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A STUDY ON MULTIPLE ZETA VALUES FROM
THE VIEWPOINT OF ZETA-FUNCTIONS OF ROOT SYSTEMS

YasusHl KoMoRrI, KoHJI MATSUMOTO, HIROFUMI TSUMURA

Abstract: We study multiple zeta values (MZVs) from the viewpoint of zeta-functions associated
with the root systems which we have studied in our previous papers. In fact, the r-ple zeta-
function of Euler-Zagier type can be regarded as the zeta-function associated with a certain
sub-root system of type C,. Hence, by the action of the Weyl group, we can find new aspects of
MZVs which imply that the well-known formula for MZVs given by Hoffman and Zagier coincides
with Witten’s volume formula associated with the above sub-root system of type C).. Also, from
this observation, we can prove some new formulas which especially include the parity results
of double and triple zeta values. As another important application, we give certain refinement
of restricted sum formulas, which gives restricted sum formulas among MZVs of an arbitrary
depth r which were previously known only in the cases of depth 2,3, 4. Furthermore, considering
a sub-root system of type B, analogously, we can give relevant analogues of the Hoffman-Zagier
formula, parity results and restricted sum formulas.
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1. Introduction

Let N, Ny, Z, Q, R, C be the set of positive integers, non-negative integers, rational
integers, rational numbers, real numbers, and complex numbers, respectively.

We define the Euler-Zagier r-ple zeta-function (simply called the Euler-Zagier
sum) by

ST CTURUI) R w . — (1.1)

0<ny < <nype "

where s1,...,s, are complex variables. When (s1, $2,...,8,) € N” (s, > 1), this

is called the multiple zeta value (MZV) of depth r first studied by Hoffman [8]

and Zagier[40]. Though the opposite order of summation in the definition of

¢r(81,-..,8,) is also used recently, we use the order in (1.1) through this paper

because it is natural in our study. In the research of MZVs, the main target is to

give non-trivial relations among them, in order to investigate the structure of the
algebra generated by them (for the details, see Kaneko [12]).
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In our previous papers [14]-[21] and [29], as more general multiple series, we
defined and studied multi-variable zeta-functions associated with root systems of
type X, (X = A,B,C,D, E,F,G) denoted by (.(s1,...,5n; X,) where n is the
number of positive roots of type X, (see definition (2.1)). In particular when
§1 = -+ = 8, = 8, ((s,...,8 X,) essentially coincides with the Witten zeta-
function (see Witten [38] and Zagier[40]). An important fact is

¢ (2k,2k,...,2k; X,) € Q-7?*" (kK €N), (1.2)

which is a consequence of Witten’s volume formula given in [38]. Since we consid-
ered multi-variable version of Witten zeta-function, we were able to determine the
rational coefficients in (1.2) explicitly in a generalized form (see [20, Thoerem 4.6]).

Recently, in our previous paper [22], we regarded MZVs as special values of
zeta-functions of root systems of type A,, and clarified the structure of the shuffle
product procedure for MZVs from this viewpoint. In fact, we showed that the shuf-
fle product procedure can be described in terms of partial fraction decompositions
of zeta-functions of root systems of type A,.

The main idea in the present paper is to regard (1.1) as a specialization of
zeta-functions of root systems of type C,. (see below). It is essential in our theory
that C, is not simply-laced. In fact, there exists a subset of the root system of
type C, so that the Euler-Zagier sum (1.1) is the zeta-function associated with
this subset (see Section 4). This subset itself is a root system, and hence the
Weyl group naturally acts on (1.1). General fundamental results will be stated in
Section 3, and their proofs will be given in Section 9. As a consequence, it can be
shown that a kind of formula (1.2) corresponding to this sub-root system implies
the well-known result given by Hoffman [8, Section 2] and Zagier [40, Section 9]
independently:

¢ (2k, 2k, ..., 2k) € Q- %" (k € N) (1.3)

(see Corollary 4.2).

Furthermore, based on this observation in the cases when r = 2, 3, we will give
explicit formulas for double series and for triple series (see Proposition 5.1 and
Theorem 5.2) which include what is called the parity results for double and triple
zeta values (see Corollary 5.3).

Similarly we can consider analogues of those results corresponding to a sub-root
system of type B,. In fact, we can define a B,-type analogue of (,.(s) by

¢o= Y Tlgem ! 7 (1.4)

. S;
mi,...,mp=1i=1 j=r—ig1 T T my.)%i

which is a “partial sum” of the series of (,.(s) (see Section 6). From the viewpoint of
root systems, we see that this has some properties similar to those of ¢.(s), because
the root system of type B, is a dual of that of type C,.. Actually we can obtain
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an analogue of (1.3) for this series (see Corollary 6.2). We also prove a formula
between the values of ¢3(s) and the Riemann zeta values (see Theorem 6.4), which
gives the parity result corresponding to type B, (see Theorem 6.4). This result
plays an important role in a recent study on the dimension of the linear space
spanned by double zeta values of level 2 given by Kaneko and Tasaka (see [13]).

The fact that parity results hold in those classes implies that those are “nice”
classes. In Section 8 we will study those classes from the analytic point of view, and
prove that those classes, as well as the subclass of zeta-functions of root systems
of type A, introduced in [22], are “closed” in a certain analytic sense.

Another important consequence of our fundamental theorem in Section 3 is
the “refined restricted sum formulas” for the values of (,.(s) and (f(s), which are
embodied in Corollaries 4.1 and 6.1. One of the famous formulas among MZVs is
the sum formula, which is, in the case of double zeta values, written as

K—-1
Z QK —j.j) =((K) (K € Zss). (1.5)

Gangl, Kaneko and Zagier [7] obtained the following formulas, which “divide” (1.5)
for even K into two parts:

> ((2a,2) = ZC(ZN) €eQ N (N eZsy),

a,beN
a+b=N

> GRa-1241)= [N €Q-mY (N eZs),

a,beN
at+b=N

(1.6)

which are sometimes called the restricted sum formulas. More recently, Shen and
Cai [35] gave restricted sum formulas for triple and fourth zeta values (see (7.1)
and (7.2)). As we will discuss in Section 7, our Corollaries 4.1 and 6.1 give more
refined restricted sum formulas for ¢.(s) and for (!(s) of an arbitrary depth r.
From these refined formulas we can deduce the restricted sum formulas for an
arbitrary depth 7, actually in a generalized form involving a parameter d (see
Theorems 7.1 and 7.3).
A part of the results in the present paper has been announced in [23].

2. Zeta-functions of root systems and root sets

In this section, we recall the definition of zeta-functions of root systems studied
in our papers [14]-[20]. For the details of basic facts about root systems and Weyl
groups, see [6, 9, 10].

Let V be an r-dimensional real vector space equipped with an inner product
(-,+). The dual space V* is identified with V' via the inner product of V. Let A
be a finite irreducible reduced root system, and ¥ = {«;, ..., .} its fundamental
system. We fix A, and A_ as the set of all positive roots and negative roots
respectively. Then we have a decomposition of the root system A = A, [JA_.
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Let @ = Q(A) be the root lattice, QV the coroot lattice, P = P(A) the weight
lattice, PV the coweight lattice, and P, the set of integral strongly dominant
weights respectively defined by

Q:é;Zai, Qv:é§Za¥,
i=1 i=1

P:é}Z)\i, PV:ETBZ/\Z-V, P++=éNAZ-,
i=1 i=1 i=1

where the fundamental weights {);}7_; and the fundamental coweights {\}}"_;
are the dual bases of UV and ¥ satisfying («), \;) = d;; (Kronecker’s delta) and
(XY, a;) = d;; respectively.

Let 0, : V — V be the reflection with respect to a root a@ € A defined by

\

O 0= v—{a’ v)a.

For a subset A C A, let W(A) be the group generated by reflections o, for all
a € A. In particular, W = W(A) is the Weyl group, and {0 := 04, |1 < j <7}
generates W. For w € W, denote A, = A, Nw~'A_. The zeta-function associ-
ated with A is defined by

Cr(s,y;A) = Z Py H <aV1)\>sa’ (2.1)

AePy 4 aEA L

where s = (54)aca, € Cl2+I and y € V. This can be regarded as a multi-variable
version of Witten zeta-functions formulated by Zagier [40] based on the work of
Witten [38].

Let A* be a subset of A;. We call A* a root set (or a root subset of A) if, for
any A; (1 < j <), there exists an element o € A* for which (a, A;) # 0 holds.
We define the zeta-function associated with a root set A* by

(s, y: A) = Z e2mi(y, ) H W. (2.2)

AEP; 4 QEA*

In the case y = 0, this zeta-function was introduced in [16]. When the root system
is of type X, we write A = A(X,), A* = A*(X,), and so on.

Remark 2.1. The notion of ¢,.(s,y; A*) depends not only on A*, but also on A,
because the summation on (2.2) runs over all strongly dominant weights associated

3. Fundamental formulas

In this section, we state several fundamental formulas which are certain extensions
of our previous results given in [16, 17, 20]. Proofs of theorems stated in this section
will be given in Section 9.
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Let 7 be the set of all bases V.C A,. Let V* = {1) } sev be the dual basis
of V¥V = {8V}sev. Let L(VY) = @y Z6Y. Then we have |QY/L(VY)] < oco.
Fix ¢ € V such that (¢, ,uX) #0forall V€ ¥ and § € V. If the root system A
is of type Aj, then we choose ¢ = o). We define a multiple generalization of the
fractional part as

_ e} (oY) > 0),
v {1—{—<y,u};>} (6.Y) < 0),

where the notation {z} on the right-hand sides stands for the usual fractional part
of t €R. Let T={t € C|[t| < 2r}A+].

Definition 3.1. For t = ({4)aca, € T and y € V, we define

Z( H 7<7 N5>)

VEY NeAL\V ty = 2pev is

1 T (H tg exp tﬂ{Y+Q}Vﬂ))

“1QV/L(VY) et 1 (3.1)

qEQV/L(VY) BeV

tk
Y. Phyid) [T o5

Ken /2! Q€A

which is independent of choice of ¢.

Remark 3.2. In [17], F(t,y;A) is defined in a different way. The above is [17,
Theorem 4.1]. In particular when A = A(A;), we see that

tet{y}
Flby: AA) = S,

which is the generating function of ordinary Bernoulli periodic functions { Bx({y})}-

Let

SCANED Dl I | avil/v (3:2)

AEP\H v acAy

where Hav = {v €V | (¥,v) = 0 for some a € A} is the set of all walls of Weyl
chambers. For s € C2+!, we define (ws)q = 54-14, where if w™'a € A_ we use
the convention s_, = s,.

Proposition 3.3 (|20, Theorem 4.4],[17, Proposition 3.2]).

Sk,y; A Z ( H (fl)k“)cr(wflk,ufly;A)

weW a€AfNwA_

i) Fe
- <—1>A+'7><k,y;A>( T %)

aE€A «r

for ko € Lo (€ Ay).
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Remark 3.4. It should be noted that the formula (3.3) holds in the cases k, =
for some o € A, while it does not hold in the cases ko, = 0 for any a € A,.

For v € V, and a differentiable function f on V, let

mf()’-l—hv)—f(Y)

(0uf)(y) = Jim VY
and for o € A4,
0. 2| 4.
Otal; o

Let A* C A4 be aroot set and let A=A \A* = {vy,...,vn} C Ay, and define
DA=Dpy Dy,

Similarly we define

1 02

Do = v, (3.4)
2002, _,

Da2=Duy2 Dy 2. (3.5)

Further, let A; = {vy,...,v;} (1<j<N—1), 4o =0, and
Ya={Ve?V|vi1¢Lh[VNA]O0<j<N-1)},

where L.h.[ - ] denotes the linear hull (linear span). Let Z be the set of all linearly
independent subsets R = {f1,...,58,-1} C A and

9= J LLRY]+q). (3.6)
Rez
q€QY
Remark 3.5. It is to be noted that y € ¢ if and only if (y +g¢, u?{) € Z for some
Ve?,8eV,qge Q. In fact, if y € H then we can write y = Z;;} a;By +4q
(a; € R). We can find an element 8, € A such that V = {3,...,6,} € 7.
Then (y — ¢, py ) = 0 € Z. Conversely, assume (y + ¢,y ) = ¢ € Z. Write V =
{B1,...,Br—1, B} Since this is a basis, we may write y+¢q = Z;;i a; B +apB" with
aj,a € R. Then ¢ = (y + q7ug> = a, especially a € Z. Therefore a8Y — q € QV,
which implies y € $Hg.

Definition 3.6. For AL \ A* = A = {vy,...,un} C Ay, tar = {tataca- and
y € V, we define

Fac(tanyid) = 30 (~DMVI( ] L )

VETa YEAL\(VUA) ty = 2geviats(r” 1Y)

1 tgexp(ts{y +q}tv,s)
“1QV/L(VY)| > ( 11 ets — 1 )
qeQV/L(VY) BeV\A

(3.7)
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Theorem 3.7. For Ay \ A* = A = {uvy,...,un} C Ay, tar = {ta}aca- and
y €V \ Hg. we have

(DaF)(tax,y;A) = (Da2F)(ta-,y;A) = Fax(ta-,y; A), (3.8)

and hence is independent of choice of the order of A. The function Fa«(tas,y;A)
is the continuous extension of (CDAF) (ta=,y;A) in y in the sense that
(@AF) (tas,y + co; A) tends continuously to Fa«(tax,y;A) when ¢ — 0+, and
s holomorphic with respect to ta~ around the origin.

Definition 3.8. For A* C A, and ta~ = {tn}acax, we define Pa-(kax,y; A) by

ko
ta

Fa-(tas,y; &)= Y Pa-(kas,y:4) Tk

kaxeN" aEA

Theorem 3.9. Fors = k = (kq)aea, with ko € Zzy (0 € A*), ky =0 (a €
A4\ A*), we have

Z( H (*l)k“)cr(w*k,wfly;m

weW a€eANwA_
i)k
=<—1>'A+7>A*(kA*,y;A)(H e ) (3.9)

acA* a

provided all the series on the left-hand side absolutely converge.

Assume that A is not simply-laced. Then we have the disjoint union A =
A;U Ag, where Ay is the set of all long roots and A, is the set of all short roots.

Note that if there is an odd k;, then both hand sides vanish in (3.9). On the
other hand, when all k}s are even, by applying Theorem 3.9 to A* = A; or A, we
obtain the following theorem immediately, which is a generalization of the explicit
volume formula proved in [20, Theorem 4.6].

Theorem 3.10. Let Ay = Ay (resp. Ag), Ay = Ay (resp. A;), and Aj; =
A;NAy (j=1,2). Then Ajy (5 =1,2) is a root subset of Ay. Fors; =k, =
(ka)aea,, with ko =k € 2N (for all « € A4 ) and v € PY/QV, we have

_1)1A+] 1) Fa
ok Agy) = U PAH(kl,u;A)( I & > (3.10)

N 7 —
|W| a€A 4 ka.

Remark 3.11. Let s = k = (kq)aea, with kg, = k£ € 2N (o € Ayy) and
ko = 0 (o € Agy). Then obviously ¢, (ki,v; A1) = ¢ (k,v;A). Our proof of
Theorem 3.10 is actually based on the latter viewpoint.
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4. Multiple zeta values and zeta-functions of root system of type C,
Now we study MZVs from the viewpoint of zeta-functions of root systems of type
C,. For A = A(C,), we have the disjoint union AY = (A;1)Y U (Asy)Y, where
Arp = A (Cr) = Al(Cr) NAL(Cr), Agy = Asi (Cr) = A(Cr) NAL(Cy), and
(A)’ ={a), 1+ o), o) s+l o), e oo

Since PV /QY = {0, X}, for s; = (Sa)aca,, , We have

Gl 0ALC) = S H !

)
. Sq
mi,...,mp=14i= 1 Jj=r— z+1m]+m7“) ‘

G(si, A5 A (C) = Z H _ (1)

. b
mi,...,mp=14i=1 (Zj:r7i+1 m; + mr)s'

where the first equation is exactly the Euler-Zagier sum (,.(s1,...,s,) (see (1.1)).
In order to apply Theorems 3.9 and 3.10 to MZVs, we rewrite the root system of
type C.. in terms of standard orthonormal basis {ey, ..., e,}. We put aiv =e;—€;t1
for 1 <i<r—1and o) =e,. Then we have

(AlJr)v = {a;/ = €r, a;/fl + 047\‘/ = €r—1,

v v v _ v v _
o) ota_tal=e_9 ..., +-+a =er}.

In this realization, we see that W(C,.) = (Z/2Z)" X &,, where &, is the symmetric
group of degree r which permutes bases, and the j-th Z/2Z flips the sign of e;.
Since the sign flips act trivially on the variables s;, from Theorem 3.9 we obtain
the following formulas. These are the “refined restricted sum formulas” for ¢,.(s),
which we will discuss in Section 7.

Corollary 4.1. Let A = A(C;). For (2k); = (2ka)aca,, = (2k1,...,2k,) €
(2N)" andy =v e PV/QV,

Z G (2K, v Ary)

cES,.

-1 2
_ )PAH 2k), H T Q. n? ik (41)

In particular when v = 0,

> G(2ko1()s -5 2k ()

gES,

_ = 1) Par, (2K)1,0; A) H 27”))
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Also Theorem 3.10 in the case of type C, immediately gives the following.
Corollary 4.2. Let A = A(C,.). For (2k); = (2k,...,2k) with any k € N,

_ = Ay (2702 r
Cr(2k,2k7,2k) = oyl PAH_((zk)hO,A)W S Q-7‘(‘2k . (43)

Remark 4.3. The fact
7 G(Zho-1(1ys - 2k () € Qw2 I s

geS,
was first proved by Hoffman [8, Theorem 2.2]. This gives the well-known result
Cr(2k,...,2k) € Q- 72T,

which was also given by Zagier [40, Section 9] independently. Broadhurst, Borwein
and Bradley gave explicit formulas for these values in [5, Section 2|. Also it is

known that

-\ 2kr
G(2k, ..., 2k) = cﬁ’“)(z(;g)!, (4.4)

where

) _ M LNy 2k (*)

Cl =1, cP= znjzl(w( ; )Bmcn_j (n>1).

Formula (4.4) was first published in the lecture notes [1], [2] written in Japanese
(Exercise 5, Section 1.1 of those lecture notes). See also Muneta [32].

We emphasize that (4.4) can be regarded as a kind of Witten’s volume formula
(4.3). Because (4.3) and (4.4) in the case r = 1 are both Euler’s well-known
formula (2mi)

2mi
2k) = —Bop——+ keN 4.
C(2k) 25 h)! (keN), (4.5)
we can see that Pa,, ((2k);,0; A) and ¢t are different types of generalizations of
the ordinary Bernoulli number Bayy.

Example 4.4. Let A = A(C53) be the root system of type Cy. By Theorem 3.7,
we have

titoelv2}ts
DO, F)(t,t ;A)=1
( As+ )( 1, 2?y17y27 ) + (etl _ 1)(t1 _t2)
tltze{yz}tz t1t2e(1_{yl—y2})t1+{yl}t2
(et2 — 1)(—t1 + t2) (etr — 1)(et> — 1)
titoe(1—{2v1—121)ts titoel2y1—y2}tz
(=Dt +t) (e = 1)l + o)
S 1 15
= Pa,. (k1, ka2, y1,y2; A .
Z l+( 1 2,Y1,Y2 )klle'

k1,k2=0
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Set (yla y2) = (07 0) and k = (Oa k17 k?v 0) Then <2(07 kla k2a 07 Y1,Y2; A) = CQ(kh k?)
for A = A(C3). Hence it follows from (3.9) that

(L4 (D)) + (~)*=) Gk, ko) + (1+ (1)) (1 + (=1)")Ca(k2, k)
(27i)krthe

_ 4 .
= (=1)"Pa (b, 2, 0,0 )= s

(4.6)

for kl,k‘Q > 2.

For example, we can compute

PAH» (4,4,0,0, A) = m

from the above expansion. Hence we obtain

(=t 1 @) oAb
(2(4,4) = 8 6300 (41)2 — 113400

Similarly we can compute (2(2k,2k) for k € N, though in this case we can also
compute (2(2k, 2k) by using the well-known harmonic product formula for double
zeta values

C(8)C(t) = Ca(s,t) + Ca(t, s) + (s +1). (4.7)

In the next section, we introduce a slight generalization of Corollary 4.2 which gives
evaluation formulas of (5(k,[) for odd k +1 in terms of {(s) (see Proposition 5.1).

Remark 4.5. In the general C, case, considering the expansion of
(Da,, F)(ta,,0;A(C;))

similarly, we can systematically compute (.(2k,...,2k). Moreover, considering
the case v # 0 for (,.(s,v; A(C;)), we can give character analogues of Corollary
4.2 for multiple L-values, which were first proved by Yamasaki [39].

5. Some relations and parity results for double and triple zeta values

In Theorem 3.9, we considered the sum over W on the left-hand side of (3.9).
Here, more generally, we consider the sum over a certain set of minimal coset rep-
resentatives on the left-hand side of (3.9). In this case, it is not easy to execute its
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computation directly. Hence we use a more technical method which was already
introduced in [19]. First we show the following result for double zeta values corre-

sponding to a sub-root system of type Cs, where the number of the terms on the
left-hand side is just the half of that on the left-hand side of (4.6).

Proposition 5.1. For p,q € N>,

1+ (=1)") G(p, @) + (1 + (=1)9) C2(g, )

p/2] o
=2y (" i a2
i=0 q
W2 91
+2Z< p—1 )C(Qj)é(p+q2j)<(p+q).
=0

Proof. The proof was essentially stated in [19, Theorem 3.1] which is a simpler
form of a previous result for zeta-functions of type As given by the third-named
author [37, Theorem 4.5]. In fact, setting (k,l,s) = (p,¢,0) in [19, Theorem 3.1],
we have

C(p)¢(g) + (=1)PC(p, q) + (—1)7Ca(g, p)

[p/2] o
=23 (p”q % 1)<<2j><<p+q — 2j)
§=0

la/2) L
2y (“‘; 2 1><<2j><<p+q2j>.
i=0

Combining this and (4.7), we have the assertion. [ |

In particular when p and ¢ are of different parity, we see that (2(p,q)
€ Q[{¢(5+ 1) |7 € N}] which was first proved by Euler. For example, we have

G(2.3) = 3(CB) — 5<0)

Next we consider triple zeta values. From the viewpoint of the root system
of type C3, we have the following theorem. Note that, unlike the case of double
zeta values, this result seems not to be led from the result on the case of type As
(cf. [29, Theorems 5.9 and 5.10]).
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Theorem 5.2. Fora,b,c € N3,

(1 + (_1)(1)(3(0" b, C) + (1 + (_1)b){<3(ba a, C) + CS(b; c, a)}
+ (_1)b(1 + (_1>C)C3(Cv b’ a)

la/2] a—2¢
:2{ Z((Q{) Z (w—l—f}—l) (CH—C_CZ_EIW_1)(2(b—|—w,a+c—2§—w)
£=0

w=0
[b/2] a—1
w+b— at+c—w—

+ZC(2€)Z< er 2§)< +c_1 2><2(b—2§+w+1,a+c—1—w)
£=0 w=0

/2 e-2 - e
H_l)bZ“QQZ(er] 1><a+c az_glw 1)

£=0 w=0

X C(b+w,a+c—26 —w)

+(1>b%<(2§)§<w+i2£) <G+Z_c;2>

£=0 w=0
X (Q(b—2§+w+1,a+c—l—w)}
= Gla+b,e) = 1+ (=1)")(b,a+c) = (=1)°Ca(b + c,a).

The proof of this theorem will be given in Section 10.
This theorem especially implies the following result which was proved by Bor-
wein and Girgensohn (see [4]).

Corollary 5.3. Let

X=0Q [{C(j +1), Gk I+ 1)} 4 en| s

namely the Q-algebra generated by Riemann zeta values and double zeta values at
positive integers except singularities. Suppose a,b,c € Nxo satisfy that a +b+c is
even. Then (3(a,b,c) € X.

Proof. We recall the harmonic product formula

C3(a,b,¢) + C3(b,a, c) + (5(b, c,a) = ((a)Ca(b,c) — (a(byc+a) — Ca(a+ b,e) (5.1)

for a,b,c € N>y (see [12]).

Let a,b, c € N> satisfying that a + b + ¢ is even. First we assume that a, b, c
are all even. Then, combining Theorem 5.2 and (5.1), we see that (5(c,b,a) € X.

Next we assume that a is even and b, ¢ are odd. Then, by Theorem 5.2, we see
that (3(a,b,c) € X.

As for other cases, we can similarly obtain the assertions by using Theorem 5.2
and (5.1). Thus we complete the proof. [ |
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Remark 5.4. The following property of the multiple zeta value is sometimes
called the parity result:

The multiple zeta value (. (k1, ka, ..., k) of depth r can be expressed as a ratio-
nal linear combination of products of MZVs of lower depth than r, when its depth
r and its weight Z;’L:I k; are of different parity.

The fact in case of depth 2 was proved by Euler, and that of depth 3 was
proved by Borwein and Girgensohn (see [4]). Further they conjectured the above
assertion in the case of an arbitrary depth. This conjecture was proved by the
third-named author [36] and by Thara, Kaneko and Zagier [11] independently. It
should be stressed that our Corollary 5.3 gives an explicit expression of the parity
result for the triple zeta value under the condition a,b,c € Nxs.

Therefore it seems important to generalize Theorem 5.2 in order to give an
explicit expression of the parity result of an arbitrary depth.

Example 5.5. Putting (a,b,c) = (2,2,4) in Theorem 5.2, we have

2(3(27 27 4) + 2{C3(27 2a 4) + <3(27 47 2)} + 2<3(47 2; 2)
=20(4)¢2(2,2) + ((2){8¢2(4,2) + 12¢2(3, 3) + 16(2(2,4) + 16(2(1,5)}
—160(6,2) — 20 (5, 3) — 25Ga(4, 4) — 24¢a(3,5) — 1762(2,6).

Therefore, using (5.1), we obtain

C5(4,2,2) = C(4)(2(2,2) + ¢(2){4¢2(4,2) + 6¢2(3,3) + T¢2(2,4) + 8¢2(1,5)}

—86(6,2) ~ 106(5,3) — 2G4, 4) — 126:(3,5) — 2 (2,6) € X,

Note that this formula can be proved by combining known results for MZVs given

by the double shuffle relations and harmonic product formulas (see, for example,
[31, Section 5]).

Remark 5.6. If we replace (10.3) (in Section 10) by

Z Z (_1)lqtmxlymei(lqtm)e7

leN meZ*

and argue along the same line as in the proof of Theorem 5.2, then we can obtain

1+ (=1D)") (14 (=1)°) {¢s(a, b, ¢) + Gs(a, ¢,b) + C3(c, a,b)}
+ (1 + (_1)b) (1 + (_1)0) {C3(Ca bv a) + CS(bv ¢, a’) + CS(b’ a, C)}
€ Q{c(G+1)]j e N}

for a,b,c € Nxy. In particular when «a,b, ¢ are both even, we have (4.4) for the
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triple zeta value which can be regarded as a kind of Witten’s volume formula (4.3)
(see Section 4). Furthermore, when a is odd and both b and ¢ are even, then

C3(07 b, a) + CB(b’ = a) + C3(baavc) € Q [{C(J + 1) |] € N}] .

Note that this result can also be deduced by combining (5.1) and Proposition 5.1.

6. Multiple zeta values associated with the root system of type B,
In this section we discuss the B,.-analogue of our theory developed in the preceding
two sections.

As for the root system of type B,., namely for A = A(B,), we see that
(Ass)” ={a), 2001 + 0,205 + 200 + o), 20] + 0+ 200 + o))

Therefore for s, = (54)aca,, we have

CT(SS70;AS+(BT)) = Z H ! ) (61)

mi,...,m,=11=1 Zg =r— 2+1m3+m7”)

which is a partial sum of (,.(s). For example, we have

C2(ss,0; Ay (B2)) Z 2l+m)

7

oo
1
Ay (Bs) .
Cs(ss,0; Ayt (Bs) n;; Y TSI vy N e e (6.3)

where s; = s, corresponding to a; € Agy.

From the viewpoint of zeta-functions of root systems, values of (6.1) at positive
integers can be regarded as the objects dual to MZVs, in the sense that B, and
C, are dual of each other. Hence we denote (6.1) by ¢%(s1,...,s,).

Since W (B,) ~ W(C,), just like Corollary 4.1, from Theorem 3.9 we can obtain
the following result, which gives the “refined restricted sum formulas” for ¢(s).

Corollary 6.1. Let A = A(B;). For (2k)s = (2ka)aea,, = (2k1,...,2k,) €
(2N)" andy =v € PV/QV,

3 G (o7 (2K)w v AL)

gES,

€Q-m2Xi=ki (6.4)

1) 27TZ
_ 27,) Pa., (2K)s,; A) 1;[ (@mi)*s

k;)!
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In particular when v = 0,

> G2ko1()s - 2kg1 ()

cES,

=P @0 ]

N\ 2k ; "
Q(;?y €Q-m2Xi=ki (6.5)
7/

From Theorem 3.10, we obtain an analogue of Corollary 4.2, which is a kind
of Witten’s volume formula and also a B,-type analogue of (4.4).

Corollary 6.2. Let A = A(B,). For (2k), = (2k,...,2k) with any k € N,

2kr

- T

g G
G2k, .. 2k) = - Pa,. (2K,

Example 6.3.

oo

1 1
5(2,2) = e = 30"
G2 = 0 lmy
00 1 23
Jaa) = = ’
(5(4,4) e ni(2m + n)? 14515200 "

oo

1 1369
4 12
6,6) = - '
<2< ) ) Z n6(2m+n)6 871782912000

m,n=1

These formulas can be obtained by calculating the generating function of type Bs
similarly to the case of type Cs in Example 4.4 (see Section 4). Also we can obtain
these formulas by Theorem 6.4 in the case (p,q) = (2k,2k) for k € N. However,
unlike the ordinary double zeta value, these cannot be easily deduced from (4.7).

Similarly, calculating the generating function of type Bs, we have explicit ex-
amples of Corollary 6.2:

§ 6
2.2.2) = =
Sz m%::l n2(2m +n)?(2 +2m +n)?  40320"

o0

1 23

“(4,4,4) = = .
(5(4,4,4) lmZn::l nA(2m +n)4 (20 + 2m +n)d 697426329600

oo 1 1997
4(6,6,6) = = e
(5(6,6,6) l g;:l n6(2m +n)5(20 + 2m + n)® _ 17030314057236480000 "

Also, similarly to Proposition 5.1, we can obtain the following result whose
proof will be given in Section 10.
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Theorem 6.4. For p,q € N>,

1+ (=" P, a) + (1 + (=1)1)¢ (g, p) (6.6)
[p/2] L
=7 ; T <p+ Y )<<2j)<(p+ ¢ 2j)

la/2] .
1 p+qg—1—2j
+2 Z 2p+q—2j < —1

=0 b

)<<2j><<p a-2) -+ o).

Theorem 6.4 in the case that p and ¢ are of different parity implies the following.

Corollary 6.5. Let p,q € Nyo. Suppose p and q are of different parity, then

Gp,9) eQUC(+1) |5 e N},

which is a parity result for Cg,

Remark 6.6. This parity result for Cg (p, q) is important in a recent study of the
dimension of the linear space spanned by double zeta values of level 2 given by
Kaneko and Tasaka (see [13]).

For example, setting (p,q) = (3,2) in (6.6), we have

> 1 21 3
¢3(2,3) = m%; PEm )y —3*24(5) + gC(Q)C(?J)-

It should be noted that Corollary 6.5 can be given by combining the known facts
for double zeta values and for their alternating series

ZOO =™
wals1, 82) = ns(m +n)s2’
m,n=1

Actually we see that

1
Ci(s1,82) = 5 1Ga(s1,82) + @a(s1,52)} -
When p and ¢ are of different parity (p,q € N and ¢ > 2), Euler proved that

G(p,q) € QHCG +1) [ € N},

and Borwein et al. proved that

wa(p,q) € Q¢ +1)]j € N}]

(see [3]), from which Corollary 6.5 follows. However (6.6) gives more explicit
information on the parity result for Cg (p,q).
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Furthermore we can obtain the following result which can be regarded as an
analogue of Theorem 5.2 for type Bs. This can be proved similarly to Theorem 5.2,
hence we omit its proof here.

Theorem 6.7. For a,b,c € Ny,

(1 + (_l)a)cg(a7 b7 C) + (1 + (_1)b){C§(b7a’7 C) + Cg(bv G a)}
+ (=1)"(1 + (=1)°)& (e, b, a)

[a/2] a—2¢
_ —a—b—c 13 w+b—1 a+c—2§—w—1
s e 3 () ()

£=0 w=0
X Gb+w,a+c—28—w)
(b/2] a—1
+b—-28\(a+c—w—2
26c(26) S (¥
ey (U ()
X Q@b—-24+w+1l,a+c—1—-w)
[e/2] c—2¢
¢ w+b—1\(a+c—26 —w—-1
oy 3 (47

X Gb+w,a+c—26—w)

[b/2] c—1
¢ w+b—28\(a+c—w—2
Lo () ()

0
><Cg(b—2§+w+1,a+c—l—w)}

—a+b,0) — (L+ (-1)")C(b,a+c) — (-1)°(b + . a).

Remark 6.8. In [25], we study zeta-functions of weight lattices of semisimple
compact connected Lie groups. We can prove analogues of Theorem 3.9 for those
zeta-functions by a method similar to the above. We will give the details in
a forthcoming paper.

7. Certain restricted sum formulas for ¢,(s) and for ¢¥(s)

In this section, we give certain restricted sum formulas for ¢,(s) and for ¢%(s) of
an arbitrary depth r which essentially include known results.

As we stated in Section 1, Gangl, Kancko and Zagier [7] obtained the restricted
sum formulas (1.6) for double zeta values. Recently Nakamura [34] gave certain
analogues of (1.6).
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More recently, Shen and Cai [35] gave the following restricted sum formulas for
triple and fourth zeta values:

> Gs(2a1,2a5,2a3) (7.1)

aj,ag,agzEN
aj+tagtaz=N

= 2(N) - 0@CEN D €@ 7Y (N €Zs),

> C4(2a1, 2a2, 2as, 2a4) (7.2)

aj,ag,a3,a4 €N
a1+ag+tagtayg=N

= DCON) - (RN D QN (N € Zs)

Also Machide [26] gave certain restricted sum formulas for triple zeta values.
Now recall our Corollaries 4.1 and 6.1. In the above restricted sum formulas,
the summations are taken over all tuples (aq,...,a,) satisfying a; +---+a, = N.
On the other hand, the summations in the formulas of Corollaries 4.1 and 6.1 are
running over much smaller range, that is, just all the permutations of one fixed

(ai,...,a.) with a; + --- 4+ a, = N. Therefore our Corollaries give subdivisions,
or refinements, of known restricted sum formulas.
Summing our formulas for all tuples (a1, ...,a,) satisfying a; + -+ +a, = N,

we can obtain the r-ple generalization of (1.6), (7.1) and (7.2). Moreover we can
show the following further generalization, which gives a new type of restricted sum
formulas.

For d e Nand N € N, let

I,(d,N) = {(2day, ..., 2da,) € (2dN)" | a1 + -+ + a, = N} .

Denote by P, the set of all partitions of r, namely
T_U{.]la" 7.]1/ END|.]1+ jl/:rr}'

For J = (j1,+* ,ju») € Pr, we set
Ap(d, N, J) = {((2dn)P, . (2d1,)0) € L (d, N) [y <o < B

where (2h)V] = (2h,...,2h) € (2N)/. Then we have the following restricted sum
formulas of depth r.

Theorem 7.1. Ford e N and N € N with N > r
-1 1
> ((2day, ... 2day) = (=1) > —_ (7.3)

o )
ay o arel I=(r gy, I

a1t tar=N
2
X Z Pa,, ((2dk);, 0; A(C H i) Q- 72N
(2dk) €A, (d,N,J) o1
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Remark 7.2. In the case d = 1 and r = 2, 3,4, we essentially obtain (1.6), (7.1),
(7.2). Also, in the case N = r, we obtain (4.3) stated in Corollary 4.2. More
generally, in the case d = 1 and r > 2, Muneta [33] already conjectured an explicit
expression of the left-hand side of (7.3) in terms of {((2k) | k € N}.

Proof of Theorem 7.1. Let (2day,...,2da,) € I.(d,N). Denote a set of dif-
ferent elements in {a1,...,a,} by {h1,...,h,}, and put j, = #{am |am = hu}
(1 < p<v). We may assume hy < --- < h,. We can easily see that there exist
o € 6, and ((2dhy)V1), ... (2dh, )y € A.(d,N,J) with J = (j1,-- ,4,) € P>
such that

(2day, . .., 2da,) = ((2dhy)94 ... (2dh,)V+1)7,

where we use the notation
(kla RS kr‘)a = (k'O'(l)v ceey ko’(T))

On the other hand, the set {((thl)[jl],...,(th,,)[j”])T |7 € &,} contains
ji!---j,l-copies of each element. In fact, if we denote by &(1,...,51) the set of
all permutations among {1, ..., j1 }, then

X(J) = 6(1,. 1) X S0+ 1,0, i +J2) ZJerl D ) C S

forms the stabilizer subgroup of ((2dhi)V1, ..., (2dh,)V"1), and hence $%(J) =
ji!---j,l. Therefore, using Corollary 4.1, we have

> G(2day,. .. 2da,)

- Z ¢-(2day, ..., 2da,)

(2day,...,2da, )€l (d,N)

= > % Yo Y G@dkeqy,. .. 2dkg ()

) J1: Jv: ~
P (2dk1q,...,2dks) cE€S,
=(J1, v )EPr E_Alr(d,N,J)

- 1
D DU

I...q1
J=Gromgyep, I

27.[.2)2dk:p
X Z PAH» ((2dk 1,0 A H W)'
=1 p):

(2dk), €A, (d,N,J)

This completes the proof. |
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Similarly, using Corollary 6.1, we obtain the following.
Theorem 7.3. Ford € N and N € N with N > r,

3 gﬁ(zdal,...,zda,.):(;)r ) D

. . gt !
aq,...,ar€N = .
ar b AN J=(j1, v )EPs

T (2mi)2dke
x 3 Pa.. ((2dk),, 0;A(B,)) [ | Tk

(2dk). €A, (d,N,J) p=1

EQ'TFQdN-

8. Analytically closed subclass

In this section we observe our theory from the analytic point of view.

First consider the case of type C).. In Section 4 we have shown that the zeta-
functions corresponding to the sub-root system of type C). consisting of all long
roots are exactly the family of Euler-Zagier sums. On the other hand, it is known
that the Euler-Zagier r-fold sum can be expressed as an integral involving the
Euler-Zagier (r — 1)-fold sum in the integrand. In fact, it holds that

1 [(s, + 2)['(-2)
J.

CT(Sl,.uasT) = 2711 F(ST)

Cf‘fl(sl, sy Sp—2,8p—1 1 Sp + Z)C(_Z)dz
(8.1)

for r > 2, where —Rs,. < k < —1 and the path of integral is the vertical line from
K — 00 to Kk + ico (see [27, Section 12], [28, Section 3]). This formula is proved
by applying the classical Mellin-Barnes integral formula ((8.2) below), so we may
call (8.1) the Mellin-Barnes integral expression of (.(s1,...,s;).

Formula (8.1) implies that the family of Euler-Zagier sums is closed under
the Mellin-Barnes integral operation. (Note that the Riemann zeta-function, also
appearing in the integrand, is the Euler-Zagier sum with » = 1.) When some family
of zeta-functions is closed in this sense, we call the family analytically closed. The
aim of this section is to prove that the subclasses of type B, and of type A,
discussed in our theory are both analytically closed.

Proposition 8.1. The family of zeta-functions ¢-(ss, 0; Ag1 (B,.)) defined by (6.1)
is analytically closed.

Proof. Recall the Mellin-Barnes formula

(14X = % . Wvdzz, (8.2)

where s, A € C with Rs > 0, A # 0, |arg \| < 7, & is real with —Rs < k < 0.
Dividing the factor (2(my + -+ +m,—1) + m,) "5 as

2m1 T
2(ma + -+ mp_1) +m) " [ 1+
(2(ma 1) ) < 2(m2+"'+mr1)+mr>
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and applying (8.2) to the second factor with A = 2my /(2(ma+ - -+ my—1) + m;),
we obtain

C?“((Slw--asr)vo;As+(B7')) (83)
_ 1 T(sy + 2)T'(—2) i ﬁ 1
2 J ) (sr) ma,..me=1i=1 (2 Z;;Liﬂ mj +my)%

2m1 ) i
dz
2(me + - +mp_1) + my

0o 00 r—2
1 D(sy + 2)T'(—2) Z Z 1
= — —_— (le)z H r—1
2mi (k) F(ST) mi=1 ma,..., my=11i=1 (2 Z] =r—i+1 mJ + m”’)

x (2(m2 +--- 4+ mr,l) + mr)_sr—l—sr—zdz
1 F(Sr + Z)F(—z)

S )y Ty 2B

X Cr—l((sla ceey Sp—2,Sr—1 + Sr + Z)a 0; As+(Br—1))dZ-
This implies the assertion. |

Next we consider the subclass of type A, which we studied in [22], and prove
that it is also analytically closed. This part may be regarded as a supplement
of [22].

The explicit form of the zeta-function of the root system of type A, is given by

r [r+h—j i
CEGAL)— S Hn(z ) (5.4

mi,....,m,=1h=1j=h

(where s = (sp;)n,;; see 22, formula (13)]). Let a,b € N, ¢ € Ny with a+b+c =7
The main result in [22] asserts that the shuffle product procedure can be completely
described by the partial fraction decomposition of zeta-functions (8.4) at special
values s = d = (dp;)n,;, where dj,; for

h =1, I1<j<e
h=1, b+c+1<j<a+b+c (8.5)
h=a+1, a+c+1<j<a+b+c

are all positive integers, and all other dj,; are equal to 0. Let A(a be) = A(a b-e) (A4,)
be the set of all positive roots corresponding to sp; with (h, j) in the hst (8.5).
Then this is a root set, and the above special values can be interpreted as special

values of zeta-functions of A a,b:¢),

Theorem 8.2. The family of zeta-functions (. (s(**¢),0; Af’b’c)(Ar)) 1s analyti-
cally closed, where s\%%®) = (sp,;)n.; with (h,j) in the list (8.5).
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Proof. We prove that zeta-functions (.11 belonging to the above family can be
expressed as a Mellin-Barnes integral, or multiple integrals, involving (, also be-
longing to the above family. Let a,b € N, ¢ € Ny with a + b+ ¢ = r. We show
that all of the zeta-functions (41 associated with (i) Af“’b’c), (i) Asf’b“’c), (iii)

Af’b’cﬂ) have integral expressions involving the zeta-function of Af’b’c).

From (8.4) we see that

0o c
b,c . a,b,c oY
Cr(s(a’ p)’ 0; ASF )(Ar)) — Z H(ml +mo + -+ Magbieriog) Y
M1, Mapbte=1j=1
a+b+c
< ] ma+mat-+ magpien—)™ (86
j=b+c+1
a+b+c
X H (Mat1 +Mat2 + -+ Maatbper1—g) ",
j=a+c+1

which is, by renaming the variables,

oo

= Yo (mat e mage) T (e Mgpge) T (87)

Mi,...;Matbte=1
1—521 (m1 4 m2)—822 . (ml 4+ 4+ ma)—sza

X m;j:il (May1 + ma+2)_332 o (Magr + o+ Magy) 5.

Xm

Now we consider the above three cases (i), (ii) and (iii) separately.

The simplest case is (iii). When we replace ¢ by ¢+ 1 in (8.7), the differences
are that the summation is now with respect to my, ..., Mq1ptct1, and a new factor
(my + -+ Maypter1) ot appears. Dividing this factor as

(ml + o+ ma+b+c+1)_51,c+1

—S1,c4+1
Ma+btc+1 >

=(mi+-+m Tonert (] 4
( 1 a+b+c) ( M1+ - + Matbre

and apply (8.2) as in the argument of (8.3), we find that the sum with respect

to Mg+pretr1 1S separated, which produces a Riemann zeta factor, and hence the

et can be expressed as an integral of Mellin-Barnes type,

(a,b,c) )

zeta-function of AS?

involving gamma factors, a Riemann zeta factor, and the zeta-function of A
Next consider the case (ii). When we replace b by b+ 1, (8.7) is changed to

oo

= Z (ml+"'+ma+b+2)_su"'(m1+"'+ma+b+c+1)_slc (8.8)

Mi,...;Ma4btct1=1

172 (my +mo) T2 (my 4 Fmy) T2

X my
X Mg 1 (Mat1 + Mag2) " - (Magr + - 4 Magp) 5

X (ma+1 + -+ ma+b+1)753’b+1.
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The last factor is

(8.9)

m +b+1 —83,b+1
—8 a
:(ma+1+"'+ma+b) $3,b+1 <1+ )

May1 + -+ + Matd
= (Max1 + -+ Mayp) T30+

L[ Do tols) ()’

X - -
270 J () I'(s3,6+41) Magp1 + - + Mass

The factors (my + -+ + Matbtn) ' (2 < n < ¢+ 1) also include the term
Mairpr1- We divide these factors as

(m1+ -+ Magp + Magpra + 0+ Magpn) """

—S1,n—1
Ma+b+1 ’
« (1+ a+b+ )
myp =+ -+ Maip + Maybt2 + -+ Matbin

and apply (8.2) to obtain

(m1 + -4 ma+b+n)_sl‘”71 (810)
- (ml +--F Ma+b + Ma+b+2 + -+ ma-&-b-‘rn)_Sl‘n_l
1 L(s1n-1 4 2n)0(=2n)
211 (Kn) F(sl,nfl)
Matb+1 - d
Zn
My 4 -+ Maqb + Matb42 T+ Matbin

for 2 < m < ¢+ 1. Substituting (8.9) and (8.10) into (8.8), we find that the sum

with respect to mgyp1 is separated and gives a Riemann zeta factor ¢(—zo —

v+ — Zey1 — Z). Since the remaining sum produces the zeta-function of A(f’b’c),

we obtain that the zeta-function of Af’bﬂ’c) can be expressed as a (¢ + 1)-ple

integral of Mellin-Barnes type involving ((—z9 — -+ — zc41 — 2) and the zeta-

function of Af’b’c).

The case (i) is similar; we omit the details, only noting that in this case the
variable to be separated is mgy1. The proof of Theorem 8.2 is now complete. W

9. Proof of fundamental formulas
In this section we prove fundamental formulas stated in Section 3.
Lemma 9.1. For BC Ay and V € ¥, we have
Lh[VNB]={veV | (v,uy)=0 foral B eV\B} (9.1)

Proof. Let v be an element of the right-hand side. We write v =735+, c¢sf8 and
have ¢z =0 for all 5 € V \ B and hence

v= Y csB€Lh[VNB (9.2)
BEVNB
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The converse is shown similarly. |

Proof of Theorem 3.7. For t = (t4)aca, € T,y €V, V€ ¥, B C A, and
q € QV/L(VY), let

t
. — (_1\IB\V Il v
F(tvyaVva(J)_( 1)‘ | t _Z t < \ V>)
vea\(Vup) 1 T 2BeVAB VT Hp (9.3)

" ( 11 tgexp(tsly + Q}V,ﬁ))’

tg _
BEV\B e —1

so that

Z |QV/L )] Z F(t,y; V.,0.q). (9.4)

vey qeEQV /L(VY)

Assume y € V' \ %, and let

F; = F(tvy;VaAjaQ)' (9.5)
We calculate ®,,,, Fj. First, since y ¢ £z, noting Remark 3.5 we find that
O By = (0 sl ) Fy. (9.6)
BEV\A;

Consider the case vj11 € V. Then (v}, |, u¥) = 6,,,, s and
ST tsn, mY) =t (9.7)
BEV\A;

where we write tujp = tj+1 for brevity. Hence we have ('3VJ_v+le = tj+1F;. There-
fore we obtain

t
L F = (_1)|A1\V| l I v
Vit1+J v
(7€A+\(VUA]») by = 228evA\(A;u{vyaa ) 180TV g >)

o 11 tgexp(tply + q}v,ﬁ)>

ets — 1

D

(9.8)

BEVA(A;U{vj+1})
which is equal to Fjyq1 because Ay \ (VU (4; U{r;41})) = Ay \ (VU A;) and

(45 U{vj1a}) \ VI = [4; \ VI.
Next consider the case v;1 ¢ V. If (v}, u}{) =0 for all 5 € V\ A;, then

O Fi= (X tolfomd))Fy =0 (9.9)
BEV\A;
and hence ©,, , F; = 0. Otherwise, since
9 ( tj+1 ) = ! (9.10)
Otj ti1= tjt1 — dev\A ta(v +1nu’/3> ZﬂeV\A ta(v +1nu,(3>
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we have

) t
D,F; = (—1)|A;\V|+1( 11 s o] —ee V>)
YEALN(VUA;U{vj41}) pev\4; BB\ Hg

11 tgexp(tply + Q}V,ﬁ)).

ets —1

(9.11)

BEV\A;

By noting V'\ (4; U{rj41}) = V\ 4; and [(4; U {vj1}) \ V] = [4; \ V[ + 1 we
find that the right-hand side is equal to F}j;1

We see that the condition (v;1, ,u?{) =0 for all 5 € V\ 4, is equivalent to the
condition vj41 € L.h.[V N Aj]. Therefore the above results can be summarized as

;Dijrle _ 0 (Vj+1 e L.h.[VN Aj]), (9.12)
Fiyi (s ¢ Lh[V N Aj)).
Hence
o =10 (VETA, (9.13)
Fy (V S /7/A).

Similarly to the above calculations, we see that D 4 2y gives the same result as
(9.13). Thus, since Fy = F(t,y; V,0,q), from (9.4) we obtain (3.8).
The continuity follows from the limit

Jim {y +q+cdtvs ={y +dalvys (9.14)

(see the last part of the proof of [17, Theorem 4.1].) Finally, since F(t,y;A)
is holomorphic with respect to t around the origin, so is (CDAF) (tas,y; A) with
respect to ta«. The proof of Theorem 3.7 is thus complete. |

Proof of Theorem 3.9. First assume y € V \ 5. Let k' = (k,)aca, with
kE,=ko (€ A*), K, =2 (€ AL\ A* = A). Then by Proposition 3.3, we have

; 1
. _ E 27y, A\ | I
S(k/7y7 A) — e <y ) W

AEP\H v Q€A

Z ( H (—1)k&)CT(w_1k’,w_1y;A) (9.15)

weW acA NwA_

7i)a
:(—1)IA+|P(k’,y;A)( II <2k')! )

aEA L

Apply [laca 02, to the above. From the first line we observe that each 92,
produces the factor (2mi{a¥,\))2. Hence the factor (,(w™'k’,w 'y;A) on the
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second line is transformed to (2m4)241¢, (w='k, w='y; A). Therefore we have

(2m')2‘f4‘2( 11 (—l)k“)g(w_lk,w_ly;A)

weW aceAfNwA_

:(_1)\A+|(H agv)P(k’,y;A)< H (2Zf)!k;). (9.16)

a€cA aEA} @
Since
(2mi)ka (2mi)ke (2mi)?
I =)= UL = )M =),
aEA L « acAx o a€cA
we have

Z( H (*1)ka)4r(w71k,w71y;A)

WEW €A NwA _
= (-n!&I(T] %8ZV)P(k’,y; A)( I1 (QZf)f/”). (9.17)

a€A aEA* ot

From (3.1) it follows that

(1] #)revs= X (1 )remes I 5

acA ta= m=(ma)aca, acA aEA*
ma ENg(aEA™)
ma=2(a€A)

(9.18)

By Theorem 3.7, we see that the left-hand side of (9.18) is equal to

e
Fas(basy;8) = D Pas(ma-y:4) [T -2 (9.19)

ma GN(‘]A*l acAr ¢

Comparing (9.18) with (9.19) we find that

(TT 522 )P0<.y:2) = Pa-(kav,y: )

a€cA

Therefore (9.17) implies the desired result when y € V' \ ). By the continuity
with respect to y, the result is also valid in the case when y € . |

Remark 9.2. It is possible to prove Theorem 3.9 by use of © 4 instead of © 4 ».
In this method, we need to consider the case k, = 1 for some o € A and such an
argument is indeed valid. (See [20, Remark 3.2].)
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10. Proofs of Theorems 5.2 and 6.4

In this final section we prove Theorems 5.2 and 6.4. The basic principle of the
proofs of these theorems is similar to that of the argument developed in [19, Section
7]. We first state the following lemma.

Lemma 10.1. For an arbitrary function f : Ng — C and d € N, we have

d k Vi (/2]
S o(d - kear S flk—v) (”VT,) = —Tfd=1)+ Y C20f(d-2),
k=0 v=0 ’ £=0

(10.1)
where we denote the integer part of x € R by [z], e, = (14 (=1))/2 (j € Z) and
o(s) = Zm>1(_1)mm_s = (21_8 - 1) (s).

Proof. This can be immediately obtained by combining (2.6) and (2.7) (with the
choice g(z) = inf(xz — 1) ) in [30, Lemma 2.1]. |

Proof of Theorem 5.2. From [19, (4.31) and (4.32)], we have

-1 ein@
>

nez*

~2> " dla- j)sa_j(i;)j =0 (10.2)
i=0 '

for a > 2 and 0 € [—m, x|, where Z* = Z ~ {0}. For z,y € R with |z| < 1 and
ly| < 1, multiply the above by

Z (_1)l+7rnxlymei(l+m)0. (103>
l,meN
Separating the terms corresponding to [ + m + n = 0, we obtain
(71)l+m+nzlymei(l+m+n)0

2. 2 o

Il,meN nez*

I+m+n#0
_ 22 da—j)ea—j Z (_1)l+’mxlymez(l+m)9g
=0 1,meN 4!
xlym
Y
I,meN (l + m)

for @ € [—m,w]. The right-hand side of the above is constant with respect to 6.
Therefore we can apply [19, Lemma 6.2] with h =1, a; =a,d=c > 2,

l,m

cny= Yy

)
n(l
1,meN,nez*
l+m4n=N
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Z l,meN 17 y
l+m=N

D(N;T;l){

in the notation of [19]. The result is

IS

I,meN neL*

(71)l+m+ngj ymez(l+m+n)9

ne(l +m+n)c

I+m+n#£0
a ] .
§+c—1
23 oo 2 (15T )
j=0 §=0

+22¢cf &aZ( £+a_1) a1z l+m

Replace z by —ze~ %
member on the left-hand side, and apply [19
Then we can obtain

( 1)m+nxly 61(m+n)0
n®(m +n)?(l + m + n)°

l+7n+n#0

SO ON S

=0 w=0
mxlym evmﬂ (29)
X Z mb+wl+mc+g E—w fl
l,meN
*?§:¢ SRS

EOwO

zhy™ (i6)¢

m] §+w+1 l+m)a+c—1—w é‘l

<D

I,meN
Jj Jj=€
42¢ﬁngzﬁ” Bl
£=0w=0
YValyme=i0 (i6)¢

x> =

l, mEN

+22 o(b—j)ep JZZ

£=0w=0
xly™ (i6)¢
(_l)j—&—i—w-‘rl(l +m>a+c—1—w 5!

b+w l+m)a+1 f-w ¢l

X

I,meN

Yasushi Komori, Kohji Matsumoto, Hirofumi Tsumura

(N >2,r=0),

(otherwise)

l+mx ymez(l+m)0 (19)5

JEZ

(I +m)eti—¢ £

(i0)°

at+j—¢ &

l,meN

=0.

lmEN

and separate the term corresponding to m+n = 0 in the first
, Lemma 6.2] again with d = b > 2.

(10.4)

(w—i—b—l) 1)w<j—£;fl+c—1>(_1)j-z_w

2 (e e

1)w<j —{-wta- 1)(_1)a1

a—1

(L (e
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Since a,b,c > 2, we can let x,y — 1 on the both sides because of absolute con-
vergence. Then set # = m, and consider the left-hand side of the resulting formula
first. The contribution of the terms corresponding to m + 2n = 0 is obviously
(=1)*Ca(a + b, ¢). The contribution of the terms corresponding to | +m + 2n =0
is (with rewriting —n by n)

1
SR D ey 3

m,neN
m#n,m<2n

which is, by separating into two parts according to n < m < 2n and 0 < m < n,
equal to (—1)%(1+ (—1)®)¢2(b,a+c). We can also see that the contribution of the
terms corresponding to [ 4+ 2m + 2n =0 is

(=1 Z ne(m — n)lb(n —m)° = (~1)***G(b + ¢, ).

m,nEN
n>m

The remaining part of the left-hand side is

1
Z Z n®(m +n)?(l +m+n)°

1,meN nez
m+n#£0
m+2n7#0
l+m+n#0
I+m+2n£0
l4+2m+2n#0

1
= (3(a,b,c) Z Z ne(m —n)?(l +m —n)c’

I,meN ”EN

m#Zn

I+m##n
l+m+#2n
I+2m#2n

On the above double sum, replace j = m —n and k = n — m correspondingly to
m > n and m < n, respectively. On the part corresponding to m > n, we further
divide the sum into three parts according tol+j <n, j <n <Il+j, n < j and
find that the contribution of this part is

(=1)*{¢3(b,c,a) + ¢3(b,a,c) + (3(a,b,c)}.

Similarly we treat the part m < n. Collecting the above results, we obtain that
the left-hand side is

(4Vﬁu«4wmm@@+u+«n%@w%@+@mam
+ (—1)b(1 + (=1)%)¢3(e, by a) + Ca(a+ b, )

+ (14 (=1)") (b, a+¢) 4+ (=1)°C(b +c, a)}.



72 Yasushi Komori, Kohji Matsumoto, Hirofumi Tsumura

On the other hand, applying Lemma 10.1, we can rewrite the right-hand side to

[a/2] a—2 B Cof
—U“{Z«%)Z(“*ﬁ 1)(a+062£1w 1>C2(b+w,a+c—2§—w)

w=0
[b/2] a-1
2 —w—2

+£z:: w_o(thb £><a+z_°; >§2(b—2§+w+1,a+c—1—w)

[e/2] c—2€
b w+b—1\(a+c—26-w-—-1 e
(1) ;4(2£)w_0< SN E T b reatem2-w

[b/2] c

— (w+b—28\ (a+c—w—2
i=o = w a—1
xgg(b—2§+w+1,a+c—l—w)}.

This completes the proof of Theorem 5.2. |

Finally we give the proof of Theorem 6.4.

Proof of Theorem 6.4. Let p € Ny and s € R-;. It follows from [24, Equation
(4.7)] that

(_1)l+mwm€i(l+m)9

Pms
1€Z* ,;meEN
1+m#0
p e 7 imo 0\J s m
) (=1)mgmer™? | (i0)7 x
-3 oty ey {30 CLTEEL O a3
7=0 m=1 ’ m=1

for § € [, 7] and 2 € C with || < 1. Setting + = —e* on the both sides and
separating the term corresponding to [+ 2m = 0 of the first term on the left-hand
side, we have

1)lei(l+2m)0

_ e e2im0 i0)J
Z (W72Z¢ 517 ]{Z ms }(]|)

1€Z* ,meEN m=1
14+m#0
14+2m#0
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By [19, Lemma 6.2] with d = ¢ > 2, we obtain

Z (_l)lei(l+2m)0 (10 5)
LEZ* ,meEN lpms (l + 2m)q |
l4+m+#0
14+2m#£0
P J . 0 21m0
B ‘ j—€+q—1)(=1)¢ (6)¢
=2 Z o(p—Jlep—j Z ( j—¢ > 2q+j—¢ Z mstati=¢ ¢l
j:O 5:0 m=1
22 q .7 Eq—j Z < 2p+] 3 Z mstp+i—§ é‘l

0 m 1m0
b Z
ms+p+q

=1

Let § = m and use Lemma 10.1. Then the right-hand side of (10.5) is equal to

[p/2] L
21 Y g (V0T e a0 09
£=0

qg—1
A1 pg-1-2%
#2107 Y g (P T - 29
£=0

—(=1)P¢(s +p+q).

On the other hand, we can see that the left-hand side can be written in terms of
the zeta-function of type Ba. Recall that

C2(51752753a54;B2) = CQ((517525 53754> 0; A(BQ))

1
mg:l mg:l mitmy* (my + ma)®s (2my + ma)®
The contribution of the terms with { > 0 to the left-hand side is obviously
C2(s,p,0,q; Ba). As for the terms with [ < 0, we rewrite —I by [, divide the
sum into three parts according to the conditions | < m, m <! < 2m and | > 2m,

and evaluate each part in terms of the zeta-function of type Bs. The conclusion
is that the left-hand side is

42(3,]7, 07 q; BQ) + (_1)1)(2(07]9’ S, 4, BZ)
+ (_1)1’@(0’ q,S,D; BQ) + (_1)P+q<2(s’ q707p7 BQ) (107)
We combine (10.6) and (10.7) and multiply by (—1)?. Then we can set

s = 0 because (10.6) and (10.7) are absolutely convergent for s > —1. Noting
¢2(0,p,0,q; B2) = Cg (p, q), we complete the proof of Theorem 6.4. |
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