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CONSTRUCTION OF NORMAL NUMBERS BY CLASSIFIED
PRIME DIVISORS OF INTEGERS II

JEAN-MARIE DE KONINCK, IMRE KATAI

Abstract: Given an integer ¢ > 2, a g-normal number is an irrational number 7 such that any
preassigned sequence of k digits occurs in the g-ary expansion of n at the expected frequency,
namely 1/ ¢*. In a series of recent papers, using the complexity of the multiplicative structure
of integers along with a method we developed in 1995 regarding the distribution of subsets of
primes in the prime factorization of integers, we initiated new methods allowing for the creation
of large families of normal numbers. Here, we further expand on this initiative.
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1. Introduction

Given an integer q¢ > 2, a g-normal number, or simply a normal number, is an
irrational number whose ¢-ary expansion is such that any preassigned sequence,
of length &k > 1, of base ¢ digits from this expansion, occurs at the expected
frequency, namely 1/¢*.

Let A, = {0,1,...,¢ — 1} be the set of digits in base ¢q. An expression of the
form i1y ... 4, where each i; € A, is said to be a word of length k. Given a word
a, we shall write A(«) = ¢ to indicate that « is a word of length ¢. We shall also
use the symbol A to denote the empty word and write A\(A) = 0. Also, we let A’;
stand for the set of all words of length k and A} stand for the set of all the words
regardless of their length.

In 1995 (see [1]), we introduced the notion of a disjoint classification of primes,
that is a collection of ¢+1 disjoint sets of primes R, g, @1, - . . , 9g—1, Whose union is
p, the set of all primes, where R is a finite set (perhaps empty) and where the other
q sets are of positive densities g, d1,...,04—1 (with clearly Zg;ol d; = 1). We then
introduced the function H : N — Ay defined by H(n) = H(p{* ---pir) = €1 .. . Ly,
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where each £; is such that p; € gy, and investigated the size of the set of positive
integers n < z for which H(n) = « for a given word a € A’;. More precisely,
letting w(n) stand for the number of distinct prime factors of n, and letting P(n)
and p(n) stand respectively for the largest and smallest prime factor of n, writing
m(B) for the number of primes belonging to the set B and writing x; = log,
9 = log z1 and so on, we proved the following result.

Theorem A. Let R, o, 91,...,0q—1 be a disjoint classification of primes such
that

m([u,u+v] N ;) = §m([u,u+v]) + O (logqilu> (1.1)

holds uniformly for 2 < v < u, ¢ = 0,1,...,¢ — 1, where ¢; > 5 is a constant,
d0,01,...,04—1 are positive constants such that Zf;ol 6; = 1. Let limy, oo w, =
+o00, wy = O(x3), vV <Y < z and 1 < k < coxo, where ¢y is an arbitrary
constant. Let A be a positive integer such that A < 25 and P(A) < w,. Then,

#{n=An; <Y :p(n1) > ws, w(ny) =k, Hny) =iy...0k}

Y k—1 k—1
=1+ 0(1))8;, - 6;, ————tx(Y) 0w, F ,
( +O( ))61 6kA10thk( )SO x( T ) ( T >

where () = (:’g‘i)!,
Pu(2) == pgu (1 + ;)1 and  F(z):= I‘(zl+1)1;[ (1 + ;) <1 - 11))

In 2011 (see [2]), we used Theorem A to construct large families of normal
numbers, namely by establishing the following result.

Theorem B. Let ¢ > 2 be an integer and let R, g, p1,...,pq—1 be a disjoint
classification of primes. Assume that, for a certain constant ¢; > 5,

1
wllu,ut o] p) = lluute]) +0 <log“u> (1.2)
uniformly for 2 < v < wu,i=0,1,...,9g — 1, as u — oco. Furthermore, let H : p —

Ay be defined by

A ifpeR,
H(p) = P (1.3)
¢ if p € py for some £ € A,
and further let 7": N — A7 be defined by 7'(1) = A and for n > 2 by
T(n) =T(py"---pi7) = H(p1) .- H(pr)- (1.4)

Then, the number 0.7(1)T(2)T(3)T'(4) ... is a g-normal number.
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As one will notice, Theorem B does not use the full power of Theorem A.
Indeed, it is clear that condition (1.2) is much more restrictive than condition
(1.1) since it does not allow for subsets of primes g, of distinct densities. In this
paper, we will first weaken condition (1.2) to allow for the construction of even
larger families of normal numbers. Then, we will extend our method in order to
construct normal numbers using the sequence of shifted primes, and thereafter
using the sequence nP+1,n=12...

Finally, let us mention some notations we shall be using. As usual, ¢ wilglg stand

dt
o logt’
Throughout this text, the letters p, p1,p2, ..., ¢1,92,..., T, T1, T2, ... will always
denote primes, while the letter ¢ will stand for a positive constant, but not neces-
sarily the same at each occurrence.

for the Euler function and li(x) for the logarithmic integral, that is li(z) =

2. Main results

Theorem 1. Assume that R, o, ..., 9q—1 are disjoint sets of primes, whose union
is @, and assume that there exists a positive number § < 1 and a real number ¢y > 5
such that

7([u, u+v] N ;) = o7 ([u,u + v]) + O (lcygqilu> (2.1)
holds uniformly for 2 <v <wu,i=0,1,...,9q — 1, and similarly

7([u,u+v]NR) = (1 — ¢6)7([u,u + v]) + O (logqjlu> :

Let H and T be defined as in (1.3) and (1.4). Then,
€ =0.T7()T(2)T(3)...
is a q-normal number.

Examples

1. Let po ={p:p=1 (mod 8)}, p1 ={p:p=7 (mod 8)} and R = {2} U{p:
p=3,5 (mod 8)}. With H, T and £ as in the statement of Theorem 1, we
may conclude that the number £ is a binary normal number.

2. Let P(x) = exz¥+- - -+e12 € R[z] be a polynomial with at least one irrational
coefficient. Let Iy and I; be two disjoint intervals in [0,1) of equal length.
Consider the set of primes pg = {p : {P(p)} € Iv}, p1 = {p: {Pp)} € I}
and R = p\ (poUgp1). (Here, {P(p)} stands for the fractional part of P(p).)
With H, T and £ as in Theorem 1, we may conclude that £ is a binary normal
number.

3. It is well known that, given a prime p = 1 (mod 4), there exists a prime

rg p

p € Z[i] (the set of Gaussian integers) such that % €l0,1)andp=p-p.
71'
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So, let the subsets of primes g, . . . , q4—1 be defined in such a way that p € p;
if the corresponding Gaussian prime p satisfies

agp {j j—i—l)

/2 a q

(j=0,1,...,9g—1)

and let R = {2} U{p: p =3 (mod 4)}. Then, letting H, T and £ be defined
as in Theorem 1, we get that £ is a normal number in base q.

Theorem 2. Let R, po,...,0q—1, H and T be as in the statement of Theorem 1.
Then the number

n=0T(1)T(2)T(4)T(6)T(10)...T(p—1)...,
where p Tuns through the sequence of primes, is a g-normal number.

Theorem 3. Let f : N — N be defined by f(n) = n? + 1. Consider the subset of
primes @ :={p € p:p =1 (mod 4)}. Assume that the sets po, P1,-..,9q-1 C §
satisfy (2.1) and let

q—1

R=p\ (o

Jj=0

Let also H and T be defined as in (1.3) and (1.4). Then

T=0T(fW)TFCNTFBNT(f(4)). .

is a g-normal number.

3. Preliminary results

Lemma 1. Let f(n) be a real valued non negative arithmetic function. Let a,,
n=1,...,N, be a sequence of integers. Let r be a positive real number, and let
p1 < p2 <. < ps <1 be prime numbers. Set Q =py---ps. If d|Q, then let

N
>, f(n)=kd)X + RN, d),
anzonz(zluod d)
where X and R are real numbers, X > 0, and k(d1d2) = k(d1)k(d2) whenever dy
and do are co-prime divisors of Q.
Assume that for each prime p, 0 < k(p) < 1. Setting

N
I(N,Q) = Z f(n),

n
(an,Q)=1
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then the estimate

I(N,Q) = {1+ 20: H}X [[(1 = (p)) + 202 > 3*D|R(N,d)|

plQ 41Q
d<z3

holds uniformly for r > 2, max(logr, S) < §log z, where |61] < 1, |62 < 1, and

log = log z log =z 25
H= - 1 —logl -
P ( log r { o8 ( S ) 8108 ( S log z

_ r(p)
S = % m log p.

When these conditions are satisfied, there exists an absolute positive constant c
such that 2H < ¢ < 1.

and

Proof. This result is Lemma 2.1 in the book of Elliott [3]. |

Lemma 2 (Brun-Titchmarsh inequality). There exists a positive constant ¢
such that

x
m(x; kb)) < c———— forall k < x.
O < T logarh)
Proof. For a proof, see the book of Halberstam and Richert [4]. |

Lemma 3 (Bombieri-Vinogradov theorem). Given any fixzed number C' > 0,
there exists a number B = B(C) > 0 such that

li(y) z
E max max |7(y; k,£) — =0 .
k0)=1 y<z k ¢
k<v/z/(log? x)( =y P (k) log™
Proof. For a proof, see the book of Iwaniec and Kowalski [5]. |

For the statement of the next results, we shall need the following notations.
Let Z, be a function tending to infinity but with the condition l‘ffgij*‘ — 0 as

K,logZ,

x — 0o0. Furthermore, let K, — oo as x — 0o, but also satisfying —0

log x
as T — 0o.
Let Q = H p. Given an integer m > 2 such that P(m) < Z,, we set

P<Zy

A(zlm) =#{p<z:p=1 (mod m), ged (1);11762) =1}

Further set v(Q) = [ <1 — 1).

r|Q
p>2
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We now introduce the strongly multiplicative function x(n) defined on primes

p by
1 ifp=2
k(p) = {p_l (3.1)

Lemma 4. Let Z, and K, be defined by log Z, = (logz)/2% and K, = Buxa,
where B is a large constant. Then, given any arbitrarily large constant C,

3 Allm) - Wn@)’ < —.
m<zKe m 1Og z
P(m)< 7y

Proof. For now, we fix an integer m < ZX+ such that P(m) < Z,. We plan
to use Lemma 1. For this, we set r = 7(Z,) and we let ¢; < --- < gr be the
sequence of those primes ¢; < x satisfying ¢; — 1 =0 (mod m) for j =1,...,T
(so that T' = m(x;m, 1)); and also we let a, = (¢, — 1)/m for n =1,2,...,T and
set f(n) = 1. Now, define R(m, d) implicitly by

n(widm,1)= Y 1=n(dr(x;m,1)+ R(m,d), (3.2)
P—lzﬁgfmod d)

where 7(d) is the strongly multiplicative function defined on primes p by

1 ifplm,
77(19) = {pl

Hence, as a consequence of Lemma 1, we obtain

Alzlm) = {1+ 201 H}m(z;m, 1) [ (1= n(p) + 202 > 3°D|R(m,d)|. (3.3)

plQ ddgl?S
Now, since
1
o Z(;Pog]; =(14o0(1))logZ,  (z— o0)
p>2
and

r=m(Zy;) and log r = log Z,, + O(loglog z),

and since

1 1
logz = K,log Z,, 082 L K,, log (ng> =log K, (x — 00),
logr S

we have, for x large,

K,
H=exp{—K,(logK, —loglog K, — z/K,)} < exp {2 logKm} .
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Hence, it follows from (3.3) that

Atelm) = n(ain, ) 2 (@)
< 2Hn(w;m, Dr(Q)r(m) +2 Y 3*W|R(m.d)|, (3.4)
dlQ
where R(m, d) satisfies, in light of (3.2),
E(m)
R(m,d)| < E(dm) + =2 3.5
[R(m, d)| < E(dm) () (3.5)
where li(z)
i(z
E(r):= iry 1) — .
()= |m(air1) = 20
Using (3.5), we have that
> 3DIR(m,d)| < ) 3¢ < (dm) + (d)>
. (
E(m)
= 3D E(dm) + 3wl 2
2 3B+ ) TG

= Zl + ZQ, (3.6)

say. Now, on the one hand,

Zl =Y E®[Ja+3) =Y Bk)2*®. (3.7)

k<z4 plk k<z%

On the other hand, we have

3w(d)

D, SEmD T < Bm] (1 + 31) <cE(m)(logZ:)®.  (3.8)

d|Q p|Q

Thus, using (3.7) and (3.8) in (3.6), we obtain that

> 3D |R(m,d)| < c(log Zz)*E(m) + Y E(k)2**®)
dal<|Q3 k<z4

=T +T5, (39)

say. Now, because of Lemma 3, we have that, given any fixed constant C,
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On the other hand, observe that since a < b+ %aQ for all a,b € RT, we have

T, <2272 3" E(k) + 27272 3 " B(k)2*® = U + Uy, (3.11)

k<z4 k<z4

say. Using Lemmas 3 and 2 in order to estimate U; and Us, respectively, it follows
that (3.11) can be replaced by

24w(k)
(k)

T, < - £ logx)f2Blog2 Z

3.12
(log z)(A") (2B log 2) + logx( = (3.12)

where B and A’ are arbitrary positive constants. Hence, by an appropriate choice
of B and A’, it follows from (3.12) that

S (3.13)

Then, using (3.10) and (3.13) in (3.9), placing the result in (3.4) and then summing
the first term on the right hand side of (3.4) over m, we obtain from Lemma 2
that it is < 2/(log® ), thus completing the proof of Lemma 4. |

Lemma 5. Given positive integers k and A, set

By(z, A) = > A(x|Amy).

w(my)=k
p(my)>wg, P(m1)<Zz

Let gq, ..., pq—1 be a disjoint classification of primes with corresponding densities
00, ..,0q—1. Then, given an arbitrary constant C > 0,

w IR .
ASwy® kSBwa iy € AR my<zKe

P(A)Swg H(my)=iq...ip
p(my)>wg, P(m1)<Zg
< x
1ogcx
Moreover,
L K(A) K(m1)
S |Belw A) - w(@itn) > -
A<w¥s k< Bxzo my<zKe 1
P(A)<wg w(mq)=k
p(m1)>we, P(m1)<Za
x
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Proof. The result is a direct consequence of Theorem A and Lemma 4. |
Lemma 6. Given positive integers h > 2k,

2 h
3 (Fﬁ(a)—};) gch’“g : (3.14)

acAh 4 4

where ¢ is some absolute constant.

Proof. On the one hand, we have

Z Z Fg(a) = #{(71,72) : 04_71572}_211@ h—t=k 7k(hfk:+1),
ozEAh =0
(3.15)
while on the other hand

Do, = D Fi@) = #{(n.72,73,7) s @ = P2 = 367} (3.16)

acAh

Now, write
Z :Zzo+221+222’

where in 3, ;, we impose the condition A(y1) = A(v3), in 3, ,;, we impose the
condition A(71) > A(73), and finally in > 54, We are restricted to A(y1) < A(73).
In 2270, we have v; = 73, so that 2270 = 21.

Let >, ,, be the number of those 71,73 for which A(y3) < A(v) + k&, and
> 012 be the number of those 71, ys for which A(v3) > A(y1) + k. Since 73 is a
prefix of v;3, it follows that it has no more than k distinct values for a fixed 71,
and therefore that >-, ;| < k>Z;. Assume now that A(y3) > A(y1) + k. Thus

—l = —k— Al —  — U3 —
A | mn] B8] I e ] \
®) | 3 EE V4 \

— UH4k+ly — k= —l—k=0—

Let us fix the position of 8 in (A) and in (B), that is the lengths ¢; and /5.
Then ¢; + ¢5 + ¢4 digits can be distributed freely, which yields gf1+t2+ts = gh—2k
integers. Hence the number of those nonnegative integers {1, {2, ¢4 for which
ly + 0y + €4 = h — 2k is therefore equal to

h—2k h—2k
(h— 2k)(h — 2k + 1)
h—2%k—l+1)=Y v= .
2= 2 2

Thus

h—2k)(h—2k+1 h2gh khg™
S (k) Kt (ke
2,1,2 2q2k 2q2k q2k
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so that (3.16) can be written as

h2qh k/’hqh
¥, o () o

q q

Therefore, using (3.15) and (3.17), inequality (3.14) follows, thus completing the
proof of Lemma 6. n

4. Proof of Theorem 1

q—1
Let p* = U ©; and define
j=0

we+ (n) 1= Z 1.

pln
pEpR*

For each real number u > 2, let us set
pu =T ([u] +1)...T([2u]).

It is clear that

AMpu) =u E % + O(u) = gduloglogu + O(u). (4.1)
p<2u
pEE*

Now let k be a fixed positive integer and consider the word 8 =41 ...i; € A’;. We
now let Fig(ar) stand for the number of occurrences of the word 5 within the word
a, that is we set

Fg(a) == #{(n1,72) : @ =11B72, M,72 € 4}

We shall prove that

max
BeAk

Fs(pu) — < e(uWA(pu)s (4.2)

where £(u) tends to 0 monotonically as u — oo.

Once we will have proven (4.2), Theorem 1 will follow. Indeed, let &y stand
for the g-ary expansion of £ up to the N-th digit. Now, given N, let u be a real
number which satisfies the inequalities

Ny = Z we+(j) < N < Z W (J)-

I<2u 7<L2u+1

Let us further set &y, := T(1)T(2)...T([2u]). With this definition, we have
that

0 < A(6n) — Alén,) = O(log N). (4.3)
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Now, given an arbitrary positive integer ¢ satisfying 2¢ < u, let us write

Eny = X(l) Puj2t Puj2t=1 .-+ Pu,
where
po i =T([v] +1)...T([20]).
It follows that
Fs(ény) = Fs(X") + Fa(puyae) + -+ + Fs(pu) + O+ 1).
Hence, using (4.2) and (4.3), we obtain that

AEn)

Fy(€n) = FylEn,) +Ollog N) = =5 + 0 (sw/2 IV +2)) . (44)

Now, choosing £ to be the unique integer satisfying 2¢ < v/u < 27! and using the
fact that A(x))/N — 0 as N — oo, we then obtain from (4.4) that

F 1
# — & as N — oo, (4.5)
thus proving that £ is a g-normal number.
Thus, it remains to prove (4.2). Doing so, we will make repetitive use of (4.1).
First we set w, = logloglogu and Z, = exp{(logu)!~¢«}, where ¢, — 0 as
u — 0o, and write each integer n > 2 as

n:Hp“~ H p“~Hp“:A(n)-B(n)-C(n),

p|n p|n r|n

p<wy Wy <p<Zu p>Zu
say. Since
S wlm)+ Y w(Cm) = ofuloglogu)  (u— ),
u<n<2u u<n<2u
it follows that
Fs(pu) = Z Fs(T(B(n))) + o(uloglog u) (u — 0). (4.6)
u<n<2u

Let M, be the set of those positive integers m for which there exists at least
one integer n € [u, 2u] such that B(n) = m, in which case we let

D(m) = #{n € [u,2u] : B(n) =m}.

Then, from (4.6), we have

Fo(ps) = S Fo(T(m))D(m) + o{uloglogu)  (u— o). (47)
meEMy,
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Further define Mq(}) as the set of those m € M,, for which at least one of the
following conditions holds:

is not squarefree,
2 qua Ku = (log u)€u/27

3) there exist p1|m and pa|m such that p; < ps < 2py,
3/4

) m
) m
4) |w(m) — loglogu| > (loglogu)
Let MY = M, \M&l). Observing that Fg(T'(m)) < w(m), we easily obtain that

> Fs(T(m))D(m) = o(uloglogu)  (u— o0). (4.8)
mGMS)

By a standard sieve argument, we easily get that, as u — oo,

Dm) = (1+0(1)— ] (1 - ;) = (1%(1))%% (m e M)
wu <P Zu “

(4.9)
Thus, using (4.8) and (4.9) in (4.7), we obtain

log wy F(T(m))
log Z,,

Fg(pu) = (1 +o(1))u + o(uloglogu) (u — 00).

memP

Hence, it remains to prove that, given arbitrary words 5, and S belonging to A’;,

Z %(m)) = (1+0(1)) Z w (u — o0). (4.10)
mem(® mem®

We shall now use a technique we have already used to prove Theorem 1 of our
1995 paper [1]. We define the sequence tg < t; < --- as follows:

tj
(logt;)®

Let r be defined implicitly by ¢, < Z, < t,4+1 and set I; = [¢;,t;41) for each
integer 7 > 0.

Let h be fixed, |h — loglogu| < (loglogu)®/4, 0 < ji < jo < --- < jn <r—1
with jei1 > 2jp. Further define M&O) (j1,---,jn) as the set of those m = mymg - - - 1
for which m; € I, for j =1,...,h.

t():wu, tj+1:tj+ fOI‘j:O,].,....

Observe that any m € MO (J1,--.,Jn) satisfies

€j1+1 : £j2+1 o 'gthrl =zm 2 Ejl ’ €j2 o 'gjh
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and that
h
1< £j1+1 '€j2+1 Jh"rl H
= li, -y - i 10g€
h h—1 1
< exp —— p < exp
; (log ;)5 = (logw, + jlog2)®

=1+ 0(1) (u — 00).

This means that instead of proving (4.10), we only need to prove

m
meMY (L 1...185,) meMP (b, 1.1t
(4.11)
Now let M&O)(éjl,...,ﬁjh ©urs- -+ Pu,) be the set of those m = mymy -7 €

M&O)(zjl, ..., 4;,) for which m, € p,,.
Then, repeating the computation done in [1], we obtain that

0
#MSL )(gjw' - ’gjh‘plﬁ? .- -v@l/h,)
0
AMD (. 0,)

where 7(v) = § if v € {0,1,...,¢ — 1} and 7(q) = 1 — ¢d. Assume that among
Vi,...,Vp, the value ¢ occurs ¢; times. Then, on the right hand side of (4.12),
7(v1) - 7(vn) = (1 — ¢d)t* - 8"~ which does depend only on t;. It is clear that
Fg(T'(m)) is constant in every M&O)(Ejl, cosdi s ). S0, let e < --- <
e, < h be arbitrary integers and consider those @, , ..., ¢, for which v., = g for
j=1,...,trand v, #qif £ #e;. Let vg < vy < --- < vp_¢,—1 be the sequence of
integers defined by

{vo, ... yvh—t,—1} ={1,...,h} \{e1,... e, }.
Moreover, let v, € {0,1,...,¢—1} for j =0,1,...,h —t; — 1 be arbitrary digits.
Ifme ./\/lq(lo)(éjl, coslinl@vrs -y 90,), then

Fg(T(m)) = Fg(VpoVu, - - Wy 4 1) (4.13)

Now, one can easily show that the number of those n € [u, 2u] for which h—#; < k?
is o(u). Hence, we may assume that h —¢; > k2. Then, in light of (4.12), (4.13)
and Lemma 6, we easily obtain (4.11) and thereby (4.2) and (4.5), thus completing
the proof of Theorem 1.

=1+o(1)7(v1) - 7(vn) (u — 00), (4.12)

5. Proof of Theorem 2

To prove Theorem 2, we use the notations of Theorem 1 and essentially the same
kind of technique.
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Let u > 3 and set
Ky :=T(p1 —1)...T(pr — 1),

where u < p1 < -+ < pr < 2u are all the primes included in the interval [u, 2u).
Now,

u uloglogu
AMRy) = Z We+(pe —1) =¢6 - —— -loglogu + o Yosost ,  (5.1)
log u log u
uLpe<2u
an estimate that follows essentially from the fact that p — 1 has no more than 3
prime divisors 7 > u'/3 if u < p < 2u. Since equation (5.1) provides the exact size
of A(ky), it will be used repetitively below.

Then, choose the intervals I; as we did in the proof of Theorem 1 and let us

estimate
W(u) := Z w(pe —1).
uLpyp<2u
m1lpg—1,m2lpy—1
m,mp €1  for some j
We have

W(u) = > > w(p—1). (5.2)

Wo, < <2 <2M1 < 2y, PE(u,2u)
p—1=0 (mod mm3)

Since mym2|p — 1, we have from (5.2) that
W(u) < Z Z m(2u; Ty e, 1) + 7(2u; my e, 1). (5.3)
Wy < <T2<2m1<Zy  mo<ul/4

Then, using the Brun-Titchmarsh inequality (Lemma 2), it is clear that the right
hand side of (5.3) is less than

U 1 1
cloguﬂz o Z (m —1)(m2 — 1)

uy
o<ul/4 0 Wy < <M <211 < Ly

1
Z [y (5.4)

C
log u
W, < <M <21 <Ly,

On the other hand, one can easily establish that

1 1
P e e RO M e R I

T <mp<2my

while it is clear that

1
> — <loglogu. (5.6)
mo<ul/4 7o

Using estimates (5.5) and (5.6) in (5.4), it follows that (5.3) can be replaced by

W) = o <“1‘1)§;g“> . (5.7)
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Now, let 8 =i1...1; € A’;. We will now estimate Fg(k,,). We have

k
Fg(ku) = ZFB(T@J’ = 1)) + O(7([u, 2ul)). (5.8)

Since

Z Z 1 = o(li(u) log log u) (u— 0),
u<p<L2u  molp—1
o & (W, Zu)

relation (5.8) becomes
k
Fg(ky) = ZFQ(T(A(pj —1)B(p; — 1))) + o(li(u) loglog u) (u — 00). (5.9)

Let A([u,2u]|m) = A(2ulm) — A(u|m). Using the notation of Lemma 5, it
follows that A(p; — 1)B(p; — 1) = m holds for A([u, 2u]|m) numbers, so that

2.

mgzEu
P(m)<Zy

A(fu, 2u]m) — W(li@u) ~li(w)| <

1ogc u

where C' is an arbitrary positive number. Using this in (5.9), it follows that,

with v(Q) = H2<p§Zu (1 — ph) and with the strongly multiplicative function s
defined in (3.1),

By = 30 O i00) 1)) F(T(m) + 0 (l(u) oglog ), (5.10)
m<Zg v "
P(m)<Zu
where the star () on the sum indicates that, in light of (5.7), we omitted those m’s
for which there exist two primes 71 and 7o such that myma|m, w, < m < 7o < Z,
with 71, w2 € I; for some j. Note that in this same sum, we dropped those integers
m > ZK« since

Z A([u, 2u]|m)w(m) = o< 4 loglogu> .
” log u
m>Z
P(m)<Zqy
Let us write
mZHpa' H pa:Am17
Pn  wi<peza

say. Since w(A) < w, = O(logloglogu), it follows that estimate (5.10) becomes

Fa(ka) = v(Q)(ti(2u) - li<u>>2+%2*’“(m—”j”Fﬁ<T<ml>> + o(li(u) loglog v),
A

mi

(5.11)
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where the (4) sign on the sum indicates that we dropped those integers A which
are large, namely those for which A > w¥, say.
Now, since

1< r(mi) = ] (1+1> Hin_p

P p?—p—2
plmy plmy

= exp Zlog<1+pQ—2p—2) H <1+1>

plma

1 1
confs 3 LTI (1+1)
p p
P>Wey, plmy
1 (d)
<(1+ )Z,
Wu ) d

we obtain that

ocsimy 1< DL LD
dlmq u

d|m1

Hence, using this last estimate in (5.11), we obtain

Fa(ra) = (@ —— 3" S S~ L b (my)) + ofti(w) Toglog u).
logu A my

A mq
Proceeding as we did in the proof of Theorem 1, we then obtain that
D —Fp(T(m)) = (140(1)>  —Fs,(T(m1))  (u— o0),

m m
ma 1 ma 1

and therefore that

u

Fp,(ky) = Fg,(Ky) +0 (1 log logu) (u — ),

ogu

for every words 31 and 2 belonging to A’; . This observation concludes the proof
of Theorem 2.

6. The proof of Theorem 3
We first introduce the multiplicative function p defined on prime powers by

ifp=2and a=1,
if p=2anda>2,
if p=1 (mod 4),
if p=3 (mod 4).

p(p*) =

S N O =
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First observe that, given an integer D > 1, the congruence n?> + 1 = 0 (mod D)
has p(D) distinct solutions.

As in the proof of Theorem 1, let Z,, = exp{(logu)
n > 2, set

1=2u} and, for each integer

Em|Z,) =[] »"
S

Further define
A([u, 2u]|m) := #{n € [u,2u] : E(n®* +1|Z,) = m}

and let K, be a function tending to infinity with u and that we will determine
later.
Our first goal will be to find an upper bound for

S = Z A([u, 2u]|m)w(m).

s 2K
P(m)<Zy
Letting wy (n) := Z 1, we have that
pln, p<Y
Z Wz (N2 41?2 < u Z p(p1) p(p2) u Z p(p)
néeu,2ul P1,P2<Z0 P p2 P<Zu p

< u(loglog Z,)* < u(loglogu)?.

Hence, it follows from this that, setting

Sy = Z A([u, 2u]|m), (6.1)

7n>Z£(u
P(m)<Zu

we have, letting E(u) be a function which tends to infinity with v and that we will
determine later,

s= Y Amdmem+ Y Al 2dime(m)
m>zKu m>zku
P(m)<Zy P(m)< 2y,
wz,, (M)<E(u) log log u wz,, (m)>E(u) log log u
< E(u)(loglogu)Sy + Z wz, (n?4+1)
nelu,2u]

©Zu (n241)>E(u) loglogu

1
<F log1 S14+ —-—-— 241)2
(u)(loglog u) ' Bla)loglog G[Z:Q ]wzu(n +1)
1
< E(u)(loglogu)S, + ——wuloglog u. (6.2)

E(u)
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Let us now bound S;. Clearly, if n € [u, 2u] is counted on the right hand side
of (6.1), then the corresponding integer m for which E(n? 4+ 1|Z,) = m > ZK«
has a divisor m; satisfying ZEX«=1 < my < ZK«.

Now consider the subintervals J; := [2¢ZKu=1 26+ Z7Ku=1] with ¢ = 0, 1,. .., {o,
where ¢ is the unique positive integer such that 20~1 < Z,, < 2%, so that

Lo
2,z e
£=0

Now, for a given integer n € [u,2u], if the corresponding integers m and m;
mentioned above are such that m, is the minimal divisor of m and thus of n? +1,
with my € Jy for some £ > 0, then p(n? + 1) > 2¢. Tt follows from this that

Lo
Si<Y T, (6.3)
=0

where

. 2 2 _ . ¢
X ) . 1 ’ ’ - .
T, < E #{n € [u,2u] : mi|n“+1, (n°+1,7) =1 for all primes 7y < 2°}

m1E€Jy
P(m1)<Zy
p(m1)>2¢

Now, using the Selberg Sieve, it follows that

Ty<u Y p(mmll)H<1—p(:0°))<<Z > p(g‘;)

m1€Jy 770<2£ my1E€Jy
P(m1)<Zy P(m1)<Zuy
P(7n1)>2[ p(m1)>2[
U 1 U 1
X / 2221{{7171 2 p( 1) ¢ QEZIE(H,I 12 ( )
mqEJ

P(m11)<zzu
p(my)>2¢

say.
Again, using a sieving technique, we get that

H< ] (1— p(p)> 11 <1 — ”(p)> > pla) < %2425“1. (6.5)

p p
Zu<p<Ziu acJp

Using (6.5) in (6.4), we obtain that

u

T, .
¢ < 2K,

Substituting this back in (6.3), we obtain that

u
Sl<<K7u.
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Using this in (6.2) and choosing F(u) and K, in such a manner that E(u)/K, — 0
as u — 0o, we finally obtain that

S = o(uloglogu) (u — 00). (6.6)

Now assume that m < ZX«. Then, in light of (6.6) and using Lemma 1, we
obtain that

A([u,ZuHm):(leo(l))up(T;n) I1 (1”(”°)> (u—o0). (6.7

Yy
T0<Zuy 0

The rest of the proof of Theorem 3 then runs along the same lines as those of
Theorems 1 and 2, in particular by using our 1995 results (see [1]).
Indeed, let

7o = T(f([u] + 1)) ... T(f([2u])).

By using (6.7) and our earlier estimates, we obtain that, in light of (6.6), as u — oo,

Fg(ru) = (1 +o0(1))u H <1 - P(;TOO)) Z %FB(T(m)) + o(uloglogu).
o< Ly mngfu
P(m)<Zy

(6.8)
Let w, = logloglogu and write m in the form m = Am;, where P(A) < w,,
p(m1) > w,. As in our 1995 paper [1], we let £;, for j = 0,1, ..., be the sequence
defined by
2

bo=wy and b =4+ o

and set Ij = [gjagj-ﬂ—l}'
Now, on the right hand side of (6.8), drop those integers m = Am; for which
one of the following five conditions holds:

1. my is not squarefree,

A>wi,

there exist two prime divisors ¢y, g2 of m1 for which ¢; < ¢2 < 4q1,
|lw(my) — loglogu| > 1 loglogu,

p(m) =0.

It is easy to see that the whole contribution of the dropped elements located
on the right hand side of (6.8) is o(uloglogu).

Let us now consider all the remaining m’s. Let m; = qiq2---qn and let
iyy... 4, be such indices for which ¢; € I, (j = 1,...,h). Further let
K(li,,...,4,) be the set of those m4’s for which each factor g;|m; belongs to
Iy, for j =1,...,h. We then have

Ul N

h h
minmy > H i, and maxmy < H li; | exp
g} —

c
)5
j=1 = j (log ¢;;)

1
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But since /;; > 4314, it follows that
h ‘o

h
<
Z logﬂ ; (log by + (j — 1)10g4) (log £0)5’

Jj=1

and therefore my € K(¢;,,...,£;, ) implies that

p(m1) _
my

(1+o(1 2hH&, (u — 00),

implying that, for those my € K(4;,,...,¥¢;, ), we have that p(ml tends to a con-
stant (independent of my) as u — oo.
Now, the number of integers my € K(¢;,,...,¥;,) is equal to

h
= H (1o, N H). (6.9)

Let us set Rp = ¢\ U 0 ©i;. On the one hand, it is obvious that, in light
of (2.1),

m([u,v] N Ro) = m(u+v;4,1) — w(u;4,1) — Zﬂ([u,v] N ;)
=0

_ (; _ q6> ([, v]) + O <10g;u> , (6.10)

uniformly for 2 < v < w.

We shall now subdivide the sequence {i1,...,4,} into two monotone subse-
quences {uq,...,us} and {vy,...,vp—¢} in the following way. Count those ele-
ments of K(¢;,,...,¢;) in which g,, € Ro and ¢, € g, for e, € {0,...,¢ -1}
(v=1,...,h—1t), and denote this number by D(uq,...,ute1,...,ep—t). Then, in
light of the definition of D given in (6.9) and of estimate (6.10), it follows that,
uniformly for 0 < ¢ < A,

D(uy, ... L en 1 !
(g, esulen e enmo) o)y (2 gs) o=t (h— o).
D 2
Hence, we obtain that for every class K(¢;,,...,¢;, ), we have that

S A e )

my
meK(Liy ;- L)

(o) S PRELTm) ()
meEK Uiy, liy)
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which in turn implies that

Fg, (1y) = Fg,(1,) + o(uloglog u) (u — 00)

for every words (1 and [ belonging to A’;, which completes the proof of Theo-
rem 3.
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