, Qo, h, a and hg, h1, ho, ag, a1, s

[P[)a IQO] =1, [ha Oé] =2
)
[ho, ao] = [h1, a] = [ha, 1] = (2 — s), [h1, a1] = [ha, az] = 0.
We set the Fock space Fx 1, K, L € Z
Frkr= @B Clad,,al,, 0,700 = 1,2;m € Ny)]
n,no,n1,n2€ZL (10)

® ’K’ L>n7n0 ;11,12
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where

\/T> (1

® ena ® enoao ® enlal ® en2042.

K, L)y no,ni,ng — €XP (

Upon specialization s — 2 simplification occurs

o2 =—al, g =lr=Rm o m = Bm
[rm] [rm] (12)
B2 = =B V2 = =Y ho=h1=hy =ap=0a; =az =0.

1

The bosons o, 1 are the same bosons which were introduced to construct

m> Tm
the elliptic current associated with the elliptic algebra U, ,(sl2) and the deformed
Virasoro algebra Vir, ; [7-9]. In order to construct infinitely many commutative
operators, we introduce one parameter s deformation of the bosons in [7-9]. This

additional parameter s plays an important role in proof of the main theorem.
We introduce the operators C'j(z), C’J(z) J = 1,2, acting on the Fock space Fj i

Ci(z)=e V ﬁi@oe_v ) Fo log = cexp | — Z a}nz_m

m#0

2r . 2r
Cy(z) = oV R i@ o Fm Polog = exp [ =) ap "

m##0

(13)
2(r—k) 2(r—k)
CI(Z) _ e\/ iQo \/ Pylogz | L exp Z
m#0
2(r k). 2(r—k)
C’;r(z) —o VT E QogmV T folegz o Z azzm
m##0

Here : « : represents normal ordering. We set the operators \TIL 1(2), ¥;r1(2),
‘Iljl(z) \I/;H(z), J = 1,2, acting on the Fock space F;

\le,[(z) = exp <—(37 —z 1) Z [g;n]lﬂfnzm>

m>0

m [(k+1)m 4
X exp (— Z x_%’yjmzm> exp ( Z '3 ++]7$nz_m)

m>0 m>0
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o [(k + D) nv ( .y _m>
x exp | — 2 TaA |l exp | — xT 2z
S b
~_|_ . l’im —m
Wi (2) = exp <(3: —z 1 mZ>:O il 7 ) (14)
X exp < kam'y]_mzm exp <Z P [k + Lym] . _m>
m>0 m>0 [m]

m>0 [m]
m 1 ; m
X exp (Z o Wwimzm> exp (Z xg'yfnz_m> :
m>0 m>0

We set the operators ¥; 1(z2), ¥, r7(2), \I/jl(z) \I/; 11(2), 7 = 1,2, acting on the
Fock space F ;i

~ h h
U, ](Z)ea+ao+a1x§+ho+h1 P

~ h h
\IILH (z)ea+ao+a1w*§+h0*h1 P

V(2
Co— _h h
\j ‘1/271(2)6 a—aotaz . —5t+hotha g

N

(2)
(2)
(2)
Wy 11(2) = Uy y(z)e 0ty s tho—ha g
\I]J{,I(z) = E’I’](z)e_o‘_ao‘mlx%—ho—hlZ% (15)
‘IJI,H(Z) = {IVJI,H(z)e_a—aﬁalx—%—hﬁhlz%
\11;[(2) = {Iv/;](z)ea+a0+a2x—%—ho—h22_%
\II;H(Z) = {Ivf;H(z)eo‘+0‘0+a2$%—ho+h22_%.

Definition 1. We set the operators E;j(z), Fj(z), j = 1,2, which can be regarded
as one parameter deformation of the level k elliptic currents associated with the
elliptic algebra Uy p(sl) [7,9]

Ej(2) = Cj(2)¥;(2),  Fj(2) =Cl(2)¥i(), j=12 (16
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where we have set

1
j(2) = ———(¥51(2) = L11(2))
a7
—1 )
Vi(e) = —— (V] (2) = V] (=), j=12

We have following as direct consequence of the normal orderings of the basic
operators summarized in appendix.

Theorem 1. The elliptic currents E;(z), j = 1,2, satisfy the following commu-
tation relations

[ul - u2]rfk[u1 —Uu2 — 1]r7kEj(Zl)Ej(22)
= [u2 - ul]r—k’[u2 —Uup — l]r—kEj(ZQ)Ej(zl)’ j=12

S S
- il — g — - 1} Ei(21)E (18)
[ul ug + 2]T_k [m U2 5 + - 1(21)E2(22)
S S
= lug—ug + 2 —up - 1} Ea(22) B (21).
[UQ uy + QL% |:U2 uL =g + L 2(22)E1(21)

The elliptic currents Fj(z), j = 1,2, satisfy the following commutation relations

[ul - u2]r[u1 — Uz + 1]TF]'(Z1)F}‘(22)
= [ug — ui]pfug — wy + 1, Fj(22) Fj(z1), j=1,2

[Ul —ug — ;]T [U1 —uz + ; - 1]7«F1(21)F2(22) (19)
= [“2 —u1— %L [UQ —ut ; - 1LF2(Z2)F1(21)~

The currents E;(z) and F;(z) satisfy

(=1)(s-2) k
By Byl = % (G0 o) 20 (2
22 (20)
— 1 Cj(21)C (22) W11 (21) W] (22) 2 6 ( - )) . j=1,2.

Here we have used the delta-function §(2) = ., 2".

Upon specialization s = 2 the currents E(z), F;(z) degenerate to elliptic cur-
rents in [9]. We set EJDV(z) = F;(2)]s=2, FjDV(z) = Fj(2)]s=2,7 = 1,2.
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3. Integrals of Motion

In this section we construct infinitely many commutative operators G, Gy,, m €
N, which we call the nonlocal integrals of motion for level k.

3.1. Nonlocal Integrals of Motion

Let us set the theta function ¥}, (u), ¥, (u), a € C, by
P(u+1) =9"(u)

[ 2 \/ 21+ .
P (u+r*t") =exp | 27V 17" — i ( o Py — Th)] 9" (u)

k k
Bu+1) = d(u) 2D
[ 2my/—1 [2rr+
Hu+r7) =exp | -2V —17 — T (ZU - :: Py — ;;h)] I(u).
T
()
Let us use the parameterization z](-t) = x2“it ,t=1,2,7=1,2,....m

Definition 2. We define the operator G, for the regime Re(r) > k and 0 <

Re(s) < 2 by
m dz (1) m dz (2) 1 1
/ / 1511 5B EE) - Bl
Ti=1 A =1 E
X By(AA7) By (257)) - B(22) (22)

t=1,215i<j<m

r—k m
X v ( > (u(?) - u(-l))>
1 2) 2 1) s Z\%j fi
1 [ug)_UE‘)_?L%[U(')_”(')_?—FI} =

1<i,j<m

where the integral contour C* encircles zj(.t) =0,t=1,25=1,2,...,m,in
such a way that

=1, t=12  j=12..m
We define the operator G, for the regime Re(r) > 0 and 0 < Re(s) < 2 by

m m 3.2
dz dz;
= [ 1T (UH S AEDAE - AED)
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N
N~

x P2 o (2Y) - Fa(22) 23)
t t t t
0L, o] -l

t=1,21<i<j<m

. g (3 u<.2>>>
II {ugl) — u§-2) + %} [u 2) _ ugl) +5— 1} (jl ! !

1Si,jSm

oL~

®)

where the integral contour C* encircles z; = 0,t=1,245=12,....,m,in
such a way that

=1, =12 j=12..,m
We call the operators G, and Gy, the nonlocal integrals of motion for level k.

The definition of the operators G, G, for generic s € C, s # 2, should be

understood as analytic continuation. In the limit s — 2, the contour C*, C' pinch
at zj(t) = zi(t,). Hence the definition of G, G, do not hold for s = 2. We give
modified definition of G,, G,,, for s = 2, below. We note that parameter s # 2
plays an important role in the proof of Theorem 2.

Definition 3. We define the operator GE'V* for the regime Re(r) > k and s = 2

lu
t=1,215i<j<m

-
ST o e P
r—k

% J %
1<i,jSm

where the integral contour C/’grg encircles z](.t) =0,t=1,27=1,2,...,m, in
such a way that

\a:szﬁ)L |x2r*z£,f)\ < ]zil)\ < ]252)] < ]zél)] < |z§2)| << ]z,%)] < |z,(73)|.

We define the operator GPV for the regime Re(r) > 0 and s = 2 by

m g, m 4,2 ()
gnf:l)vz/.../c H (]1) H (]2) FlDV(z1 )"'FPV(ZnP)
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t t
o -]
t=1,21<i<j<m r

(
' Z Y S CO )|
X = = 9 (u 1,2 )>
II [ugl) — u§-2) + 1} [u§-2) — u(-l)} <j=1 ! !

1<i,jSm

where the integral contour Ca,g encircles A0 = 0,t=1,2,5=1,2,..

j .,m, in
such a way that

T 1 2
22221, 1 2D] < 1247 < o] < |47 < o] <o < D] < 2.

3.2. Main Result
The following is the main theorem of this paper.
Theorem 2. For the regime s # 2 and Re(r) > k we have
G Gl =0, m,n € N. (26)
For the regime s # 2 and Re(r) > 0 we have
[Gim, Gn] = 0, m,n € N. 27)

Let us sketch the proof of Theorem 2. The proof is given as the same manner as
level k£ = 1 case in [1,3]. By symmetrization of the screenings £;(z) the com-
mutation relation [G,, G*] = 0 is reduced to the following sufficient condition of
the theta functions, which is shown by induction as the same manner as [1,3]. We
note that this symmetrization procedure holds only for s # 2

)IDEENE N D UUEED I N DI EED B

KUK°¢=LUL*={1,2,...n+m} JEK® jeLe JEK JEL

| K|=|L|=n,|K°|=|L¢|=m

2 D 1 2) s
y H H ( )_u1(7) 5]7“*’6[“1(' )_u‘(l)_ﬁ]T*k
@) 2 _ @
i€EKC jEK® — Up ]T—k[uj U Jr—k
pEK® geK*®
(2) -5+ 1],._k[u32) - ugl) — 5+ 1

< ]I H (1) @ _ . @

i€EK° jEK® —uy A+ Uroplug” —uf™ + 1]k

peK® qeK*®
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B « (2) (M) o= 2 )
= ZZ v Z“j _Z“j v Z“j _Z“j
KUKC¢=LUL®={1,2,...n+m} JjEKe JEL*® JEK Jel
|K|=|L|=n,|K°¢|=|L¢|=m

2 1 S 2 1 S
[l (2) U()—i]r—k[ué)—ug)—§]r—k N
x H H — ), @ @) (28)
z%l}?ﬁ éggi p i Ir—Fk[%q g Ir—k
P
7 g el )
ke jeke — ul(,l) + 1],,_k[u£,2) — u§-2) + 1]k
pPEKC geK®

Naively, when we take the limit s — 2, it seems that we have [GDV* GPV*] = 0,
However, very precisely, in order to take the limit s — 2, we have to consider
special treatment which we call “renormalized” limit in [1]. Here we state only
conjecture on the operator GPV*. Theorem 2 give a supporting argument of the
following conjecture.

Conjecture 3. For the regime s = 2 and Re(r) > k we have
GPV* gDV- =0,  m,neN. (29)
For the regime s = 2 and Re(r) > 0 we have

GPV gDV =, m,n € N. (30)

In this paper we gave one parameter “s” deformation of level k free field real-
ization of the screening current of the elliptic algebra U, p(slg) By means of
these free field realizations, we constructed infinitely many commutative opera-
tors, which we call the nonlocal integrals of motion associated with the elliptic
algebra Uy, p(slz) for arbitrary level & # 0, —2. They are given as integrals in-
volving a product of the screening current and Jacobi elliptic theta functions. The
construction of the local integrals of motion Z,, for arbitrary level k is open prob-
lem. The construction of the local integrals of motion Z,, for level 1 only is
summarized in [1-3].
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Appendix

Here we summarize the normal orderings of the basic operators (in all cases the

subscript 7 = 1, 2).

02(2’1)01 (22) =

C;(Zl)CJ(ZQ) = I Z

CI(Zl)Cg(ZQ) =

C](Zl)CJT(ZQ) =

C]T(zl)Cj(zQ) ==

2_2 (2529 /215 2%F) oo (z
CYa)Ol(20) = = of F LT ool

x_2+2k,22/2’1; $2r*)oo($_222/21§ l‘%)oo

@ 22187 ) oo (@222 215 )

_l_% (CUSZQ/Zl; 1;27"*)00(1.2—322/2,1; xQT*)oo
(x7529/21; % ) oo (257229/21; 2% ) o
(252 29 /205 02 ) oo (4522 29 /215 27F) o
(2754 2k 29 /215 %K) oo (227512 29 ) 213 2% ) o

—2 -2 (@ a8 oo (27T 2p [ 21y 27 ) o
(:L-—s-i-?r* 22/21; x2r*)oo(xs—2+2r* 22/2’1; 22 )oo
2k) 5—2 Qk)

(2°22/21; 2°%) 0o (2° 20/ 215 27" ) 0o
(x=529/21; %) oo (22529 ) 215 12F) o
—242 (2722 s M) oo (271221 ) 225 27 ) o
1 (.T2+2k22/2'1; $2k)oo($_2+2r22/2’1; mzr)oo
%_% ($S+2k22/21§ 332k)oo($s_2+2k22/21; x2k)oo
A1 (5=5F2F 25 [ 21: 220) oo (22552 2 [ 21 22F) o
($_5+2T22/Zl; xQT)OO(xs—Q-‘,-QTZQ/Zl; J:QT)OO
(x8+21”22/zl; x2r)oo(m2fs+2r22/zl; $2T>oo
S7222/2513 ka)oo
(x=529/21; 1%F) oo (22529 215 22F) oo
(17%29/ 215 2% ) oo (257 220/ 21; 7% ) o
(2529/21; 2% ) oo (227529 /21; 22" ) 0o

Z;% ($_2+k2’2/2’1; ka)oo

(7229 / 215 2%%) o
Zl—% ($f+k22/21; 2?M) 5

(2~ 2k 2y [ 21; 22K) o
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Uy r(21)Wa g (22) =
Uy 1 (21) Uy 1(22) =
@1,11(21)@2,11(22) =
Uy 17(21) 0y 1r(22) =

U] (21) W) [ (2) =

\Ilg,l(zl)‘lﬂi,l(ZQ) =

\I,J{,H(Zl)‘l/;[[(z?) =

\I];H(zl)\I/{,H(ZQ) =
Uy 7(21) U rr(22) =
@271[(21)@1,1(22) =
U1 17(21) o 1(22) =

\T’z,l(zl)\ffl,n(z’z) =

‘1’1,1(21)‘1’;11(22) =

\I/;II(ZI)\I’J{,I(@) =

5 r(21)Vj1(22) =

(2™ Szo/21;0%F) o (0

(2 %2/ 215 362’“)00(:162

‘1’1,11(21){1};1(22) =
‘I/;I(zl)qli,n(@) =

2 (1 —29/21)

' (1’_82’2/2’1; ) (332 s+2k22/21; Qk)oo
($5+2k22/2’1 xQ )Oo(xs 222/21 ka)
(x 22/217 ) ($2 5+2kz2/zl $2k)
(m3+2k22/21 220 oo (522 ) 215 22F) oo
(x Zg/zl, ) (332 S+2kz2/21, 2k)oo
(.%'S+2k2:2/2:1 2?2 )Oo(xs 222/21 .’L‘Qk)

(x 22/217 ) ($2 s+2k:22/21’ 2k)oo
(m5+2k22/zl 220 oo (5229 ) 213 22F) o

(3: 2,2/217 ) (272 S+2k2’2/z1, 2k)oo
(xs+2kz2/zl 1’2 )oo x5 222/2,1 ka)

’ (x 22/21’ ) (:EQ 5+2k22/2’1, Qk)oo
(:Es+2k22/zl 12k )oo rS5— 222/Zl;$2k)oo
(1: ZQ/Zl, ) <m2 S+2k22/2:1; 2k)oo
(.%'S+2k22/2’1 1'2 )oo xrs— 222/2,1 $2k)

' (x 22/21’ ) (mQ 5+2k22/2’1, 2k)oo
(.’E5+2k2’2/21 1‘2 )oo(x57222/zl' ka)

k

( s+2k22/2’1, 2) ( 2*3+2k22/z1 $2k)

(.’I}S+2k22/21 22 (w5272 5 [y 2R
2— 2,2/217 2k)oo

(2529/21; ¥2F) oo (257229 /215 22F) oo

“529/21; 2% ) oo

(w820/ 213 2%F) oo (257220 / 213 22F) oo

( —s+2k:22/21; 2k) (2—s+2k22/21; Qk)oo

($S+2k22/zl ka) ($s 2+2k22/21 ka)

(@228 (220 2 21527 o

(2522/ 215 0% ) oo (25220 / 215 2% ) oo
($_$+2k22/21; $2k)oo($2_s+2k2'2/2’1§ ka)oo

({L’S+2k2’2/21; .TQk)OO(IES_2+2kZQ/Zl' ka)

($_5+2kz2/zl; $2k)m($2_5+2k22/zl x?k)

(2572 20 /213 22F) oo (25— 22K 25 [ 21 22F) o
(27520 215 %) oo (22520 ) 215 2%F) oo
(x529/) 215 229) 0o (25229 / 215 22F) o0
(:E2+2kZ2/21; 332k)oo
(x7229/21; %) 0
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\I'j,ll(zl)‘l’j,ll(zz) = u

U, 1(21)V511(22) =

\IJJJI(Zl)‘I’j,I(ZQ) =

vl

\IJ;',H(Zl)\I’;r‘,H(Zz) =

\Il;f}l(zl)qj;r',n(@) =

\Il;f',ll(zl)‘l’;r-,j(@) ==

Wj,I(ZI)W;71(Z2) = =

\P;,I(Zl)\l’j,f(ZQ) = =

\Ilj,l(zl)q’;,u(%) =

‘I’},II(Zl)‘I’j,I(Zz) = =

\I'j,fl(zl)‘lj;[(@) = =

\I/},I(Zl)qjj,II(ZQ) = =

\I’j,ll(zl)‘lj;r‘,u(%) =

‘I/;,II(ZI)‘I’]',H(ZQ) =

371(21)@},](22) =

(ZL‘2+2kZ2/z1; x2k)oo

(27 222/2152%) oo
29/ 213 2%F) o0
(=22 2y /21 22%) o
2k)

(1 —22/21)

(.T2+2k

($2Z2/21; T

(x7229/21; 2%F) oo

($2+2k
(1 —22/21)

o0

29/ 215 %) oo
(x229/ 215 2%%)
($2+2k22/21; $2k)

(x7229/21; 22F) o
(2%22/21; 2% ) 0o
(x7229/21; %) oo
(x2+2k22/21; $2k)oo
(1;72+2k22/21; ‘T2k)oo
1 (2K 229/ 21; 2%%) o
(1 —xF29/21) (x3F+229 /215 22F) oo
1 (275 229/ 21 2% oo
(1—a *z/z1) (a7 222/2152%%) o0
(27229 /205 2%F) oo
(x2tk 29 /215 22k o
(272 29/ 215 2%) oo
(x2th 2o /215 22k) o
(27229 /205 2% oo
(22Fk 29 /215 22F) oo
(27229 /215 %) oo
(x2+k2'2/21; ka)oo

o

(1 —22/21)

! (@ 22 /215 20%M) o
(1 —akzp/z1) (27222/2152%) o0
1 (2" 220/ 213 2% )00

(1 —abzg/z1) (2394222 / 215 2%F) o0
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