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INHOMOGENEOQUS DISCRETE CALDERON REPRODUCING
FORMULAE ASSOCIATED TO PARA-ACCRETIVE FUNCTIONS
ON METRIC MEASURE SPACES

YONGSHENG HAN & DACHUN YANG

Abstract: Let (X,p,pu)d,9 be a space of homogeneous type which includes metric measure
spaces and some fractals, namely, X is a set, p is a quasi-metric on X satisfying that there exist
constants Cp > 0 and # € (0,1] such that for all z, =/, y € X,

Ip(z,y) — p(a’, )| € Cop(z,z")0[plz,y) + p(a’, y)}' 7,

and 4 is a nonnegative Borel regular measure on X satisfying that for some d > 0, all z € X
and all 0 < r < diam X,

s({ye X« plz,y) <r})~rd.
In this paper, the authors establish the inhomogeneous discrete Calderdn reproducing formulae
on spaces of homogeneous type associated to a given special para-accretive function introduced
by G. David, which will pave the way for developing the theory of Besov and Triebel-Lizorkin
spaces on spaces of homogeneous type associated to a given special para-accretive function,

Keywords: space of homogeneous type, para-accretive function, discrete Calderén reproducing
formula.

1. Introduction

It is well-known that the remarkable T'1 theorem given by David and Journé
provides a general criterion for the L?(R™)-boundedness of generalized Calderén-
Zygmund singular integral operators; see [5, 4, 35]. The T1 theorem, however,
cannot be directly applied to the Cauchy integral on Lipschitz curves. Meyer in
[30] (see also [33]) observed that if the function 1 in the T'1 theorem is allowed to
be replaced by a bounded complex-valued function b satisfying 0 < 4 < Reb(z)
almost everywhere, then it would imply the L?(R") boundedness of the Cauchy
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integral on all Lipschitz curves. Replacing the function 1 by an accretive func-
tion b, McIntosh and Meyer in [30] proved the Tb theorem. David, Journé, and
Semmes in {6} (see also [4]) introduced a more general class of L>(R™) functions
b, namely, the so-called para-accretive functions. They proved that the function 1
in the T'1 theorem can be replaced by a such para-accretive function, which is by
now called the Th theorem. Moreover, they proved that the para-accretivity is also
necessary in the sense that the T'b theorem holds for a bounded function b, then
b is para-accretive. Meyer in {33] also observed that if 5(z) is a bounded function
and 1 < Reb(x), one can then define the modified Hardy space H}(R") simply
via the classical Hardy space H'(R"), namely, the space H}(R") is defined by the
collection of all functions f such that bf is in the classical Hardy space H!(R™).
This space has the advantage of the cancellation adapted to the complex measure
b(z) dx and is closely related to the T'b theorem, where b is an accretive function.
In fact, Han, Lee and Lin recently in |17} proved that if T*(b) = 0, then the Cal-
derén-Zygmund operator T is bounded from the classical H?(R") to a new Hardy
space HY(R™) for n/(n +¢€) < p < 1, where € € (0,1] is some positive constant
which depends on the regularity of the kernel of the considered Calderén-Zygmund
operators. When p, ¢ > 1, the Besov spaces, bB%(X) and b”‘B';q (X), and the
Triebel-Lizorkin spaces, bF;q (X) and b“’F;q(X ), of such type are considered by
Han in [14] and the related Tb theorem was also established in that paper. Re-
cently, Deng and the author in {8] complete this theory by establishing the theory
of the Besov spaces, bB;q(X) and b‘]B;q(X), and the Triebel-Lizorkin spaces,
bF;q(X) and b'lF;q(X) , when p €1 or ¢ € 1. The key tool for developing the
theory of such type spaces of functions is the homogeneous continuous or discrete
Calderdn reproducing formulae; see {14, 17].

The main purpose of this paper is to establish the inhomogeneous discrete
Calderén reproducing formulae associated to a given special para-accretive func-
tion b introduced by G. David in [4], to pave the way for developing the theory of
Besov and Triebel-Lizorkin spaces with p < 1 or ¢ £ 1 of such type, which will be
considered in another paper; see (18, 19, 20, 22, 23]. The inhomogeneous continu-
ous Calderén reproducing formulae of such type have recently been established in
[44], and when b = 1, the inhomogeneous discrete Calderén reproducing formulae
were obtained in [20]. We point out that due to the inhomogeneity, some new ideas
and techniques different from the homogeneous case on R™ in [14,17] are needed.
Moreover, we establish the inhomogeneous discrete Calderén reproducing formulae
on spaces of homogeneous type in the sense of Coifman and Weiss in (2, 3], which
include metric measure spaces and some fractals. We remark that the analysis
on metric spaces has recently obtained an increasing interest; see {34, 25, 13, 27].
Especially, the theory of function spaces on metric spaces, or more generally, the
spaces of homogeneous type has been well developed; see [28, 29, 21, 15, 18, 19, 20,
22, 23, 41, 43]. We also point that the spaces of homogeneous type considered in
this paper include metric measure spaces, the Euclidean space, the C° -compact
Riemannian manifolds, the boundaries of Lipschitz domains and, in particular,
the Lipschitz manifolds introduced recently by Triebel in [40] and the isotropic
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and anisotropic d-sets in R™. It has been proved by Triebel in [38, 39] that the
isotropic and anisotropic d-sets in R™ include various kinds of self-affine fractals,
for example, the Cantor set, the generalized Sierpinski carpet and so forth. We
particularly point that the spaces of homogeneous type considered in this paper
also include the post critically finite self-similar fractals studied by Kigami in [26]
and by Strichartz in [34], and the metric spaces with heat kernel studied by Gri-
gor'yan, Hu and Lau in [12]. More examples of spaces of homogeneous type can
be found in (2, 3, 34].

To establish the inhomogeneous discrete Calderén reproducing formulae as-
sociated to a special para-accretive function b of David on spaces of homogeneous
type, we will use Coifman’s idea in [6]. That is, based on a given approximation
to the identity and the continuous Calderén reproducing formulae in [44], we in-
troduce some kind of discrete Riemann sum operator S (see (3.4) below) and we
then verify that S is invertible in the considered space of test functions. To this
end,; we need to estimate the operator norm of the linear operator R = I — §
in the same space of test functions, where I is the identity operator. This will
be done by using the related theory of Calderén-Zygmund operators, which needs
R(1) = R*(b) = 0. To guarantee this, we need to make some special choices for
the inhomogeneous terms in our discrete Riemann sum operator S.

We remark that using the inhomogeneous discrete Calderén reproducing
formulae associated to a special para-accretive function in this paper, we can
further establish the inhomogeneous Plancherel-Pélya inequalities as in [7]. Based
on this, we can then develop the theory of Besov and Triebel-Lizorkin spaces
associated to a special para-accretive function as in [23], 22]. The details will be
presented in another paper.

In the next section, we will recall some definitions and notation, especially,
the related theory of Calderén-Zygmund operators and the continuous Calderén
reproducing formulae. The discrete Calderon reproducing formulae will be establi-
shed in Section 3.

2. Preliminaries
A quasi-metric p on aset X is a function p: X x X — [0,00) satisfying that

(i) p(z,y) =0 if and only if z = y;

(i) p(x,y) = p(y,x) for all z, y € X;
(iii) There exists a constant A € (1,00) such that for all z, y and z € X,

p(z,y) < Alp(x, 2) + p(z, y))-
Any quasi-metric defines a topology, for which the balls
B(z,r) ={y€ X : p(y,z) <7}

for all x € X and all r > 0 form a basis.
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In what follows, we set diam X = sup{p(z,y): z, y € X}. We also make
the following conventions. We denote by f ~ g that there is a constant C > 0
independent of the main parameters such that C~!g < f < Cg. Throughout the
paper, we will denote by C a positive constant which is independent of the main
parameters, but it may vary from line to line. Constants with subscripts, such as
C:, do not change in different occurrences. For any ¢ € (1,00}, we denote by ¢
its conjugate index, namely, 1/¢+1/¢' = 1. Let A be a set and we will denote by
Xxa the characteristic function of A.

Definition 2.1. ({22]) Let d > 0 and & € (0,1]. A space of homogeneous type,
(X.p,ia)ae, 1s a set X together with a quasi-metric p and a nonnegative Borel
regular measure u on X, and there exists a constant Cy > 0 such that for all
0 <7 <diamX and all z, 2/, ye X,

u(B(z,r)) ~ ré (2.1)

and
lo(x, y) — p(z’, ¥)} < Cop(z,2)?[p(x, y) + p(a’, y)]* 0. (2.2)

The space of homogeneous type defined above is a variant of the space of
homogeneous type introduced by Coifman and Weiss in [2]. In [28], Macias and
Segovia have proved that one can replace the quasi-metric p of the space of homo-
geneous type in the sense of Coifman and Weiss by another quasi-metric 5 which
yields the same topology on X as p such that (X, p, u) is the space defined by
Definition 2.1 with d = 1.

The following construction given by Christ in (1] provides an analogue of the
grid of Euclidean dyadic cubes on spaces of homogeneous type.

Lemma 2.1. Let X be a space of homogeneous type. Then there exists a collection
(Q*CcX: keZy, acly}

of open subsets, where I, is some index set, and constants § € (0,1) and C1,C2> 0
such that
() WX\, Q) =0 for each fixed k and QX n Q5 =0 if a # 5;
(ii) for any a, B, k, | with I > k, either Qfg C Q% or Q’g NEL =0;
(iil) for each (k,a) and each | < k there is a unique § such that QX Qg;
(iv) diam (Q*) € C,6%;
(v) each QX contains some ball B(zk, C26%), where 2K € X.

In fact, we can think of Q¥ as being a dyadic cube with diameter rough 5"
and centered at z%. In what follows, we always suppose § = 1/2; see [21, pp. 96-98]
for how to remove this restriction. Also, in the following, for k € Z, and 7 € I,
we denote by QFV. v =1, 2, .-, N(k,7), the set of all cubes Qf,ﬂ c QF, where
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j is a positive large integer whose value will be determined later. Denote by y*¥
a point in Q%*, For any dyadic cube @ and any f € L} _(X), we set

du{z
malf) = /f #(z).
In the sequel, we let

I={Q": keZy, re€lx, v=1,--,N(k1)},

the set of all dyadic cubes on X.
Let us now recall the definitions of the para-accretive functions (see [6, 4])
and the space of test functions (see [14]).

Definition 2.2. function on X, a space of homogeneous type.

(i) b is said to be para-accretive if there exist constants C3 > 0 and & € (0,1]
such that for all balls B C X, there is a ball B’ C B with xu(B) < u(B')
satisfying

1

#(B)

(ii) b is said to be special para-accretive if there exists constant Cy > 0 such
that for any dvadic cube @ € J,

| v auto

In this case, we simply write b € SPF(X).

b(z) du(x)

Bl

203>0.

=2Cy>0.

Obviously, a special para-accretive function is also a para-accretive function.

Definition 2.3. Fix 7 > 0 and ¢ > 8 > 0. A function f defined on X is said to
be a test function of type (zo,7,3,7) with zo € X and r > 0, if f satisfies the
following conditions:

(i) 1f(2)l € Cormpmaaye

x 'B v
(i) 1f(2)- S < O (78885) iy for play) < Salr+a(z, z0))

If f is a test function of type (zo,7, §,7) related to a para-accretive function
b, we write f € G(zo,7,/3,7), and the norm of f in G(xzo,r,3,7) is defined by

I fllgizorg,4) = INf{C : (i) and (ii) hold}.
Now fix zg € X and let G(8,7) = G(xo,1,8,7). It is easy to see that

g(xl,'f‘,,ﬂ, ’Y) = g(ﬁyfy)
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with an equivalent norm for all z; € X and r > 0. Furthermore, it is easy to
check that G(43,7) is a Banach space with respect to the norm in G(3,7). Also,
let the dual space (G(8,7))" be all linear functionals £ from G(8,v) to C with
the property that there exists C > 0 such that for all f € G(8,7),

IL(OI < Cl fllgam-

We denote by (h, f) the natural pairing of elements & € (G(,7))" and f € G(3,7).
Clearly, for all h € (G(8,7))", (h, f) is well defined for all f € G(zq,r,B,7) with
z0 € X and 7 > 0.

It is well-known that even when X = R", G(f;,7) is not dense in G(82,7)
if B > B2, which will bring us some inconvenience. To overcome this defect, in
what follows, for a given ¢ € (0,60], we let go(ﬂ,'y) be the completion of the space
G(e,€) in G(B,7) when 0 < 3, v < e.

Let b be a para-accretive function. As usual, we write

bG(B,7) = {f: [ = by for some g € G(B,7)}.
If f €bG(8,7) and f = bg for some ¢ € G(8,7), then the norm of f is defined
by
I fllogan = llalle(z.m-

By this definition, it is easy to see that
fe(b6(8,7) it andonly if bf € (6(8,7) (2.3)
. '
where we define bf € (g(ﬁ,'y)) by

(bf,9) = (f,bg)

for all g & Qﬂ(ﬁ,'y).

In what follows, we also let

Go(o, 7, B.7) = {f €00, [ fa)a) duta) - o};

for n € (0,6}, we define C7(X) be the set of all functions having compact support

e e /(=) = fW)]
— T)— T
i%fﬁcg(x) = i‘;g*w— <

Endow CJ(X) with the natural topology and let (Cg(X))’ be its dual space.
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Definition 2.4. Let ¢ € (0,0]. A continuous complex-valued function K(z,y) on
Q={(r,y) € X x X :z#y}

is called a Calderdn-Zygmund kernel of type ¢ if there exists a constant Cs5 > 0
such that

(i) IK(a:,y)} < C5p(.’l}, )_ds

(i) |K(z,9) — K(z',9)| < Csp(a,2')p(z,y) ™47 for p(z,2') < '”‘M’,

(i) |K(z,y) ~ K(z,4) < Csp(u, ¥)p(z,9)797¢  for ply,y') < B3¢
A continuous linear operator T : CiJ(X) — (Cg(X))" for all € (0,6} is a Cal-
derén-Zygmund singular integral operator of type ¢ if there is a Calderén-Zygmund
kernel K (z,y) of the type € as above such that

(Tf.9) = //ny )9(2) dp() dys(y)

for all f, g € C§(X) with disjoint supports.

E

We also need the following notion of the strong weak boundedness property
in [21, 16).
Definition 2.5. A Calderdn-Zygmund singular integral operator T of the kernel
K is said to have the strong weak boundedness property, if there exist € (0, 6]
and constant Cg > 0 such that

(K, )] < Cor®
for all r > 0 and all continuous f on X x X with supp f C B(z1,r) x B(y1, 1),
where 21 and y1 € X, {|fllLo(xxx) <1, 1 fC9)llengxy < r77 for all y € X and
1f(z, Mepxy 777 for all z € X. We denote this by T € SWBP.

In what follows, we use M, to denote the multiplication operator defined

by b, namely, for suitable functions f, My(f) = bf. The following lemma when
b = 1 was established in [16] and when b is a general para-accretive function, it
was established in [44].
Lemma 2.2. Let b be a para-accretive function as in Definition 2.2 and € € (0, 6).
Let T be a continuous linear operator from C(X) to (CJ(X))' for all 5 € (0,6)
such that the kernels of T and b~'T*M, respectively satisfy the conditions (i)
and (ii) and only the condition (ii) of Definition 2.4 with the regularity exponent «,
T(1) =0, and T € SWBP. Furthermore, K(z,y), the kernel of T, satisfies the
following snicothness condition that

K (z, )b () - K(z', )b~ (y)] ~ [K(z, )07 () - K@y )b ()] (24)
< Cp(z,a' ) ply, v ) p(a,y) 4%

forall z, ©', y, y' € X such that p(z,z'), p(y,y') < 3%5’-1. Then for any g € X,
r>0and 0< 3, v <e, T maps Go(zo,7,3,7) into itself. Moreover, if we denote
by ||T|| the smallest constant in the estimates of the kernel of T', then there exists
a constant C > Q such that

IT fligtzomsm < CUTHI flgzors.m-
We now recall the definition of approximations to the identity in [14].



22 Yongsheng Han & Dachun Yang

Definition 2.6. Let b be a para-accretive function. A sequence {Sk}keZ+ of
linear operators is said to be an approximation to the identity of order € € (0, 6]
associated to b if there exists C7 > 0 such that for all £ € Z and all z, 2/, y and
vy € X, Sk(z,y), the kernel of Sk is a function from X x X into C satisfying

(D) 1Sk(z, )| < Cr s mgyyeres

. T, + € -k
(ii) ISk(:c y) = Se(z',y)| < Cr (2_2(_{_;&)&)) (FHi(m,y))dﬁ for p(z,x')

< 32275+ p(a, y))
(lll) I ( ) ( )P (2-;:(_}:';:21:)&)) (2""+2pz::jy)}d*‘ for p(y,yl)
< 32 (27* 4 p(z,y));

(z,
(iv) 1[Sk(z, y)—Sk(

S 2V )-[Sk(e, )~ Sl W)l < Cr (222 ) ()|
XTW for p(z,2") < 55(27% + p(z,y)) and p(y,y)

< 34 (27% + p(z, y))

v) [x Sk(z, y)b y)du(y) = 1;

i) [xS (z) dp(z) = 1.

Remark 2.1. By Coifman’s construction in [6], if b is a given para-accretive
function, one can construct an approximation to the identity of order @ such that
Sk(z,y) has a compact support when one variable is fixed, namely, there is a
constant Cg > 0 such that for all k¥ € Z, Si(z,y) =0 if p(z,y) 2 Cs27k.

Remark 2.2. We also remark that in the sequel, if the approximation to the
identity as in Definition 2.6 exists, then all the results still hold when b and 7!
are bounded. It seems that we do not need to assume that b is a para-accretive
function. However, in [6], it was proved that the existence of the approximation to
the identity as in Definition 2.6 is equivalent to the para-accretivity of b.

The continuous Calderén reproducing formulae associated to a given para-
accretive function were established in [44].

Lemma 2.3. Let b be a para-accretive function, € € (0,6, {Sk}52, be an appro-
ximation to the identity of order e, Set Dy = Sk - Sk L for ke N and Dy = 5.
Then there exists a family of linear operators Dy for k € Z; and a fixed large
integer N € N such that for all f € G(5,v) with 0 < g, v <,

ZDkaDka (f) = }:DkaEka(f) (2:5)

k=0 k=0

where the series converge in the norm of G(3',4') for 0 < 3/ < g and 0 < 4" <.
Moreover, (2.5) also converge in the norm of LP(X) for p € (1,00), and the
kernels of the operators Dy satisfy the conditions (i) and (ii) of Definition 2.6
with € replaced by ¢ for 0 < € <€, and

| etz dut) = [ bk(x,y)b(y)du(x):{é’ LML)
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the kernels of the operators Ey, satisfy the conditions (i) and (iii) of Definition 2.6
with € replaced by € for 0 < € < ¢ and (2.6).

Lemma 2.4, With all the notation as in Lemma 2.3, then for all f € bG(3,~),

f=Y MyDyMDi(f) =D MyDeMyEi(f)

k=0 k=0

holds in both the norm of 6G(F',~') for 0 < ' < 3 and 0 < %' < =, and the
norm of LP(X) with p € (1,00).

Lemma 2.5. With all the notation as in Lemma 2.3, then for all f € (ga(ﬂ,'y))
with 0 < 3, v <e,

f=3" MyDeMyEL(f) = Y My DMy Di(f)

k=0 k=0
° 7
holds in (Q(ﬁ’,’y’)) with < 3 <eandvy<v <e.

o ’
Lemma 2.6. With all the notation as in Lemma 2.3, then for al] f € (bg([i, 'y))
with 0 < 8, v <,

f = DeMuDeMy(f) =D DeMuEeMy(f)

k=0 k=0

holds in (bgo(ﬁ’,'y')) with 3 < ' <eand vy <7 <e.

Let b be a para-accretive function and {Sk}icz, be an approximation to
the identity associated to b as in Definition 2.6. The Littlewood-Paley g-function
is defined by

[ a]

1/2

9(fiz) = [Z ka(f)(T)ir‘} , (2.7)
k=0

where Dy = Sy and Dy = Sk — Sk for k € N. In [44], the following Littlewood-

Paley g-function was established via the above continuous Calderdn reproducing

formulae.

Lemma 2.7. Let b be a para-accretive function and { Sk}, be an approximation
to the identity of order € € (0,8)] as in Definition 2.6. Let {Dg}rez, be as above
and g(f) be defined as in (2.7). Then for any p € (1, 00), there exist two constants
Ap and B, depending on p such that for all f ¢ LP(X),

Apll fllrxy < llg(Hllrxy € Bl fllLrex)-

We also need the following Fefferman-Stein vector-valued maximal function
inequality in [9].
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Lemma 2.8. Let 1 < p < 0o, 1 < g € oo and M be the Hardy-Littlewood
maximal operator on X . Let {fx}32, € LP(X) be a sequence of measurable
functions on X . Then

00 1/q
{Z zM(maq}

k=0

00 1/q
<C {Z |fk1q} ,
k=0

LF{X) = Lr(X)

where C is independent of {fix}7,.

3. Discrete Calderén reproducing formulae

In this section, we establish the discrete Calderdn reproducing formulae. Let 4 be
a special para-accretive function of David, {Sk}krez, be an approximation to the
identity of order ¢ € (0,6] as in Definition 2.6, {Dx}kez, be as in Section 2 and

Dy =0 for k= -1, -2, ---. In what follows, for any @ € J, we set
@) = [ b(e) dute). (3.1)
For ke Z, and N €N, let
DY = Z Dy (3.2)
HES

We now introduce the following discrete Riemann sum operator

N{k,T)

N
SN =33 ]Q DY (2, 4)b(u) du(v)

k=0T1€l}, v=1

1
) {3(5’?_) /Q b(w) D Mo(f)(u) du(“)}

N(k,r)

DD /Q:‘y DY (z, y)b(y) du(y) De Mo ( £)(y5),

k=Nt17el, v=1

where y** with k € N, 7 € It and v = 1,--.,N(k,7) can be any fixed point
in Q%Y. We need these special choices to guarantee S(1) = 1 and S*(b) = b.
Obviously, S is a linear operator. In what follows, we set

K,
() =

1
m[Qf“’ b(w) Dy (u, 2) dp(u). (3.3)
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Then the discrete Riemann sum operator can be re-written into

Nk,7)
Z > 2 Q“Dk =, Y)b(y) du(y) D3y Mu(f) (3.4)
k=0 1€l v=1 ™
N(k,T)

P Y Y Z/ DY (x, »)b(y) dp(y) De Mo () (15).

k=N41r€l, v=1

We first verify that S is well defined and bounded on L?(X) via the Littlewo-
od-Paley theorem for the g-function, Lemma 2.3. To do so, let us first establish
the following estimate by using Lemma 2.3.

Lemma 3.1. Let b be a special para-accretive function. Then there exists a con-
stant C > 0 such that for all N € N, all y»* € Q% and all f € L?(X),

ZZ Z Q) DEY My( )P

k=01l =1
Nk,7)

+ Z 33 W@ DM < Cllf 3y

k=N+11€lx v=1

Proof. By Lemma 2.3 there exists a family of linear operators {ﬁk}i":o whose
kernels satisfy (i) and (ii) of Definition 2.6 with € replaced by any ¢ € (0,¢) and
(2.6) such that for all f € L?(X),

=Y DMy DM f).
{=0

By Lemma 3.1 in [44] (see also [14]), we have that for any € € (0,¢'), there exists
a constant C' > 0 such that

2—(k/\l)€’
(270N 4 p(z, 2)) 2+

|Dkaﬁl (;:, g:){ < C2~|k—l[e"

forall z, z€ X and all k, ! € Z, . Note that for all x € X and any z, y € Qk,

by Lemma 2.1 (iv), we have that p(z, y) + 27 (M) ~ 27D 4 p(2 7)), where j € N

is sufficiently large. Thus, for all z € X, any y, z € Q%" and all k, ! € NU {0},
2—-(1\7/\3)6’

0+ pla )

| DMy Dy (2, z)| € 27 1k-HE"

From this, b € L>(X) and b € SPF(X), it follows that for k =0,1,---| N

Y
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Dk “Mb(f)} (3.5)
= /X {b( lr‘,u) /Q“ b(2)Di(z, y) du(z )] b(y) f(y) du(y)
C‘X:#(Q’“’ /*/ b(2)(DkMbDy) (2, ) My DI My( £ )(z) dpr() du(2)
{=0Q T

< cz 271 M (DM ) (0)X g+ (1)

=0

and

DMUAEEN <Y [ 1DMBIGE" 2IMDMN) (&) diss) (36
1=20

<O 27 UMD M () (W)X e (9),
1=0

where M is the Hardy-Littlewood maximal function on X. By (3.5), (3.6), the
construction of @5 (see Lemma 2.1) and Lemma 2.8, we obtain

kT) o0 N(k,‘r)
ZZ Do H@EIDEIMUAP+ Y- DT DT wQE) I DeMy(H)(yEY)
=0 7€l wv=1 k=N+1T€IL, v=1
2
CZ / [22 e=Ue" M (DM ()W) | d(y)
k=0

< CY UM DM 32 x
=0

<C Z DEMb(f L?(X)

= C”f“Lz(X)v
which proves Lemma 3.1. n
The next lemma can be proved by a way similar to the proof of Theorem

(1.14) in ([11], page 12). The main idea is to combine Lemma 2.4, Lemma 2.1 and
Holder’s inequality with a dual argument. We omit the details here; see also [22].

Lemma 3.2, Suppose that a sequence, {a®"}, of numbers satisfies

N(k,T)

S5 Y k

k=0T1€l, v=Il
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Then the function defined by

N
fay = Z Q)20 / DY (&, y)bly) du(y)

T€lp v=1
N(k,T)
PN Y Y @) '”/ DY (,)b(y) du(y)
k= ITGI)C ==

is in L?(X). Moreover,
N(k,r)
e <C 3 Y e
k=0 1€l v=1

Lemma 3.1 and Lemma 3.2 vield the boundedness of the discrete Riemann
sum operator S in L?(X).

Theorem 3.1. Let b be a special para-accretive function. The discrete Riemann
sum operator S from (3.4} is bounded on L?*(X). That is, there is a constant
C > 0 such that for all f € L*(X),

IS 2exy < CllfllLex)-
Next we prove that the discrete Riemann sum operator S is invertible and

5-! maps G(zo,r,B,7) into itself. To do this, we define R = I - S and first prove
the following theorem.

Theorem 3.2. Let b be a special para-accretive function, S be as in (3.4) and
R =1-S8. Then R is a Calderén-Zygmund singular integral operator, R(1) =
0 = R*(b). Moreover, its kernel, R(x,y), satisfies the following estimates: for any
"€ (0,¢) and some § > 0, there exist constants C > 0 and Cy > 0 (both
depending on €'} such that

|R(z,y)| < (C27N + Cn277°)p(z,y) ™% (3.7)

[R(z, )b~ (y) = R(z,y)b~" (w)I < (C27% + Cn277%)p(y, ¥')" plz.y) 4+ (3.8)
for p(y, v') < plx,y)/(44%);

IR(z,y) - R(z',y)| <(C27%N + Cn27)p(z, 2') plaz, y)~(4+) (3.9)
for p(x, ') < p(z,y)/(4A%);
[R(z,y) — Rz, )b (y) — [Rlz,¥) — R(«', v~ (¥)] (3.10)

<(C27 4 N2 pla, ) ply, ') pla, ) TR
for p(z,z') < p(x, y)/(4A%) and p(y,y') < p(z,y)/(44%);
(R, )| < (C27N 4 Cny279%)r¢ (3.11)
for all v > 0 and all continuous function f on X x X with
supp f € B(xy, ) x B(y1,7), where 21, y1 € X, [ fllro(xxx) <
WG llepxy <777 for ally € X and || f(z, Mgy <777 for al lzeX.
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Proof. Let {Sx}3%, be an approximation to the identity as in Definition 2.6. We
let Dy =0 when k € {-1,-2,---}, Dy = Sy and Dy = Sy — Sy, for k € N.
For any given large N € N and any k € Z, let D be as in (3.2). It is easy to see
that

I= f: DMy
k=0

in L2(X). By Coifman’s idea, we rewrite this into

I= (Z Dka) > DM,
j=0

k=0

= Z ZDk+{MkaMb+ZDkNMkaMb-

[{>N k=0 k=20

From this, it follows that

For i = 1,2, we denote by G,(z,z) the kernel of G; respectively. The
estimate for Ry is established in Lemma 3.2 in [44]; see also [20].
We now estimate G, for i =1, 2 and first estimate Ga. Clearly,

N (k,)

Z >y DY (,9)b(v) [Di(y, 2) — Dr(y¥, 2)] b(2) du(y).

kv
k=N+1l7el; v=1 Q-

From b € L>=(X), ,
ply,ysr) ~ 2777k (3.12)

and the regularity of DkN , it follows that

Ga(x, 2) (3.13)
N(k.7) 9~ ke 2——kc

<o 3 TS [ g A )

k=N4lrele v=1
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9—ke g —ke
< Cn27 Je / duly
kzN:+1 (27F + p(z,y))+e (27F + p(y, 2)) 4 Hw)
. io: 2-k5
= CN277¢ /
ko1 (o225 (2% + p(z,y))d+e
2 ) + [
X o= u(y
27% 4 ply, 2))* ply.)> 2552
o 2—kc
< CN277¢
k:XN:H (2% + p(z, 2))*F
R DR D DI A D DR
{k€Z*+:2-Fgp(x,2)} (keZ+:2-*>p(x,2)}

< Cw277p(z,2) 7%,

where if p(z,z) > 1, then the second term is empty. This verifies that Ga(z, 2)
satisfies (3.7) with the constant Cn277¢.
We now write

Ga(z, 2)b™"(z )-Gz(ra )b (2)

-y Y N DY) {[Dan ) - D)

k=N41 1€l v=1 QY
~ [De(, #') = De(wr*, 7))} du(v)

We verify that Ga satisfies (3.8) by considering two cases.
Case 1. p(z,2) < #£(27% + p(y,2)). In this case, b € L¥(X), (iv) of
Definition 2.6 and (3.12) yield that
|G o(z, 2)b~ 1 (2) — Ga(x, 2 )07 ()] (3.14)
Nk,T)

ey o3[

k=N417€I r=1
- [Dk(y: "y — Dp(yE¥, 2| dp(y)

) plz2) " 2k
<2 Z / |D¥ (@ (2"’° +p(y,2)> (275 + p(y, z))4+e 2uly)

(@, )] | [Dr(y, 2) = Di(ys", 2))]

k=N4+1
o0
<0 Z / +/
k=N41 (122 7z p(x.2) ply,z) < g plz,2)

ot 9=k(1=2)¢

< C27 ¥ p(z, 2" Y
( : k:zN:-H (2% + p(x, 2))4+e
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< Czujep(z’ zl)/\e Z 2k(d+/\€)
{k€Z+:2-*>p(z,2)}
+_}__ Z 9-k(1-A)e)
p(_rr, z)d+€

{k€Zt:2-%<p(x,2)}
< CNQ—jE,D(Z, Z')'\Ep(l', z)"(d-'—z\ﬁ)’

where A can be any number in (0,1) and if p(z,z) > 1, then the first term is
empty. This is a desired estimate.

Case 2. 3(27% + p(y, 2)) < p(z,2') E%i’-l. In this case, by b € L*(X),
(i1) of Definition 2.6 and (3.12), we have

| Ga(z,2)b71(2) = Ga(x, 2" )07 ()] (3.15)

; > N 0—ke o—ke
< C27° f D' (z,y { +
kzzN:-H X t k ( )l (2—); + p(y, z))d+e (2——k 4 p(y,z'))d+f

du(y)

o0 0—k(1-A)¢

< CQ—jcp z, z!)kc
( k=;+1 (27F 4 p(z, 2)) 4+

Q—kc zwke

§ + du(y

/:Y [(2_}: + p(y, z))d+e (Q—k 1 p(y,zl))d-}-f] ( )
ad 9—k(1-A)e

S CZAjEp(Z, Z/ A€
) kzzjm (27F + p(x, 2))d+e

< Cn27%¢p(2, 2') 4 p(x, 2) ~@HA9)

where A can be any number in (0,1) and we omit some computation similar to
(3.14), which verifies that G satisfies (3.8).
Note that

Ga(z,2) — Ga(2', 2)

N{k,7)

=2 2 > /;,W [DF (z,9) = DI (2',9)] b(w)

k=Nt1lrelx v=1
x [Di(y, 2) = Dr(y¥, 2)] b(z) du(y).
To verify G satisfies (3.9), we also consider two cases.

Case 1. p(x,2') < 77(27% 4+ p(z,y)). In this case, b € L*(X), (3.12) and
(ii) of Definition 2.6 lead us that

| Ga(z, 2) — Ga(z', 2)] (3.16)

(e o)

~je ple,) \™ 2
SOn27 3 /; (2"’“ + p(ff»:i/)) (278 - plz, y)) e

k=N+1
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2-kr:
x
(27F + p(y, 2))2+e
< CN2'j‘p(z,:z:’)"“p(:z:, z)—(d"l—/\e)’

du(y)

where A can be any number in (0,1) and we omit some computation similar to
(3.14), which is a desired estimate.

Case 2. (27% + p(z,y)) < p(z,2') € ﬂg%f—). In this case, b € L®(X),
(3.12) and (ii) of Definition 2.6 again tell us that

[ Gg(.’L‘ Z) - Gz(.’L‘f Z)I (3.17)
< Cn2-i¢ Z / [1DY (2. 9)| + (DY (=" )]]
k=N41
2-—!::

R g, 2) )

ce 2—k(1-X)e

< Cn27 7 p(z, 2" )N
< 2 T

< [ 1PY @ + PY ] 4t
’ oo 9—k(1-A)e

< CN27 7% p(z, ')
X ( ) k:§+1 (2—k + p(.’L‘, z))ﬂH—c

< ON277p(z, &) p(z, 2)~ A9,

where A can be any number in (0,1) and some computation similar to (3.14) is
omitted, which verifies G satisfies (3.9).

We now verify that Ga(z,z) satisfies (3.10) when p(z,2') < pfAjf) and
z,2') € 2%2)  To this end, we write
p 1A

[Ga(z, 2) —G2($',3)]b_1( 2) - [Ga(z, 2") = Ga(a', )b (2)
o N(k,r
=D 2
k=N+1T1el,
— [D(y, 2') — De(ys”,2')] } du

(v)
Now, if j is large enough, then p(z,z") = ﬁ (2% + p(z,y)) and

/ [DY (z,4) - DN (z', )] b(¥) { [Dk (¥, 2) — Di(y**, 2)]

ve=1

p(22) 2 5 (275 4 (9, 2))

imply
[2'7F + p(z,y) + ply, 2)]

a“iIH

plz,z') + plz,7) 2

|~

Z (T, 2),

I\
=



32  Yongsheng Han & Dachun Yang

which contradicts to p(z,z") < %—%}l and p(z,z') € ’%}1. Thus, we still have
three cases:

(i) plz,z') < 35275 + p(z,y)) and p(z,2")
(it) p(z,2') < 5275 + plz, ) and p(z, 2"
> )

(ii

7

5‘; 2~ ’°+p(y,z‘));

(iii) p(z, ) '2*‘;4"(2 ’°+p( 7,9)) and p(z, 2
A€ (0,1),

i DJIcV(‘T%y) - D;::V(I,wy)[ l[Dk(yxz) - Dk(y":’yaz)] - [Dk(y’z ) Dk(y'r s < )”

- plz,7’) )f 2~k
< Cn277¢
N (2"‘ +p(z,y) ) (27% + p(z, y))d+e

x ( oz, %) )*‘ 9k
275+ o(y,2) ) (27K + ply, 2))2+e
For the case (ii), noting that é%-f—l plz,2") > 2A(.‘Z‘ + p(y, z)) implies that
p(z,2') > 2751477 and p(z,y) > —;Ail, we have
| DY (z,y) = DX (=, w)| | [Dx(y: 2) = Die(w7”, 2)] = [Dily,2") = Dl ]|

> p(z,z') )E 9 ke
< Cn27¢
N (2"° +plz,y)) (27F + p(z,y))d+e

o—ke g~ ke
" {(2"" S A ORI Z’))‘“‘}
< OnN27e ( p(z, z') )t ( p(z,2) )A‘ 9-k(1 A)f(
27% + p(z, 2) 2=k 4 p(z,2) ) (2% + p(z, 2))d+(1-De

2—ke 2——!:5
% [ iy e T 97% Nd } g
(275 + ply, 2))*+e (275 + p(y, 2)) %+
where A can be any positive number in (0,1). For the last case (iii), noting that
%%Zl > p(z,r’) > F(27% + p(z,y)) implies that p(z,z’) > 27*1A7! and
ply, z) > p(;:) , we obtain that for any X € (0,1),

| DY (z,y) — DY (@', 9)| | [Dkly, 2) — Di(yE¥, z)] — [Dily, 2') — De(y”, 2)]|
()Y

2-k + p(z, 2) 27k 4 p(z, 2))d+e

‘2"’&6 2—&(
x +
[(2”’° + p(z, )%+ (27% + p(z/, y))‘”f]
< C~2-je p(.’L‘,.’C’) X P(szl) ‘ 2 a A)
= 2k 4 [J(:l:, z) 2-k 4 p(ﬂ:, Z) (2"" + p(:}:, z))dj-‘(l“)‘)f

2 ke z—ke
* {(2‘* T oz, )P Ty p(r’,y))‘”‘} '
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Combining these estimates with & € L*°(X) yields that

| [Ga(z, 2) — Ga(2', 2)b 1 (2) — [Ga(z, 2") — Ga(z', 2")]b ™' ()] (3.18)

00 N{k,m)
<C 3> ) /Qk,ul[Dﬁ(z,w-Df(m’,y)]{[Dk(y,z>~Dk(yfi",z>]

k=N+1rel, v=l
~ [Di(y, 2') — De(y, 2)] } du(y)

RS plz,z) \* 27

k==N+41

p(Z, Zr) A€ 2-~kc
§ (2"" +p(:9,2)> (27F + p(y, 2))3+e du(y)
p(z,z') A p(z,2") Ae 9-k(1-X)e
i /X (Q_k + p(z, Z)) (2"‘ + p(z, z)) (27F + p(z, 2))d+ (=N
[ -k o e T o- 2 d ] du(y)
(2 + p(y, z)) te (2 k4 p(y1 z’)) +e

x \27% + p(z, 2) 27k +p(x,z) ) (27F 4 p(z,z))2 - Ne

2-k( 2—[:( )
d
: [(2‘* Folm ) T @ p(r-’,y))"*fJ u(y)}
00 g—k(1-))e

<C 2—jc , P13 Z,Z; Ae
S UnN p(.’L‘ I) p( ) k§+1 (2~k + p(I,Z))d+(l+>‘)‘

2—k6
X du(y)
/p(m,y)zp(m.z)/(zm (27F + p(y, 2))te

2—k€
+ du(y) +1
/p(ghl)?p(:‘,,Z)/(QA) 27k + p(z,y))d+e )

o0 9—k({1-\)e

< CNQMjEp(I} I’)AEP(Z, Zf))\e
) 2, Ol O

< CNQ-jEp(.’E, I’)ACP(Z, Z/))\ep(z,z)«—(d-i-Z)\e)’

where A can be any positive number in (0, 1) and we omit some computation simi-
lar to (3.14). This verifies that the kernel of G2 satisfies (3.10) with the constant
C’NZ-'j€ .

Now, we prove that G satisfies (3.11). Suppose that f is a continuous
function on X x X with supp f € B(z1,r) x B(z1,r) for some z, and z; € X,
Ifllcexxxy €1 {1fC¥)llenxy €777 and || f(z,YMicpxy < r77 for all z and
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y € X. Write

Gz(l‘ Z)
N(k,1)
Z > Z / DY (=, )b(y) [Di(y, 2) — Dy, 2)] b(z) du(y)

k= N—HTEI;G | %=

Z Gh(z, 2).

k=N+1

By the proof of (3.13), we have

=[] Gheaste ) dute) dute (3.19)
2—~ke
je
<o [ [ oo Rl £z, 2)] du() dp(z)
SON2TY fllpm(x )T < 27774,
On the other hand, if k£ € N, by
/ Di(y, 2)b(z) du(z) =0
X
for any y € X and b € L*°(X), we then have
(3.20)

[(GS, ]
N(k,r)

-1z x / .. DX (@0)8) (Da(w:2)

re€ly v=1
~Di(y®¥, 2)] b(2) f (=, 2) dp(y) dp(z) du(z)|

N(k.m)
-y Z/// D (@, ¥)b(y) [De(y, 2) ~ Deluk™, 2] ()

rel; v=l
x [f(z,2) = f(z,y)] dp(y) du(z) dp(z)]

< C?,.—nz—je/ {/ }D,jcv(:r,y)]
B(zo,r) X

Ux (2 +29(2yk€ oy P )’ dulz )] d#(y)} dp(z)

< Q2 i~k npd,

where 11 < 2¢. We also have that for k 2 N +1,
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(G5, P (3.21)

:T)

N W R O

k
7€ wv=1 Q-

~Di(y5, 2)] b(2) f(z, 2) du(y) du(z) du(2)]

—2ke
<ove [ [ e e DR 0) o, 2] duty) due) )

<Cn2™ J‘delifllm(xm)?‘
< On29e2kdp2d,

](:2’f)l SCQ ~ 2 )'r n ,,.d

and
G5, )l < Ca77eakn vy,

where 0 < 7/, n” < n < 2¢. From this, it follows that

(G2 HI < D KGS. ) (3:22)
k=N+1
<C Z g—Jjegkn” " d L o Z g-ieg-kn'—n'.d
{keN: 2-*>r} {keN: 2-*<r)
S CNQ-jETd,

where the first term is empty if » > 1. Thus, G satisfies (3.11) with the constant
Cn277¢. So far, we have finished the estimates for G.

We now begin to estimate . By the similarity, we only give an outline.
Obviously, we have

N(k,7)

Gi(z,2) = ZZZ/ DY (z,y)b(y) (3.23)

k=01l v=1

X {Dk(y, z) - _“""17275 /ka b(u) Dy (u, 2) d,u(u)] b(z) du(y)

Nk,7)

Yy TG fonw fon P00

k=0rel, v=1 Qr Qf'v
x [Dx(y, 2) — Di(u, 2)] b(u)b(2) du(u) du(y)-
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Since y, u € Q’T"”i we then have

ply,u) ~ 279K, (3.24)

From this, (3.24) and b € SPF(X), similarly to (3.13), it immediately follows
that

G1(z, 2)| < C277° YZ“‘ DY 2 duly)  (3.25
1(.’1?,2) = kzo/};{ k (Isy)l (2'~k dte L y) . )

+ p(y, 2))
N
X ke
< Cn277°

< ON277(z, 2)79,

which shows G satisfies the estimate (3.7).
We now verify G satisfies (3.8). By (3.23), we have

Gi(z,2)b™1(2) — G1(z, )b (2)
N(k,7)

N
1 N
IO b~ /Q,:,u /Qﬁ\"Dk (@, y)b(y)

ZOTEI‘C v=1

il

X oo

(Di(y, 2) — Di(u, 2)} — [Di(y, 2") — Di(u, )]} b(w) dp(u) dp(y).

Similarly to the case for G3, we consider two cases.

Case 1. p(z,2') < 5‘;(2* + p(y,z)). In this case, similarly to the estimate
of (3.14), (3.24) and b € SPF(X) yield that

| Gi(z,2)b~1(2) — Gl(z,z')b_l(z’)l
N(k,™)

N
<oy Y o [ [ @)
—ke

k,
i=oret. vm1 MQTY)

p(z,2") Ae 2
() T

} \ N g—k(1-X)e
S CN2'—_‘)Cp Z, zl €
& L
. 1
g€ "
< Cn277%p(z,2") CW,

where X can be any positive number in (0, 1).
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Case 2. 74275 + p(y, 2)) < p(2,2") < %-f—l, In this case, similarly to the
estimate of (3.15), (3.24) and b € SPF(X) yield that

| Gi(z, z)b—l(z) - Gz, z')b—‘(z’)|
N(k,7)

<02 JcZZ Z Q.,,c—y) ka/

k=0 1€l v==1

& (z,v)]

2“’“ 2—ke
{(2"‘ oty 2 (2* o z’))d+€] dp(u) du(y)
N —K(1-X)e

€ Ae
<CN2 J (Z Z) Z 2 k+p($ Z))d+5

2—k¢: 2—~ke
X — 4 d
/x [(2"‘ +p(y, 2))%F  (27F + p(y, Z’))‘”‘} u)
N 9-k(1-Ne

< CNQmjcp(Z,Z, A€
2 T
1

p(:L‘, z)d+,\e ’
where A can be any positive number in (0,1). This verifies that G satisfies (3.8).
Note that
G (z, z) - G(2,2)
N (k)

*ZZ >, Qku)/“/ (DY (z,y) — DY (z', )] b(v)

k=0 1€l v=1
x [Dr(y, 2) — Di(u, 2)] b(w)b(2) dp(u) dp(y).

To verify G, satisfies (3.9), we also consider two cases.

< CON2 7 p(z, 2)

Case 1. p(z,7') € 55(27% + p(z,9)). In this case, similarly to (3.16), by
(3.24) and b € SPF(X), we obtain

| Gi(z,2) — Gy(Z', 2)]

. p(z,z') Ae 2 ke
<Cw2 Z/ (2 —k 4+ p(z, y)) 27k + p(z,y))d+e

2-kc

X d
CEEYIEILTRa
. \ ﬁ’: 9—k(1-X)e
< Cn27 ¥ p(z,2')7¢ .
2 @
1

—J€ 1\ A€
S CN2 P("Eal') p(-T, z)d-'l-/\(‘

where A can be any positive number in (0, 1).
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Case 2. ﬁ(Q”"er(z,y)) < p(z,2') € %ﬁ. In this case, similarly to (3.17),
(3.24) and b € SPF(X) tell us that

| Gi(z, 2) —Gl(x' z)|
N(k,r)

<CrY Y Y 0 oo Jopn IPY @]+ DY@ )]

k=0r€l;, v=l
2—k£

x
(2% + p(y, 2

< Cx2¥p(a, ') Aez(z .

))d+€ dp(u) du(y)
9- k{1—X)e

+ p(z, 2))4+

x/X (DN (z,v)| + |DE (', y)|] du(y)

) \ N 9—k(1-)e
< Cn27p(z, 2')"
< vz ola,x) ,?,_,:0 (27F + p(, 2))4+

1

—7€ IAP.YA
< Cn27%p(z, ') plz, z)dHe

where A can be any positive number in (0,1), which verifies that G, satisfies
(3.9).

We now show that G satisfies (3.10). To this end, we write

[ Gi(z,2) — G1 (2, 2)] b'l(z) —[Gy(z,2") = G1(, )| b1 (2)

N Nik,7)
P> > L. [, [P¥aw - pYa v)] o)

kv
k=Qrel, vl b(QT

x {[Dk(y,2) — Di(u, 2)] — [Di(y, 2") — Di(u, 2')|} b(uw) dp(u) du(y).

Since p(z,z'), p(z,2") < 91%?, similarly to the case for Gz, we also have three
cases:

(i) p(z, 27 + p(z,v)) and p(z,2') < 55(27F + p(y, 2));
(i) p(z,z ) and p(z,2') > 5527 + p(y, 2));
(iii) p(z, 2’ ) < 3427 + 0y, 2)).
)

The estimate (3.24), b € SPF(X) and an argument similar to that for (3.18) yield

) < zal )
< #27F+po(z,y)
) > 3527 + p(z,y)) and p(z,2")
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[ Gi(z,2) — Gi(z', 2)] b1 (2) — [Gi(z, 2') — G (', 2] 67} (2")

N he
—je p(z, z') 27k
<ON27¢) {/x (2—'= + p(mz)) (27% + plz, y))ite

k==0)

p(z,2)  \ 2 ke
x (2* +p<y,z)> @ F T oly, 2))re )

plz,z) N[ pzE) \ 9-k(1-2)e
+/;( (2—“’: —+-p(.’1?, Z)) (2"" —}—p(x,z)) (2""- _+_p(1" z))d+(1—))e
9—ke 2—ke
{(2"‘ e R z’))d+f] du(v)

+/ p($, m/) Ae p(Z, Z’) Ae 2—k(l~)\)e
x \27% + p(z,2) 27k 4 p(z,2) ) (27F + p(x, 2))d+ (=N
2—kc 2—kc
+ d
[(2‘"’“ +p(z,y))d+e  (27k + p(r’,y))d“} “(y)}
N 9—k(1-A)e

< ~je 1\ Ae N Ae
< Cn2 p(Io-T ) p(za 2 ) ; (2_[; + p(z’z))d+(l+)\)c

< CNQ—jep(l.’ :c’))“p(z, zl),\ep(x’ z)—(d+2hc)’

where A can be any positive number in (0,1), which verifies that G, satisfies
(3.10).
Finally we show that G satisfies (3.11). We write
Nk,7)

G =Y % Y

DY (z,y)b(y)
kU kv/ A'
k=0 T€l wu=1 B(Qr

x [Di(y, 2) — Di(u, ZJ] b(u)b(2) du(v) dp(y)

N
= Z G4 (z, 2).
k=0

Let f be the same as in the theorem. By b € SPF(X), the estimate (3.24), the
proof of (3.25) and an argument similar to that for (3.19), we obtain

Gk, £)) < Cn2ert,
From this, it is easy to deduce that G, satisfies (3.11). This finishes the proof of
Theorem 3.2. [ ]

Note that R(1) = 0 = R*(b) by our special choices and

“l o i R™. (3.26)
m=0

As a simple corollary of Theorem 3.2, Lemma 2.2 and the Th-theorem in [6] (see
also (4], we have the following conclusion.
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Theorem 3.3. Let b be a special para-accretive function and S be as in (3.4). If
j and N are large positive integers, then S has a bounded inverse on any space
Go(zo, 7, B3,7) (zo € X, r > 0, 0 < 3, v < €) as well as on each of the spaces
LP(X) with 1 < p < 0. In other words, there exist constants C > 0 (depending
on the space of test functions, but not on f ), and constants C, > 0 such that

nsﬁl(f)ng(roid’gﬂ) < Cl]f“g(zo,d,ﬁ,'y)

and
187 (Dl o xy < Coll flloxy-

Now we can state and prove the main result of this section, that is, the
following inhomogeneous discrete Calderdn reproducing formulas,

Theorem 3.4. Let b be a special para-accretive function. Suppose that {Sk}kez,
is an approximation to the identity of order ¢ € (0,6] as in Definition 2.6 and
{Dx}kez, is as in Section 2. Then there exist a fixed large integer N € N (and
j € N) and a family of functions ﬁk(:r,y) for k € Z, such that for any fixed
ykv € Q8 with k = N+1,---, 7 € I and v € {1,---,N(k,7)} and all
fe G(Fr,v1) with 0 < 1 < e and 0 <y <,

N N{k,r)
S@=3 % 3 . D@0 du) PEE M) (327)
o Nik,T)
+ 2 2 Y [ Bulen)bw) du)DeMo(DWE),

k=N+1rel v=1 7Qr

where the series converge in the norms of LP(X), 1 < p < oo, and G(8],}) for
0< B <pyand 0 <~ <m; fo for k = 0,1, --, N is a linear operator
having the kernel Df:'f defined by (3.3); Moreover, there is a constant C > 0 such
that the function ﬁk(z,y) for k=1,..., N satisfies

(1) ‘ﬁk(:c,y)l < CW for all z, y € X, and

(ii) for any given €’ € (0,¢), and all z, y € X such that p(z,z’) < 513(1+p(:z:, Y),

’ 1

[Pute) = Duta' )] < Cote " (e

and

(i) [ Di(z,y)b(z)du(z) = 1= [y Di(x,y)b(y) du(y);
and Dy(z,y) for k = N + 1, --- satisfy conditions (i} and (ii) of Definition 2.6
with ¢ replaced by ¢ € (0,¢), and

/ De(z, y)b(y) duy) = / Be(z, )b(z) du(z) = 0.
X X
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Proof. For k ¢ Z,, let Di(z,y) = S=UDY (-, y)l(z). By (3.4), Theorem 3.3,
(871" (b) = b, S7}(1) = 1 and noting that DY (-, y) € Go(y,27%,¢,¢) for k =
N+1, ---,andfor £k=0,1---, N,

[ DE @b duty) =1 = / DY (2, 4)b(x) du(z),
X X

we can obtain all the conclusions of the theorem except (i) and (ii) and the co-
nvergence in LP(X) with p € (1,00) of the series in (3.26); see [44] and [16]. Let
us now verify that 5k(x,y) for Kk =0,1-.., N satisfies (i) and (ii) of Theorem
3.4. It is easy to see that for all z, y € X,

1
N ———— e b e .
[DF (z,9)] < ON T a7 (3.28)
and for all z, 2’ € X and p(z,2') < 55(1 + p(z,¥)),
7 € 1
DN (z.y) - DN (<, y)| < C ( pz,7) ) , 3.29
e =Dl <O\ T 00) Toeape 0

where Cp is independent of  and z’. By (3.2), we actually have that for k =
0,1,---, N,

k+N

DY =" D
=0

From this, the fact that D) € Go(y,1,¢,¢) for [ =1 .., Kk + N and Theorem 3.3,
it is easy to see that we only need to verify that S—1[Sy(-,y)](z) satisfies (i) and
(ii) of Theorem 3.4. To this end, by (3.26), we first verify that for any € € (0,¢),
there are § € (0,€¢) and constants C, Cy > 0 such that forall z, y € X,

1

IRSo(, ()] < O™ + O™ s

(3.30)

and for all z, 2’ € X and p(z,2') < -2-1;1-(1 + p(z,y)),

IR[So(, )I(x) = R[So(-,v)](@')] < C(27%N + C32-#)p(z,2')"  (3.31)
1
0T plmy)) &

where Cy is the same as in (3.28) and (3.29).
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Similarly to the proof of Theorem 3.2, we can write

R{So(~ v)(@)

N{k,T)

= Z Z Z -~ DY (z,v [MkaMb(SO( y))(v) — Df,’;’Mb(So(-,y))J dp(v)

k=01l v=1
Nik,7)

+ZZZ[ DY (z,v)b(v)

k=N4l1r1el, v=1
X [DeMb(So(,9)) (v) — DiMs(So(-¥)) wF*)] du(v)
+Z Z Dy i My D My(F)(T)

k=0{ll>N
= G1[So(, ¥)](z) + G2[So (-, ¥)](x) + RN[So (-, y)](x)-

It was proved in [44] (see also [20]) that Ryx[So(-, ¥)](z) satisfies the estimates
(3.30) and (3.31). In fact, it satisfies a stronger estimate that (3.31).

We now verify that G2[So(-,y)](z) satisfies the estimates (3.30) and (3.31).
Write that

GlSol@ = Y Y Y / [ DY (z, v)b(v)

k=N4+1rel, v=1

x [Di(v, 2) = Di(yr*, 2)] b(2)S0(2, y) dps(z) dpa(v)
N{k,1)

Z S /“/Dk(mvb(v

k=N4171El), v=l
x {Di(v, 2) = Di(ye”, 2)] b(2) [So(z,y) — So(z,y)] dp(z) du(v).

Since v, y** € QF¥, then
plv,yk) ~ 27E, (3.32)

which together with b € L°(X) in turn implies that

|G2[So(-,9))(=)]

oo
<crid > [ f D (z,v)
k=N 41 plz,2)< g (14p(2,9))

2 ke p(z, 2)°
X 27T p(v, 2))5¢ (L+ pla, ) ere

dp(z) dp(v)
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k= N+1

o0
+ / / |DY (z,v)]
Z X Jp(x,2)> 55 (14p(z,y))
2—k€

ey [0 )+ 180(@ )] da) o)}

) x 2—ke
< Cy2 e /
Z p(:,z)sﬁ(l+p(z,y)) (2-—!: + p(171 z))d+e

k=N+1
p(z, 2)¢
(7 pla,gyerere W
DY / X [So(z.)] + 1S0(z )] du(2))
- olz, Y o\Z, iz
k=N 417 P(E.2)> g5 (1 +o(z.y)) (27 + p(z, 2))2 ¢
i 1 x ,
< CNZ_]C—"———"'E-—C‘ Z 2-k£ + n—ke
(1 + p(=z, y))** k:N—H( )
> 1
< Cp277e

(L+ p(z, y))d+e’

where ¢ € (0,¢) and we omit some computation similar to the proof of (3.18).
This verifies G2[So(-,y)](x) satisfies (3.30).
We now show Ga[So(-,y)](z) satisfies (3.31). To this end, set

W, = {v €X: p(r,7') < 5174-(2'1‘ +p($,v))}1

Wa = {v e X: p(z,2') > 512 27k +p($,v))}a

W3 = {Z cX: p(I,Z) £ 51;4‘(1 +p(l',y))}’

Wy = {z e X: p(z,z) > 515(1 +p(m,y))},

Wy = {z e X: p(z',2) < ﬁ(l +P($»y))}
and

We = {z eX: p(a,z)> 512(1 +p($,y))}

Write that

G2[So(, ¥)l(z) — G2[So(, y)|(z")
N{k,7)

= Z Z Z /M/X[Df(x’v)—Df(f,v)]b(U)

k=N+17€f v=1

x [Di(v, z) — Di(yE, 2)] b(2)So(z, y) du(2) du(v)
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Nk,
v ', v)] b(v
k%; DN I BN ACOEEACR TR
 [Di,2) = Du(u*, 2)] (=) So(2:9) — Sofa, )] () dne)
N(k,7)

+ Z Z Z /';"nwl /;mW4

k=N4171€l, v=1

" Z Z z /:vnwz /XﬂW3 Dl}cv(m,v)b(v) [D"‘(U*Z)—Dk(yf‘”,z)]

k=N+1T1€l; wv=1
x b(z) [So(z, y) — Solz, y)] dp(z) dp(v)

S A

k=N4+171el; v=1
N{k,7)

-y ey,

/ DY (&, v)b(v) [Di(v, 2) — Di(y*, 2)]
k=N4171€l, p=1 Qr nw, JXnWa

x b(z) [So(z,y) = So(z’, )] du(z) dp(v)
N(k,T)

Z Z Z /“"mwz/xmw'“

k=N{+17€l wv=1

= ZHi.
=1

By (3.32), be L™(X) and the proof of (3.13), we have

p(Ix Il)etz_kf l
et / ’ (3.33)
I l k= ZN:+1 Xnwy JXNWs (2—k + p(zx, v))d+ﬁ+e
2”"75 p(fD, z)“”

" o A (L pl gy M

E

. plz, ) Q ke "
< CON277¢ d+c+:” Z 2)“/ 2 k ))d_l_ep('rsz)c d-u'(z)

(1 + p(z,y)) kN+1 +p(z, 2
<CN2-3‘5 ( ’); Z o= k(e ~c")
~ tetet

(1 + p(z,9)) Ml

g C 2—j£ p(.’E z ) .
NET U F plz, y))dre

where € € (0,¢) and €’ € (¢/,¢), which is a desired estimate.
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Again, (3.32), b € L™(X) and the proof of (3.13) imply that

AL ke
Hy| < Cn23 / / z)
Hal < On Z xrws Jxnw, (27 k + P(m v))d+ete

k=N+1

- ke
X ZF T o, z))m (1S0(z, »)| + [So (=, ¥)1] du(z) du(v)
€ . 2—-Ice
< Cw2 Z 2 / xewy (275 + plz, 7))t

k=N41
x [1S0(2,y)| + |0 (2, y)] du(Z)

<0N2-jc (.’L‘ .’L")E’ d Z 0~ k(e —€")
_+_
(1 +p(:r D))o

1

< ON2 7 p(z, 7' ) ————,
(1 + p(z, y)) 3+

where we chose ¢/, €’ as in the estimate of (3.33), which is also a desired estimate.
From the estimate (3.32), b € L°(X) and the proof of (3.13), it follows that

2—kc
Hs| € C277¢ / / D¥(z,v
i 3| k %1 XnWy JXNW; I k ( )l (2'—1‘: + p(U,Z))d+5
p(z,2)"
* T pla gy OB
g iad 2—Ice p(.’r z)
< Cn277¢ / dute
Y k:;k] XNWa (2-}: + p(l‘, z))d+( (1 + p(x, y))d+‘+‘ ,U )
-1 p(x x ) k C“’“‘
S On27 ch,,ZQ( €)
L+ p(, )™ S0
—je p(:r, :17,)6
<Oy de L/
NI p(m, )t
and
Z IDN( I 2“‘ke
Hy < C27° / / v
! 4[ k=N+1 XNWo JXNW, k ) (2—k +p(v} z))d+5
x [|So(z, y)| + lSo(x W die(z) dpu(v)
, ; 2-ke
< Cn277p(z, 2')° 2'“/
n27p(z, T) aws 2 F + p(x, 2)) e

k= N+1
x [1So(z, ¥)| + |So(z, y)I] du(z)
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i ? 1 o , k(e e’y
SO AT € L — (2-1;(5“5 Y+2 )
T e, 2

, ' 1
< Cn27%p(2,2))¢ — e,
@) T pm )

where we chose €', €” as in the estimate of (3.33), which are the desired estimates.
Similarly to the estimates for H3 and Hy, we can verify that

ol + ] < On22%0(e, ) s

Since we have p(x,z') < 517(1 + p(z,y)), we then deduce that 1+ p(z,y) ~
1+ p(z,y). From this, we can also deduce the desired estimates for Hs and Hg.
Thus, G2[So(-,y)](z) satisfies (3.31).

The proof for that G,{So(-,y)|(z) satisfies (3.30) and (3.31) is quite similar
to that for G2[So(:,y)](x) by using that fact that b € SPF(X); see also the proof
of Theorem 3.2. We leave the details to the reader. Thus, (3.30) and (3.31) holds.

Note that R*(b6) = 0 implies

| RIS )l(@)pta) dute) = 0. (3.3)
Thus, (3.30), (3.31) and (3.34) indicate that R[So(:,3)](x) € Go(y,1,€',e—¢') with
IRISo(s WHllg.ee—en < C (278N + Cn277°).
By Theorem 3.2 and Lemma 2.2, we then have that for any m € N,
R™So(-,v)] € Go(y, 1,¢,¢ — €) (3.35)

and

— —1 m
“Rm[so(a y)}“g('y,l,s’,e-e’) é Cén (2 N + CN2 J’S) .

Form this and (3.26), it follows that if we choose N, j € N large enough such that
Cg (2_6N + CNZ_jd) <« 15

then S73[Sy(-, y)](z) satisfies (i) and (ii) of Theorem 3.4.
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Let us finally show that the series in (3.26) converge in the norm of LP(X)
for p € (1,00). To this end, for L > N, we write

N(k,7)

S5 X [ Bele) D5 M)

k=0Tl wv=1
N(k,7)

FY TS [ Deloos) DM 6

k=N{4+1rel, w=1

N(k,7)
[Z > > 1)b(y) du(y) DEY M (f)

k.v
k=071€l; v=1 Qr

N(k,7)

FY Ty

ku
k=Nitrely v=1 Q7

N(k,7)
{S(f Z > Z D;’Q’(-,y)b()du(y)Dka(f)( ”)} (z)

k=L+17€l, v=1

¥)b(Y) du(y)Dka(f)(y'ﬁ"’)} (z)

= f(@) - lim R™(f)()

N(k,T)
—S“{ XX )b(y)du(y)pkmb(f)(y’:")}(m)-

k
k=L+17€l v=1 Q,”

To show the theorem, we need to show that R™(f)(z) and

N(k,1)
{ > 2 X 9)b(y) duy )Dka(f)(yf*")}(x)

kL4l 7€l wv=1

converge to zero in the norm of LP(X) for p € (1,00) as m and L goes to oo. By
Theorem 3.2 and the Tb theorem in [6] (see also [4]), we have that for p € (1, 00)
and all f € LP(X),

IR™(f)lLr(x) € Clo(Cn27 B C27NO™| fll gy

where Cyo and Cx are independent of f and m. This shows lim,_ R™(f) =0
in LP(X) for p € (1,00) and fixed large positive integers j and N. It remains to
show that for p € (1,00),

lim
L—oo

=0. (3.36)

Z > Z/ DY (L y)b(y) ) dp(y) D Ms(f) (y5")

k= L+l TE p=1

Lr(X)
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Let 1/p+1/q =1. We write

N{k,T1)

Z Z Z /Q,‘_p DY (-, y)b(y) die(y) De My (f) ()

k=L4+1 7€l v=1

Lr(X)
o N(k,T) '
= s 1Y S Y[ (D) (9W)be) duly) DeMu()
follLax)< ot refe vl V@77

Nk,

o0 )
- e 2T /Q DN @@ DM )] duty).

Noltax) S g1 7ed, v=1

where we used the fact that b € L%°(X).

Let {5;}}’20 be the same as in Lemma 2.3. It was proved that in Lemma
3.1 of [44] (see also [16]) that we have that for any €’ € (0,¢'), all y € Q% all
ze€eX and l€Z,,

o—{knl)e’
(27*AD 4 p(y, z)) 2+

(DY) Diy, 2)} < G270

which also holds if we replace (DY¥)* by Dy with k = N + 1, ---. From this,
b € L(X), Lemma 2.3, Lemma 2.4, Lemma 2.7, Lemma 2.8 and the Holder
inequality, it follows that

N(k,7)

DD /Q BF) ()@ DeMu )5 dunty)

k=L+171€l: p=1

<c> T [ [Zz-'*-”“’M(D:(g»(y)}
k=L+1 7€l w=1 0 Li=0

X {Z g lk—ile” M(D:Mb(f))(y)} du(y)

=0

Nk,7)

o o 2y 1/2
<C { > [Z2"“‘"""M(Dz(g>)(y>} }
X | k=L+1 Li=0

k=L+1 LI=0

00 oo 2) /2
X{ ) [Z2"’“‘”5"M(D:Mbm)(y)] } du(y)
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L3(X)

00 0 1/2
x { > Z2‘”‘"“”{M(D:Mb(f>)12}

k=L+1 =0

Lr(X)

1/2
< CllgllLsx) { > 22 k=" (A1 (DM ()] }

k=L+1 l=0 LP(X)

Thus, by Lemma 2.7 and Lemma 2.8 again, we have

N (k,7)

B3> f DY (,1)b(y) duuly) DeMo () ()

k=L+11€f p=1

1/2
{ > 22 k=11 (A (Dy M) }

k=L+1 l=0

Lr(X)

Le(X)

L2 1/2

<C2™ RS IM(DIM ()
1=0 Lr ()

(e a]

1/2
+CiI8 D [M(Dsz(f))iz}

Lr(X)

1/2
oo

< CZ_EHL/ZHfHLn(x) +C Z }Dle(f)lz )

=L
I=L/2+1 L9(X)

49

which converges to 0 as L tends to oo. That is, (3.36) holds and we complete the

proof of Theorem 3.4.

Remark 3.1. Similar to the case of the continuous Calderén reproducing formu-
lae, by rearranging the order of the approximation to the identity, without loss of
generality and for the sake of simplicity, in what follows, we can take N =0 in

Theorem 3.4.
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Remark 3.2. above inhomogeneous discrete Calderdn reproducing formulae indi-
cates an essential difference from the homogeneous Calderén reproducing formulae
in [17}; see also [20, 16}. Also, (ii) of Theorem 3.4 indicates a difference between
the inhomogeneous discrete Calderén reproducing formulae and the inhomogene-
ous continuous Calderén reproducing formulae; see Lemma 2.3 (or [44]). However,
if the approximation to the identity {Sk}iez, is an approximation to the identity
of order € € (0,0] with compact support as in Remark 2.1, then (ii) of Theorem
3.4 can be improved into

(i)’ for any given ¢’ € (0,¢), all z, '’ € X and all y € X satisfying p(z,z') <

(1 +p(z, ),

- ~ z,z’ 1
ute = Duta' o <0 (5505 ) ey

To see this, we only need to re-estimate Hy, Hy and Hg in the proof of Theorem
3.4. For Hy, since supp Di(-,z) C B(z,CZ'k), if Hy # 0, then p(v,2) < C27%
or p(y¥¥. z) < C27% and v € QF¥; thus, we always have p(v, z) < C27%, and
therefore

27 4 p(z,0) 227% 2 C(27% 4 p(v, 2)),
which implies

N{k,7)

S [ DY) - DY 01D, 2) - Db )] )
r€l v=1 = W

- —ke
< CNZ_JG/ 2 ke 2
p(x,b))ﬁp(:x:,z)- (2—-k + p($$ U))d+€+€ (2~k + p(vx z))d+e

2-—kc 2-kc

+C/ - ;
p(z,v)<ﬁp(:,z) (Q-k + p(.‘L‘,‘U))d+€ (2 k + p(’U, z))d+e+c
2-kc

<C -
x (2_k + P(fB, z))d+e+e

Replacing this estimate into that of Hs in the proof of Theorem 3.4, we can obtain
a desired estimate for Hy. The same technique works for the estimates of Hy and
Hg in the proof of Theorem 3.4. We omit the details.

By a duality argument, Theorem 3.4 tells us the following inhomogeneous
discrete Calderdn reproducing formulae associated to a given special para-accretive
function in distribution spaces.

Theorem 3.5. Let b be a special para-accretive function. Suppose that {S}kez,
is an approximation to the identity of order ¢ € (0,6] as in Definition 2.6 and
{Di}kez, isas in Section 2. Then there exists a family of linear operators { D¢ }32,
such that for any fixed yf’” €QF with ke N, 7€l and ve {1,---,N(k, 1)}
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R '
and all f € (g(ﬁl”h)) with 0 < ﬁ1$ T <€,

N(0,7)

=3 Y b [b(Q L. Dot bt i) [ s6)Ea(Hiw) dutr

7€l v=1
N(k,7)

+ZZ > b@)Dilx ,y,")/ W) Ec(f) (W) duly),

k=1T1€E], v=1

R 7
where the series converge in (g(ﬁ;,fy{)) with 31 < 3] < e and 71 < ~] <.
Moreover, there is a constant C > 0 such that Eo(.’L', y), the kernel of the linear
operator Ey satisfies
(i) iEo(z,y)! < C’W for all z, y € X, and
(ii) for any given €' € (0,¢€),

JEO(Q?’Z/) - Eo(w,y')l < Cﬂ(yay’)a 1+ p(; y))+e

for all z, y € X such that p(y,y’) < 5%(1 + p(z,y), and

(iii) [y Eolz,9)b(z) du(z) = 1 = [y Eolz, y)b(v) duv);
and Ei(z,y), the kernel of the linear operator Ey for k € N satisfies the conditions
(i) and (iii) of Definition 2.6 with € replaced by ¢’ € (0,¢), and

/ By (2. v)b(y) duly) = / Ei(z, y)b(x) du(z) = 0.
X X

By an argument similar to the proofs of Theorem 3.4 and Theorem 3.5, we
can prove the following several relative theorems. We only state them and leave
the details to the reader.

Theorem 3.6. With all the notation same as in Theorem 3.5, then for all f €
g(ﬁla’yl) With 0< ﬁl; " < €,

N{0,7)
fz) = Do(z,y)b(y) d (W) EoM(f)(w) duu(u)
;;/oyyu[b@)/ b u
N{{k,7)

+Z > D /k’ Dz, y)bly) duy) EeMa(£) (i),

k=171€l, v=1

where the series converge in the norms of LP(X), 1 < p < o0, and G(f},%y) for
0<fBi<pBrand < <m.
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Theorem 3.7. With all the notation same as in Theorem 3.4 but with N = 0,
A [
then for all f € (g(ﬁlm)) with 0 < By, m1 <¢,

N{0,7)

1 ~

= b . Do(z, u)b(uw) du(u D

o)=Y U (53075 L. Dolebtaut] [ Do)ty
o0 N(k.7)

P00 HeDuleyt) [ o)D) du)

k=171€l, v=1

. 7
where the series converge in (g(ﬁ;,ﬂ)) with 01 < 8] <e and 71 <] <e.

By the definition of the space bG(,v1), Theorem 3.4 and Theorem 3.6, we
can obtain the following theorem.

Theorem 3.8. With all the notation same as in Theorem 3.4 with N = 0 and
Theorem 3.5, then for all f € bG(f1,~v1) with 0 < (1, m1 <,

N{k,r)

N {
&= 3 b /Q Dl 0)b(y) dun) DEL ()

k=0T1€l} wv=1
N{k,r

® )
+ Y T3 6 [ Dula n)bs) dutw)Du(N)(6E)
k=N+1T1€l, v=1 Qr
N{0,7) ] _
=T€ZIO 2::1 b(z) /C; » Dq(x, y)b(y) du(y) [b( oy /Q y b(u) Eo(f)(w) du(w)
Nk,r)

P IPPR IR /Q Dy (i, y)b(y) duu(y) E(£) ™),

k=1rel, wv=1

where the series converge in the norms of L?(X), 1 < p < oo, and bG(08y,7y) for
0<pBi<pByand 0<~) <m.

From (2.3), Theorem 3.5 and Theorem 3.7, it follows the following conclu-
sions.
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Theorem 3.9. With all the notation same as in Theorem 3.4 with N = 0 and
Theorem 3.5, then for all f € (bg(ﬁl,ry] )) with 0 < (i, 71 < €,

N(0,7) 1 5
f(=) :T;D' .,; h(—ég—;- /Qg,uDo(i‘,u)b(U) du(ﬂ)} /Qg.u b(y) EaMb(f)(y) du(y)
N(k,7) 5
FYT S D) [ b EM) ) )
k=17el, v=1 Qr
N(O,7) _
Z Z { . DO(:C,u)b(U) d#(u)J /Oub(y)DoMb(f)(y) du(y)
rely v=l QF
N(k,7)
+Z > 2 Dilwwr /k b(y) De My (f)(v) due(y)s
k=17€l)y v=] '

. '
where the series converge in (bg(ﬁa,ﬂy;)) with 1 < fy <e and 11 < vy < €.
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