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ON THE VALUE DISTRIBUTION OF TWO DIRICHLET
L-FUNCTIONS

NIKO LAAKSONEN, YIANNIS N. PETRIDIS

Abstract: Let p denote the non-trivial zeros of the Riemann zeta function. We study the relative
value distribution of L(p+ o, x1) and L(p+ o, x2), where o € [0,1/2) is fixed and x1, x2 are two
fixed Dirichlet characters to distinct prime moduli. For o > 0 we prove that a positive proportion
of these pairs of values are linearly independent over R, which implies that the arguments of the
values are different. For o = 0 we show that, up to height T, the values are different for ¢T" of
the Riemann zeros for some positive constant c.
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1. Introduction

The value distribution of ((s) and L(s, x) is a classical problem that has recently
attracted attention in for example [6], [9], [22]. In this paper we prove two re-
sults relating to the relative distribution of arguments and values of two distinct
Dirichlet L-functions. In Theorem 1.1 we compare the arguments of two Dirichlet
L-functions at horizontal shifts of the Riemann zeros, o + 47, where o € (1/2,1) is
fixed and ~ runs over heights of the non-trivial zeros of (. This is done by comput-
ing discrete averages of the second and fourth moments of Dirichlet L-functions.
In Theorem 1.2 we move to the actual zeros of (. In this case we are only able
to obtain results for the first and second moments. This allows us to compare
the values of two Dirichlet L-functions.

The most typical focus for investigation of ¢ and L(s, x) is the distribution of
their zeros. Let N(T') denote the number of zeros of {(s) in the region Res € (0, 1)
and Im s € (0,7). The Riemann—von Mangoldt formula states that

T T
N(T) = %logT ~ 2 +O(logT).

The second author would like to thank ESI for support during the programme on Arithmetic
Geometry and Automorphic Representations.
2010 Mathematics Subject Classification: primary: 11MO06; secondary: 11M26



44 Niko Laaksonen, Yiannis N. Petridis

We expect that all zeros of Dirichlet L-functions to primitive characters are simple,
and that two L-functions with distinct primitive characters do not share any non-
trivial zeros at all. This comes from the Grand Simplicity Hypothesis (GSH),
which states that the set

{y>0]L(5 +iv,x) =0 and y is primitive}

is linearly independent over Q, see [21]. In 1976 Fujii [4] showed that a positive
proportion of zeros of L(s, 1) L(s, x) are distinct, where the characters are primitive
and distinct, but not necessarily of distinct moduli. A zero of the product is said
to be distinct if it is a zero of only one of the two or, if it is a zero of both, then it
occurs with different multiplicities for each function. R. Murty and K. Murty [19]
proved that two functions of the Selberg class S cannot share too many zeros
(counted with multiplicity). They show that if ', G € S then F' = G provided
that
\Z0(T)AZe(T)| = o(T),

where Zp(T) denotes the set of zeros of F(s) in the region Res > 1/2 and
Ims| < T, and A is the symmetric difference. In 1986 Conrey et al. [1] proved
that the Dedekind zeta function of a quadratic number field has infinitely many
simple zeros unconditionally. However, they had to assume the RH in order to
extend this to a positive proportion [2].

Apart from looking at the zeros, it is natural to consider other values of ¢
and L(s, ), that is, the distribution of s such that {(s) = a (or L(s,x) = a) for
some fixed a € C. In [8] Garunkstis and Steuding proved a discrete average for ¢’
over the a-values of ¢, which implies that there are infinitely many simple a-points
in the critical strip. On the critical line, however, we do not even know whether
there are infinitely many a-points. For further results on the distribution of simple
a-points see [11]. On the other hand, we can also look at points where ((s) (or
L(s,x)) has a specific fixed argument. Fix ¢ € [0,7) such that ¢ # 7/2. In [14]
the authors proved that { takes arbitrarily large values with argument ¢, that is

1 logT
1.5 - 5%
ogltagXTK(2 +it)l > exp <<2 +0(1)> \/ loglogT> ’
Arg(C(1/2+it))=¢

This has recently been improved to angles modulo 27 by Hough [13].

In this paper we will prove the following two theorems.
Theorem 1.1. Assume the Riemann Hypothesis, i.e. § = % Let x1, x2 be two
primitive Dirichlet characters modulo distinct primes q and ¢, respectively. Let
o € (%, 1), then, for a positive proportion of the non-trivial zeros of ((s) with
v > 0, the values of the Dirichlet L-functions L(o + 7y, x1) and L(o + iy, x2) are
linearly independent over R.

Remark 1. If the values L(o +iv, x1) and L(o + i, x2) are linearly independent
over R, then in particular their arguments are different.
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Theorem 1.2. Two Dirichlet L-functions with primitive characters modulo dis-
tinct primes, attain different values at ¢T non-trivial zeros of ((s) up to height T,
for some positive constant c.

Remark 2. In Theorem 1.2 we fail to obtain positive proportion and we expect
this to be a limitation of the method used. In [5] the authors looked at the mean
square of a single Dirichlet L-function at the zeros of another, and showed that
it is non-zero for at least ¢T' of the zeros for some explicit ¢ > 0. On the other
hand, since we are working with two distinct L-functions, and more precisely
their difference, it seems difficult to introduce a mollifier to improve on the result.
Martin and Ng [18] evaluated the mollified first and second moments of L(s, x)
in arithmetic progressions on the critical line and proved that at least T'(logT)~*
of the values are nonzero, which misses the positive proportion (of arithmetic
progressions) by a logarithm. This was extended to positive proportion by Li and
Radziwilt [17]. However, their method relies on the strong rigidity of the arithmetic
progression and fails when the sequence is slightly perturbed.

Remark 3. We assume that the conductors of x; and x2 are primes in order to
make the notation simpler. It should be possible to generalise our results to the
case when the conductors are coprime or have distinct prime factors.

We will prove Theorem 1.1 in section 2 and Theorem 1.2 in section 3. The
main ingredient in the proofs is the Gonek-Landau formula, and results derived
from it. In 1912 Landau [15] proved that, for a fixed z > 1,

Z af = —2£A(x) +O(logT), (1.1)
o<y<T &

as T — oo, where A(z) is the von Mangoldt function extended to R by letting
A(x) = log p if z = p* for some prime p and integer k > 1, and A(z) = 0 otherwise.
The sum in (1.1) runs over the positive imaginary parts of the Riemann zeros.
What is striking in (1.1) is that the right-hand side grows by a factor of T" only if
x is a prime power. This version of Landau’s formula is of limited practical use
since the estimate is not uniform in z. Gonek [10] proved a version of Landau’s
formula that is uniform in both z and T with only small sacrifices to the error
term:

Lemma 1.1 (Gonek—Landau Formula). Let z, T > 1. Then

Z P = —%A(x) + O (zlog 22T loglog 3x)
0<~y<T T (1'2)

+0 (1ogz min (7,5 ) ) + 0 (log 27 min (17, ——) ),
(x) log x

where (x) denotes the distance from x to the nearest prime power other than x
itself.



46  Niko Laaksonen, Yiannis N. Petridis

If one fixes x then this reduces to the original result of Landau as T — oc.
As an application of this result Gonek proves (under the RH) the following mean
value for (:

. 2
ST ICR +iy +2ma/log T))|? = (1 - (Smm> ) L 027+ 0T 10574 1),

2w
0<~y<T

where 7 is large and « is real with |a < 5-log T

In order to work on the critical line (or exactly at the Riemann zeros) we need
different tools. We replace the classical Gonek—Landau formula with an integrated
version, see [6].

Lemma 1.2 (Modified Gonek Lemma). Suppose that ).~ a(n)n™* converges
for o > 1 and a(n) = O(n¢). Leta=1+1log ' T. Then

1 [T s 7is = a(n)
= 2N\ e
2 Jors (27r> (s) exp (5 2 )7; .
Za(n) exp (—2#22) +O0(meTY?+e), if § = -1,
= ng%%
O(m*), if § = +1.

We also need the following version of the approximate functional equation for
Dirichlet L-functions. First, denote by G(k, x) the Gauss sum

q

G(k,x) =Y _ x(a)e’™iak/1,

a=1
We also write G(1, x) = G(x)-

Theorem 1.3 (Lavrik [16]). Let x be a primitive character mod q. For s = o+it

with 0 < o < 1,t >0, andx:Aq/%,y:Afl %, and A > 1, A € N, we

have

n 3—s [(1=sta x(n
L(s,x) = Z % +e(x) (%) FF( (sia)) :1(—) + Ry, (1.3)

n<z
with
Ra.y < V4 (y“’ + x”_l(qt)l/Q_”) log 2t,

and in particular, for x =y,
R <277 /qlog2t.
Here () = ¢~ '/2i*G(1, ), and

1-x(=1)

a = 9
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It is not hard to see that this formula is, in fact, valid for all real A > 0.
Approximate functional equations for imprimitive characters do exist, but they
are more complicated. Therefore, we restrict our attention to primitive characters
in Theorem 1.1.

2. Proof of Theorem 1.1

The proof will follow the steps of [10, Theorem 2] and [20, Theorem 1.9] for the
Riemann zeta function and GLs L-functions, respecively.

Two non-zero complex numbers z and w being linearly independent over the
reals is equivalent to the quotient z/w being non-real, or that |zw — zZw| > 0.
For us z and w are values of Dirichlet L-functions. Instead of looking at these
functions at a single point, we will average over multiple points with a fixed real
part o € (%, 1) and the imaginary part at the height of the Riemann zeros.

We are assuming the RH purely because it makes the proof simpler as expres-
sions of the form x” become easier to deal with if we know the real part explicitly.
On the other hand, the distribution of these specific points does not seem to have
any impact on the rest of the proof. We suspect that the RH is not an essential
requirement. In fact, following [9], it might be possible to obtain the result without
the RH by integrating

¢ o
Z(S - U)B(Sv P)L(S? Xl)L(S? X?)

over a suitable contour. This picks the desired points as residues of the integrand
yielding the required sum. This idea is also used in the proof of Theorem 1.2.
The proof will be divided into three propositions after which the main result
follows easily. In the first proposition we want to calculate discrete mean values of
sums of terms of the type L(o + iv, x1)L(0 + 7, x2) and its complex conjugate.
If we subtract one of these mean values from the other then each term is non-zero
precisely when the two numbers are linearly independent over the reals. Hence
we need to prove that the two mean values are not equal, which is the content of
Proposition 2.3. Finally, we get the main result by applying the Cauchy—Schwarz
inequality to the difference of the mean values. Because of this we also need to
estimate a sum of squares of the absolute values of the above quantities, that is,

|L(0 + iy, x1)L(o + i, x2) — L(o + i, x1) L(o + i, x2)|*.

This is done in Proposition 2.2.

The first problem in our proof is that the mean values are complex conjugates.
In order to show that the difference is non-zero leads to determining whether
Im L(20, x1X5) # 0, which does not always hold. Thus we need to introduce
some kind of weighting in order to shove these sums off balance. We do this by
multiplying by a finite Dirichlet polynomial, B(s, P), which cancels some terms
from either of the L-functions, depending on which mean value we are considering.
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We define
B(s,P)= [ (0 = xa(p)p™)(1 = x2(p)p ) (2.1)

p<P

for some fixed prime P, depending only on ¢ and ¢. In Proposition 2.3 we prove
that it is sufficient to pick any prime with P > max(q, £). Let us also assume that
this Dirichlet polynomial has the expansion

= E cpn” %,

n<R

for some R depending on P. Since |¢,| < 2 for any prime p, we have for all n that
len| < 27, (2.2)

We prove the following propositions.

Proposition 2.1. Assume the Riemann Hypothesis. With s = o + iy we have

3" Bls, P)L{s x) Lo xa) ~ V(1) S e (23)
0<y<T n=1
and -
3" Bls, PG xa) Ll xe) ~ N(1) Y 2, (2.4
0<y<T n=1
where - -
B(s, P)L(s, x1) Z B(s, P)L(s, x2) = %" (2.5)

Proposition 2.2. Suppose s = o + iy and let

A(’Y) = B(‘S?P)(L(Sle)L(SaX?) - L(Sﬁxl)L(S’XQ))'

Then, under the Riemann Hypothesis,

> AP < N(T). (2.6)

0<~<T

Proposition 2.3. Under the Riemann Hypothesis we can find a prime P such
that

S A(3y) ~ C-N(T) (2.7)
0<y<T

for some non-zero constant C.

Remark 4. Recently, Garunkstis and Laurincikas [7] considered mean values sim-
ilar to ours for ¢ at horizontal shifts of its zeros. They use the fourth moment
estimate to obtain results about the discrete universality of the Riemann zeta
function.
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Proof of Theorem 1.1. By the Cauchy—Schwarz inequality and Propositions 2.2
and 2.3

> <~< A()? CI2N(T)2 )
0<§;T1 - ZOO<7§_;|A(’Y)|2 | lJV(IE) ) = |CFN(T). (2.8)
A(7)#0

This proves that a positive proportion of the A(v)’s are non-zero; in particular,
for the same +’s, L(s, x1) and L(s, x2) are linearly independent over the reals. W

2.1. Proof of Proposition 2.1

It follows directly from the definition (2.5) that the coefficients d,, define a multi-
plicative arithmetic function and that d,, = O(1) (see proof of Proposition 2.3 for
the explicit formula). We define, for a fixed ¢,

B(s, P) Z x1(n)n™°% = Z d,n”*.

g€t qet
SVA= n<Ry 57

We have
dn = Z Cle(m)a (29)

& =3 coxa(m). (2.10)

2m
d,, < 1. Let py,...,pp, for some h > 1, denote all the primes below P in an
increasing order. Define P = p1---ppP. From the product representation of
B(s, P), equation (2.1), we see that ¢, = 0 for n > 1, if n contains any prime
factors greater than P. Thus, write n = p{"* ---p" P*v = n'v for some a; > 0.

Then

From this it follows that d, = d, for n < 1/'1—“. We also need to show that

!/
d,, = Z CkX1 <T;V> =x1(v)dy .

k|n’

k<R
Thus it suffices to consider n with prime factors only up to P. Since B(s, P) has
a finite Euler product of degree two we have c,; = 0 for any prime p and j > 3.
So we can suppose that n = p{*---pp" P, where 0 < o; < 2 for all i < h.
The number of summands in (2.10) is then at most 3"*1. By (2.2), we find that
|d’,| < 2F3h*1 In particular, d/, < 1 as required.

The approximate functional equation (1.3) for x; with A = /¢ gives

L(s,x1) = Y xalmn ™+ X(s,x1) Y X~ + 0™ logt +171/4),

qlt qt
n<\/5r n<v3r7
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where

s [(1zsta
X(&X)de)(%)l/z FF((S?M))

Similarly for xo with A = ,/qR we get
(s, x2) Z x2(n)n™* + X (s, x2) Z Xo(m)n* ™t + 0@t logt +171/4).
n<R q“ <%\/Zq
We can now expand the left-hand side in (2.3) to

> B(s,P)

0<~y<T

X < ZYQ(n)n_g—l—X(s,xg) Z x2(n)n* L+ O(y 7 logy 4+ 7~ 1/4)>.
nSRVEY n<hy/a
(2.11)

Denote the sum with x; and x5 by M (T). We will take care of the other sums at
the end of the proof. The main term comes from the diagonal entries of M(T).
First, write

= Z B(s, P) Z x1(n)n™?° Z Xa(m

0<ysT n<y/42 m<Ry\/22
_ /L —o—1y — —o+iy
= E E d,n E Xa(m)m .
0<0=T n<rVEZ  m<RVEE
Then, we separate the diagonal terms

R

S N faXalt) (1))
0<~y<T ngR\/i n#EmM
=71+ Zs. (2.12)

The asymptotics in (2.3) come from Z;. We have

S dnX2(n) dnXa(n) (dy, — dn)Xa(n)
Zl = Z <Z n20’ o Z n2o’ + Z n20’
0<y<T “n=1 n>Ry/22 HSR@
oo d,
:N(T)Z%ﬁjtc 1 C.

n=1
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We need to estimate C7 and Cs. For C7 we have

Ci1< Y Y n < > P77 =0o(N(T)).

0<Y<T n>/y 0<y<T
Similarly,
Cy< Y > n7* =0o(N(T)).
0<y<T | 5 ql’w

To estimate Z; we wish to exchange the order of summation and apply the Gonek—
Landau formula (1.2). Splitting and rewriting Zs in terms of the zeros of ¢ we
get

dy, Xo (1) Vet dyXo(m) om0
Z Z Z not1/2mo— 1/2( ) +na+1/2ma—1/2 (E)
0<y<T, n<R (gﬁm<n

-y ¥ % dpX2(1) (ﬁ)p+ dpXa(m) (Q)p

- no+1/2mo—1/2 \';m no+1/2mo—1/2 \ .
n<R\fGL S 22 <y <

To apply the Gonek-Landau formula we split the innermost sum to 0 < v < T
and 0 < v < 27m2/q€R2. Hence, we can write

Zy = Loy + Loy + Zoz + Zos + Zas,

with
d;, X2(n) + d;, Xo(m) n
Zoy = —5= Z Z not+1/2mo—1/2 A <E)7
n<R qum<n
n?A(n/m)
Zog K Z Z na+1/2m0' 1/2°
n<R qiT m<n
1 n 2nT 3n
Zn < Y. D a7 gy 08 T loslog o
n<R %WKH
; 1 toe " min (T n/m
u< D, D~z log — min "(n/m))’
n<R qiT m<n
and

1 . 1
ZQ5 < IOgT Z Z Wmln (T, log(n/Tn)) .

/T m<n
SRy

We begin by estimating Z3;. The only non-vanishing terms are with m|n. Thus
we write n = km and obtain

T A(k) T e—o—1/2 —20
Zn << 9 Z Z Lo+1/2)20 << by k Z mo
k<R\/mm< R\/W k<R qFT m<%\/g
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since A(k) < k€ for any € > 0. Since both sums are partial sums of convergent
series we get Zy1 = O(T). Working similarly with Zoo gives

A(k) 3/2—0+ 2-2
Z DD DR = 7m0 D DI LD Dl
E<R\/YLm< B\ /4L k<R\/%L m<Z\/LL

T1/2\37% 320
<y k3/“+6(<k> - 1) LT Y k7P = O(T).

E<R\/LT kT2

For Zs3 we get

1 1
Zz3 < logT loglogT Z no—1/2 Z mo+1/2

n<R % m<n
1
< logT loglog T Z =3 =o(N(T)).

0T
n<R\/ G5

In order to estimate Zoy we write n = um + r, where —m/2 < r < m/2. Hence

<u+r>{: %7 if u is a prime power and r # 0, (2.13)

m > % ,  otherwise.

Let ¢ = R\/ql/2n then n/m < c¢/T, and so

1 n 1
Zoa < logT Z Z no+1/2mo =172 m (n/m)

n<eTl/2m<n

1 1
<logT Z Z Z motY2 (um + )72 (u+ &)’

m<cT /2 u<[cTY/2 /m|+1 — 5 <r<%

and then evaluate the sum over r depending on whether u is a prime power or not
to get

mlogm m
< logT Z Z <A(U) mo1/2 (wm)o—1/2 + mo‘+l/2(um)01/2>

mScT1/2 uL[cT/2/m|+1

€

logm U
< IOgT Z m2‘7_1 Z W = O(T)

m<cT/? uLcTY2/m

Finally, for Zos set m = n —r, 1 < r < n —1. So in particular log(n/m) =
—log(1l —r/n) > r/n. Hence,

1 n
Zos L logT Z Z not12(n — )12 7

n<eTl/21<r<n

<logT Y ﬁ > %:O(T).

n<cTt/? r<n—1




On the value distribution of two Dirichlet L-functions 53

It remains to estimate all the other terms in (2.11). By repeating the analysis
done for Z; and Z5 we obtain the following estimates

2

> > dnTT < N(T), (2.14)
0<y<T n<R q;i
and
) 2
> ‘ D Xo(n)n=H| < N(T). (2.15)

0<y<T 3
VST n<Ry/52

With trivial changes to the above argument we get,

2

S Y xamme | < T VAN(T, (2.16)
0<~y<T n< %
and
] 2
Sl D X < TOTVAN(T). (2.17)

0<~y<T 1 [
n<35 /ﬁ

We also need to estimate the order of growth of the derivative in ¢ of | X (s, x)|?.

First, notice that |e(x)| = 1, so
r l—s+a r(? +a
2 2

XG0l = (4)77°
X(s 0P~ A (L) e, (215)

-1

™
By Stirling asymptotics
7

as I'(z) =T'(z), where A is some non-zero constant. Thus, with ¢ = TV/T,

XG0P
= IX(s,x)lr";(w(l;”) _¢<1;+“> +w<s;a) _w<542ra>)
o) 25)) )

< 71—20 (O(’)/_l) +O(’Y_2)) < 7—20’ (219)

by a standard estimate on ¢ [12, p. 902, 8.361(3)] and the Taylor expansion of
arccot. Let

2 2

S(T) =" |X (0 +iv,x1)?

0<~y<T

§ Cnnfafz'y

n<R

3 xa(n)no
n< /2

=V 2ne
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We use summation by parts, (2.19), (2.16), and (2.17) to see that

S(T) = ‘X(J+ZT Xl Z ZX 0’714’1‘7
0<y<T ng\/;
g

Z X ne- 1+iy

F

2

2

d .
%|X(a +it, x1)|* dt,

0<y<t

which simplifies to

T
S(T) <« T1_2"T"_1/2N(T)+/ toYIN ()2 dt.
1

The first term is clearly o(N(T)). For the integral we use the fact that N(t) =
O(tlogt) to estimate it as

T
/ /27 log t dt < T3/?~ 7+,
1
Hence we have that S(T) = o(N(T)), and similarly

2
ZY n)na—l—i'y < T3/2—a'+e — O(N(T))

1
n<s

PR 2
> X (0 +iv, %)
0<~y<T

27rq
Finally we use the Cauchy—Schwarz inequality, (2.14), (2.15), and the above two
equations to estimate all other terms in (2.11) as o(N(T)). |
2.2. Proof of Proposition 2.2

Since B(s, P) is a finite Dirichlet polynomial it is bounded independently of T
Thus, to estimate Z,Y<T|A('y)|2, it suffices to estimate

> (s, x0)P[L(s, x2)* = O(N(T)). (2.20)
0<~y<T

The approximate functional equation for L(s,x1), as in the proof of Proposi-
tion 2.1, gives

(s,x) = Y xa(n™ + X(s,x1) D ()~ + 0@t 2 logt + t71/4)

att at_
LSV Ve,

=Wi+ X(s,x1)Ws + O(t_U/Q logt) + O(t_1/4).
Similarly,
L(s,x2) = Y1 + X(s,x2)Y2 + O(t"logt) + O(t~1/*),



On the value distribution of two Dirichlet L-functions 55

where
Y, = Z xa2(n)n=?, Y, = Z Xo(n)n®~
ng\/g n< 27”1
‘We have
Y W m n)x Xo(V v\ WY
IR AAAZTENY $ X1 (m) x2(n) X1 (1) Xa )(L)
(mnuwv)? mn
0<y<T O<WSTm7n,u,y§\/g
(2.21)

Again, we consider the diagonal terms separately from the rest of the sum. The
number of solutions to mn = pr = r is at most the square of the number of
divisors of 7, d(r)%. Thus

(qty/2m)'/?

v Y nmemuEne) 3 id<r>2<< N(T),  (2.22)

(mn)2o

0<y<T mn=pv

since the inner series converges. For the off-diagonal terms set yv = r and mn = s.
We can treat the cases s < r and s > r separately. In the following analysis we
assume m, n, u, v < (¢fT/27)*/2. Consider first the terms with s < r in (2.21).
We have that

LYy yubm s/;,;);l( alr/n) 5~ D)7 e

TﬁqZT/QTr s<T mls, p|r K<~<T

where K = min(T, (27r/q¢) max(m?, s2/m?, u%,72/u?)). Applying Gonek-Landau
Formula (1.1) to Zs gives

Z Z Z X1 (m)xa(s/m)xy (1)Xa(r/p) Z (f)p_ Z (f)ﬂ
rot+l/2g0-1/2 S S
r<LT s<r m|s, p|r 0<~y<T 0<y<K
= Zo1,2 + Za3 + Loy + Zas,

with

s/m)xq (1) X (r K-T r
Zngz = Z Z Z alm X72,.0+/1/2)S>(<r (1/)2X /e o2 A (;)’

rLT s<r m]|s, p|r

T 3r
Za3 < Z Z Z ra+1/280 1/2 loglog—

r&T s<r m|s, p|r

Joy < Z Z Z x1(m Xioi/lT/f;??(l/)ZX?(r/“) logg min ( X;;)

r<cT s<r m|s,u|r

and

1
< 0 Y o a2 mm( 1og<r/s>>

rT s<r m|s, p|r
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For Zs; 2 we set r = sk. Since d(z) < z€ and K < T, we get

k.e €
Zon2 < T Z Z ko’+1/2820 =0(T).
k<T s<T/k

We also have

,,,.5 SE
Z23 < logT loglog T Z ro—1/2 Z $o+1/2

r<T s<r
< log T loglogT Z 7;71/2 =o(N(T)).
r<T

We can rewrite Zo4 as

(O * xe)(r) (x1 % x2)(s) T r/s
Z 17na+12/2 Z 50712/2 log ; min (Tu <T/S>) 5 (224)

r<cT s<r

where * denotes the Dirichlet convolution. Let r = us + ¢, where —s/2 <t < s/2,
and separate the terms where v is not a prime power to Z41, and denote the
remaining terms by Zss 2. We use (2.13) to see that

s (us +t)° t
<Y XY g ia(nry). @)

s<cT ukcT /s+1 |t|<s/2

Rewriting yields

525 ¢ 1/2—o+e
Zog1 K logT Z 2o Z Z (u—i— S) .

s<cT  ukcT/s+1|t|<s/2
The terms in u can be bound from above by (u — 1)}/2=7+¢, Thus

CT> 3/2—0’—',—5

Z 1 T 14+2e—20
24,1 X log Z S 5

s<cT
< T3/270'+6T1/270'+6 logT = O(N(T))

For Zs4 5 let " in summation denote that the sum extends only over prime powers.
We need to estimate

X1*X2 (us +t)(xa * x2)(s) t . us +t
Z Z (us +t)o+1/250-1/2 log ury) T7T

s<eTyu<|[ <L |41 0#[t|<s/2

as O(N(T)). This can be rewritten as

(1*X2 1*X2 (us +1) t ) us+t
> Z Z D)ori/2 log {u+ | min T’T :

s<cT u<|<L]+1 O;é\t|<s/2
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By taking absolute values and using the triangle inequality we find that

Zos < log? T Z g2e—20+1 Z yL/2—ote
s<T uLT/s

L T3P77H<10g? T Y~ 577712 = O(N(T),

sLT

as required. It remains to estimate Z5. We use the same method as in Proposi-
tion 2.1. Let s=r —k,and 1 < k < r to get

1 r
Zys < logT Z Z rot1/2=¢(p — f)o—1/2- i
r<LT k<r
1 1
r<T k<r

Finally, if s > r we can consider the complex conjugate of (2.21) to obtain the same
estimate. The rest of the proof proceeds in the same way as in Proposition 2.1.
We obtain trivially the estimates

>t < N(T), (2.26)
0<~y<T

> Mt < N(T). (2.27)
0<~y<T

Also, by modifying the argument slightly we find that

> Wyt < T THEN(T), (2.28)
0<~y<T

> Valt < T2 IEN(T). (2.29)
0<~y<T

We also need to estimate the derivative of |X (s, x)|*. By estimate (2.19) from
Proposition 2.1 we get

d
alX(S, Xt < ATy <yl

The rest of the proof now follows from estimating
D X (s x)[HWal* = O(T' 27+ N(T)),
0<~y<T

and similarly for Y5, and applying the Cauchy—Schwarz to the remaining terms in
the expansion of the product in (2.20). ]
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2.3. Proof of Proposition 2.3
Let
nX2 enXl
D= Z n2o’ ’ E= Z n20’

By Proposition 2.2 it is sufficient to show that D — F # 0. First, we need to
compute the d, and e,’s explicitly. Let us denote the set of primes smaller than P
by & = {p1,p2,...,pn, P}. Suppose P is large enough so that ¢, £ € 2. The
coefficients d,, are defined by the Euler product

[T = x20)p xHZle .

p<P p>P n=0

If p2 | n, p € &, then n disappears from the expansion, i.e. d,, = 0. If n has no
prime factors from the set &2, then we just get the usual coefficient from L(s, x1).
On the other hand, if some prime p € & divides n exactly once then it contributes
—x2(p). Hence

x1(n), if ptn forall pe 2,
d, = (—1)’€X1(7p11 ——)Xx2(pi, - -piy,), if iy || 0 for pi; € & for all j,
0 otherwise.

Similarly for e,,. Hence for p > P the Euler factors of D are of the form

(1 =x1(PXa(p)p )",

while for F one obtains the complex conjugate. On the other hand, for p < P we
have

L+ dpXs ()P 27 + dpeXo(p®)p™ 7 4+ =1 — xaXo(P)p™ 27 =1 —p 7,

unless p = ¢, and similarly for the second series. Now, suppose that D = FE, then

[Ta—2) [T -Cax)p )" = [T 0-p>) [T 0=Gux2)(0)p>) "
p<P p>P p<P p>P
p#L P#q

We cancel out the common terms in the product over p < P, which yields
(1—q¢2)z=(1-0729)z,

where

=[] - Gax)@p )"
p>P
Hence,
1— q720 B
1— (20

|



On the value distribution of two Dirichlet L-functions 59

Taking absolute values yields
1— q—20'
1—¢-2 7

which is a contradiction. |

3. Proof of Theorem 1.2

We now sample the values of L(s, x) at precisely the non-trivial zeros of . In this
case we do not assume RH. Off the critical line we used the method of Gonek—
Landau to prove linear independence. On the critical line, however, this becomes
very difficult. This is mainly because of the corresponding Z54 term in the first
proposition. We would need to control sums of the form

SOy X x1(m)X() 10g< )min <T%)

n<X m<n

where X = ¢T'/2m+/log T. This should be o(N(T)logT), which we cannot prove.
In the proof of Conrey et al. [1] they make a reduction to the discrete mean values
of one L-function at a time. We have been unable to find such a reduction in
our case. Garunkstis et al. [6] presented a more suitable method through contour
integration and a modified Gonek Lemma (see Lemma 1.2).

Denote the characters in Theorem 1.2 by x; and x2 with distinct prime moduli
q and {. For any Dirichlet character x modulo n, we denote the principal character
modulo n by xo. Moreover, put B(s,p) = p® for some prime p to be determined
later. Then,

A(’Y) = B(p,p) (L(p7X1) - L(p7X2))

is non-zero precisely when the two L-functions assume distinct values.

Proposition 3.1. Let € be the rectangular contour with vertices at a + 1, a + T,
1 —a+iT, and 1 — a +i with positive orientation, where a = 1+ (logT)~1. Then
we have

¢ Cc,,T T

=(s)B L — 1
2mi ¢ C( ) (S,p) (87X1) og o’ (3 )
where
C _ G(LYl)G(_anl)
X1 — ’
q
and similarly for xs.
Then, by the residue theorem, we get
CI
A(v) = B L —L .
Z (,Y) 27T’L ¢ C( ) (S?p)( (saXI) (57X2)) ds
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Proposition 3.2. With the same contour as in Proposition 3.1 we have for j,j €
{1,2} that
1 ¢’ _ 2
37 e Z(S)L(s, X)) L(1 = 8,X;/) ds < Tlog” T.
This proposition gives us estimates for all the terms in S| A(v)|?, since B(s, p)
can be bounded independently of T'. Finally, we have to prove that the difference

coming from Proposition 3.1 is non-zero.

Proposition 3.3. There is a prime number p, different from q and £, such that

Cy, — Cyy #0.

With these propositions we can prove Theorem 1.2 in the same way as in (2.8).
In the proofs below we make extensive use of the following facts about Gauss sums,
see [3, pg. 65 (2)].

G(”le) :K(n)G(LXI% (32)
since ¢ is a prime, and (see [3, pg. 66 (5)])
G(Lx1)G(-1,x1) = ¢, (3.3)

and similarly for ya.

3.1. Proof of Proposition 3.1

We prove the proposition for x; as the case of x2 is identical. Denote the integral
in (3.1) by Z. Then

a+iT 1—a+iT 1—a+i a+i C/
= / +/ +/ +/ = (s)B(s,p)L(s,x1)ds
a+1 a+1iT 1—a+iT l—a+i C

=0+ + 15+ 1y

We can evaluate Z; explicitly to get

a+iT ~1
n-[ L ds

- —i; Al (m) /1T (i)it dt < g(a)g“(a) +T =O(T),

~ (mnp~!)° mn

where the second term comes from the case mn = p. For Z, we use the following
bounds (see [3, pg. 108]):

/

%(O’—FiT) <log?T, if —1<0o<2, |T|>1, (3.4)

and

L(o +iT,x1) < |T|Y?log|T +2|, ifl—a<o<a, |T|>1. (3.5)
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These yield Z, = O(T"/?1log® T'). Next we consider Zz. Changing variables s
1 — 5 gives
-1 a+iT <—/ s
Iy = — >(1-5L(1-5 —5 ds.
s [ AL s s
Conjugating and applying the functional equation of ¢ and L(s, x1) yields
a+iT / !
= _ P ¢ Y -
Ty = > L)L A sd
=i [ (50 + Z6) oAt ds
where ( )
(s
v(s) = mt/27e 2
L (%)
and 1
_ i s - = —mis/2 | — (_ Tis/2
Als) = (55) (COLTITE) (72 4 T (~1)em™)
Using the definition of A to expand the above we find that
Iy =p(Fi+---+Fu),
where
GLT) 1 [Ty (g’ is
= 10 — — | T —— | L d
A= [ T () Teen (<57 Do) ds
Xi(=1DG(1,x,) 1 /G—HT v q\° Tis
=0 L 0l — — | T — | L d
7 S T (55 ) T (757 B ds
G(Lx) 1 /'”’T ¢ g\’ mis
= 10 = — | T —— | L d
I3 ¢ 2mi), < (s) o9rp (s) exp 5 (s,x1) ds,
X (=DGMx) 1 /“*”T ¢ Y mis
=0 L 0l = — | T — | L d
‘F4 q 27_[_Z ati C(S) 27Tp (s) eXp + 2 (S’Xl) &)
We rewrite F7 in the following way
G(1,x
J—_vl — ( aXl) (3
q
T .7 a+iT s .
v ; 1 q TS
— d| — — | T —— L ds | .
X/1 gl (a+7) (2m' /a+i (27Tp> (S)eXp< 2 ) () S)
By Lemma 1.2,
1 atit g \° mis
— — | T —— | L d
i (o) TO0o0 () Heo

61
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We can separate the periods to write the sum as

le(a) exp( 2m) Z 1= —G (=p,x1) + O(1).

72771)
n=a mod ¢q

We integrate by parts in (3.6) and use the standard estimate

() =log 2L+ O™, =1,

2 |2

to see that

F=tu /1T (log =+ 0(™)) d (7 + O(/*9))

2mp
CXIT T 1

= ——log — T2+,
2mp o8 27 +0( )

Similarly by Lemma 1.2, F5 is O(logT'), while 4 = O(1). For F3 we have

]__3G(17X1)1'/QHT <27qrp)sf(s)exp (”215) g(s)L(s,Xl)dS

q 278 J oy

Ga Xl Z A(m)x1(n exp< 27mmqp) + O(T/?+e),

Looking at the summation we decompose it as

Z A(m) 3" xa(n)exp (—Qm'm:p).

Tq
721rp nSZﬂ'pm

We separate the periods in the same way as for F; and write the above sum as

Z A(m)G(—mp, Xl)Qﬂim +O(T).

mSQﬂ'I)

We will show that the summation over m in fact converges. This means that we
have F5 = O(T). To do this it suffices to consider

Let
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Then, by [3, pg. 123 (8)],

B
B(X,X) = —% + O(X exp(—c(log X)/?)),

where the term with 8 comes from the Siegel zero of x; and c is some positive
absolute constant. However, since our ¢ is fixed, we know that § is bounded away
from 1. Hence, with summation by parts we obtain

> A(m)xy (m) _ 1/J()§7(Y1) n /1X @dt =0(1)

m
m<X

as required. Finally Z, = O(1) as the integrand is analytic in a neighbourhood of
the line of integration. ]

3.2. Proof of Proposition 3.2

We prove the case j = j/ = 1 as the other cases are either similar or easier. Now,
denote the integral by Z, i.e.

~ 55 | S OLE L0 - s 5 ds

and split it in the same way as in the proof of Proposition 3.1, so that
I=T+ - +14

We can write Z; as

1 a+iT CI 9
7, = 5 » Z(s)L(s,)m) A(s, x1)ds

= @%ﬁ /:T (55) 1) (exp (_;”S) + X (~1)exp (?))

X g(S)L(S,Xl)Q ds

=& +&,.

By Lemma 1.2, & = O(1). Let us now estimate £;. We have

&=-

¢x) Z d(n)x1(n)A(m)exp (—2m’n;n> + O(TY/*Fe).

q
mn<—§q
Sox
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Denote the sum over m and n by S. As before, we first separate the periods
q
= Z x1(a) exp ( 27m> Z d(n
=1

a,b <T<I

n=a mod q
m=b mod ¢q

Now sum over characters n of modulus g to get

> Z x1(a exp( 27m) > dn (m)

4,0((]) n mod qa, b=1 <Tq

m= bmodq

= 5 X 2 Gbhun) Y dma(mA(m)

n mod q b=1 mngg;frl
m=b mod ¢

and as before

= 20 Yo G=Loam | Y dmnm)Aim)wim) | X (B)nb)@(b)
b=1

T
77 w mod ¢ mn<fd

The sum over b is non-zero if and only if w = wy and n = x1; or w = X7 and
1N =1)p; Or w # wp and n = xjw. By Perron’s formula

a+iU 717 s
—ZamwwmmF;J'lw>mm(g>i

mngg a—iU L
Tlog® T
o=—2>=

for some U with |U| < T. Since our characters are fixed, we can use Vinogradov-
type zero-free region [6, pg. 296]. That is, let by = 1 — ¢1/(logt)3/4F¢ (in fact,
any power smaller than 1 would do), then L(c + it, x1) has no zeros in the region
o > by. Here c; is some positive absolute constant. By the approximate functional
equation and Stirling asymptotics we have uniformly for 0 < ¢ < 1 and |¢t| > 1
that

L(s,x1) < |t| =" log(|t| + 1). (3.7)
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Then, by shifting the contour we get

= Y d)n(n)A(m)w(m)

mngg
L o (Tq\° 1
~Res T s (52)

27
1 by +1U by —1U a—1U L/ T sd
o [T [ [ ) e < q) ;
2mi a+iU b1 4+iU by —iU L 2m S
Tlog®T
+0<‘§>. (3.8)

We need to find the residues in each of the three cases.

L Tqg\° 1 Tq
= L 2 —=—L(1,x1)*=
Res & (s Lo (52) 1 = -2,
L. _ 2 (Ta\°1 _ Tq (ele)\* L Tq
Res 7 (s w2l (52) 5 =50 (A2) e+ 0
L 5 (Tq\° 1
Ijzels f(saw)L(svxlw) (2,]_() g =0.

It remains to estimate the integrals on the right-hand side of (3.8). By (3.4)
and (3.7) we see that the first and third integrals yield O(T*U % log* U). We
split the second integral and estimate it as

by+1 by —1 by —1U L/ Tq sds

+/ / (s,X1)L(s,m0)* <> —

</bl+w bi+i b ) ! 27 s
=O(T"U " log* U + T by — 1]72),

where the second error term comes from the integral over the constant segment.
It suffices to choose U = T/? as then

_ 1 ‘1 . 1/4—e€
T b1 10g4 U< Te 2 log T+ (log T') +4loglogT’

Tb1 Ul—b1 10g4 U< Te—%(logT)1/475+4loglogT
and

T by — 1|72 < Te—c1(logT) /= +(3/242¢) loglog T

which are all O(T'). Therefore we conclude that Z; = O(T'logT).
Next up is Z,. We use again the convexity bound writing it as

L(o +it, x1) <. |t|rol)+
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where € > 0, —1 < 0 < 2 (say), [t| > 1, and

0, if o> 1,
po(o) =52, if0<o<1,
%—0, if o0 <0.

With this we can write
1 1—a+iT CI

T — L L(1 -
el AP O LIRS O

< (/ / / )10g T THo(o)+epro(l—o)+e 7.
l1—a

Keeping in mind that ¢ < a we get
Ty < T V2410 T+ TV 2+ 10g? T = O(T).
For 75 we do the usual trick of mapping s — 1 — 5. Taking complex conjugates

leads to
o 1 a+iT (C/

3= 5
27 J oy

1/5 s 2A(s, 1) ds
C<s>+w<>)L<,xl> A(s,x1) ds.

As in Proposition 3.1 we split this up into Fi, ..., Fs. Adding up F3 and F; gives
7, which is O(T'log T'). As before, F2 does not contribute. So we have to estimate
Fi, that is

G(LYI)
q

T a+ir .
T 1 1 9 TS
X /1 (log o +O(r )) d (27”_ /GH L(s,x1)°T'(s)exp ( > > ds) .

Working as in Proposition 3.1 we can write the inner integral (plus an error term)

as
Z Xl exp (—27rin> .
q

<Tq

Fi=

This is O(7log 7), which gives Zs = O(T'log? T). It is not difficult to extend this
to an asymptotic estimate, but for our purposes the upper bound is sufficient.
Trivially we also have that Z; = O(1). Hence Z = O(T log> T'). ]

3.3. Proof of Proposition 3.3

By (3.2) and (3.3) we see that
CXl = CXz
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if and only if x1(p) = x2(p). By Chinese Remainder Theorem and Dirichlet’s
Theorem we can find a prime p different from ¢ and ¢ that satisfies

p=1mod g,

p=amod/,
such that x2(p) = x2(a) # 1, since x2 is non-principal. This gives 1 = x1(p) =
X2(p) # 1, which is a contradiction. ]
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