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CHARACTERIZATION OF SPORADIC PERFECT
POLYNOMIALS OVER F,

Luis H. GALLARDO, OLIVIER RAHAVANDRAINY

Abstract: We complete, in this paper, the characterization of all known even perfect polynomials
over the prime field F2. In particular, we prove that the last two of the eleven known “sporadic”
perfect polynomials over Fa are the unique of them of the form z®(x + 1)®M?Pa(M?"), where
M is a Mersenne prime and a,b, h € N*.
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1. Introduction

Let A € Fylz] be a nonzero polynomial. We say that A is even if it has
a linear factor and it is odd otherwise. We define a Mersenne polynomial over Fy
as a polynomial of the form 1+ 2%(z + 1), for some positive integers a, b. If such
a polynomial is irreducible, we say that it is a Mersenne prime.

Let w(A) denote the number of distinct irreducible (or prime) factors of A
over Fy and let o(A) denote the sum of all divisors of A (o is a multiplicative
function). If 0(A) = A, then we say that A is a perfect polynomial. The notion
of perfect polynomials is introduced ([3]) by E.F. Canaday in 1941 and extended
by J.T.B. Beard Jr. et al. in several directions ([1], [2]). We are interested in this
subject since a few years and have obtained some results ([4], [5], [6], [7], [8])-

If A € Fy[z] is nonconstant and perfect, then w(A4) > 2 (Lemma 2.1). Moreover
([3]), the only perfect polynomials A over Fy with w(A) = 2 are those of the
form (22 + z)2" !, for some positive integer n. We call them “trivial” perfect.
Contrary to the integer case in which any even perfect number has exactly two
distinct prime factors, we do not know the value of w(A) for a non-trivial even
perfect polynomial A € Fylz]. We are unable to describe a general form of such
polynomials in terms of Mersenne primes. However, as discussed below, with only
two exceptions, all known non-trivial even perfect polynomials have factorizations
with Mersenne primes as odd divisors.
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In the rest of the paper:
(a) For S € Fyfx], we denote by S the polynomial obtained from S with z
replaced by x + 1: S(z) = S(x + 1).
(b) We denote by a a root of the irreducible polynomial 22 + x + 1 in a fixed
algebraic closure of Fy. In other words: Fy := Fs[a], where Fy is the finite
field with 4 elements.

Remark 1.1. In other words, for any S € Fy[z], one has
S(a) #0 <= ged(S(z),2* +2+1)=1.

As usual, N (resp. N*) denotes the set of nonnegative integers (resp. of positive
integers).

We proved ([5], [6]) that any nonconstant and non-trivial perfect polynomial
A € Fy[z] with w(A) < 4 is even and takes one of the following forms:

T =a*(x+1)My, To=Ti, Ty=a'(x+1)°Ms, Ty=Ts,
C1 =2z + 1) (z* + x4+ 1) M2, Cy=0C4, Cs = 2*(x + 1) MMz = Cs,
04 = 1‘6(58 + 1)3M2E, 05 = 64,

where M; =1+ z(x+1)7,j =1,2,3.

Moreover, there are only two more known even perfect polynomials with five
prime factors: Sy = z*(z + 1) MyMyM3z and Sy = S;.

These eleven polynomials are the only known non-trivial perfect polynomials
over Fo. We call them “sporadic” perfect.

We immediately remark that, except for C7 and Cs, all of them are of the
form z%(z + 1)°Py - - - P, where a,b € N* and each P; is a Mersenne prime. These
two exceptions C7, Co show that contrary to the case of integers, there exist even
perfect polynomials over Fy which are divisible by a non Mersenne prime. We
showed ([9], Theorem 1.1) that these nine known polynomials are the unique per-
fect polynomials that have factorizations involving Mersenne primes as odd prime
divisors raised to powers of the form 2™ — 1. We want to better understand the
factorisation of the last two sporadic perfect polynomials C; and Cy. We obvi-
ously see that C; = z?(x 4+ 1)M;%0(M;?) and Cy = z(x +1)2M,%0(M;?). So, it is
natural to think of perfect polynomials of the form x(z + 1)°*M?"o(M?"), where
M is a Mersenne prime and a, b, h € N*. Proposition 3.5 implies that, in this case,
M € {My, M3} and the polynomial o(c(M?")) must be of the form x*(z+1)"M",
for some u, v, w € N*. Theorem 1.3 shows that M # M;.

In this paper, we characterize in Theorem 1.4 (with the help of Theorems 1.2
and 1.3) the polynomials C; and Cs, as the unique perfect polynomials that are
of the form x%(z + 1)°M?"o(M?"), where M is a Mersenne prime.

Theorem 1.2. If M = 1+z+ 22 and if o(o(M?*")) = 2% (x +1)*M"™, then u = v
and w is odd. Moreover, if u=v =1, then w =h = 1.

Theorem 1.3. If M =1+ x +---+ x*, then for any a,b, h € N*, there exists no
perfect polynomial over Fy of the form z%(x + 1)® M?'o(M?h).
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Theorem 1.4. Let A= z%(z+ 1)°M?"a(M>") be an even polynomial over Fs,
where M 1s a Mersenne prime and h € N*. Then A s perfect if and only if
M=2z2*+z+1, h=1 and (a,b) € {(1,2),(2,1)} so that {A, A} = {C4,Cs}.

2. Preliminaries

Some of the following results are obvious or well known, so we omit their proofs.

Lemma 2.1 ([4, Lemma 2.3]). If A= P/ ... P"Q% ... Q"% is a nonconstant
perfect polynomial over Fo such that:

P,....,P.,Q1,...,Qs are distinct and irreducible,
deg(Py) =--- =deg(P.) < deg(Q1) < --- < deg(Qs),

then r is even.

Lemma 2.2. If A= A Ay is perfect over Fo and if gcd(Ay, As) = 1, then A; is
perfect if and only if As is perfect.

Lemma 2.3. If A is perfect over Fo, then the polynomial A is also perfect over Fo.
Lemma 2.4. If A is an odd perfect polynomial over Fy, then A is a square.

Lemma 2.5 ([3, Theorem 8]). If any irreducible factor of 1 +x + -+ + z®" is
of the form z(x + 1)° + 1, then n € {1,2,3}.

Lemma 2.6. Let h be a positive integer and let M € Fao[x] be a Mersenne prime.
Then, o(z®) and o(M?") are both odd and squarefree.

Proof. The facts: o(z?") and o(M?") are odd and o(2?") is squarefree are im-
mediate. Put H = o(M?") = M?" ... + M + 1. By differentiating H, one has:
H =M (M1 4. .+ M+1)>2%

We show that ged(H, H') = 1. Suppose that 3 is a common root of H and H’
in a suitable field extension of Fy. It is obvious that M’(8) # 0 since M’ has at
most two roots: 0,1 and H(0) = H(1) = 1.

Hence, 3 satisfies: (M2 + ...+ M +1)(3) = 0= (M""t +... + M +1)(B).
Thus, 0 = H(B) = (M?h + (M" + 1)(M"' ... + M +1))(8) = M?"(8) +0. So
M(B) =0 and 0 = H(B) = 1, which is impossible. |

Corollary 2.7. Let M € Fy[x] be a Mersenne prime such that o(o(M?")) =
o%(x + 1)VM™.  Then, any irreducible divisor of o(M?") is of the form
1+ 2% (x4 1)% or 1+ % (z + 1)% M, for some positive integers a;, b;, c;, d;, €;.

Proof. Since o(M?") is odd and squarefree, we get o(M?") = Vi ---V,, where
r € N* and each V; is odd and irreducible. Hence, z%(z + 1)* MY = o(a(M?")) =
(1+Vy)--- (14 V,). Therefore, for any i, 1+ V; is of the form z% (x + 1)% or
x% (z + 1)% M for some a;, by, c;,d;, e; € N. The irreducibility of V; and the fact
that it is odd imply that a;, b;, ¢;, d;, e; must be positive. |
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Lemma 2.8. [[10], Theorem 7)] Let f € Falx] be a squarefree polynomial of
degree n. Then

i) f(1+z+2?) is also squarefree.
i) w(f(1 +x+ 22)) is even if and only if (—1)"F(3,4) = 1 mod 8, where
F(z,y) is the homogeneous lift of f to Z[z].

Corollary 2.9. If M = 2? + x + 1, then for any h € N*, the number w(o(M?"))
of irreducible divisors of o(M?") is odd.

Proof. Since the homogeneous lift of o(z?") to Z[x] equals

2h+1 _ 2041
Fla,y) = ——Y—,
r—y
and F(3,4) =5 # 1 (mod 8) the assertion follows from Lemma 2.8-ii). |

3. The proof of Theorem 1.4

We shall now show how our main result, Theorem 1.4, follows from Theorems 1.2
and 1.3. We start with a few technical lemmas.

3.1. Useful facts

Lemma 3.1. Let S € Fa[z] be irreducible such that S = S and S(a) # 0, then
S(a) =1 and 2% + x + 1 divides 1 + S.

Proof. Observe that from Remark 1.1 one has ged(S(z), 2% + z + 1) = 1. Write
S(z) = Q(z)(2® + = + 1) + R(z) with Q(z), R(z) € Fa[z] and R(z) = a + bx # 0.
Thus, a + ba = S(a) = S(a+1) = a+ b(a + 1). It follows that b = 0. Therefore
0 # S(a) = a € Fy. Thus, a = 1, thereby proving the first assertion. Since
(1+S)(a) =0, 1+ S(z) is divisible by the minimal polynomial of a over Fa. In
other words, 2 +x+1 divides 1+5(x). This completes the proof of the lemma. M

Corollary 3.2. Let M = 1 +x +a2, h € N* and H = a(M?"). Then there erists
an irreducible divisor P of H such that P = P and P(«a) = 1.

Proof. First, H = H because Mj M. By Lemma 2.6,7H = PP P,, where
each P; is irreducible. Since H = H, one has: P | H = P | H.
If for any j, P; # P;, then we may write without loss of generality:

H = PP PP - PP,

and w(H) = 2s, which contradicts Corollary 2.9. Moreover, any irreducible divisor
P of o(H) is distinct from M and thus satisfies: P(a) # 0. We get our corollary
from Lemma 3.1. |

Corollary 3.3. For any h € N*, M = 1+ x + 22 divides o(oc(M?")) = o(H).
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Proof. By Corollary 3.2, let P be irreducible such that P||H and P = P. Then,
1+ P divides o(H), and from Lemma 3.1, M divides 1 + P. [ |

Lemma 3.4. If M = 22+ x+ 1 and if T € Fy[z] are such that T =T. Then

i) there exists S € Fa[x] such that T = S(M).
i) o(T) =0o(T).
iil) If | T and (x + 1)°||T, then u = v.

Proof. i): By induction on the degree of T, we can prove that there exists R €
Fa[z] such that T'= R(x(z + 1)). It suffices then to take S(z) = R(z + 1).

ii) is immediate.

iii): Put T = 2%(x 4+ 1)°U, where U is an odd polynomial. Since T = T, one
has: 2¥(x +1)*U =T =T = 2%(z + 1)°U. We are done. |

3.2. The proof

Assume, in this section, that the polynomial A = z%(x +1)*M2"a(M?") is perfect
over Fy, with M a Mersenne prime, a,b,h € N* and a < b. We set M, = 14z + 22
and Ms =142+ ---+z*

For r € N, put Uy, = o(a(M?")) and

21'+1 27-+1

Sen=a2 (x+1)¥ M T =2 (w4 1) MY i M = My,
S =% (x4 1) M2 Top =2 (x4 1) M2 if M = Ms.

Proposition 3.5.

i) M divides at least one of o(x*) and o((x + 1)°).
il) One has either M = My or M = Mj.
ili) If M = M, then for some r € N, we have (a =b=3-2" —1, Uap, = Syp)
or(a=2-2"—1,b=3-2" —1, U = Typ).
iv) If M = M3 then Uap, € {Syp, Ty n}, for some r € N.

Proof. i): Put A = 2%(z + 1)’ M?"'g(M?"), a +1 = 2°u and b+ 1 = 270, with
s,7 >0, u,v odd. One has:

o) =l+a+-+a"=1+2)" "A+z+- 42",
o+ 1)) =22 YA+ @+ 1)+ -+ (x+1)"H2

We remark that the four polynomials o, z+1, M and o(M?") are pairwise coprime.
Hence, 0(A) = o(2%) o((z + 1)®) a(M?") o(a(M?")).
Since A is perfect, we get

o(z+ 1) M o (M) = 0(2%)6 ((x +1)") o (M) o(a(M?")),

so that 2¢(z + 1)°M?" = o(2%) o((x + 1)°) a(a(M>")).
If M to(x%) and M {o((x+1)%), then M?" divides o(o(M?")). Thus,

M = g(a(M?")),  M*" o(M?") is odd and perfect,

which is impossible by Lemmas 2.4 and 2.6.



12 Luis H. Gallardo, Olivier Rahavandrainy

ii): If M | o(2%), then M =1+ z + --- + 2%~ 1. Hence, by Lemma 2.5, u = 3
or u = 5.

If M | o((z +1)°), then as above: M € {M;, M3}.

iii): From i), M = M; must divide at least one of o(z?) and o((x + 1)?).

e If M|o(z*) and M | o((z+1)%), then M =14z +---+2" =1+ (z+
1)+--+(z+1)""! Hence,u =v=3. Thus, s<r,2" —1<a=3-2°—1
and 2° =1 <b=3-2"—1. It follows that s <r < s+ 1. We get Uap, = Sy
ifs=r. If r=s+1, then

a=3-2°-1, b=6-2°-1, o(o(M*") =2 (z+1)°% . M>h=32
which is impossible by Lemma 3.4.

o If M | o(x%) but M { o((x + 1)®), then u = 3,0 = 1. Thus, 2" — 1 < a =
3:29-1<b=2"—-1land2°—-1<b=2"—-1. Sor <s+ 1< r, which is
impossible.

o If M {o(x%) but M | o((x + 1)), then u = 1,v = 3. Thus, 2" —1 < a =
2°—1<b=3-2"—-1and2°—-1<b=3-2"—-1. Sor<s<r+1. Ifs=r,
then

a=2"-1, b=3-2"—-1 and o(c(M*)=(z+1)2 - M>*?
which is impossible by Lemma 3.4. We get Uap, =T if s =7 4 1.

iv): Now, we suppose that M = Mj.

e If M|o(z*) and M | o((z +1)%), then M =1+ z+---+2% =1+ (z+
1) + -+ (z + 1)""!, which is impossible.

o If M | o(x%) but M { o((x 4+ 1)®), then u = 5,0 = 1. Thus, 2" — 1 < a =
5.:2°—1and2°—-1<b=2"-1. Sos<r<s+2.

— If r = s, then

2%z 4+ 1) M = o(z)o((x + 1)")Usp = (z + 1) M2 22 Uy,

so that Uy, = z*2 M?"=2". Hence, any irreducible divisor of o(M?")
is of the form 1+ 2°M?, which is impossible by Corollary 2.7.

— If r =541, then

a=5-22-1, b=2-2°-1, Uy =2 (z+ 1) M =5,,.
— If r = s+ 2, then

a=5-2°—1, b=4-2°-1, Uy =2 (x+ 1> M2 =1T,,.

o If M { o(x?) but M | o((x + 1)?), then u = 1,0 = 5. As above, we get
r<s<r+2and Uy € {Ssn,Tsn} [ ]

We can now finish the proof of Theorem 1.4. If A is perfect, then the case
M = M3 is excluded by Theorem 1.3. From Theorem 1.2, we get: o(a(M?")) =
x%(x+ 1)*M™, for some u, w € N*, with w odd.
Proposition 3.5-iii) gives: o(o(M?")) =T, = 22" - (x + 1) - M?—%",
withr=0anda=2-2"-1=1,b=3-2" — 1 = 2. Again, Theorem 1.2 implies
that h = 1 and we get our theorem.
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4. Proof of Theorem 1.2

In this section, we take M = 1 + z + 2. Primo, we see that u = v since
o(a(M?")) = o(a(M?")). Secundo, Lemma 4.1 below states that w = h = 1
if u = v = 1. It remains then to show that w is odd.

Lemma 4.1. If o(c(M?")) = x(x + 1)M?*"~1, then h = 1.

Proof. We may write, by Corollary 2.7: o(M?") = V; --.V,, where each V; is odd
and irreducible of the form 1+x% (x+1)% or 1+ 2% (z+1)% M® , for some positive
integers 7, a;, by, ¢;, di, e;. If ¥ > 2, then 22 divides o (o (M?")), which is impossible.
So, r = 1 and o(M?") =V} = 1 + z(x + 1)M?"~1. Hence, M*" + ... + M =
o(M*) +1=x(x+1)M?""!and 2h — 1 = 1. [ |

Notation 4.2. For a polynomial S € Fa[x] of degree s, we denote by ay(S) the
coefficient of z°~ % in S, 1 < k < s.

Lemma 4.3. Let S € Fy[z] such that ged(S,x(x + 1)(22 + x + 1)) = 1, then
a1(o(S)) = a1(9) and az(c(9)) = az(S).

Proof. In this case, 0(S) = S+ T, where deg(T) < deg(S) —3. We are done. W

Lemma 4.4. If u,v,w € N*, then one has modulo 2:

0oy = “E  ((a7)) = 1+ aa(ar),
ag(x¥(x +1)"M") = vo=1) + wlw+1) + vw.

2 2
Proof. M¥ = ((z2+2)+1)¥ = (22 + 2)¥ +w(z? +2)* 1 +---. So

w

2

- (2) o= (1),

az(c(M™)) = ag(M™ + MY~ +...) = ap(M™) + 1.

Mw_x2w+wz2w1+( >x21U2+~~+w(m2+z)"J1+~-~

and

We have ag(z*(x + 1)"M"™) = az((x + 1)"M™) and

1
(x+1)UMw _ (SL"U—FU.’L‘U_I—F(;)LIJ”_2+~-~)($2w+w1‘2w_1+(w;_ )wa—2+._.)

Hence
-1 +1
a((z+1)"M") = U(U2 ) + w(w2 ) + vw. [ |
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We can now finish the proof of Theorem 1.2. We suppose that o(o(M?")) =
x%(x 4+ 1)"M™ where w = 2( is even. By comparing degrees, we get: u = 2d is
even and h = £ + d. We apply Lemmas 4.3 and 4.4 to S = o(M?") and to M?".
We get modulo 2: ag(a(a(M?"))) = az(a(M?")) =1+ ag(M?h) =1+ h.

On the other hand, still by Lemma 4.4, we obtain:

ag(x(z +1)*M?*H) =L +d mod 2.
So, we get the contradiction:

14 h = as(o(c(M*) = ag(z(z + 1)*M?*) =0 +d=h mod 2.

5. Proof of Theorem 1.3

In this section, we set M =14 x + 22 + 23 + 2* and for h € N* and r € N:
Usp = 0(0’(M2h)), Sr,h _ .’E3'2T (:L' + 1)2TM2h_2T7 Tr,h — xQT ((E + 1)3~2TM2h—2T.

The main idea of the proof is similar (but technically more complicated) as
that of Theorem 1.2: Proposition 3.5-iv) implies that Usy, € {S;.p, Ty pn}, for some
r € N. If r € {0,1}, we shall show directly that this is not possible. For r > 2,
we shall see that this is also impossible by proving that oi(Uan) # ak(Srn),
ay(Uap) # oq(Tp,) for some 1 < k,1 < 5 (see Notation 4.2 and Corollaries 5.12,
5.14, 5.16 and 5.18). The rough (trivial) idea is that two polynomials are equal if
and only if they have the same coefficients.

5.1. Case r € {0,1}
We prove, directly, that if € {0,1}, then Uap, # Sy p, Iy p, for any h € N*.

Caser =0

o If Uy, = Sop = 23(x + 1)M?"~1, then o(M?") = 1 + 23(z + 1)M?"1 is
irreducible. Hence M2" + ... + M = z®(z + 1)M?"~1, so that 2h — 1 = 1
and M =1+ 2®(z + 1). It is impossible.

o If Uy, = Top = x(x + 1)2M?"~1 then o(M?") is irreducible and equals
1+x(x+1)3M?"~1. Hence, as above, h = 1 and o(M?") = (22 +2+1)(z5 +
2% + 2t + 2% + 1), which is not irreducible.

Caser =1

Lemma 5.1. For any h € N*, Uy, # 25(x + 1)2M2%0—2 = Sih-

Proof. If Uy, = % + 1)2M?"=2 then by Corollary 2.7, o(M?h) =
(1 + 2%(z + 1)M®)((1 + 257 %(x + 1)M?'—27%) where u,w € N, 1 < u < 5.
Hence

M2 M 41 =142+ 1) MY + 257 (2 + 1) M?"=27% 4 25 (2 +1)2M?h =2,
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o If w # 2h—2—w), then min(w, 2h—2—w) = 1 and M must divide 1+z°(z+1),
with ¢ € {u,6 — u}. This contradicts Lemma 5.3 below.
o Ifw=2h—2—wandu =3, then M*"+.. .+ M+1=1+25(x+1)2M?~2,
Hence 2h — 2 = 1. It is impossible.
o fw=2h—2—wand u+#3, then w=h-—1,
M4 M= (x4 DMz + 257 + 25z + 1)2 M2,
So,h—1=1,h=2and
Uy = o(o(M*) = 2?(z+1)*(2* +24+1) (20 +2 + 28+ 2 4ot 423 41) # Sy . B
Lemma 5.2. For any h € N*, Uy, # 2(x + 1) M?h—2 = 11 p.

Proof. If Uy, = 2%(2+1)5M?"~2 then as above, o(M?") = (1+z(z+1)*M®*)((1+
z(z + 1)674 M2 =27v) where u,w € N, 1 < u < 5. Hence

MQ}L+~-~+MZ.%'(x—i-l)uMw—i—x(aﬁ—‘r1)6_UM2h_2_w+.’L‘2($U+1)6M2h_2.

o If w# 2h —2 — w, then § := min(w,2h — 2 — w) = 1 and M must divide
14+ x(z+1)°, with ¢ € {u,6 —u} C {1,...,5}. Thus,c=3=u=6—wu and

M2h—1 oL M+1 :x(m_,'_ 1)3[Mw—1 +M2h—3—w] —l—.%'Q(:)S—I— 1)6M2h_3.
Remark that M®~! 4+ M?h=3=w = 1 4 M?h =4 if (w = 6) or (2h—2—w = J).
It follows that M2"=1 ... 4 M? = z(z +1)2 M4 4 22 (2 + 1) M?"=3. So,
2h—4=2,h=3and
Usg=a2°(x+1)"(1+z+2%+2° +2) 2 (@ + 23 +1) # 2%(x + 1)°M* = Ty 5.
o Ifw=2h—2—wandu=3, then M*"+...+ M = 2?(x+1)M?"~2. Hence
2h — 2 = 1. Tt is impossible.
o fw=2h—2—wanduz#3, thenw=h-1,
M o e M =M (2 + 1) + (2 4+ 157 + 2% (x + 1) M2
So,h—1=1, h=2and

Uy = o(a(M*)) = 2% (o+1)*(2* +2+1) (20427 428+ 28 ot 423 +1) # T1 o
|

Lemma 5.3. For any ¢ € N, M does not divide 1 + x¢(x + 1).

Proof. Let a be a root of M. Then, one has a® = 1 so that a¢ € {1,q,...,a*}.
Thus, a®(a+ 1) # 1 for any ¢ € N. We are done. |
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5.2. Caser > 2
Some precisions about divisors of o (M?2")

The polynomial U defined below and its divisors will be useful:
U=@+z+ )@ +o+ )@ +22+1) =2 +2% +2° +2* + 23 + 2% + L.

Moreover, it follows from Lemma 5.4 below, that we have to distinguish the fol-
lowing four cases:

i) ged(a(M?),U) =1,

ii) o(M?") = (22 + = + 1) B, with ged(B,U) =1,

iii) o(M?) = (23 + 2+ 1)(23 + 22 + 1) B, with ged(B,U) = 1,
) o(M?") = UB, with ged(B,U) = 1.

v

Lemma 5.4.

i) The polynomial 2° + x + 1 divides o(M?") if and only if 2° + 22 + 1 divides
a(M3").
i) If o* + 23 4+ 1 divides o(M?") then 2* + x + 1 must divide o(M?"). The
converse is false.
iii) No irreducible polynomial of degree 4 divides o(M?").
iv) No irreducible polynomial of degree 5 divides o(M>").

Proof. i): Suppose that 2% +z+1 divides o(M?") and let p be a root of 23+ +1.
Then, one has M (p)*" ™" = 1. But, M(u) = p+p2 = p2(p+1)% = 128 = 48 = 1
because p € Fg. So, p?"*1 =1 and 7 divides 2h + 1.

Now, let 3 be a root of 23 +x2+1. Then, M(B) = 4+ = B ¢ {0, 1} because
B is of order 7. Hence M ()7 = 1 so that M(8)*"™ =1 and (®+22+1) | o(M2).

We similarly see that (2% 4+ + 1) | o(M?") if (23 + 22 + 1) | o(M?P).

ii): Suppose that 2% + 23+ 1 divides o(M?") and let v be a root of z* + 23+ 1.

Then, one has M(7)*"*! = 1. But, M(y) =y(y+1) = lg So, (7*2)2}”1 =1,
Y

2+l = 1. Since v!® = 1, v belonging to Fig \ {0,1}, ¥3 # 1 and 7° # 1, we see
that ~ is of order 15. Thus, 15 divides 2h + 1.

Now, let ¢ be a root of 2* +x+1. Then, M () = ¢34+ ¢2 = ¢3¢* = ¢® ¢ {0,1}.
Hence M(C)*® = 1 so that M(¢)*"*" =1 and (2% + 2+ 1) | o(M?"). By taking
h =2, we see that o(M?") = (z*+ 24+ 1) (22 + 27 + 28 + 2" + 25+t + 22+ 2+ 1),
so that the converse is not true.

iii) follows from ii) and from the fact that any irreducible divisor of o(M?")
must be of the form 1 + z% (z + 1)% M¢ (Corollary 2.7), z* + z + 1 being not of
this form.

iv) follows by an analogous proof, since any element of Fsy \ {0, 1} is of order
31 (a prime number), we see that if an irreducible polynomial of degree 5 divides
o(M?"), then all irreducible polynomials of degree 5 divide it. But, 1+ z + 22 +
2t + 25 = 1+ 2(x+1)%(2%2 + 2+ 1) is irreducible of degree 5 and is not of the form
1+ 2% (z + 1)% M¢. This contradicts Corollary 2.7. [ |



Characterization of Sporadic perfect polynomials over Fa 17

o (M™), ay(a(M?")) and oy(Uap), for l,w,h € N*, 1 <5

In order to compute ay(M®), a;(a(M?")) and oy (Usy,), for [, w, h € N*, we some-
times apply the following binomial coefficient properties obtained from the well-
known Lucas’Theorem (see [11]), without explicit mention. Some of our results
are obtained by direct computations, so we omit their proofs.

Lemma 5.5. Let n,k be two positive integers. Then, one has modulo 2:

i) Z =0 if n is even and k odd.
L [Z]) .
ii) = ( , otherwise.

k 5]

2
iii) ( ") = 0.
n
Lemma 5.6. If w € N*, then one has modulo 2:
a(MY) =w, (M) =w+ (;’) as(M") = w + <1;)
w w—1 w
MY) =
ag(M™) <4>+w< 5 >+w+(2>,
s (M) = w tw w—1 tw w—1 +w—2) w
° \5 3 2 2)
In particular, for any | € N*,
ar(M?) = ag(M¥) =0, ax(M*) =1, ay(M?*) = (
Proof. Write

2
MY = Z (7) (* + ) 2+ 2+ D+ T, where deg(Th) < 4w — 6,
1=0

and consider all the coefficients of monomials of degree greater than 4w — 6 in
(z* + %), w(zt + %) (2? + v+ 1) and in (})(z* +2%)* 2 (> +2+ 1) W

Lemma 5.7. Letu,v,w € N* and Ry, ,, = (x+1)"M"™. Then ay(z"(x+1)"M™) =
ag(Ryw) and
a1(Ryw) =v+ a1 (MY) =v+w, az(Ryw) = (;) +vay (M"Y) + ag(M™),

v

() =

> + <;) a1 (M) + vag(M®) + az(M®),
as(Row) = (Z) + <g) a1 (M™) + (;) as(M®) + vaz(M®) + ay(M™),

as(Row) = (;) + (Z)w + (§>a2(M“’) v (g) as(M®) + vag(M®) + as(M®).
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Proof. We easily see that ay(z"(z + 1)"M™) = ap((z + 1)*M™). We write
MY =% £ 5 op(M™)z* =t 4 Ty and (z +1)" = 215:0 (V)a*~! + T3, where
deg(T2) < 4w — 6 and deg(T3) < v — 6. As above, it suffices to consider the
coefficients of all monomials of degree greater than 4w — 6 in

(:&w + gal(Mw)x‘“”l) <l§: <1l’> xvl> . N

From Lemma 5.7 and from the fact that S, ; and T j are squares, we get

Corollary 5.8. If r,h € N*, with r > 2, then one has modulo 2:
al(Sr,h) = Oél(Tr,h) =0 Zfl 18 Odd,

h—2r-1
@2(Syn) = aa(Trn) = h, as(Srn) = 0a(Trn) =277 + < 2 > o

Lemma 5.9. For h € N*, one has modulo 2: ay(c(M?")) = az(a(M?")) =0,
as(a(M?M) = h, as(c(M?) = (";!) and as(c(M>")) = 1.

Proof. Since o(M?") = M?h 4+ M?'~1 4T, with deg(T) < 4(2h—2) = 8h—8, one
has a;(o(M?")) = a;(M?") if 1 <1< 3, and qg(c(M?*")) = a(M?" + M?h—1) =
al(;v(ac + 1)3M2h_1) = Oél(R;g’Qh,l) if4<I<5b.

From Lemmas 5.7 and 5.6, one has modulo 2:

as(Rson_1) = ay (M 1) 4 ag (M1 + as (M=) + ay (M)
_(2h-1 2h -1 2h —1
)

1 2 1 '
as(Rson_1) = ag(M?" 1) + az(M?"1) + ag (M) + a5 (M)

1 eu(Baan) + <2h5— 1) N <2h3— 2> N <2h2— 2)
. (h21) N (h21> N <h11> N <h11>.
So, as(a(M??)) = (") and as(o(M?")) = 1. [

Lemma 5.10. Let S € Fa[x] be such that no irreducible polynomial of degree at
most 5 divides S. Then ay(c(S)) = «q(S), for any 1 <1 < 5.

Proof. One has: o(S) =S+ T, where deg(T) < deg(S) — 6. We are done. |
Corollary 5.11. Let h € N* be such that gcd(o(M?"),U) = 1. Then

ar1(Uan) =0, aa(Uzn) =h,  a3(U2n) =0,  a4(Uz) = (h ; 1>'
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Proof. Apply Lemma 5.10 to S = o(M?") by taking account of Corollary 2.7 and
of Lemma 5.9. [ |

Corollary 5.12. If r,h € N* with gcd(o(M?"),U) =1 and r > 2, then

a4(Uzp) # aa(Srn),  aa(Uan) # (T ).
Lemma 5.13. Let h € N* be such that o(M?") = (22 + z + 1)B, where
ged(B,U) = 1. Then ay(Usp) =0 and az(Uap) = h+ 1.

Proof. By Corollary 2.7, since B divides o(M?"), we may apply Lemma 5.10 to
S = B. One has, for any 1 <1 <5, a(0(B)) = aq(B).

We may write: B = z° + a1 (B)x®™! + ay(B)2b~2 + --. and o(M?") =
(22 +2+1)B =22 + (o (B) + )2t + (ao(B) + 1)2b + - -+ So, ag(ac(M?h)) =
a1(B) + 1, az(c(M?")) = as(B) + oy (B) + 1.

On the other hand,

Usn = (2 +2)0(B) = 272 + (ax (0(B)) + 1) + (as (0(B)) + ax (o(B)))a + -
Thus, oy (Usap,) = a1 (0(B)) + 1 = a1 (B) + 1 = ay(a(M?")) and

az(Uap) = az(0(B)) + a1(a(B)) = az(B) + ai(B) = az(a(M*")) + 1
We get then our results from Lemma 5.9. |
Corollary 5.14. If r.h € N* are such that o(M?") = (22 + x + 1)B, where
ged(B,U) =1 and r > 2, then as(Usp) = h+1# h = as(Syn) = aa(Trp).
Lemma 5.15. Let h € N* be such that o(M?") = (23 + z + 1)(2® + 22 + 1)B,
where ged(B,U) = 1. Then

a1(Uap) =0, as(Uap) = h, az(Uap) =0,
h—1
044(U2}L) =1+ ( 9 ), 0(5(U2h) =1.

Proof. We proceed as in the proof of Lemma 5.13. We give relations between the
ai(o(M?"))’s and the a;(Usy)’s and apply Lemma 5.9.
By writing:

5

o(M?) = (4 +ao+1)B,  with B=a"+ > ap(B)a® ¥ +---
k=1

we get:
a1 (o(M?) = a1 (B) + 1, as(o(M?)) = as(B) + a1 (B) + 1,
as(a(M?")) = as(B) + az(B) + a1(B) + 1 = az(B) + as(a(M*")),
ay(a(M?")) = ay(B) + as(o (M2h))

o (M?3h)) Zak —|—1—Zak )+ ai(o(M?")).
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Since Uy, = (22 + 2)(23 + 22)0(B) = (2% + 2° + 2* + 2%)0(B), we obtain

a1 (Ua) = a1 (0(B)) + 1 = a1 (B) + 1 = ax(a(M?")),
az(Uap) = a2(0(B)) + a1(a(B)) + 1 = az(a(M?")),
as(Usn) = a3(0(B)) + az(0(B)) + a1(o(B)) + 1 = ag(a(M?")),

5
a5(Uap) = Z ag(c(B)) = Z ax(B) = az(a(M*)) + ay (o(M?")). |

Corollary 5.16. Ifr,h € N* are such that o(M?") = (2> + 2 +1)(2® + 22 +1)B,
where ged(B,U) =1 and r > 2, then a5(Up) =1 # 0 = a5(Srn) = a5(Tr ).

Lemma 5.17. Let h € N* be such that o(M?") = U - B, where ged(B,U) = 1.
Then a1 (Usp) =0, as(Usp) =h+1 and ag(Uszp) = 1.

Proof. As above, we write:
o(M*"Y=UB=(2®+2%+..- 42>+ 1)B

3
with B=a"+> ax(B)a" % + ...

k=1
We get: ay(a(M?")) = ay(B), az(c(M?")) = az(B) + 1 and
az(a(M*)) = az(B) + a1 (B) + 1.
Here, Uap = (22 + 2)(23 + 2) (23 + 22)0(B) = (28 + 2*)o(B). So, one has

3(B) = az(a(M?") + ay(a(M?")) + 1. [}

Corollary 5.18. Ifr,h € N* are such that o(M?") = U - B, where ged(B,U) =1
and r > 2, then az(Usp) =1 # 0= ag(Syp) = ag(Trpn)-
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