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RAMANUJAN’S SCHLAFLI-TYPE MODULAR EQUATIONS AND
CLASS INVARIANTS g,

NIPEN SAIKIA

Abstract: In this paper, we use Ramanujan’s Schlafli-type modular equations to find some new
values of class invariants g, and also give alternate proofs of some of known values.
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1. Introduction

The Dedekind eta-function 7(z) is defined by

n(z) = e[ -€*"),  Im(z)>0. (1.1)
n=1
Following Ramanujan’s notation, we set ¢ := ¢2™* and
F(=a) = (@)oo = 4~ /*0(2), (1.2)

where (@;q)oo := [y (1 — ag®™1).
Now, for g := e~ ™" where n is a positive rational number, Weber-Ramanujan
class invariants G,, and g, [5, p. 183, (1.3)] are defined by

G =274V (q)  and g, =274y (—q), (1.3)

where x(q) = (—¢; ¢*)0o-
Since from [3, p. 124], x(¢q) = 2%/6 {a(1 — a)/q}71/24 and x(—¢q) = 21/%(1 —
)12(a/q)~1/?4 it follows from (1.3) that

Gn = {4a(1 — )}~/ and g, =27Y12(1 — )/ 271/, (1.4)
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Also, if 8 has degree r over «, then
Gy = {48(1 = B)}V*  and  ge, =27 V121 - p)V/12371/24 (1.5)

In his paper [6] and notebooks [7], Ramanujan recorded a total of 116 class
invariants. An account of Ramanujan’s class invariants and applications can be
found in Berndt’s book [5].

In 2001, Yi [10] evaluated several class invariants g, by finding explicit values
of her parameter 74, [10, p. 11, (2.1.1)](also see [11, p. 4, (1.11)]), defined by

f(_Q) . qg= 6727‘—\/%, (16)

Tk = e /Aqh=D)/24 f(—gky’

where n and k are positive real numbers. In particular, she established the result
[10, p. 18, Theorem 2.2.3]

gn = T2n/2- (17)
From [10, p. 12, Theorem 2.1.2(i)-(iii)]), we also note that

re1 =1, Thi/m = 1/Tkn and Thn = Tn k- (1.8)

More recently, Saikia [8] evaluated several new values of g,, and also proved some
known values of G,, by using Ramanujan’s modular equations of prime degree.
Saikia [9] also evaluated some new values of class invariant G,,.

Baruah [1] used Ramanujan’s Schlifli-type modular equations of composite
degrees combined with the prime degrees to prove some values of Ramanujan’s
class invariants G,, but no value of g, is evaluated. In this paper, we show that
same modular equations can also be used to find some new values of class invariants
gn. In the process, we also give alternate proofs of some of known values of class
invariants g,.

Since modular equations are key in our proofs, we now define a modular equa-
tion. Let K, K’', L, and L’ denote the complete elliptic integrals of the first kind
associated with the moduli k, ¥, [, and I, respectively. Suppose that the equality

K L

n—=

— == (1.9)

holds for some positive integer n. Then a modular equation of degree n is a relation
between the moduli & and [ which is implied by (1.9). Ramanujan recorded his
modular equations in terms of o and 8 where a = k% and 8 = [?. We say that 3
has degree n over a. The multiplier m connecting « and £ is defined by

K
_— 1.10
m=7 (1.10)
where z,. = ¢?(q). Similarly, one can define Ramanujan’s “ mixed "modular equa-
tion or modular equation of composite degree. We refer to Chapter 20 of Berndt’s

book [3].
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In Section 2, we list some Schlafli-type modular equations which will be used
in the subsequent sections. In Section 3, we evaluate some new as well as some
known values of the class invariant g,,.

We end this introduction by recalling from [3, p. 124, Entry 12(i), (iii)], that

fl@)=vz2 Y5 a1 —a)g)* and  f(—¢?) =z 273 (a1 — a)g)V/ 12
(1.11)

2. Schlafli-type modular equations

This section is devoted to recording some Schlafli-type modular equations. In the
first three lemmas, we set

1/24
L:=2"Y5B(1l-—a)1-pBNY?* and §:= (M) . (21)

a(l —a)
Lemma 2.1 ([5, p. 378, Entry 41]). If 5 has degree 11 over «, then

1 2 11 22
6 3 5
S0+ 55 - 2v2 <L5 T 2L+ 1L 2L ) =0. (2.2)

Lemma 2.2 ([5, p. 378, Entry 41]). If 5 has degree 13 over «, then
1 1 1 1 1

7T, - 1 5 - 2) 3 - — ) L6_ ) =
S+S7+3<S + g5 ) +52( 8%+ o5 4785+ g )-8 75

Lemma 2.3 ([5, p. 378, Entry 41]). If 5 has degree 17 over «, then

1 1 1 4
59+59—34<S6+S6)+17<S3+53> (L4+7+4L4>

16 136 . s
_ (L8 — o~ 340~ 13614 + 161 > —0. (24)

—~

2.3)

In the remaining lemmas of this section, we set

P = (25603v5(1 — a)(1 — B)(1 —~)(1 — §))/*%, (2.5)
[ ad(l—a)(1-9) 1/48

=5 1—5)(1—7)) ’ (26)
1-9)(1-4)\"*

ap 1a><1/3>) ’ @7)

and
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Lemma 2.4 ([5, p. 381, Entry 50]). If o, 3,7, and ¢ have degrees 1, 5, 7, and
35, respectively, then

1 1 1 1
R‘H—ﬁ— (Q6+6> +5<Q4+Q4> —10(Q2+QQ> +15=0. (2.9)
Lemma 2.5 ([5, p. 381, Entry 48]). If o, 3,7, and ¢ have degrees 5, 1, 7, and
35, respectively, then

Q6+C;6+5\/§<Q3+$3> <P+113> —4<P4+;4)+10:0- (2.10)

Lemma 2.6 ([5, p. 380, Entry 43]). If o, 3,7, and ¢ have degrees 3, 1, 5, and
15, respectively, then

Q4+Ql4—2(P2+PlQ)+3=0. (2.11)

Lemma 2.7 (|5, p. 381, Entry 51]). If o, 8,7, and § have degrees 1, 13, 3,
and 39, respectively, then

Q4+$4_3(Q2+$2)—(T2+;2>+3:0. (2.12)

Lemma 2.8 ([5, p. 380, Entry 47]). If o, 3,7, and § have degrees 3, 1, 11,
and 33, respectively, then

Q4+$4+3(Q2 52>_2(p2+;2>:o. (2.13)

Lemma 2.9 ([5, p. 380, Entry 44|). If o, 3,7, and ¢ have degrees 5, 1, 3, and
15, respectively, then

1 1 1
Q6+QG—4<P4+P4)+1O<P2+PQ—1>:(). (2.14)
Lemma 2.10 (|2, p. 277, Lemma 3.1]). If o, 8,7, and ¢ have degrees 1, 3, 7,
and 21, respectively, then
2, 1 4, 1
Rt = Q'+ g =3 (2.15)

Lemma 2.11 (|2, p. 283, Theorem 4.1]). If o, 8,7, and § have degrees 1, 3,
7, and 21, respectively, then

]. ]. - 1 ].
T12 TG TS 3

1
-8 <P6 + P6) —54=0. (2.16)
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3. Values of g,

In this section, we find some values of g,, by using the Schlafli-type modular equa-
tions recorded in the previous section.

Theorem 3.1. We have
1 24 1 24
oz = (19601 n 13860\f) and g1y = (19601 — 13860f)

The value gaa can also be found in [5, p. 200].
Proof. We set

11
= (11/2{](03)—(12) and B:= qll/;;(;(_)qm)‘ (3.1)
so that, by (1.11), we have
1/6 1/6

A= (a(lia))l/% and B = W, (3.2)

where § has degree 11 over a.

Now, from (2.1) and (3.2), we find that

L=2Y2/(AB) and S=A/B. (3.3)

Replacing ¢ by —q, we observe that L? and S'? are transformed into —L? and
—S512, respectively, where

L1 == 21/2/(A131) and Sl = Al/Bla (34)
e f(-a) f=a")
M= gmpeay M B amyeey 69

Consequently, Lemma 2.1 gives

32 352 1672 4576 8096

9746 + + =+ + + + 8096 L% 4 4576 L7
Loy Ly oL 13 ! !
1
+1672LY + 352L%F + 32L1% — o7 Si2=0. (3.6)

Now, setting ¢ = e~ 2"V"™/2 and applying the definition of Tkn, for k=2, in (3.4),
we obtain

L = (TZ,nT2,121n)71 and S1 = (ro.n/T2,121n) - (3.7
Setting n = 1/11 in (3.7) and using (1.8), we find that

Ly=1 and S;=ry;,. (3.8)
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Invoking (3.8) in (3.6) and simplifying, we find that
rahy + o it — 39202 = 0. (3.9)
Solving (3.9) for real positive value of 7311 > 1, we obtain

1/24

ra = (19601 n 13860\/5) (3.10)

Using (1.7) and (1.8), we complete the proof. [ |

The proofs of Theorems 3.2 and 3.4 are identical to the proof of Theorem 3.1,
so we skip details of the proofs.

Theorem 3.2. We have

1 1/4 1 1/4
926 = (6 (m+ \/W)) and  g2/13 = ( (m—\/m>> ;

6

where s "
m=8+ (359 _ 12\/%) + (359 + 12\/%) .

The value gog can also be found in [5, p. 200].

Proof. Proceeding as in the proof of Theorem 3.1, expressing Lemma 2.2 in eta-
function f and then replacing ¢ by —¢, we use the definition of r; ,,, set n = 1/13
and employ (1.8) to arrive at

(1= 92 +202% — 922 + 210)? (1 — 82 + 82° — 1822 + 826 — 8220 + 2%4) = 0,
(3.11)
where = 73 13.
Since the first two equal factors have no real root for 73 13, we arrive at

1- 8’”3,13 + 87"5,13 - 18T%,213 + 87”%,613 - 87’3?13 + ’”3?13 =0. (3.12)
Setting z =73 15 + r£?3 in the (3.12), we find that
23— 8224+ 52-2=0. (3.13)

Solving (3.13) for real positive value of z > 1, we have

2= (84 (359 — 12V78)"/* + (350 + 12V/78) /%) /3, (3.14)
and hence,
rd = (m +v/ =36+ m2) /6, (3.15)

where m = 8 + (359 — 12/78)/* + (359 + 12v/78)/*. Now employing (1.7) and

(1.8) in (3.15) and simplifying, we complete the proof. |
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Remark 3.3. The values of gas and gy/13 can also be obtained by using the
eta-function identity [4, p. 211, Entry 57] instead of Lemma 2.2.

Theorem 3.4. We have

1/6
g3a = (9 +2V17 4 21/37 + 9ﬁ)

1/6
g2/17(9+2\/ﬁ2 37+9\/ﬁ> )

The value gs4 can also be found in [5, p. 200].

and

Proof. Expressing Lemma 2.3 in f, replacing ¢ by —¢g and then employing the
definition s ,, and (1.8) for n = 1/17, we deduce that

raSr +rans — 17 (1S 17 + 5 07) — 34 (ri3r +7513) + 36 = 0. (3.16)

Solving the above equation for real positive r3 17, we obtain

1/6
2,17 = <9+2\/ﬁ+ 37+9\/ﬁ) . (317)

Employing (1.7) and (1.8) in (3.17) we complete the proof. |

Remark 3.5. Similarly, by applying the definition of 75, in Lemma 2.3, setting
n = 1 and noting ro; = 1 from (1.8), the values of gs7s and g, /289 can be obtained.

Theorem 3.6. We have

G10/7 = (47 - 21*/3> ! (99 +70v2) ",
e = (47+21f> <99 70\/5)1/127

oo — (47+21\/3> (99+70\/§)1/127
G2/35 = (47 21\@) (99 70\/5)1/12

The value g7g can also be found in [5, p. 201].
Proof. We set

[ (@)
A myca U Ry 519
f(a") A0 '

q7/24f(_q14)’ D= q35/24f(_q70)‘
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Transforming (3.18) by using (1.11), we get

21/6 21/6 21/6
A= 1/24° b= 1/24° C= 1/24°
(a(l —a)) (B(1-8)) (v(1 =)
and S1/6
D=—" (3.19)

(61— 9))""**

where «a, 3, v, and ¢ have degrees 1, 5, 7, and 35, respectively. Thus, from (2.6),
(2.7), and (3.19) we find that

AB

- CD’

bC 2
=D and R

Q* (3.20)
Replacing ¢ by —¢q, we observe that Q? and R* changed into —Q? and —Rj,

respectively, such that

B,C AB
Qf:AIDi and  R?= CIDi’ (3.21)
where
f(=q) f(=4°)
A= — B = —"t
L) LA (=) (3.22)
a7 _ 35 :
o - _JCa) D, f(=a™)

A f(—qtty = P24 f(—qT0)

Consequently, Lemma 2.4 is transformed into

R‘ll+];4_(Q§+C;)—5(Q‘11+6214)—10(Qf+52)—15:0. (3.23)
1 1 1 1

Setting ¢ := e~2"V"/2 and applying the definition of Tkn, for k=2, in (3.21) and
(3.22), we find that

72,25n72,49 T2,n72,25
Q3 =222 and R = 2SR (3.24)
T2nT2,1225n 72,49n72,1225n

Setting n = 1/35 in (3.24) and using (1.8), we obtain

2
Q*=1 and R%:(W) . (3.25)
72,35

Invoking (3.25) in (3.23), we deduce that

4 —4
(T2,5/7> T <T2,5/7> — 47 = 0. (3.26)
72,35 72,35
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Solving (3.26) for positive real value of (r2,5/7/r2$35), we obtain

1/4
T2,5/7 47 - 215
= — . (3.27)
2,35 2
As above, expressing Lemma 2.5 in f, replacing ¢ and —¢q and then applying the
definition to rg ,, setting n = 1/35 and employing (1.8), we deduce that

(7'2,5/77’2,35)6 + (T2,5/77’2,35)76 —198 = 0. (3.28)

Solving the (3.28) for positive real value (1“2’5/77“2,35), we obtain

1/6
(ro,5/772,35) = (99 + 70\/5) . (3.29)

With the help of (3.27), (3.29), (1.7) and (1.8), the values of g19,7, g14/5, g70, and
g2/35 readily follow. -

Proofs of the Theorems 3.6, 3.7, and 3.8 being identical, so for brevity details
of the proofs are omitted in next two theorems.

Theorem 3.7. We have

(7 3v5
d10/3 =

)
[ \/5> (19—6@
) [

g
<7+ 3v5

ge/5

The value gso can also be found in [5, p. 201].

Proof. Transforming Lemma 2.6 in eta-function f and then replacing the ¢ by
—q, we employ the definition of rg ,, set n = 1/15 and use (1.8) to arrive at

(’1"2,5/3/7’2,15)4 + (7"275/3/’]"2’15)74 —-7=0. (330)

Solving the (3.30) for positive real value of (7‘2,5/3/7‘2,15), we obtain

1/4
7_3\/5> (3.31)

(7"2,5/3/7“2,15) = ( B)
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Similarly, employing the definition of 73, in Lemma 2.9, setting n = 1/15 and
invoking (1.8), we deduce that

(7“2,5/37’2,15)6 + (7‘275/37'2715)_6 —38=0. (3.32)
Solving (3.32) for positive real value of (7"2,5/37’2715), we arrive at

1/6

(ro5/3r2,15) = (19 + 6@) (3.33)

The values of g10/3, 96/5, 930, and gz/15 now follow from (1.7), (1.8), (3.31) and
(3.33). [ |

Theorem 3.8. We have

5 /921 1/12
967 = < 2f> (15 + 4\/ﬂ) ,
1/4
5+ /21 1/12
Gra/3 = ( 5 ) (15 — 4\/ﬁ) ,
1/4
54 +/21 1/12
a2 = ( f) (15 4@) ,
2
1/4
5 _ \/ﬁ 1/1
92721 = < 5 ) (15 — 4@)

The value gqo can also be found in [5, p. 201].

Proof. Transforming Lemma 2.10 in function f, replace ¢ by —¢q and then apply-
ing the definition of 75 ,,, setting n = 1/21 and employing (1.8), we obtain

2 -2
(T2,3/7/7"2,21) + (7“2,3/7/T2,21) -5=0. (3.34)

Solving the (3.34) for real positive value of (7‘2,3/7/7‘2,21), we obtain

1/2
5—\/ﬁ> . (3.35)

(7’2,3/7/7‘2,21) = ( B)

Again, after routine work, we apply the definition of r2, in Lemma 2.11 and
employing (1.8) with n = 1/21, we have

2
1 1 1
{gﬂ? + g — 18 (x6 + 6) - 70} = 2592 (336 + 6) + 5148, (3.36)
X x X

where x = (7“2,3/77“2,21)'
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Solving (3.36) for z and noticing that ra,, > 79, for n > m, we deduce that

1/6
x = (ro3/772,01) = (15 + 4@) : (3.37)

The values of gg/7, g14/3, ga2, and gy /21 follow from (3.35), (3.37) and the properties
(1.7) and (1.8). |

Theorem 3.9. We have

922/3;<3+ﬁm>1/2 <\/§+\/§)1/4

1/2
x(?x/i+3xﬁ)l/12 \/7+§/§+\/\/3§1)

and
27/4
de/11 = 1/12 1/4 1/12
(3+v33-v26+6v33) " (vV2+v3)' (Tv2+3VT)

1
" (\/7+\/?§+ \/\/ﬁ—1>1/2.

Proof. Asin the previous proofs, we express Lemma 2.8 in eta-function f, replace
g by —q and then use the definition of ra ,,, set n = 1/33 and employ(1.8) to deduce
that

1 1
4 2
1 4 _4—0 3.38
A (m + 9:2> ’ (335
where x = (T2,11/3/r2,33)'

Solving the (3.38) for « and considering that 73, > 1 for n > 1 and applying
(1.7), we obtain

_ (7”2711/3> _ (922/3> _ % <3+ V33— m>1/2. (3.39)

72,33 gee

Again, from [5, p. 201], we note that

1/2

o6 = (\/§+ Ji)m (7\/§+ :’,\/ﬁ)l/12 \/7 +8\/§ + \/\/3»1_ L o)

Combining (3.40) and (3.39), we arrive at the value of gyy/5. Similarly, applying
(1.7) and (1.8), the value of gg,1; can be obtained from (3.39) and (3.40). |
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Theorem 3.10. We have

1/2
3+ /13 1/6
96/13 = <2> (5 + vV 26)

and

2
(5+v26)"° V=6+2V13

Proof. By routine work, applying the definition of ry, in Lemma 2.7, setting
n = 1/39 and using (1.8), we obtain

2 —2
T T
< 2,3/13) n < 2,3/13> -0 (3.41)
72,39 72,39
Solving the (3.41) for (ra3/13/r2,30) and noting that r5, > 1 for n > 1 and
In = T2n/2, WE find that

926/3 =

1/2
(7’2,3/13> _ <96/13> _(11-3VI3 (3.42)

72,39 g7s 2 ' '

Now, from [5, p. 202], we have
1/2
3++V13 1/6

s = <2> (5 + \/26) . (3.43)
Combining (3.42) and (3.43), we obtain the value of gs;13. In a similar way,
employing (1.7) and (1.8), we arrive at the value of ga6/3. |
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