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A CANTOR SET TYPE RESULT IN THE FIELD OF FORMAL
LAURENT SERIES

STEFFEN H. PEDERSEN

Abstract: We prove a Khintchine type theorem for approximation of elements in the Cantor
set, as a subset of the formal Laurent series over F3, by rational functions of a specific type.

Furthermore we construct elements in the Cantor set with any prescribed irrationality expo-
nent > 2.
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1. Introduction

In [6] Khintchine proved, that for ¢ : R>1 — Ry a continuous function with
x + 229 () non-increasing, the set

W(y) = {f eR: ’E — 5’ < 1(q) for infinitely many g c Q}

of 1-well approximable numbers has Lebesgue measure 0 if the series

o0

> av(g)

g=1

converges, and full Lebesgue measure if the series diverge. The analogues state-
ment in the field of formal Laurent series over finite fields was shown by de Mathan
in [4].

In [7] Levesly, Salp and Velani established a Khintchine type theorem for
1-well approximable numbers in the Cantor set by rational numbers of the form
4,p € N.

The first part of this paper will establish the analogous statement in the field
of formal Laurent series over F3, where the Cantor set consists of those formal
Laurent series in the unit ball around 0 having only the coefficients 0 and 2.
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The second part of the paper will construct elements of the Cantor set with
any prescribed irrationality exponent > 2. This is the analogue of the result in [3]
by Bugeaud.

The proofs follow the approach from [7] and [3], but with the simplifications
and complications of working over an ultrametric field.

2. Preliminaries

Let F3 be the field with 3 elements and let F3[X] be the polynomial ring over
F3. We can introduce an absolute value on F3[X], by letting |P| = 398 for
P e F3[X]\ {0}, and |0| = 0. This in turn gives an absolute value on the rational
functions F3(X), and by completing with respect to this absolute value, we get
the field of formal Laurent series over Fg, that is the set

F5((X 1)) = { > X "ia_, €Fsay # 0} U {0},

where we have the absolute value

oo
g a_, X"
n=—N

for the nonzero elements, and still [0] = 0. F3((X~1!)) with the given absolute
value is an ultrametric space. We will restrict our attention to the unit ball in
F3((X 1)) around 0, that is the set

_3N

I={heFs((X ")) :|n]<1}.

I is the set of formal Laurent series on the form

(oo}
g a_, X"
n=1

where a_,, € F3, and where 0 is the element with all the coefficients a_,, = 0. We
can write the absolute value on I as

0, if h=0,
=9, 8 . o
37, if h#0, N=min{n:a_, #0}.

For z € F3((X~1)) we let B(z,3") be the ball around x with radius 3", and
fora_q,...,a_, € F3 we let

Bla_1,...,a ¢ =Bla_ 1 X '+ + a X rHClL

This ball consists of those elements in I with the first ¢ coefficients given by
a_1,...,0_y.
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It follows from the definition of the absolute value that every ball have radius
37" for some n. In particular every ball inside I is of the given form. We denote
the radius of the ball B by r(B).

In this paper we will look at the Cantor set, but in the setting of formal Laurent
series. We define the ’Cantor set as

C={hel:a_, €{0,2}}.

We let ¢ : {3" : n € N} — {377 : r € Z} be a function, and are going to study
the set

g
Wew) = {nec:|h- o] <viY),
for infinitely many N € N, where g € f(N)},
where

F(N)={f € F3[X] : Coeff(f) C {0,2},deg f < N},

of 1-well approximable elements in the Cantor set, by rational functions contained
in the Cantor set of a specific form. In this respect, we are concerned with intrinsic
Diophantine approximation.

For later we note that

#F(N) =2", (1)
and that
We(W)=<heClC:he U B (%,1/)(3]\7)) for infinitely many N € N » |

gEF(N)
when expressed in terms of balls instead of approximation. So

We () =limsup Ay = {f € C: f € Ay for infinitely many N € N},

N—o0

where

Av= U B(%,w(iﬂ]\’)).

geEF(N)

Just as with every metric, locally compact space we can introduce the notion
of Hausdorff measure, and Hausdorff dimension. We let f : R>p — R be
a dimension function i.e. f is continuous, non-decreasing and satisfy f(0) = 0.
We can now define the Hausdorff f—measure in the following manner. For A C
F5((X~1)) and p > 0, we let B, be the family of countable open covers of A, by
balls B of radius r(B) < p. We can now define the Hausdorff f—measure by

H/(A) = lim inf Zf

p—0BeB,
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If f is the dimension function given by f(z) = z® for a s > 0, we call it the
Hausdorff s—measure, and denote it by H®. We define the Hausdorff dimension
by

dimg(A) =inf {s > 0: H*(A) =0}.

Using standard techniques we can determine the Hausdorff dimension of C, in
fact we have the following result.

Proposition 1. Let v = 222 For any ball B with r(B) < 1 and BNC # 0 we
have

H'(BNC)=r(B)",
and in particular for B =1 we have

HY(C)=1 and dimg (C) = .

Proof. Throughout the proof let B be a ball with BNC # () and r(B) = 3~% < 1.
Then B = Bla_1,...,a_g,) for some a_q,...,a_q, € Fs.

For the upper bound, let p = 377 < 37%. Then B UC can be covered by the
collection of 27~ % balls

B = {B[a_l, cos Oy ALy 41)5 - - - ,a_j] A (4o41)s -, 0—j € {0, 2}}
of radius 377. We then have

inf (r(B)) < > (r(By)) =20 (377)T =27 = (37%)7 = r(B),
” B;eB B,eB’

since 37 = 2. By letting j — oo, we get that HY(BNC) < r(B)", which gives the
upper bound.
For the lower bound let B be a cover of BNC by balls. Then we want to show

that
r(B) < ) (r(B).
B,€B

First we may restrict the balls to lie in B, potentially decreasing the sum. If
the inequality holds true when summing over a subset of B, then it holds true when
summing over B. Since BNC is compact, due to balls in F3((X 1)) being clopen, we
can cover BNC by a finite subset of B. Furthermore if a ball B = Bla_1,...,a_g]
of radius 37¢ have one of a_1,...,a_; equal to 1, then BNC = (), and we remove
it from the finite subcover. The remaining balls we denote by B’, and note that
B’ is a finite cover of BN C, each ball having nonempty intersection with C.

Let the smallest ball in B’ have radius 37*. For balls B = Bla_1,...,a_] of
radius 3¢ > 37% B can disjointly be split into three balls Ag, A1, As of radius
3=+ by A; = Bla_1,...,a_g, i) for i = 0,1,2. Now 4; NC = () and

r(B)Y = (377 =37(37 V) = 2037 V) = (Ag)7 + 1(42)",

so replacing the B by Ag and As does not change the sum, and we still have a cover
of BNC.
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By iterating the procedure we end up with a cover of BN C by balls of radius
37%. Since it is a cover we must have at least 2% such balls, and hence

ST By = Y r(B) 22k 037 =27 = (B)Y,
B;eB B, eB’

which is the lower bound. | |

We are now ready to state the analogue of the main result of [7] in the setting
of formal Laurent series.

Theorem 2. Let f be a dimension function such that r=7 f(r) is monotonic. Then

_ )0 if i1 f(3")) x (3")7 < oo
el = {Hf(c) if s f($(3")) x (3")7 = oo

3. Toolbox

In this section we collect a lot of results which we will use in the rest of the paper.
We will need the following version of the diverging part of the Borel-Cantelli
lemma, Lemma 2.3 in [5].

Lemma 3. Let (X, ) be a finite measure space. Let A, be a sequence of measur-

able subsets of X. If

N(An) = 00,

n=1

then

N 2
imsup A,) > limsup .
P Novoo SN (AN Ay)

Furthermore we need the following generalisation of the Mass Transference
Principle, Theorem 3 in [2], but slightly simplified to the current setting.

For a dimension function f and a ball B inside C, that is a ball in the relative
topology, of the form B = B(x,r), we can define the transformation of B by f as
the ball

BY = B(z, f(r)"/").
If the dimension function is just r — r® for some s > 0, we just write the

transformed ball as B*. In particular we have that BY = B.

Theorem 4 (The Generalised Mass Transference Principle). Let {B;},;
be a sequence of balls in C with r(B;) — 0 asi — co. Let f be a dimension function
such that x — x~7 f(x) is monotonic. Suppose that any ball B C C satisfy

HY <B N lim sup B{) =H7(B).

1—>00
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Then any ball B C C satisfy

HT (B N lim sup B:) =1/ (B).
i—00
We will also need the theory of continued fractions over formal Laurent series
as first studied by Artin in [1]. Every rational function { can be written uniquely
as a finite continued fraction

1
% =ag+ — = [ap; a1, ..., an]
ay + ———
!
oy
an
with ag,a1,...,a, € F3[X] and deg(a;),...,deg(a,) > 1. In a similar way every
z € F3((X~1)) \ F3(X) can uniquely be written as an infinite continued fraction
1
T =ag+ — = [ap; a1, as, .. .]
a; + ————
! 1

az + —

with a; € F5[X] for all ¢ > 0, and deg(a;) > 1 for i > 1. We call the polynomials
a; the partial quotients of x, and the rational functions

P

L =ag;a1,...,aq;]

J

the convergents to x.
Furthermore, from the ultrametric property on F3((X 1)), we have that

’pj_ 1

P P
2
Qil ajal]Qyl

for all the convergents.
We will also need the Folding Lemma, Proposition 2 in [8].
Lemma 5 (Folding Lemma). If ¥ = [ao;a1,...,ay] is a rational function, and
t is a polynomial with deg(t) > 1, then
g (=n"
h + th?

=lap; a1y ...,an,t, —ap,...,—a1].

4. Proof of Theorem 2

Convergent case

Since
Do F@EM) x (3") < o,

and since f is a dimension function, we have that (3™) — 0 as n — oo.
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Let p > 0 be given. Then there exists an integer N,, such that
P»(3™) < p for all n > N,. (2)

Furthermore we may choose N, such that N, — 0o as p — 0.
We can now cover We(¢)) by the countable collection of balls

U An = U U (XN7¢ ))7

NN, N2=N, ge F(N)

each having radius < p by (2). Hence
dnf > frB)) < Y Y fEY)
* BieB N>=N, geF(N)

= Y fBN)) x #F(N)

N>=N,

23 r@EY) x (3Y) =0

N>=N,

as p — 0. So we have that
HI(We () =0

in this case.

Divergent case
To simplify the notation we let p be the Hausdorff v-measure restricted to C, that
is

H(A) = HI(ANC)

for every Borel set A.
Furthermore we define

wew) = {nec:|n-F5| <),
for infinitely many N € N, where g € ]-'*(N)},
where
F*(N) ={f € F3[X] : Coeff(f) C {0,2},deg f < N and f(0) =2}.

We note that
#F*(N) =21, (3)

and that just like before

Wi(p)=qheC:he U B( SN)) for infinitely many N € N 3 |
geF*(N)
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when expressed in terms of balls instead of approximation, and

Wi () =limsup Ay, = {f € C: f € Ay for infinitely many N € N},
N—o0

where

Av= U B(%,z/)(?)]v)).

geEF*(N)

Proving the divergent part of the theorem, but with W () instead of We (),
proves the result since

We(y) € We(y) CC,

so we do that.
First, we prove the divergent part of the theorem in the special case when the
dimension function f is just the function r — 7, that is the following theorem:

Theorem 6. u(Wg () = u(C) = 1 if Y0, (4(3") x 3)7 = ov.
Proof. The proof is divided into six steps.

i)

ii)

Without loss of generality we may assume that
¥(3") <3 " foralln € N. (4)

If that was not the case, the function ¥, defined by ¥(r) = min {r Loap(r }
would satisfy (4). Furthermore if \11(3”) =3"" mﬁnltely often, we have that

i ) x 3M)7 = oo,

n=1

On the other hand if ¥(3™) = 37" only a finite number of times,

i ) x 3™M)7 i(\l/(”xi%" i ) x 3M)7 = o0,
n=1 n=N n=N

for N sufficiently large. Since Wi (¥) C Wi (v), we could just prove the
theorem with ¥ instead of .
Let g,h € F*(n) be different. Then

9 hl_lg=h
Xn

237" 2 9(3"),

Xn  Xn|

B (%,w(sn)) nB (;7¢(3”)> =0

due to the ultrametric property. This implies that A} is a disjoint union

A= | B(Eeem)

gEF*(n)

and hence

for every n € N.
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iii) For any ball B with r(B) =3¢ <1 and BNC # 0, if n > £, then
* g n n—~_—1
: —_— - = .
#loe 7 ) B(L.0em) c B =2 (5)

This follows since any polynomial g € F*(n) has the coefficient ag = 2
and coefficients a,,_1,...,a; either 0 or 2. The requirement that the ball
B (%,1&(3")) is contained in B fixes the coefficients a,,_1,...,a,—¢. The
remaining n — £ — 1 coefficients can be either 0 or 2 giving 2" ¢! elements
in the set.

iv) We can now, under the assumptions of iii), compute

pmna)=ul || BB (Z.0Gm)

geF*(n)

- 5 w(mnn ()

geF*(n)
> (B (gmeen))
geEF™ (n)
B(+%4(3™))CB

= > wEy
gEF" (n)
B(%(3™))CB

(i) 2n—€—1,¢)(3n)'y

where we have used Proposition 1. Since
2n =1 — (37)Y % (379 x 377
we have that
(BN AL) = r(B) x ((3") x 3")7 x 37, (6)
For B =1 it follows that
p(AL) = ($(3") x 3")7 x 377 (7)
for all n € N, and hence

> uAy) = oo (®)

v) We have the following quasi-independence result

Proposition 7. For n > m we have

(A7, VAL < (A7) (A7) (9)
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Proof. Let (3™) = 37%. If n < ¢, then 37" > 37¢ = ¢(3™) and from
(4) we have 37" > 9¥(3"). Let g € F*(n),h € F*(m). Since g — h X"~ ™
evaluated in 0 is 2, we have that g — h X"~ #£ 0, and hence

h ’g S

g b S5,
Xn Xxm Xn

From this we get that

B (s vm) 8 (vl =0,

and by definition of A} and A}, we then have

m
AN AL =0,
which implies that
n(A, NAL) =0

and the quasi-independence is trivially satisfied.
If n > ¢ we have

wann Ay =u| [ (B(ee™)na;)

geF*(m)

S n(B (55 vem)na;)

gEF*(m)

QST @E™)T x @B x 37 x 37

gEF*(m)

27 (h(3™))7 x ($(3™) x 3™)7 x 377

- (?ﬂ X ($(3™) x 37")7) x (:Jr7 % ($(3") x 3")7)
D (AL x p(4y).

This concludes the proof of the quasi-independence. |

®)

From (8) we can use Lemma 3 to get

N )2
(We () = 1i <Zk=1u(Ak)) > i 1=1
= lmsup > limsup1 =1,
e Nooo SN (AR NAL) T N

where the last inequality comes from the quasi-independence. Since we
trivially have

1=p(C) = u(We (),
the result follows. [ |
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We will now deduce the diverging part of Theorem 2 from Theorem 6 by
a standard application of the Mass Transference Principle.

Proof. Without loss of generality we will assume that (3") — 0 when n — oo,
since else Wi (1) = C and the result is clear. By assumption we have that

i (3") x (3") =00

and 7 +— 77 f(r) is monotonic. Define 6 by 6(r) = [f((r))*/ 75, where [-]3 is
the function that rounds up to the nearest power of 3.

Then .
Z ) x 3M)7 = o0,

and from Theorem 6 we get that u(Wg(0)) = u(C) = 1. This in turn implies that
w(BNWe(0)) = p(BNC)
for any ball B C C. Now Theorem 4 gives
HI(BOWE () =H/(BNC)

for any ball B C C. In particular for B = C we get the desired result. |

5. Irrationality exponent

For an element ¢ € F3((X 1)) we define the irrationality exponent of ¢ as
T(§) = Sup{ ‘5 - f’ < |h|”" for infinitely many E € IFS(X)}

From Dirichlet’s theorem in the field of formal Laurent series we get that
7(§) =2 for all £ € F3((X71)).
Furthermore for ¢ : {3" : n € N} — R, a non-increasing function we define

K) = {f cl: ‘5 — %‘ < ¢(|h]), for infinitely many % € Fg(X)} )

We now have the following theorem.

Theorem 8. Let ¢ : {3" : n € N} = R, be a non-increasing function such that
T = xzw( ) is non-increasing and tends to 0 as 3™ tends to infinity. For any
c e (0,3%) the set

K@)\ K(ep)ne

is uncountable.
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From Theorem 8 we get the following result.

Corollary 9. For any T € [2,00] there exist uncountably many elements in C with
irrationality exponent T.

Proof. For 7 € (2,00) we can use Theorem 8 with ¢)(z) = z~7. For 7 = 2 we can
use the function 1 (z) = (zlogx)~2. Finally for 7 = oo the element

i 2X7n!
n=1

has the desired irrationality exponent, since the proof by Liouville for the corre-
sponding real case can be applied. In a similar way we can construct uncountably
many with irrationality exponent 7 = co. |

Proof of Theorem 8. Let u;,v; = 1 and define recursively w;41 as the integer
satisfying
1 < 3ui+132viq)(3v) < 3,
and v;41 by
Vgl = Uil + 20;.
From the assumption on z +— 2% (z) we get that the sequence {u;};cy is
non-decreasing and tends to infinity as i — oc.

From {u;};.y we now construct the following sequence of rational functions:
Let

-1 P

€U,1 = [07 7X 1} = Xul = X’U1
-1 -1 P.
gu,QZ[O;_Xu17Xu27Xu1]_ + 2

- Xu1 Xuz2+2u = X2
u u u u U u u -1 -1 -1 P3
gu,S = [07 -X 1aX 2aX 1aX Sa_X 17_X 27X 1] = le + XU2 + XU3 = “va3

where the element &, ,,+1 is constructed from &, ,, by applying the Folding Lemma.
Since we are in characteristic 3, and {v;},y is strictly increasing, each of the
rational functions is in C. They converge to the element &, o, € C. Furthermore
by construction each of the rational functions &, is a convergent of &, -

We have that 1

3JVn+1

|§u,oo - 5u,n| = < ¢(3v")7

and hence £y, 00 € K(¢).

For the other part it is sufficient to show that all the convergents g satisfy
J
P
€uce — 7| > c(1Q;))
Qj

as the convergents are best approximants.
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For 271 < j < 2% we have that |a;41| < 3“+1. Now
P; 1

Euo0 — R E—
QJ |a]+1| |QJ‘

but since

laj 1] 1Q; 1 ¥(1Qs]) < 3"+ |Q;1* w(|Qy]) < 3"+132i4p(3") < 3

we have

¥(1Q51)
3

fu oo T a] > C¢(|Q;|)

and hence &£y, & K(ct)).

In order to get uncountable many elements with the desired property, the
sequence {u;};.y can be modified in the following way. Define {u;}, .y by uj =1,
U, = up and uy, ; € {1,2}. By the same proof we get that each of the formal
Laurent series &y o € K(¢) \ K(ctp) N C, and since there is uncountably many
such sequences, each giving different formal Laurent series, we have the desired
result. |

6. Concluding remarks

Let p be a prime, g = p™ for some n > 1, and [, the field with ¢ elements. We can
from F, construct the polynomials F,[X] and the rational functions F,(X) with
absolute value |%| = gqdesg—degh for the non-zero rational functions, and 0] = 0.
Completing with respect to this absolute value gives the formal Laurent series
over F,.

Like before we restrict ourselves to the unit ball, that is elements of the form

oo
Z a_n X", a_,cF,

Let A C F, with 2 < #.A < ¢, and construct the missing digit set

MDS(A) = {ianX” ta_p € A} .

n=1

In the particular the case ¢ = 3 and A = {0, 2} we just have MDS(A) = C.

The results of this paper also holds true in the more general setting of miss-
ing digit sets, as the proofs can be modified to this situation. We have that
the Hausdorff dimension of MDS(A) is 74 = E£4 with 774(MDS(A)) = 1.
Furthermore for a function ¢ : {¢" :n € N} — {¢7" :r € Z} we define the set
Wnmbs(a)(¥) by

{heMDS(A): ‘h - %’ < (g™

for infinitely many N € N, where g € .7-'A(N)}7
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where

Fa(N)={f e Fy[X]: Coeff(f) C A, deg f < N},
we have the following theorem.

Theorem 10. Let f be a dimension function such that r—7Af(r) is monotonic.
Then

0 if 3oaty fW(gM) x (¢")4 < o0
HI(MDS(A)) if >0, f(w(g™) x (¢")* = oo
Finally the results about irrationality exponents also hold true in the more

general setting. For an element & € F,((X 1)) we define the irrationality exponent
in the same way as before as

Hf(WMDS(A) (w)) = {

7(€) = sup {T : ‘g — %’ < |h|”" for infinitely many % € Fq(X)}.

Furthermore for ¢ : {¢" : n € N} — R, a non-increasing function and I the
unit ball in F,((X 1)) we define

K@) = {f el: ‘«f — %‘ < 4(|h|), for infinitely many % € Fq(X)},

and we have

Theorem 11. Assume that x — x%(x) is non-increasing and tends to 0 as q"
tends to infinity. For any c € (0, %) the set

K@)\ K(cy) "MDS(A)
s uncountable.

And the corresponding corollary

Corollary 12. For any 7 € [2,00] there exist uncountably many elements in
MDS(A) with irrationality exponent 7.

Acknowledgements. I would like to thank my Ph.D. advisor Simon Kristensen
for directing me toward this problem, and for helpful suggestions along the way.

References

[1] E. Artin, Quadratische Kérper im Gebiete der héheren Kongruenzen. I, Math.
Z.19 (1924), no. 1, 153-206.

[2] V. Beresnevich and S. Velani, A mass transference principle and the Duffin-
Schaeffer conjecture for Hausdorff measures, Ann. of Math. (2) 164 (2006),
no. 3, 971-992.

[3] Y. Bugeaud, Diophantine approzimation and Cantor sets, Math. Ann. 341
(2008), no. 3, 677—684.



4]
[5]

[6]

7]
18]

A Cantor set type result in the field of formal Laurent series 21

B. de Mathan, Approzimations diophantiennes dans un corps local, Bull. Soc.
Math. France Suppl. Mém. 21 (1970), 93.

G. Harman, Metric number theory, London Mathematical Society Monographs,
New Series, vol. 18, The Clarendon Press, Oxford University Press, New York,
1998.

A. Khintchine, Einige Sdtze iber Kettenbriiche, mit Anwendungen auf die The-
orie der Diophantischen Approzimationen, Math. Ann. 92 (1924), no. 1-2,
115-125.

J. Levesley, C. Salp, and S.L. Velani, On a problem of K. Mahler: Diophantine
approximation and Cantor sets, Math. Ann. 338 (2007), no. 1, 97-118.

A.J. van der Poorten and J. Shallit, Folded continued fractions, J. Number
Theory 40 (1992), no. 2, 237-250.

Address: Steffen H. Pedersen: Department of Mathematics, Aarhus University, Ny Munke-

gade 118, DK-8000 Aarhus C, Denmark.

E-mail: steffenh@math.au.dk
Received: 31 July 2014; revised: 14 August 2014





